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Preface

The courses “Theory of Reinforced Concrete Structures” [1-1] and “Strength and
Constitutive Relation of Concrete” [1-2] were started in early 1980’s for the post-
graduate students in structural engineering and related fields in Tsinghua University.
The lectures, and the syllabus and contents of both courses are varied during the
teaching practice. Two courses are composed and named “Principles of Reinforced
Concrete” in 1990’s. The author gave a lecture on this course for several years and
wrote the textbook of same name [1-3], based on the teaching draft.

After the book was published in 1999, it is also adopted as the textbook or main
reference for similar courses of both post- and under- graduates of many universities
in China. And, it is helpful as well for the university lecturers. In addition, some-
times the book is used by the structural engineers during their scientific or technical
work.

In 2001, Education Committee of Beijing decided to establish “the elite text-
books for university education of Beijing’, and the textbook was selected after
appraisement. The new textbook is renamed as “Principle and Analysis of Rein-
forced Concrete” [1-4] and published in 2003. The new textbook or the second
edition contains most contents of the original one, but some chapters and sections
are reformed and two new chapters, i.e. general analysis method of structural
member and durability, are added. In addition, the exercises are attached to its text.

This book is the English version of textbook “Principle and Analysis of
Reinforced Concrete” (in Chinese), but some contents are modified and slightly
abridged to reduce its length. There are four parts including twenty chapters in
this book.

In Part One, the strength and deformation behavior and its variation regularity of
concrete are introduced in detail, based on its basic characteristic and failure mech-
anism. The main mechanical behaviors of various structural concrete, i.e. high-
strength, light-weight, and fiber concrete, are presented as well. And, the multi-axial
strength and constitutive relation of concrete are briefly contained.

The combination function of reinforcement and concrete is a special problem
with importance, when reinforced concrete is considered as a composed structural
material and is distinguished from a single structural material. So, bond and defor-
mation deference between reinforcement and concrete, and confined concrete are
discussed in Part Two.

In Part Three, the strength, crack, and deformation of flexural and compressive
members, and shear- and torsion-resistances of structural members of reinforced
concrete are introduced in detail based on the corresponding experiments. And,
the general regularities, working mechanisms, and analysis methods of them are
concluded.

A reinforced concrete structure may experience some extreme circumstances
during its long life, e.g. earthquake, explosion, fatigue, high temperature (fire), or
long-term damage (durability). So, the special behaviors of reinforcement and

XV



concrete materials, and the mechanical responses and analysis methods of the struc-
tural members under these conditions are introduced briefly in Part Four.

“Reinforced Concrete Structures” or the similar [1-5] is a course for the under-
graduate students of Structural Engineering in Chinese university. The main
objective of it is to help them to conduct the structural design. Therefore, the
main contents of the course include: the mechanical behaviors of reinforcement
and concrete are briefly introduced, the behavior, calculation method, and require-
ment of design and construction of the basic structural members under various
internal forces are presented in detail, and the concept and method of structural
design and relevant design codes are introduced and explained.

This book is used for the post-graduate students in structural engineering. The
main contents are research and analysis of the mechanical behavior and its regularity
of reinforced concrete structural members, and the main objective is to solve various
questions occurred in engineering practice. Therefore, the general regularities of
strength and deformation of concrete under uni- and multi-axial stresses, even under
several extreme circumstances, are introduced systematically, as this is the basis for
understanding and analyzing the structural members. When the mechanical behavior
of the structural members under various conditions are discussed, the results of cor-
responding experimental investigations are emphasized, the stress and deformation
states, cracking and failure process, and influences of important factors are analyzed
in detail, and the working mechanism, the principle and method of calculation, and
the determinations of the technical indices are concluded. It is hoped that the reader
not only knows the general regularities of the materials and members of reinforced
concrete, but also understands the general way and reasonable method for analyzing
and solving the practical problems in reinforced concrete structural engineering,
after reading this book.

When this book is sent to press, the author sincerely thanks the professors of elder
generation, who worked in the Department of Civil Engineering, Tsinghua Univer-
sity. They worked and studied seriously and their teaching experiences [1-5][1-6]
and research achievements in reinforced concrete structure field enrich my knowl-
edge, which partly composes the basis of this book. My colleagues, including tech-
nicians and workers, and post- and under-graduate students, who worked together
within the processes of experimental and theoretical researches within many years,
are appreciated as well. Their cooperation with effort helps to bring about the
research achievement, which substantiate and improve the contents of this book.
In addition my special thanks is due to my wife, retired professor Suying Qian,
who not only patiently typed and input the entire manuscript of this book to form
the original computer text, but also takes care thoughtfully of my life. Of course,
the print and publication of this book is relied on the efforts of Tsinghua University
Press, it is also appreciated.

Zhenhai Guo
September 2013
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Introduction 1
CHAPTER OUTLINE

1.1 Development and features of reinforced concrete structure..................................... 1

1.2 Characteristics of this course ............................................................................... 4

1.1 Development and features of reinforced concrete
structure

Since the first product of reinforced concrete was manufactured and used in struc-
tural engineering, only about one hundred years have passed. Compared with soil
and timber structure, which is the earliest on earth, used by the original mankind,
the masonry structure of stone or brick appeared in the early society of ancient civ-
ilizations, and steel and other metal structures developed after the Industrial Revo-
lution, reinforced concrete structure is the youngest one among the structure family.
However, the performance and manufacture technique of reinforced concrete struc-
ture are continuously improving and being enhanced, structural configuration and
construction get more variety, and the application scope is widely expanded. Now,
reinforced concrete structure is the most prosperous one in structural engineering
in many countries, especially in China.

Now, the engineering fields using widely reinforced concrete structure are as
follows.

Building engineering e various civil and public buildings, single- and multi-
storey industrial buildings, high-rise and long-span buildings .
Bridge and communication engineering e slab, beam, arch, and truss upper
structures, abutments, piers, and foundations, slope protection, retaining walls,
highway pavements, railway sleepers .
Hydraulic and harbor engineering e dams, hydropower stations, coasts and
docks, offshore platforms, ponds and pipelines, aqueducts .
Underground engineering e tunnels, railways, mines, caissons, piles, foun-
dations of heavy equipment, military defense works .
Special engineering e television towers, transmission poles, viaducts, silos,
chimneys, pavements and parking aprons of airports .. Even reinforced con-
crete structures enter into the machine building field, e.g. reactor vessels and

CHAPTER
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containment of nuclear power plants, hydraulic presses, shipbuilding, lathes,
etc., which are occupied traditionally only by steel structures.

The inherent certainty of a combination of reinforcement and concrete is due to
the mutual compensation of the behavior of both materials and the advantage of each
material is fully utilized. Concrete is the main body of the structural material and has
some advantages, e.g. easy manufacturing, utilizing local materials, low investment.
However, concrete has lower tensile strength and is fragile and cracks easily. There-
fore, only when the reinforcement of a proper type and quantity is put into the con-
crete, the strength and ductility of the reinforced concrete structure is improved and
enhanced to satisfy the necessary safety and service conditions. In the meantime, the
disadvantages of reinforcement, e.g. poor environmental stability, and corrosion and
fire resistance, will be overcome when it is buried into concrete. So, reinforcement
and concrete can effectively be composed of a structural material with high strength,
good integrity, corrosion and fire resistances, and flexible uses.

In addition, concrete is a shapeless substance and can be made into any structure
of complicated shape and different sizes, when a proper mold is manufactured and
installed. There are so many different reinforced concrete structures which include
not only the one-dimensional members, e.g. beam, slab, column, of solid and hollow
sections of different shapes, but also the two-dimensional members, e.g. flat plate,
slab, wall panel, shear-wall, folded plates, and the three-dimensional, e.g. thin and
thick shells and irregular solid, structures.

Reinforced concrete itself is composed of two materials and can also be used as a
kind of structural material and combined with other structural materials to compose
various composite structures, such as reinforced concrete-steel and reinforced
concrete-masonry structures. Then, more varieties of structure scheme are devel-
oped and the adaptability and application scope of it are expanded.

As reinforced concrete structure is widely used in engineering practice, the
requirement of production accelerates the research work in all aspects. The plentiful
research results on structural scheme and configuration, kind and quality of material,
construction technique, mechanical behavior of structural members, design concept
and calculation method, construction measures, etc., are achieved and great progress
is made as below.

Some disadvantages of concrete material, such as higher dead weight, lower
cracking resistance, strength increasing slowly, and seasonal limitation of construc-
tion, have been improved or overcome, when the technical measures, which include
selection of raw materials, mix and cure technique, construction management, rein-
forcement construction, prestressing, and improvement of calculation method, are
utilized.

In order to enhance the performance of concrete and to reduce its self weight,
high-strength (>C50), light-weight (g ¼ 500e1900 kg/m3), fiber, and high-
performance concretes of various categories are developed successively and applied
in engineering practice.

When various chemical additives are mixed into concrete during its mixing, the
higher workability, freezing resistance, high strength, and earlier coagulating of
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concrete are achieved, even heat-resisting and acid-resisting concrete can be ob-
tained. And, pumping, spraying, and self-compacting concrete may be used to
improve the manufacturing technique. All kinds of these concretes are suited to
different construction and application conditions of reinforced concrete structures.

The strength of the steel reinforcement used for reinforced concrete structure is
gradually increased from low value into medium and high values. The steel rein-
forcements of low relaxation and with anticorrosion coating are used frequently.
Various resins and carbonic fiber bars (or sheets) of high strength and anticorrosion
are also used successfully now to replace the steel reinforcement.

The behavior of concrete under uni- and multi-axial stress states and its failure
criterion and constitutive relation have been investigated experimentally and theo-
retically, and great progress has been made. The strength and deformation of con-
crete under various conditions, e.g. repeated load, high-speed loading, sustained
load, at elevated temperature, are also tested and many results are reported.

The bond behavior between reinforcement and concrete, including working
mechanism, characteristic values of bond strength and slip, shape and calculation
model of s-s cure, have been investigated for many years. The anchorage of rein-
forcement is important in engineering practice and an effective measure is avail-
able now.

The mechanical behaviors of various structural members under static and dy-
namic loads are always the key topics of research on reinforced concrete. Most of
them already have definite conclusions and ripe calculation methods. The mechan-
ical responses of them under extreme circumstances, e.g. earthquake, explosion, fire
accident, also have plenty experimental and theoretical results.

In the initial stage of application, the design concept and calculation method of a
reinforced concrete structure are based on the allowable stress and elastic analysis,
which follow that of the steel structure. Then, they were changed into single safety
coefficient and ultimate strength analysis respectively. Now, the limit state design
method, based on the probability statistics and reliability analysis, is used world-
wide. In the meantime, the calculation method of the structural internal forces is
also developed from the classical elastic analysis into the ultimate equilibrium
method considering plastic deformation, and again into the non-linear analysis along
loading history. The combination of the finite-element analysis method and the com-
puter technique is a very powerful means for accurate and quick analysis of a
complicated reinforced concrete structure and is widely used now in engineering
practice.

The progress of experimental method and high technicalities of experimental
equipment and measuring instrument raise the capability and accuracy of structural
testing. Various environmental and loading conditions of the structures can be simu-
lated better and more and meticulous information and data can be obtained in the
testing. These are helpful for understanding correctly the responses of the testing
structure and discovering its new physical phenomena and regularity.

All of these research achievements promote deeper understanding of the
behavior regularities of reinforced concrete materials and structures and raise the
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technical levels of structural design and construction. So, reinforced concrete struc-
ture is developed continuously and will have wider prospects.

1.2 Characteristics of this course
Principle of Reinforced Concrete is a special textbook of the course for post-
graduate students in structural engineering and similar. They have learned the under-
graduate courses of Basic Structural Members of Reinforced Concrete [0-5] and
Design Reinforced Concrete Structure and known the basic characteristics of rein-
forced concrete and its design method. This course contains the main theoretical ba-
sis and experimental evidence for research and design of reinforced concrete
structure, and its contents and role are just like the course ‘Strength of Materials’
for the structure of homogeneous linear-elastic materials. However, reinforced con-
crete is mainly composed of two materials of different properties, i.e. reinforcement
and concrete, and concrete is an inhomogeneous and non-linear material and has
different values of compressive and tensile strengths. So, the mechanical behavior
of reinforced concrete is more varied and complicated, and the contents of this
course are more plentiful.

Reinforced concrete structure is a science branch of structural engineering and
certainly follows the general regularity of structural engineering. Various technical
requirements and questions are often raised from engineering practice, and corre-
sponding solutions and measurement are obtained by different ways such as survey
and statistics, experimental investigation, theoretical analysis, calculation and com-
parison. After concluding the general variation regularity, revealing the working
mechanism, establishing the physical and mathematic models, and determining
the calculation method and construction measures, they go back to engineering prac-
tice and are demonstrated, improved, and complemented. Generally, after experi-
encing several cycles of practiceeresearchepractice, they will gradually approach
a satisfactory answer and finally serve well the engineering.

Since reinforced concrete is composed of two materials with considerably
different properties, it certainly has some particularities which distinguish from
the single material, e.g. steel or timber, used for the structure. Therefore, the
behavior of reinforced concrete depends upon not only the properties of the two ma-
terials on their own, but also, to a greater extent, on the combination and relative
comparison of them, for example:

Different forms of reinforcement e longitudinal or transverse, concentrated or
spread, over or under-reinforced, natural or prestressed .
Relative value of behavior indices of both materials e strength ratio, area or
volume ratio, ratio of elastic moduli, ratio of characteristic strains, differences
of thermal strain, shrinkage, and creep ..

Therefore, the load-bearing capacity and deformation behavior of reinforced
concrete vary considerably. Sometimes, a special reinforced concrete can be
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designed and manufactured, using reasonably raw materials and proper reinforce-
ment form, to satisfy the technical indices which fit the requirement of a particular
engineering project.

It is known that concrete is an inhomogeneous and non-linear composite mate-
rial, and its mechanical behavior is complicated and varied with time and its tech-
nical indices are scattered considerably. In addition, the combination of
reinforcement and concrete is of variform, this makes the mechanical behavior of
reinforced concrete vary significantly. Up to now, many experimental and theoretical
results of reinforced concrete structural members under various loading and environ-
mental conditions are obtained and corresponding calculation method and structural
detailing are established and satisfied for engineering practice. However, there is still
no unified and accurate theoretical theory and method for reinforced concrete under
all situations.

Considering these characteristics of concrete material and reinforced concrete
structural members, the following principles are insisted upon in this book.

Basing on experimental evidence e Generally, the mechanical indices of
concrete material and behavior responses of reinforced concrete structural
members can only be determined accurately from reasonable and careful tests.
Therefore, a certain amount of experimental data are presented, the variation
regularities are concluded, the mechanism is analyzed, the rational knowledge
is summarized, the physical and mathematical models are established, and
finally, the experimental and engineering demonstrations are performed.
Macroscopic mechanical response e The microscopic analyses of the stress,
strain, and crack of structural concrete are hardly reached the accurate results,
because of non-uniform micro-structure, local defects, and scattered behavior of
concrete material itself. The behaviors of concrete material and reinforced
concrete structure discussed in this book represent the average values of them
within a certain scale (e.g. about � 70 mm, or 3 or 4 times the coarse aggregate
size). It is accurate enough when they are used in engineering practice.
Regularity and mechanism analysis of mechanical behavior e The behavior
responses of concrete material and reinforced concrete structure vary consid-
erably under different loading and environmental conditions, because of the
influences of various factors. However, the stress and deformation processes,
failure pattern, and ultimate strength of them still present certain regularities. It
is hoped to analyze their working mechanisms and to find the inherent essence
of the mechanical characteristics of the structure, which is relatively stable and
more important. In contrast, the particular calculation method and formula will
be changed both in form and parameters, as the experimental data are accu-
mulated, varied, or deleted.
Actual mechanical behavior and index e The experimental values and the
theoretical calculation values, listed in this book, for concrete material and
reinforced concrete structural member are generally the measured or average
values. These values can be used for calculating the actual strength and
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deformation of the structure. However, there are systematic differences between
these values and the corresponding nominal values or design values, which are
used in the structural design after considering the necessary safety of the
structure. So, these values have to be converted properly and then be used if
necessary.
Reflecting the new research at home and abroad e Reinforced concrete
structure and its materials develop continuously, new experiences are accu-
mulated and new questions are raised in engineering practice, and relevant
experimental and theoretical achievements appear year after year. The basic
concept and analysis method are relatively stable and retained in this book, and
the new research results, and different academic points of view and method, are
contained.

In addition, this book mainly serves the research and analysis of reinforced con-
crete structure, the reinforcement and other structural detailing are, generally, not
stipulated and the requirements of design code are also not included. When a prac-
tical question in the structural engineering is dealt with, the relevant literatures and
references, including the design code, have to be consulted.
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PART

Mechanical
Behavior of
Concrete 1
Concrete is a kind of manmade composite material, of which the main adhesive
substance is the cement of hydro-coagulation and most parts are coarse and
fine aggregates of different mineral compositions. Concrete is the main body of
reinforced concrete and contains and surrounds the reinforcements of different
forms, and both compose the composite structural material. Therefore, the
mechanical behaviors of reinforced concrete structure and its members
depend upon, to a great extent, the behavior of concrete material and the
supporting and confining actions of concrete to the reinforcement.

The strength and deformation behaviors of concrete are obviously different
from those of the single material of structure, e.g. steel from metallurgical
industry or natural timber. The tensile and compressive strengths (and
deformations) of concrete make a great difference, and they vary considerably
with time (age) and environmental factors. Also, concrete is quite fragile and
cracks easily. In addition, the stabilities of its quality and behavior depend
upon the technical and management levels of the contractor, and various
indices of concrete behavior may deviate greatly.

The main contents introduced in this part are the general characteristics
and failure mechanism of concrete material, its strength and deformation



under fundamental stress states, i.e. compressive, tensile and shearing
stresses, and their variation regularities influenced by the main factors, and its
strength and constitutive relation under the actions of multi-axial stress states.
These are the basis for understanding and analyzing the various mechanical
behaviors of reinforced concrete, which are presented in the succeeding parts
and chapters.

The concrete discussed in this book is normally ordinate concrete mixed
with Portland cement and natural coarse and fine aggregates. And its density
and strength grade are 2200e2400 kg/m3 and C20eC50 respectively. Some
other structural concretes and their main characteristics and mechanical
behaviors will be introduced in Chapter 4.
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The actual stress state of concrete in a reinforced concrete structure varies signifi-
cantly, hence its strength and deformation values are different. Obviously, the
simplest and basic stress states are uniform uniaxial compression and tension.
Although, the stress states in the concrete of simple structural members, i.e.
beam, slab, and column, which are used most extensively in engineering practice,
are not an ideal uniaxial compression or tension, the results of calculation using
these values still satisfy the requirement of accuracy for structural engineering.

The strength and deformation behaviors of concrete under uniaxial compression
and tension show clearly the mechanical characteristics, which are distinguished
from other structural materials, e.g. steel, timber, and brick. These are the most
important indices of mechanical behavior of concrete, and are not only used as
the unique basis to define the strength grade of concrete, but also used as the
main factor to determine other important behaviors and indices of concrete, e.g.
elastic modulus, strain at peak stress, failure feature, ductility index, and multiaxial
strength and strain [2-1].

2.1 Material composition and characteristic
The composite materials of concrete are cement, sand, gravel, and water, sometimes
mixed with a small amount of various additives. These raw materials are successively
mixed, cast, compacted, and cured, and gradually coagulated and hardened and, then,
concrete is made. The compositions, properties, and relative ratio of these composite
materials and the various conditions and environmental factors during manufacturing
and hardening have considerable influences on the mechanical behavior of concrete.
Therefore, concrete has more complicated and variable mechanical behavior,
compared with other single structural materials, e.g. steel and timber.

2.1.1 Composition and internal structure
The main reason for concrete having complicated behavior is that concrete is a
multiphase material of inhomogeneous and anisotropic and is varied with time
and environmental conditions, as shown by the existing experimental investigation.

When a piece of concrete is sawn from a concrete structure, the internal non-
uniform construction of concrete (Fig. 2-1(a)) can be seen by the naked eye and
the main compositions contained are as below.

Solid granule e coarse aggregates of different colors, sizes, shapes, and mineral
compositions, unhydrated cement lump, and various foreign substances, e.g.
brick and wood pieces. They occupy most parts of the concrete volume and
distribute randomly.
Hardened cement mortar e most fine aggregates (sand), cement and water are
uniformly mixed and compose the cement mortar, which fills the gap between
solid granules or surrounds the solid granules. The hardened cement in concrete
forms an irregular and non-uniform strip or net structure.
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Holes and cracks e A small amount of air is blended into concrete during
mixing and casting, and a part of it still remains in the cement mortar after the
concrete is compacted and gets approximately into the shape of a circular hole.
Most holes are placed in the surface layer of the concrete (Fig. 2-1(b)) and under
the larger coarse aggregates and the reinforcement. In addition, the irregular
fine cracks occur on the boundary between coarse aggregate and cement mortar
and in the interior of cement mortar, because of evaporation of water and
shrinkage of cement mortar during concrete coagulating. The structures of the
hole will be introduced in detail in Section 20.1.3.

The two basic components of concrete, i.e. coarse aggregate and cement mortar,
distribute randomly in its interior and they have considerable differences in their
physical and mechanical behaviors (Table 2-1). These are the basic reasons for
the inhomogeneous and anisotropic properties of concrete.

In addition, there are many other structural and environmental factors causing
inhomogeneity and anisotropy of concrete. For example: the coarse aggregates of
higher density and larger size sink to the bottom of concrete during casting and com-
pacting, while the aggregates of lower density, blowing cement mortar, and air bub-
bles float up; more cement mortar and air holes exit near the side and top surface
layers of structural member; water loss and moisture content are different in the
outer and internal parts of a structure of large size, and the microcracks caused by
the temperature difference there are also different; horizontal or other construction
joint is, sometimes, necessary for the massive structure.

When a concrete is stressed in different directions, i.e. parallel, perpendicular,
and inclined to its casting direction, its strength and deformation values are also
different. For example, the cubic concrete specimen is loaded along the direction
perpendicular to the casting direction according to the testing standard [2-3], the
compressive strength measured is slightly lower than that measured when the load
parallels the casting direction. In addition, when a concrete column is vertically
cast, the property is symmetrical, theoretically, on any cross-section, but is different
for the upper and lower sections; when the column is horizontally cast, the situations
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Top surface
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(a) (b)

Upper part with more
mortar and holes

Lateral surface with more
mortar and holes

Lower part with more
coarse aggregates
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Impurities
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FIG. 2-1 Non-uniform distribution of composite materials in concrete
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Table 2-1 Typical Values of Physical and Mechanical Indices of Coarse Aggregates and Hardened Cement Mortar [2-2]

Behavior
Indices

Compressive
Strength
N/mm2

Tensile
Strength
N/mm2

Modulus of
Elasticity
104 N/mm2

Poisson’s
Ratio

Density
kg/m3

Ultimate
Shrinkage
10L6

Specific
Creep
10L6/Nmm-2

Expansion
Coefficient
10L6/�C

Hardened
Cement
mortar

15–150 1.4–7 0.7–2.8 0.25 1700–2200 2000–3000 150–450 12–20

Coarse
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are just opposite. Therefore, these two columns will have different strength and
deformation when a load is acted.

The levels of inhomogeneity and anisotropy of concrete material mainly depend
upon the homogeneous and steady state of raw materials, and the rigorous levels of
production and management during construction. It directly influences the quality,
i.e. technical index and scatter, of concrete.

2.1.2 Basic characteristics
The composition and internal structure of concrete material decide the four basic
mechanical characteristics of it.

2.1.2.1 Complicated internal micro stress and strain states and crack
When a piece of concrete is magnified proportionally, it can be considered as an
irregular three-dimensional solid structure composed of two main materials, i.e.
coarse aggregate and hardened cement mortar, and is inhomogeneous, nonlinear,
and uncontinuous. Complicated micro stress and strain states and cracks exist in
the interior of concrete before it is loaded, and vary significantly after loading.

When the cement particles are hydrated during the coagulating process of concrete,
the gelation is formed on its surface, and the cement mortar gradually gets thicker and
hardened and coheres with the coarse aggregate into an integral solid. The cement
mortar loses water in this process and its shrinkage is far greater than that of the coarse
aggregate (Table 2-1). The difference of shrinkage strains causes the coarse aggregate
compressed, cement mortar tensioned, and other stress distribution (Fig. 2-2(a)). The
resultant of the stress field on the section should be zero, but the local stress may be
considerable and causes microcracks on the boundary of aggregate [2-4].

The thermal behaviors, e.g. linear expansion coefficient, of coarse aggregate and
hardened cement mortar are different as well (see Table 2-1). When the environ-
mental temperature changes and the hydration heat generates in the concrete, the

Cement
mortar

Coarse
aggregate

(a) (b)
FIG. 2-2 Micro-stress distribution in the interior (a) caused by shrinkage and temperature

differences (b) under action of uniform stress
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difference of thermal strains of both components causes the thermal stress field due
to the mutual confinement between them. And, because concrete is a thermo-inertial
material (see Chapter 19), a larger temperature gradient occurs and the thermal stress
is increased in the concrete structure.

When concrete is loaded from outside and even if the stress applied distributes
uniformly, a spatial micro-stress field results non-uniformly in its interior
(Fig. 2-2(b)) and mainly depends upon the area (volume) ratio, shape, arrangement,
and moduli of elasticity of the coarse aggregate and cement mortar and the contact
condition on their boundary. If the stress is sustained for a long period, the difference
of the creeps of both components (Table 2-1) causes the stress redistribution in the
interior of the concrete, and the coarse aggregate will support larger stress.

The internal air holes and microcracks are unavoidable in the interior of concrete,
and the stress concentration areas are formed locally near their tips due to shrinkage,
temperature variation, and stress acted. And, the stress on these areas distributes
even more complicatedly with very high value.

All of these indicate that concrete has a very complicated and randomly distrib-
uted three-dimensional stress (strain) state from the microscopic point of view. This
has important influence on the macroscopic behaviors of concrete, e.g. cracking,
expansion of crack, deformation, ultimate strength and failure pattern.

2.1.2.2 Plural compositions of deformation
Concrete has to deform correspondingly when a stress is acted on it or the environ-
mental condition changes. The deformation value of concrete is composed of three
components shown below, according to its composition and structure characteristics.

Elastic deformation of aggregate The coarse and fine aggregates occupy most
parts of concrete, and the values of their strength and moduli of elasticity are much
greater than that of concrete (Table 2-1). Even when concrete reaches its ultimate
strength, the aggregate in the concrete is not broken and its strain is kept in the
elastic region, which means that the strain is directly proportional to the stress,
the strain will reduce to zero and no residual strain exists after unloading
(Fig. 2-3(a)).

Viscous flow of cement gelation The gelation is generated after hydration of the
cement in concrete. It deforms instantaneously under the action of stress, and also its
viscous flow (move) occurs slowly as the stress is sustained. So, the deformation of
concrete continuously increases and the plastic deformation is formed (Fig. 2-3(b)).
This part of concrete deformation will not reduce after unloading and the residual
deformation appears.

Formation and expansion of crack The crack in concrete is formed perpendic-
ular to the direction of tensile stress acted, and it exists only on the boundary of the
coarse aggregate and in the interior of cement mortar. New cracks are formed and
expanded gradually as the stress increases, so the tensile deformation of concrete in-
creases quickly. When compressive stress is applied on the concrete, the longitudinal
splitting crack occurs approximately in parallel with the stress and passes through
the boundary of coarse aggregates and the interior of cement mortar. These cracks
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increase, expand, and extend continuously as the stress increases, and finally the
concrete is split into several small columns (Fig. 2-4) and its longitudinal deforma-
tion increases greatly. When the stress is decreased, still the deformation continu-
ously increases, and most parts of the deformation can not recover after unloading
(Fig. 2-3(c)).

The last two components of concrete deformation do not vary proportionally
with the stress acted and most parts of them can not recover after being unloaded.
They are generally considered as the plastic deformation of concrete.

The ratios among the three deformation components vary greatly for concretes of
different raw materials, compositions, and stress levels acted. When the stress level
acted on the concrete is lower, the total deformation of concrete is limited and the
elastic deformation of the aggregate constitutes its majority. The deformation of con-
crete caused by the viscous flow of cement gelation accelerates gradually with the
stress. The deformation caused by the crack appears obviously only when the con-
crete is approaching its ultimate strength, but it increases very quickly and soon ex-
ceeds two other components. After the stress passes its peak value and enters into the
descending branch of the stressestrain curve, the elastic deformation of the aggregate
starts to recover, the viscous flow of the cement gelation increases slowly, while the
deformation caused by the crack increases considerably when the stress is decreased.

σ σ = Const.

(a) (b) (c)
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ε
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FIG. 2-3 Deformation components of concrete: (a) elastic deformation of aggregate, (b) viscous

flow of cement gelation (c) formation and expansion of crack

Cracks on boundaries
of coarse aggregate
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FIG. 2-4 Cracking process of concrete under uniaxial compression observed by X-ray

camera [2-7]
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2.1.2.3 Influences of stress state and path
The ratio between the strengths of concrete under uniaxial tensile and compressive
stress states is about 1:10, while the ratio between the corresponding peak strains is
about 1:20. In addition, the failure patterns of both stress states are essentially
distinct (Section 2.4.2). These are obviously different from that of other structural
materials, e.g. steel and timber, of which the tensile and compressive strengths
and deformations are close.

Because of the significant difference of the mechanical behaviors of concrete un-
der the two basic stress states, different stress states have great influences on the me-
chanical responses of concrete. The strength, deformation, and failure pattern of
concrete under multiaxial stress state of different stress ratio vary considerably
(Chapter 5). The transverse and longitudinal stress (strain) gradients have influence
on the strength and deformation of concrete (Sections 3.2 and 3.3). When the load is
acted repeatedly, the phenomena of strain retarded, stiffness degradation, and resid-
ual deformation of concrete yield at different levels (Section 3.1). When the stress
paths (or histories) of multiaxial stress state are different, the development of inter-
nal microcracks and the confinement condition between the stresses acted on
different directions are changed, different mechanical responses of concrete are pre-
sent (Section 5.2.3).

The great influence of mechanical behavior of concrete caused by the different
stress states is certainly decided by the characteristics and internal microstructure
of concrete material. The difference of material property is sufficient to cause great
influence on mechanical behaviors of concrete structure and its member. This should
be paid attention to in engineering practice.

2.1.2.4 Influences of time factors and environmental conditions
Concrete comes to maturity as the hydration of the cement develops. It is demon-
strated experimentally that the hydration of cement particles develops gradually
from its surface layer into the interior and does not stop even after 20 years. As
the maturity of concrete increases, the adhesive strength between the cement and
aggregate increases as well, and the cement gelation gets thicker and its viscous
flow is slower, so the values of the ultimate strength and modulus of elasticity of con-
crete gradually increase with time. However, on the other hand, the creep of concrete
under stress caused by the viscous flow of cement gelation and the expansion of in-
ternal microcracks also increases with time, when the stress is sustained for a long
period. Therefore, the deformations of concrete material and structure gradually
develop and their long-term strengths have to be reduced.

The environmental condition surrounding the concrete has influences not
only on its maturity, but also on the physical and chemical reactions with the con-
crete material, which may cause advantageous or disadvantageous results. The var-
iations of environmental temperature and humidity cause variable and non-uniform
temperature and humidity fields in the interior of concrete, and have influences on
the speeds of cement hydration and water evaporation. Then, the stress and strain
fields are formed correspondingly, and the development of internal microcracks
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accelerates, macro-cracks even appear on the surface of concrete. The carbon di-
oxide in the environmental medium acts with the chemical composition of the
cement, and a carbonization is formed near the surface of concrete and gradually
gets thicker. Also, the chlorine ion in the environmental medium is corrosive to
cement and reinforcement in concrete. Both force the durability deterioration of
concrete structure (see Chapter 20).

Because these characteristics of concrete cause the complication, variation, and
scatter of its mechanical behavior and the composition and property of its raw ma-
terials make a great difference, it is very difficult to find an accurate and applicable
solution for the mechanical behavior of concrete structure, using totally microscopic
and quantitative analysis.

On the other hand, from the structural engineering point of view, when a certain
scale of concrete, e.g. about �70 mm and 3 or 4 times the coarse aggregate size, is
considered as a basic element and to be a continuous, uniform, and isotropic ma-
terial, and when the average values of strength and deformation and the macro-
scopic failure pattern are used, the relatively stable indices of the mechanical
behavior of concrete can be obtained. In the meantime, the standard specimens
of the same scale are used to measure the various mechanical behaviors, and the
failure criteria and constitutive relations are established correspondingly. When
they are used for calculation or design in the engineering practice, sufficient accu-
racy will be achieved.

Nevertheless, it is quite important to learn these basic characteristics of concrete
for deeply understanding and applying various mechanical responses of concrete
structure, and also it is helpful for studying the contents of the chapters later on.

2.1.3 General mechanism of failure process
Concrete shows obvious differences on the failure process and patterns under
different stress states (Section 5.3). As concrete is mainly used as a compressive ma-
terial in the structure and the uniaxial compression is the simplest state, the corre-
sponding failure process and working mechanism of concrete are typical and have
to be understood in detail. This is quite important and helpful for learning the
essence of concrete property, explaining the various damage and failure phenomena
of the structure and its members, and finding the measures to improve the quality of
concrete and the behavior of concrete structure.

Usually, concrete is known as a fragile material, because it fails quickly under
both compression and tension states and the failure process in its interior can not
be observed by the naked eye. Now, modern science and technology are highly
developed and have provided many progressive loading and measuring equipment
for material and structure experiments. For example, the complete stressestrain
curves of concrete under compression and tension can be easily recorded by the
testing machine controlled by electro-hydraulic servo valve; the microstructure
and its variation of concrete under stress can be observed and measured in detail
by the ultrasonoscope, X-ray camera, and electron microscope [2-5].
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Some experimental observations [2-6, 2-7] demonstrate that a small amount of
microcracks exist separately in the interior of structural concrete even before loading,
and the width and the maximum length of them are, generally, (2e5)�10�3 mm
and (1e2) mm, respectively. The main reason for this, as described above, is that
a microstress field is caused in concrete due to the non-uniform temperature and
humidity fields and the shrinkage difference between coarse aggregate and cement
mortar during its coagulation. Because the adhesive strength on the boundary
between coarse aggregate and cement mortar is only about 35e65% of the tensile
strength of cement mortar itself [2-8,2-9] and the tensile strength of coarse aggregate
is far higher than that of cement mortar, the microcrack has to appear first on the
boundary of coarse aggregate and is called boundary adhesive crack, when the inter-
nal microtensile stress is large enough.

The development of the microcrack in the interior of concrete can be observed
clearly during its loading process. The experimental results of a series of specimens,
which are loaded to different stages, are shown in Fig. 2-4. The specimen used is of
square plate (127 mm�127 mm�12.7 mm), it approaches the ideal planar stress
state and is convenient to directly obtain the X-ray information of the crack during
loading process. There are two kinds of specimens. The ideal specimen is made of
circular aggregates of three sizes of diameter but same thickness (12.7 mm), which
are randomly buried into the cement mortar (Fig. 2-4). Another kind of the specimen
is made of practical concrete. The loading process and the observed results of both
specimens are the same, but the former one is more typical.

It is experimentally demonstrated that the initial cracks exist in concrete before
loading and occur on the boundaries of larger coarse aggregates. The microcracks
gradually increase and expand from the start of loading until the ultimate load
(smax), and there are three stages as below.

2.1.3.1 Stage of relative stability (s/smax <0.3e05)
As the compressive stress is still lower, the microcrack extends slightly along the
boundary of the coarse aggregate because of the stress concentration at its tip, but
some other microcracks and gaps in concrete partly close up because of the compres-
sive stress. Both actions appearing together have no obvious influence on the macro-
scopic deformation of concrete. Even when the load is repeated several times or
sustained, the microcrack will not develop much and the residual deformation of
concrete is limited after unloading.

2.1.3.2 Developing stage of stable crack [2-10] (s/smax <0.75e0.9)
When the stress is increased, the cracks existing on the boundaries of coarse aggre-
gates gradually extend and expand and new cracks successively appear on other
aggregate boundaries. Some cracks on the boundaries gradually develop into the
cement mortar, and some microcracks occur near the holes and gaps in the cement
mortar because of stress concentration. So, the microcrack and deformation of con-
crete accelerate within this stage. However, if the load is not increased again, the
development of the microcrack will stagnate and the crack pattern is basically
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kept. When the load is sustained for a long period, the deformation of concrete will
increase, but no failure will happen.

2.1.3.3 Developing stage of unstable crack [2-10] (s/smax >0.75e0.9)
As the stress acted is somewhat higher, the cracks on the boundaries of coarse ag-
gregates suddenly and considerably expand and extend into the cement mortar,
and the cracks in the cement mortar develop rapidly and link with the adjacent
cracks on aggregate boundaries. These cracks link up and compose several contin-
uous cracks paralleling approximately to the direction of compressive stress, which
is called the longitudinal splitting crack. If some of the coarse aggregates are of low
strength or have certain joints or faults in it, they may also split under high stress.
The stress increment is small at this stage, but the crack develops very quickly
and the deformation of concrete increases considerably. Even if the stress is kept
constantly, the crack is not stable any more and develops continuously. Finally,
the longitudinal cracks connect and divide the specimen into several small columns,
the load-carrying capacity of concrete reduces and its failure is caused.

According to the analysis of the microscopic phenomenon of concrete under
compression, the failure mechanism of concrete can be summarized as below.
Firstly, the microcracks are formed on the boundary between the coarse aggregate
and cement mortar and also in the interior of the latter; these microcracks gradually
expand and extend, and link up into macrocracks as the stress increases; the damage
of the cement mortar continuously accumulates and breaks the linkage with the
aggregate, the integrity of concrete is deteriorated and the strength of concrete grad-
ually losses. When the concrete is acted with other stress states, the failure process is
similar and will be introduced later.

The strength of concrete is far lower than that of the coarse aggregate in it (Table
2-1), generally, the crack and breakage in concrete occur only in the interior of
the cement mortar, but no damage sign is shown on the aggregate. Therefore, the
strength and deformation behavior of concrete depend upon, to a large extent, the
quality and compactness of the cement mortar. Any measures for improving
the quality of cement mortar can effectively increase the strength of concrete and
enhance the behavior of the structure.

2.2 Compressive strength
2.2.1 Cubic compressive strength
According to the Chinese National Standard ‘Standard for test method of mechan-
ical properties on ordinary concrete GB/T 50081-2002’ [2-3], the compressive
strength of concrete is tested and measured successively as below. The standard
specimen used is a cube of edge length 150 mm; the fresh concrete is cast into
the steel mold and compacted, then the specimen is demolded one day later and
kept in the standard curing room with temperature (20� 3)◦C and relation humid-
ity >90%. The specimen is taken out at the age of 28 days and the water on its
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surface is wiped away, then the specimen is put on the working table of a testing
machine and the compressive force is acted continuously until its failure, with a
loading speed of (0.3e0.5)N/mm2 per second, along the direction perpendicular
to that of casting. The value of the maximum load measured is divided by the
compressive area of the specimen, and the standard cubic compressive strength
of concrete (fcu, N/mm2) is then obtained.

The compressive force is acted on the specimen via a steel plate during testing.
Because the stiffness of the plate is limited and the stress states and material behaviors
in the interior and near surface of the specimen are different, the vertical compressive
stress distributes non-uniformly on the compressed surface of the specimen
(Fig. 2-5(a)). In the meantime, the moduli of elasticity (Es, Ec) and Poisson’s ratios
(ns, nc) of the steel plate and the concrete of the specimen are unequal, the transverse
strains of them should be different under the same stress (nss/Es < ncs/Ec ). Therefore,
the steel plate restrains the transverse strain of the specimen, and the horizontal friction
has to act on the compressed surface of the specimen (Fig. 2-5(b)).

These vertical and horizontal forces act simultaneously on the compressed sur-
face of the specimen, a three-dimensional stress field has to form in it. Every point
on the vertical central axis is obviously of tri-axial compressions, the point on the
four vertical edges is nearly uniaxial compressions, the horizontal periphery on
the compressed surface is of bi-axial compressions, the point on the vertical surface
is of bi-axial compressions or compression-tension, and most points in the interior
are of tri-axial compressions or compression-tension states (Fig. 2-5(c)). It should
be noticed that these results are obtained when the specimen is considered as a
homogeneous material. If the random composition and property of concrete are
taken into account, the actual stress state of the specimen is even more complicated
or asymmetrical.

When the specimen is loaded, the contractive and elongated deformations occur
respectively in vertical and horizontal directions. The transverse deformations at the

C/C/C

C/C/C

C/C

T/C
C

(a) (b) (c) (d)
FIG. 2-5 Stress and deformation of cubic specimen under compression. (a) Stress distribution

on compressed surface, (b) transverse deformation and restraint on end surface, (c) stress

states at several points, (d) failure pattern
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top and bottom surfaces of the specimen are quite small because of the restraint of the
steel plate, while the transverse expansive deformation at the mid-height reaches the
maximum (Fig. 2-5(b)). The deformation of the specimen gradually accelerates when
the load or stress increases. The vertical crack appears first near the lateral surface at
the mid-height of the specimen, and both ends of it extend up and down respectively
and then turn towards the corners (Fig. 2-5(d)). New cracks appear successively and
these cracks gradually develop from the surface layer into the interior, as the load in-
creases. Finally, the concrete at the mid-height expands horizontally and starts to
spall off, the specimen fails with the pattern of the regular and reverse pyramids.

When the specimens of different shapes and sizes, e.g. the cube of edge length
100 mm or 200 mm, and cylinder ofH/D¼2,1 are used, the values of the compressive
strength of concrete obtained from the testing are unequal because of different me-
chanical situation and size effect, although their failure process and pattern are the
same. The compressive strengths of different specimens can be conversed one
another by Table 2-2, which are obtained from the comparative tests.

According to the stress and strain conditions of a cubic concrete specimen and its
failure process and pattern, it is clear that uniform uniaxial compressive stress state
is not established in the specimen tested following the standard method, so the
measured result is also not the ideal uniaxial compressive strength of concrete. Of
course, again, it can not represent the real compressive strength of the concrete in
a practical structure, of which the stress state and the environmental condition
vary considerably.

Nevertheless, the cubic compressive strength of concrete obtained from the stan-
dard test method is still a relative index of most importance. It can be used to qualify
the strength grade of concrete, to evaluate and compare the manufactured quality of
concrete, and to estimate and calculate other indices of mechanical behaviors of con-
crete. This is the technical significance.

In China, the concrete used in structural engineering is divided into different
strength grades [2-1], i.e. from C15 to C80, and the difference between the adjacent
grades is C5, which can be used for various structures or the different parts of a struc-
ture. The strength grade of a structural concrete is defined as the value of compres-
sive strength of the cubic specimens measured under the standard test method [2-3]
and with 95% probability.

2.2.2 Failure process of prism specimen
In order to eliminate the influences of the local stress and confined deformation near
both ends of the cubic concrete specimen, the simplest way is to use the prism (or

1The cylinder of height H ¼ 300 mm (or 12 inches) and diameter D ¼ 150 mm (or 6 inches) is used as
the standard specimen for some countries, e.g. USA [2-11] and Japan, and the international academic
organizations, e.g. CEB-FIP [2-12]. The measured strength from the testing is called cylinder
compressive strength (f ;c; N/mm2).
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cylinder) specimen for a compression test. According to the San Vinent principle,
the vertical stress distributed non-uniformly and the horizontal stress, of which
the resultant is zero, on the compressed surface have influence only on the local
part, of which the height approximates to the width of the section, near the end of
the specimen. Therefore, the middle part of the prism is approaching the uniform
uniaxial compressive stress state (Fig. 2-6(a)). It is also demonstrated experimen-
tally that the failure occurs only in the mid-height of the prism specimen. When
the ultimate load is divided by the section area of the specimen, the prism compres-
sive strength or central compressive strength of concrete (fc) is obtained [2-1,2-3].

The experimental results show that the prism compressive strength of concrete
reduces monotonically as the heightewidth ratio of the specimen increases, but it
varies limitedly when h/b�2 (Fig. 2-6 (b)). Therefore, the size of the standard prism
specimen is taken as 150 mm�150 mm�300 mm, and the manufacture, cure, age at
loading, and test method of it are the same as that of the standard cubic specimen of
concrete.

Table 2-2 Relative Values of Compressive Strengths of Concrete Specimens

of Different Shapes and Sizes

Specimens Cube [2-3] Cylinder (H¼ 300 mm, D¼ 150 mm) [2-12]

Length (mm) Strength grade

200 150 100 C20–C40 C50 C60 C70 C80

Relative values 0.95 1 1.05 0.80 0.83 0.86 0.875 0.89

Non-uniform
stress

Uniform
uniaxial stress

b

b
b

h f c
/f c

u
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0.6
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b=100

b=150

h/b

(a) (b)
FIG. 2-6 Compression test of prism specimen: (a) stress distributions, (b) influence of

heightewidth ratio
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After the longitudinal and transverse strains (ε, ε0) of the prism specimen are
measured during the compression test, the complete compressive stressestrain
(s�ε) curve and the curves of the secant or tangent Poisson’s ratio
(ns ¼ ε

0=ε; nt ¼ dε0=dε) and the volume strain (εyzε� 2ε0) can be plotted
down. The typical variations of these curves are shown in Fig. 2-7. In addition,
the appearance and development process of the macrocracks occur on the surface
and the failure process of the specimen can be observed carefully during testing.

When the stress is still lower (s< 0.4 fc, point A in Fig. 2-7) after loading, the
strain of the specimen increases almost proportionally. As the stress increases
further, the plastic deformation and microcrack of concrete slightly develop and
the strain gradually accelerates, so the slope of the stressestrain curve gradually de-
creases. The Poisson’s ratio of the concrete is ns ¼ 0.16e0.23 < 0.5 at this time, the
volume strain of the concrete (εv) is contractive, but the variation rate of it decreases
as the stress increases.

When the stress of the specimen reaches sz(0.8e0.9) fc, the strain is
(0.65e0.86) εp (point B), the tangent Poisson’s ratio is nt ¼ 0.5, and the contractive
volume strain reaches the maximum and the volume will not reduce again. It shows
that the internal microcrack in concrete expands, but no visible crack appears on its
surface. Afterwards, the unstable crack (Section 2.1.3) forms in concrete, the strain
and Poisson’s ratio accelerate, and the contractive volume strain starts to recover.
When the stress increases slightly, the peak point (C) of the curve arrives soon.
When the deformation (strain) of the specimen increases further, the stress has to
reduce and a descending branch of the curve is formed. The stress value at the
peak point is the prism compressive strength of concrete (fc), and the corresponding
strain is called as peak strain (εp).

Soon after the stressestrain curve enters into the descending branch and the
stress and strain reach ε¼ (1w1.35) εp and s¼ (1w0.9) fc respectively (point D),
the first crack is visible on the surface at mid-height of the specimen. This crack
is fine and short and parallels to the direction of the compressive stress. At this
moment, the secant Poisson’s ratio and volume strain of the concrete are nsz0:5
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FIG. 2-7 Compressive deformation and failure process of prism concrete specimen [2-13]
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and εvz0 respectively. It means that the volume caused by the expansions of the
crack and microcracks inside has compensated the contractive deformation of con-
crete that previously occurred.

As the strain of the specimen increases continuously, several short cracks occur
successively and separately in the longitudinal direction, the transverse strain (ε0),
Poisson’s ratio (nsz0:5), and volume strain (εv) increase much quicker, but the
stress of concrete reduces quickly. The adhesive cracks on the aggregate boundary
and the cracks in the interior of cement mortar in concrete gradually expand, extend,
and are connected together. Eventually, a macroscopic inclined crack is formed
along the weakest plane and runs through the whole section (point E). At this situ-
ation, the strain of the specimen is about ε¼ (2e3) εp and the residual strength of the
concrete is (0.4e0.6) fc.

When the strain of the specimen increases further, the inclined crack is gradually
widened under the actions of normal compressive and shear stresses and becomes a
damaged belt, but the cracks on other parts of the specimen, generally, do not
develop again. The load on the specimen is resisted by the friction and residual ad-
hesive strength on the inclined plan, so the residual strength of concrete decreases
slowly. It is about (0.2e0.3) f when the strain reaches ε¼ 6 εp, and will not totally
lose under even larger strain.

The angle between the macroscopic, inclined failure plan of the specimen and
the line perpendicular to the load is about q¼ 58�e64� [2-13]. When the failed
specimen is separated into two pieces, it is found that the failure plan passes through
the aggregate boundary and the interior of the cement mortar, and only very few
coarse aggregates of rock are broken.

It should be noticed that the failure phenomenon of the macroscopic inclined crack
of the compressive prism concrete specimen occurs only when the strain exceeds twice
the peak strain (ε> 2 εp), i.e. on the descending branch of the complete stressestrain
curve. Therefore, it is a post-failure pattern, and it has influence only on the residual
strength and deformation of the concrete but is not related to the prism compressive
strength (fc) and the ascending branch of the curve. When the concrete reaches its
prism strength, the longitudinal, or splitting, cracks dominate in the specimen and
divide it into small separate columns (Fig. 2-4) which control the strength of concrete.

2.2.3 Main indices of mechanical behavior
The compressive test of prism concrete is widely conducted and numerous results
are reported at home and abroad. However, the experimental results are scattered
to some extent because of the differences of the raw materials and compositions
of the concretes and the testing and measuring methods and equipment used.

The prism compressive strength of concrete increases monotonically with the cu-
bic compressive strength (Fig. 2-8), and the ratio between them varies in the range of

fc
fcn

¼ 0:70w0:92 (2-1)
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The higher the strength grade of concrete (or fc), the greater the ratio. Several
formulas, e.g. Table 2-3, or certain values, generally between 0.78 and 0.88, are
given by different researchers. And, the slightly lower values of it are used in the
design codes of different countries, considering the safety of the structure. For
example, the design value of the compressive strength is taken as fc¼ 0.76 fcu for
the concrete of strength grade �C50, in the Chinese design code [2-1].

Although the peak strain εp, corresponding to the ultimate compressive strength
of prism concrete (fc), varies to some extent [2-15], it is also obvious that it increases
monotonically with the strength (fc or fcu) of concrete (Fig. 2-9). Various empirical
formulas are suggested, e.g. listed in Table 2-4, by the researchers. Analyzing the
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FIG. 2-8 Prism and cubic compressive strengths of concrete [2-14]

Table 2-3 Calculation Formulas for Prism Compressive Strength of Concrete

From Calculation Formula Reference

Germany
(Graf) fc ¼

�
0:85� fcu

172

�
fcu

[1-1]

Russia
(Gvozdgev)

fc ¼ 130þ fcu
145þ 3fcu

fcu [1-1]

China fc ¼ 0:84fcu � 1:62 [2-14], Fig. 2-8

fc ¼ 0:8fcu
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experimental data of the concrete strength fc¼ 20w100N/mm2, the formula pro-
vided in the reference [1-2] is:

εp ¼
�
700þ 172

ffiffiffiffi
fc

p �
� 10�6; (2-2)

where fc-prism compressive strength of concrete in N/mm2.
The peak strain of the concrete of strength grade C20 to C50, usually, is taken as

a constant, e.g. εp¼ 2000�10�6 [2-11,2-12], in the design codes of some countries.
This value is slightly higher than the experimental datum, but it is compensated for
by the advantage factors, such as strain gradient (Section 3.2) and confinement of
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FIG. 2-9 Peak strain and prism compressive strength of concrete [1-2]

Table 2-4 Calculation Formulas for Compressive Peak Strain of Concrete [2-15]

Suggested by Calculation Formula εp(10
L3)

Ros εp¼ 0.546þ 0.0291fuc

Emperger εp¼ 0.232
ffiffiffiffiffiffi
fcu

p

Brandtzaeg εp ¼ fcu
5:97þ 0:26fcu

Hungry εp ¼ fcu
7:9þ 0:395fcu

Saenz εp ¼ �1:028� 0:108
ffiffiffiffiffiffi
fcu

4
p � ffiffiffiffiffiffi

fcu
4
p

Lin-Wang εp ¼ 0:833þ 0:121
ffiffiffiffiffiffi
fcu

p
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stirrups (Section 9-2), when it is used in the design or analysis of a concrete structure
and it members.

The modulus of elasticity is a main index for the deformation behavior of a
material. The compressive stressestrain curve of concrete is certainly non-linear,
so the modulus of elasticity, or modulus of deformation, of concrete varies contin-
uously with the stress or strain. When the equation of the stressestrain curve is
determined (Section 2.3), the secant or tangent modulus (Ec,s¼ s/ε, Ec,t¼ ds/dε)
of concrete can be calculated easily.

Sometimes, a calibrated value of the modulus of elasticity of concrete (Ec) is
needed for comparing the deformation behaviors of different concretes, calculating
elastically the deformation of a structure, or determining the relevant ratio between
the reinforcement and concrete. Generally, the value is defined as the secant modulus
of elasticity of concrete at stress s¼ (0.4e0.5) fc on the stressestrain curve, which is
about the working stress of the concrete in a structure under service load.

Many experimental results show that the modulus of elasticity of concrete
increases monotonically with its strength (fcu or fc), but with certain scatter
(Fig. 2-10). There are several empirical formulas listed in Table 2-5, which may
be used for reference.

The transverse strain (ε0) and Poisson’s ratio (ns; nt) of concrete are also
measured during the testing, but it is considerably influenced by the appearance
and development of the longitudinal crack and the measuring position. It signifi-
cantly deviates especially when the stressestrain curve enters the descending branch
(ε> εp). At the beginning of loading, the value of Poisson’s ratio of concrete is about

ns ¼ nt ¼ 0:16w0:23; (2-3)

and usually it is taken as 0.20. After the unstable crack is formed in the interior of
concrete (s> 0.8fc), the Poisson’s ratio accelerates quickly and yt >> ys.
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FIG. 2-10 Modulus of elasticity and cubic compressive strength of concrete [2-14]
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2.3 Complete compressive stressestrain curve
The complete compressive stressestrain curve of concrete includes the ascending
and descending branches, and it comprehensively reflects the macroscopic mechan-
ical behavior of concrete. The maximum stress at the peak point on the curve is the
prism compressive strength, the corresponding strain is the peak strain, the secant
and tangent slope of the curve is the modulus of elasticity (or deformation) and
the initial slope is the initial modulus of elasticity, the descending branch shows
the residual strength after peak stress, the shape and the area under the curve repre-
sent the ability of plastic deformation of concrete, and etc.

The equation of compressive stressestrain curve of concrete is the basic consti-
tutive relation and also the basis for multiaxial constitutive relation of concrete. It is
a physical relation which is necessary for non-linear analyses of reinforced concrete
structure, including the sectional stiffness of a structural member, ultimate stress dis-
tribution on the section, ultimate strength and ductility, redistribution of internal
forces of statically indeterminate structure. It dominates the accuracy of the calcu-
lated result.

2.3.1 Testing method
When the prism concrete specimen is tested compressively on an ordinary hydraulic
testing machine, the ascending branch of the stressestrain curve can be measured
without difficulty. However, when the ultimate strength (fc) is reached, the specimen
suddenly fails and the effective descending branch of the curve can not be obtained.

Whitney [2-16] pointed out earlier that the reason why the compressive specimen
fails suddenly is that the machine is not stiff enough. The machine deforms itself and
the elastic strain energy gradually accumulates in it when it exerts a compression on
the specimen. The deformation of the machine will recover soon as the ultimate
strength of the specimen, and also the compression of the machine, suddenly de-
creases, and the energy instantaneously released causes the sudden failure of the
specimen.

Table 2-5 Calculation Formulas for Modulus of Elasticity of Concrete

Suggested by Formula Ec (N/mm2)

CEB-FIP MC90 Ec ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:1fcu þ 0:83

p � 2:15� 104

ACI 318-95 Ec ¼ 4234
ffiffiffiffiffiffi
fcu

p �

Russia Ec ¼ 105

1:7þ ð36=fcuÞ

China [2-1] Ec ¼ 105

2:2þ ð34:7=fcuÞ
* Original formula is E¼ 57000

ffiffiffiffi
f 0c

p
in lb/in2.
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In order to obtain a stable complete stressestrain curve, especially its descending
branch, the deformation of the specimen should be controlled and its sudden failure
should be prevented. There are two kinds of the testing method now:

1. A stiff testing machine controlled by the electro-hydraulic servo valve can be
directly used for the loading test with constant strain rate of the specimen [2-17].

2. A stiffening element is added on the ordinary hydraulic testing machine
(Fig. 2-11(a)) and let the total stiffness of the testing equipment be higher than
the maximum linear stiffness of the specimen on the descending branch. Then,
the sudden failure of the concrete specimen is prevented during testing. The
relevant theoretical analysis can be found in reference [1-2].

The latter one is simple and less expensive. Various kinds of stiffening elements
(Fig. 2-11(b)) are used by the different researchers, and the complete compressive
stressestrain of concrete is successfully measured within different scopes. The hy-
draulic jack is designed as the stiffening element in Tsinghua University (Fig. 2-12)
[2-20], and it has the advantages of the higher total stiffness of the equipment and the
larger deformation measured.

2.3.2 Equation for complete curve
The complete compressive stressestrain of concrete is converted into the dimen-
sionless coordinates:

x ¼ ε

εp
and y ¼ s

fc
; (2-4)

and all the geometrical characteristics of the typical curve shown in Fig. 2-13 are
described mathematically as below.

FIG. 2-11 Testing method of adding stiffening element [2-18,2-19]: (a) scheme, (b) various

stiffening elements
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1. x¼ 0, y¼ 0;
2. d2y/dx2< 0 when 0� x< 1, i.e. the slope of the curve (dy/dx) decreases

monotonically and no point of inflection appears;
3. y¼ 1 and dy/dx¼ 0 when x¼ 1, i.e. single peak point only;
4. xD> 1 when d2y/dx2¼ 0, i.e. one point of inflection (point D) appears on the

descending branch;
5. xE> 1 when d3y/dx3¼ 0, i.e. the point with the maximum slope (point E)

appears on the descending branch;
6. y/ 0 and dy/dx¼ 0 when x/N;
7. Every point on the complete curve x� 0 and 1� y� 0 (2-5).

These mathematical characteristics have definite physical meanings and corre-
spond to the different phenomena during the deformation and failure processes of
the prism concrete specimen.
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FIG. 2-12 Testing method using hydraulic jack as stiffening element
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The empirical equations of various mathematic functions, such as polynominal,
exponential, trigonomatric, and rational fraction functions (Table 2-6), have
been suggested to accurately simulate the experimental curve by many researchers
[2-21e2-24]. The ascending and descending branches of the curve are simulated by
a single function or the separate functions. The simple and practical equations
among them are shown in Fig. 2-14, and their mathematic functions can be found
in Table 2-6 (the equations of Kent-Park are shown in Eq. (9-15)).

The separate equations of the stressestrain curve:

x � 1 y ¼ aaxþ
�
3� 2aa

�
x2 þ �aa � 2

�
x3

x � 1 y ¼ x

adðx� 1Þ2 þ x

9>=
>; (2-6)

are suggested in references [2-13, 2-20] and adopted in the design code [2-1]. The
ascending and descending branches are continued at the peak point and satisfy all
the requirements of the geometrical characteristics of the curve (Eq. (2-5)). There

Table 2-6 Equations for Complete Compressive Stress–Strain Curve of Concrete

Kind of Function Mathematic Expression Suggested by

Polynomial s ¼ c1ε
n Bach

y ¼ 2x � x2 Hognestad

s1 ¼ c1εþ c2ε
n Sturman

ε ¼ s
E0
þ c1s

n Terzaghi

ε ¼ s
E0
þ c1

s
c2�s

Ros

s2 þ c1ε
2 þ c2sεþ c3sþ c4ε ¼ 0 Kriz-Lee

Exponential y ¼ xe1�x Sahlin et al

y ¼ 6:75ðe�0:812x � e�1:218xÞ Umemura

Trigonomatric y ¼ sin
�
p
2 x
�

Young

y ¼ sin
	
p
2 ð�0:27jx � 1j þ 0:73x þ 0:27Þ
 Okayama

Rational
fraction

y ¼ 2x

1þ x2
Desayi et al

y ¼ ðc1 þ 1Þx
c1 þ xn

Tulin-Gerstle

s ¼ c1ε	ðεþ c2Þ2 þ c3

� c4ε Alexander

y ¼ x

c1 þ c2x þ c3x2 þ c4x3
Saenz

y ¼ c1x þ ðc2 � 1Þx2
1þ ðc1 � 2Þx þ c2x2

Sargin

Separate
functions

Ascending (0� x� 1) Descending (x� 1) Hognestad

y¼ 2x�x2 y¼ 1�0.15(x�1)/(xu�1)

y¼ 2x�x2 y¼1 Rüsch
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is only one parameter, having certain physical meaning, for each function of both
branches.

The parameter for the ascending branch is:

aa ¼ dy

dx

����
x¼ 0

1:5 � aa � 3:0

9=
;: (2-7)

Its value represents the ratio between the initial modulus of elasticity (E0) and the
secant modulus at the peak point (Ep¼ fc /εp), i.e. aa ¼ E0/Ep ¼ E0 εp/fc. When
aa ¼ 2, Eq.(2-6) degenerates into the polynominal of second order y ¼ 2x�x2 and
is the same as that suggested by Hognestad.

The parameter for the descending branch is:

0 � ad � N: (2-8)

when ad ¼ 0, yh 1, i.e. a horizontal line after the peak point (total plasticity), and
when ad ¼N, yh 0, i.e. a vertical line under the peak point (total fragility).

When the parameters aa and ad are given different values, the theoretical curves
vary correspondingly (Fig. 2-15). When the appropriate values are selected, the theo-
retical curve fits well with the experimental result for the structural concretes of
different raw materials and strength grades, even for the confined concrete. The
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parameter values suggested by reference [2-13] are listed in Table 2-7 and can be
used for the structural analysis and design.

2.4 Tensile strength and deformation
The tensile strength and deformation are also the important basic behavior of con-
crete. It is the main basis for studying its failure mechanism and strength theory
(failure criterion), and has direct influences on the cracking, deformation, and dura-
bility of reinforced concrete structures.

Usually, concrete is considered as a fragile material of lower tensile strength, few
deformation, and sudden failure. Before the 1960s, the research and knowledge of
tensile behavior of concrete was not complete, and was limited only on the ultimate
strength and the ascending branch of the stressestrain curve. As the experimental
technique was improved afterwards, the measurement of the complete tensile
stressestrain curve of concrete was achieved [2-25e2-29]. Then, the characteristics
of tensile strength and failure process of concrete are realized deeply, and this helps
to analyze accurately and comprehensively reinforced concrete structure.

2.4.1 Testing method and index of tensile behavior
There are three testing methods (Fig. 2-16) for measuring the tensile strength of con-
crete, and different values of tensile strength are given respectively.

The central tensile strength of concrete is obtained from the central tensile test of
the prism specimen:

ft ¼ P=A: (2-9)

The splitting tensile strength is obtained from the splitting test of the cubic
specimen:

ft;s ¼ 2P

pA
(2-10)

where P is the ultimate load of the corresponding specimen, and A is the area of the
broken section of the specimen.

Table 2-7 Parameter Values for the Equations of Complete Stress–Strain Curve

Strength
Grade

Grade of
Cement Used aa ad

εp

(10L3)

C20, C30 32.5 2.2 0.4 1.40

42.5 1.7 0.8 1.60

C40 42.5 1.7 2.0 1.80
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And, the modulus of rupture (or flexural tensile strength) of concrete is obtained
from the bending test of the prism beam:

ft;f ¼ 6M

bh2
¼ Pl

bh2
: (2-11)

In order to measure the tensile stressestrain curve of concrete, the central tensile
test should be conducted, as the tensile stress distributes clearly and uniformly on
the cross-section of the specimen, and the strain gauges and displacement trans-
ducers are easily placed. In addition, the descending branch of the complete tensile
stressestrain curve can be measured only using the stiff testing machine controlled
by electro-hydraulic servo value or installing the stiffening element to increase the
total stiffness of the testing equipment (similar to Section 2.3.1). A simple and prac-
tical method introduced in reference [2-29] has successfully measured the complete
tensile stressestrain curve of concrete. An ordinary hydraulic testing machine is
only used for this method, but a stiff frame composed of steel beams and bars
(Fig. 2-17) is installed and paralleled to the prism specimen of concrete.

A large amount of tensile tests of concrete have been conducted in China [2-14]
and the indices of the main mechanical behaviors of concrete are given as below.

Central tensile strength The central tensile strength of concrete increases
monotonically with the cubic compressive strength but with reducing rate
(Fig. 2-18). The empirical formula [1-5] obtained from the regression analysis is

ft ¼ 0:26 f 2=3cu : (2-12)

It is approaching the formula given in CEB-FIP Model Code [2-12]:

ft ¼ 1:4
�
f 0c
�
10
�2=3

; (2-13)

where fcu and f 0c are the cubic and cylinder compressive strength respectively of
concrete in N/mm2.

The experimental results also show that the measured tensile strength of the spec-
imen of smaller size is higher than that of larger size [2-14]. Generally, it is induced

P
P P/2 P/2

A A

l/3 l/3l/3

h

(a) (b) (c)
FIG. 2-16 Testing methods for tensile strength: (a) central tension, (b) splitting, (c) bending
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as the size effect. For example, the dam concrete of a hydraulic engineering is tested
using the prism specimens of different sizes:

1. 450 mm�450 mm�1400 mm and the maximum size of the aggregate being
(80e120) mm;

2. 100 mm�100 mm�550 mm and the maximum size of the aggregate being
(20e40) mm.

It is concluded after testing that the central tensile strength of the larger specimen
is only (50e64)%, or 57% on the average, of that of the smaller specimen.2 It is

FIG. 2-17 Scheme of complete tensile stressestrain curve test [2-29]

2Jinyu Li et al. Investigation of influence of specimen size on strength and deformation characteristics
of dam concrete. Beijing: Research Institute of Hydraulic and Electric Power of China, 1996.
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caused mainly because of larger probabilities of the crack and defect in interior, se-
vere initial stress condition, and worse adhesion on the boundary of the aggregate for
the former. These factors sensitively influence the tensile strength and deformation
of concrete.

Splitting tensile strength The splitting test is easily performed and only the
standard cubic specimen is used, so it is used most widely. The splitting tensile
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strength of concrete measured is related to the cubic compressive strength
(Fig. 2-19) and the empirical formula [2-14] is:

ft;s ¼ 0:19f 3=4cu (2-14)

It should be noticed that the central tensile strength of concrete is slightly higher
than the splitting tensile strength of same concrete:

ft
�
ft;s ¼ 1:368f�0:083

cu ¼ 1:09w1:0 when fcu ¼ 15w43N
�
mm2;

according to the experimental results and calculation formulas provided above.
However, the opposite conclusion is given by a similar test conducted in some other
countries: ft ¼ 0.9ft,s [2-12]. The contradictory conclusions occur possibly because
of the differences between both testing methods: the cubic specimen and square steel
loading bars are used for the test in China, while the cylinder specimen and loading
bars of softer material (e.g. bakelite) are used in other countries.

Tensile peak strain The strain corresponding to the central tensile strength (ft) of
concrete specimen is the tensile peak strain (εt,p) on the complete stressestrain
curve. It increases with the tensile strength (Fig. 2-20) and the calculation formula
suggested in reference [1-2] is:

εt;p ¼ 65� 10�6f 0:54t : (2-15a)

When Eq. (2-12) is substituted into the formula, the relation between the tensile
peak strain and the cubic compressive strength of concrete (fcu in N/mm2) is
obtained:

εt;p ¼ 3:14� 10�6f 0:36cu (2-15b)

Modulus of elasticity The nominal value of tensile modulus of elasticity of con-
crete is taken as the secant slope at the stress s¼ 0.5ft on the ascending branch of the
stressestrain curve. It is approximately equal to the value of the compressive
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FIG. 2-19 Splitting tensile strength and cubic compressive strength of concrete [2-14]
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modulus of elasticity of the same concrete. The experimental data are collected and
shown in Fig. 2-21 by reference [2-30], and the calculation formula suggested is:

Et ¼ ð1:45þ 0:628ftÞ � 104N
�
mm2 (2-16)

According to the experimental data [2-29], the ratio between the tensile modulus
of elasticity and the secant modulus at peak point (Et,p ¼ ft/εt,p) of concrete ranges
from 1.04 to 1.38, and the average value of the ratio is:

Et

�
Et;p ¼ 1:20: (2-17)

Poisson’s ratio The Poisson’s ratio of concrete under tension is calculated using
the transverse and longitudinal strains of the specimen measured during the testing,
and the secant and tangent values of it on the ascending branch of the stressestrain
curve are approximately equal:

nt;sznt;t ¼ 0:17w0:23: (2-18)

When the value 0.2 is taken, it is nearly the same for the concrete under compres-
sion with low stress (Eq. (2-3)). However, when the tensile stress is approaching the
ultimate strength, the longitudinal tensile strain of the specimen accelerates, while
the transverse contractive strain increases slowly, because the concrete is tightened
in this direction. So, the tensile Poisson’s ratio gradually reduces as the stress in-
creases. This is opposite to the compressive Poisson’s ratio of concrete, which in-
creases with the compressive stress (see Fig. 2-7).

The longitudinal and transverse strains of the specimen on the descending branch
of the stressestrain curve vary irregularly and depend upon the length of the
displacement transducer or the strain gauge and the relative position of the trans-
verse crack (Fig. 2-22(b)). Therefore, the reasonable value of Poisson’s ratio is
very difficult to obtain directly from the testing.
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2.4.2 Tensile failure process and characteristic
The complete curve of the average stress (s) and deformation (Dl, or average strain
Dl/l ) of the specimen is measured during testing and shown in Fig. 2-22(a). When
the strain value measured by each strain gauge on the specimen is used as the
abscissa, Fig. 2-22(b) is plotted. On the ascending branch of the curve, the measured
value of every strain gauge is consistent with the average strain measured by the
displacement transducer. When the curve approaches the peak point and then enters
the descending branch, the strain measured by every strain gauge is considerably
different. As the strain gauge intersects a crack appeared and then it quickly breaks.
On the other hand, the strains of other strain gauges decrease, i.e. recover, because
the specimen is unloaded.

There are four characteristic points A, C, E, and F on the complete tensile
stressestrain curve (comparing with the compressive curve shown in Fig. 2-7),
and they represent different stages of the tensile behavior of concrete.

0 0.05

2.0

1.0

0.1

E

A

C

F

σ σ 

(N
/m

m
2 )

 (N
/m

m
2 )

Δℓ (mm)

(a) (b)

154 mm4WB-1
4WB-2
4WB-3

157 mm
159 mm

No. of specimen Measuring length

α = 1.75
α = 3.10α = 6.75

2.5

2.0

1.5

1.0

0.5

500 100 150

Broken crack

Positions of electric
resistance strain gauges

No. of
specimen
4HB-1

ℓ

3 3'

2 2'
1 1'

4+ +4'

Δℓ/ℓ

200

ε (10–6)

ε4 ε1

ε2

ε3

FIG. 2-22 Complete tensile stressestrain (deformation) curve [2-29]: (a) stress-deformation

(average strain), (b) stressestrain (measured by strain gauge)

0 0.80

60

40

20

1.60 2.40 3.20 4.00 4.80
ƒt (N/mm2)

E
t (

10
3 N

/m
m

2 )

Et = (1.45+0.628 • ƒ1) × 104

FIG. 2-21 Relation between tensile modulus of elasticity and central tensile strength of

concrete [2-30]

2.4 Tensile strength and deformation 39



After the specimen is loaded and when its stress s< (0.4w0.6) ft (point A in
Fig. 2-22(a)), the deformation of concrete approximately increases proportionally.
As few plastic deformation of concrete appears afterwards, the deformation slightly
accelerates and the stressedeformation curve is convex slightly. When the average
strain reaches εt,p ¼ (70e 140)�10�6, the tangent of the curve is horizontal and the
tensile strength (ft) is obtained. The bearing capacity of the specimen reduces
quickly later on, and a sharp peak (point C) is formed.

When a crack on the surface of the specimen is observed by the naked eye, the
curve has entered into the descending branch (point E). At this time, the crack is
transverse, short and fine, and its width is about 0.04e0.08 mm and the correspond-
ing residual stress of the specimen is about 0.2e0.3 ft. Afterwards, the crack quickly
develops and extends, the load slowly reduces, and the curve gradually flattens.

When the surface crack runs through the periphery of the specimen section, its
width is about 0.1e0.2 mm. At this time, the central part of the section is still un-
cracked and the interaction of the aggregate exists on the cracked area, so a small
amount of strength, about 0.1e0.15 ft, remains. Finally, the crack passes through
the whole section and the specimen is broken into two pieces (point F), after the total
deformation of the specimen or the crack width on the surface reaches about 0.4 mm.

Some of the specimens are unloaded and reloaded several times on the descend-
ing branch and the corresponding stressestrain curves are also obtained stably dur-
ing testing (Fig. 2-23). Also, the envelope (EV) of them is consistent with the
complete stressestrain curve of the specimen loaded monotonically.

The broken section of the tensile specimen is uneven, but its outline is clear. Most
parts on the broken section are the boundaries of the coarse aggregates pulled off
from the cement mortar, others are broken cement mortar. Only very few coarse ag-
gregates are broken off.

Because the composition of concrete is not homogeneous, the initial microcracks
and holes exit randomly, and the adhesive strength between coarse aggregate and
cement mortar is not equal to the tensile strength of the cement mortar, so the actual
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FIG. 2-23 Stressestrain curve of concrete under unloading and reloading test [2-29]
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strength and stress distribution are different from section to section of the specimen
and the crack always appears first on the weakest part of the weaker section. After a
crack appeared on the surface of the specimen, a piece of area on the section is
certainly out of work (Fig. 2-24). Both ends of the surface crack extend along the
section periphery and the cracked area on the section gradually expands, as the ten-
sile deformation of the specimen increases. Sometimes, a new crack appears on the
other side surface, and two cracked areas are separately formed on the section and
expand together.

The effective working area on the middle of the cracked section gradually re-
duces and varies in shape after the specimen is cracked. Therefore, the center of
the working area will not coincide again with the position of the load and an eccen-
tric tensile condition is caused. This makes the crack developing faster, and finally
the specimen is broken. It can be concluded that the load (nominal stress) decreases
within the descending branch of the curve and the main reason is the reduction of the
effective working area on the cracked section, when the tensile load is acted contin-
uously on the specimen. However, the actual stress on the working area is not neces-
sarily reduced.

The complete stressestrain curves of concrete under both uniaxial tensile and
compressive conditions are alike and are the asymmetrical ones of a single peak.
In addition, the internal microcracks appear first in the interiors of both specimens
of these conditions, and gradually develop into the macrocracks on their surface, and
the failure is finally caused. However, the transverse broken crack of concrete caused
under tension is significantly different from the longitudinal splitting crack caused
under compression in their surface appearances (Table 2-8). This shows their
different working mechanisms.

When a crack appears on the surface of a reinforced concrete structure and even
if the conditions of the load and internal forces are unknown, it can be judged
whether the crack is a compressive or tensile one, according to the macro appearance
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FIG. 2-24 Scheme of crack development on section [2-29]: (a) development of one crack,
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of the crack (Table 2-8). Then, the safety or strengthening measure of the structure
can be tentatively analyzed.

2.4.3 Equation of complete stressestrain curve
The complete tensile stressestrain curve of concrete is a smooth one of single peak
like the compressive curve, but it is more abrupt and its descending branch ends at
the intersection on the abscissa. Therefore, the geometrical characteristics of the
complete compressive stressestrain curve (Eq. 2-5) should be also satisfied for
the tensile one, except (6) among them.

The separate functions are suggested in reference [2-29] and adopted in the
design code [2-1] for the ascending and descending branches respectively of the
complete tensile stressestrain curve of concrete. The two functions are continuous

Table 2-8 Comparison of Macro Appearances Between Compressive and Tensile

Failure Cracks of Concrete

Crack
Appearance

Compression Tension

Basic characteristic Longitudinal compression-splitting Transverse tensile broken

Direction Paralleling with compressive
stress, but
Inclined crack appearing in later
stage

Perpendicular to tensile stress

Number Several parallel cracks at small
distance

Only one, generally

Shape Wider in middle, but narrower at
both ends

Irregular

Developing process Increases, extends, and widens
gradually and slowly

Extends and expands
quickly and suddenly

Cracked surface More cracks and crushed pieces Clear boundary

Concrete nearby Loosing and easily peeling off Solid and stable

Length of failure
area

Similar size of cross-section Limited on one surface
(section)
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at the peak point and satisfy all the conditions of Eq. (2-5), so the theoretical curve
obtained is accurate. The relative values of the strain (or deformation) and stress for
the descending branch, are represented as

x ¼ ε

εt;p
¼ D

Dp
and y ¼ s

fc
; (2-19)

where D is the elongation deformation of the specimen, and Dp is the deformation
corresponding to the peak stress ft.

The equations of the ascending and descending branches of the curve are
respectively:

x � 1 y ¼ 1:2x� 0:2x6; (2-20a)

x � 1 y ¼ x

atðx� 1Þ1:7 þ x
: (2-20b)

The coefficient value 1.2 shows the ratio between the initial modulus of elasticity
and the secant modules of deformation at the peak point, and is consistent with the
experimental data (Eq. 2-17). The parameter at for the descending branch increases
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with the tensile strength (Fig. 2-25) and can be calculated by the empirical regres-
sion formula:

at ¼ 0:312f 2t ; (2-21)

where ft is tensile strength of concrete in N/mm2. The theoretical curves calculated
by these formulas are shown in Fig. 2-26.

When the non-linear analysis of reinforced concrete structure is conducted,
various simplified stressestrain relations (e.g. Fig. 2-27(a)) can be used considering
the influence of tensile action of the concrete. The CEB-FIP Model Code [2-12] sug-
gests that the broken lines of stressestrain and stressecrack width (w, in mm) are
used respectively for the concrete before and after cracking, and these lines are
shown in Fig. 2-27(b).

2.5 Shear strength and deformation
The strength and deformation of concrete under pure shear stress are also the basic
behavior of it and are quite important for the failure process and finite element anal-
ysis of the structure. However, there are several testing methods for it, and the shear
strengths measured from them are considerably different. In addition, only few
experimental data of shear deformation and shear modulus are reported, and
different points of view exist.

2.5.1 Rational testing method
Various methods for testing the shear strength of concrete are shown in Fig. 2-28,
and the specimen shapes and loading methods used for them are significantly
different.

2.5.1.1 Direct shear of short rectangular beam
This is the earliest testing method among them, and is simple and direct. Mörsch et
al [1-1] pointed out earlier that the failed shear surface of the specimen is composed
of the sawtooth cracks, of which the two directions are controlled separately by the
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FIG. 2-27 Constitutive model for tensile concrete: (a) simplified models (b) reference [2-12]
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compressive (fc) and tensile (ft) strengths of concrete. The average shear strength can
be calculated by the formula:

sp ¼ k
ffiffiffiffiffiffi
fcft

p
; (2-22a)

where k is the correctness factor taken as 0.75.
The value of the shear strength of concrete obtained from this kind of the testing

method is rather higher:

sp1 ¼ ð0:17w0:25Þfc ¼ ð1:5w2:5Þft (2-22b)

2.5.1.2 Z shape specimen with single shear section [2-32]
The specimen fails under shear force along the critical section between the two
notches, and the experimental value of the shear strength of concrete is about:

sp2 ¼ 0:12f 0c; (2-23)

where f 0c is the cylinder compressive strength of concrete in N/mm2.

FIG. 2-28 Testing methods for shear resistance of concrete and distributions of shear stress on

critical sections [2-31]: (a) short rectangular beam, (b) specimen in Z shape, (c) beam with

notches, (d) circular tube, (e) biaxial compressionetension
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2.5.1.3 Four forces acted on the beam with notches [2-33]
The bending moment at the central section of the beam is zero, and the shear force
on the section between the two middle forces equals a constant. Because the notches
at the center of the beam are relatively large and the stress concentrations exist at the
concave corner of it after loading, the crack starts at the concave corner and then
passes through the section between the two notches, and the failure of the specimen
is caused. However, it should be noticed that the crack does not occur first at the po-
sition of the maximum shear stress, which is located at the center of the section. The
experimental value of the shear strength of concrete obtained from this kind of
testing (sp3) approximately equals the tensile strength (ft) of concrete.

2.5.1.4 Torsional circular tube [2-34]
When the wall thickness of a circular tube specimen is thin enough, an ideal and uni-
form pure shear state is formed in it under the action of a torque (T). The specimen
fails along the helical curve of 45� and the shear strength of concrete can be calcu-
lated by the formula:

sp4 ¼ 2Tp

ptðD� tÞ2z0:08fczft; (2-24)

where Tp is failure torque of the specimen, D and t are outer diameter and wall thick-
ness of the tube specimen, respectively.

2.5.1.5 Biaxial tensionecompression
When a cubic or a square plate specimen is loaded on two directions (see Chapter 5)
and the stresses acted are s3 ¼ �s1 and s2 ¼ 0, it is equivalent to the stress state of
pure shear. The relevant experimental results (Fig. 5-3) gives the value of the shear
strength of concrete as:

sp5 ¼ s1zft (2-25)

The last two among these five testing methods provide the ideal pure shear stress
state, but the special testing equipment of complicated technique is needed and is
hardly conducted by an ordinary laboratory. So, only the first two methods are
used widely now.

The maximum difference among the shear strengths of concrete (sp1wsp5)
measured from these tests is doubled, or even more. The internal stresses distributed
on the critical sections of the first three methods are shown in Fig. 2-28 and some
conclusions can be drawn from it. For the first two testing methods, the shear stress
distributes non-uniformly on the critical section of the specimen and the normal
stresses (sx and sy) existing there are several times the average shear stress, so these
stress states are quite different from pure shear stress state and the values of the shear
strength measured from the tests are obviously higher. For the third testing method,
the shear stress distributes uniformly on the middle part of the critical section
and the normal stresses (sx and sy ) are only 12e15% of the average shear stress,
so the stress state is close to pure shear stress state. Therefore, the stress states of
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the last three testing methods are reasonable and the values of the shear strength of
concrete measured from them approach one another.

A beam specimen of the same depth loaded at four points is specially designed
for shear testing of concrete [2-31] (Fig. 2-29), which is an improvement on the third
method above. There is no notch in the middle of the specimen to avoid the stress
concentration, but the middle part of the specimen is thinned for controlling the po-
sition of failure and setting up easily the strain gauges (Fig. 2-30) to measure the
principal strains (ε1 and ε3). According to the finite element analysis, the shear stress
distributes uniformly on the middle height of the section and the ratio between the
shear stress there and the average shear stress over whole section (s) is 1.22e1.28,
and the normal stresses there are sy � 0:1s and sx � 0:2s. Therefore, the stress state
on this part of the specimen is nearly a pure shear stress state. The design and manu-
facture of the specimen and the testing method are presented in detail in reference
[2-23]. In addition, the special measure is used to slow down the process of shear
failure of concrete specimen during testing for carefully observing.

The shear stress and strain of the specimen are calculated from the experimental
data. When the shear force acted on the central section is V and reaches its ultimate
value Vp at failure, the corresponding shear stress (s) and strength (sp) of concrete
are taken as:

s ¼ 1:2
V

A
and sp ¼ 1:2

Vp

A
; (2-26)

FIG. 2-29 Shear strength test of beam specimen loaded at four points [2-31]: (a) specimen and

loading, (b) stress distribution on section
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considering the non-uniform distribution of the shear stress. The shear strain (g) is
calculated by the principal tensile and compressive strains measured (ε1 and ε3):

g ¼ ε1 � ε3; (2-27)

where A is the area of the central section of the specimen, ε1 and ε3 are principal
strains with positive and negative signs respectively for tensile and compressive one.

2.5.2 Failure characteristic and shear strength
The specimens made of the concretes of different strength grades are tested following
the testing method, the typical principal tensile and compressive strains measured
during testing are shown in Fig. 2-30. When the load acted on the specimen increases
from zero to about 60% of the ultimate load (or Vp), the principal tensile and
compressive strains, also the shear strain, increase almost proportionally with the
shear stress. When the load reaches V¼ (0.6e 0.8)Vp, the strains of the specimen
accelerate and the curves are convex slightly. When the load increases further, the
cracking sound of concrete is sent out from the interior of the specimen. When the
ultimate load (Vp) is approaching, an inclined crack at an angle of about 45� with
the beam axis appears in the middle part with pure shear stress. Afterwards, both
ends of the crack extend simultaneously and quickly, the inclined angle of the crack
increases when it passes through the thinned part of the specimen, and the crack is
nearly vertical when its ends reach both the top and bottom of the specimen. Finally,
the crack runs through the whole section and the specimen is sheared into two pieces.
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FIG. 2-30 Curves of shear force-principal strains [2-31]
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The specimens of concretes of different strength grades (�C70) present the same
failure pattern, i.e. only one inclined crack in the middle of it. The failed surface
shows a clear boundary and the concrete nearby is solid and has no damage sign.
The failure characteristic of the specimen is similar to that of inclined tension (prin-
cipal tensile stress) (Table 2-8).

The shear strength of concrete (sp) monotonically increases with the cubic
compressive strength (fcu) (Fig. 2-31), and its calculation formula is obtained
from the regression analysis [2-31]:

sp ¼ 0:39f 0:57cu : (2-28)

The calculated value is approaching the central tensile strength of concrete ( ft ),
and is also consistent with the experimental results of the circular tube under
torque and the biaxial tensionecompression specimens. In addition, same failure
pattern and crack characteristic is shown on the specimens of these tests.

2.5.3 Shear strain and modulus
The shear strain (gp) and the principal tensile and compressive strains (ε1p, ε3p) at
the peak point, i.e. failure of concrete, monotonically increase with the shear
strength (sp) or the cubic compressive strength (fcu) of concrete (Fig. 2-32). The
regression formulas of the peak strains are [2-31]:

ε1p ¼
�
156:90þ 33:28sp

�� 10�6

ε3p ¼ ��19:90þ 50:28sp
�� 10�6

gp ¼
�
176:80þ 83:56sp

�� 10�6

9=
;; (2-29)

where sp is the shear strength of concrete in N/mm2.
The principal tensile and compressive strains at shear failure of concrete are

respectively greater than the uniaxial tensile strain (εtp, Fig. 2-20) and uniaxial

5

4

3

2

1

0 10 20 30 40 50 60 70

τp = 0.39 f 0.57
cu

ft = 0.26 f cu
2/3

fcu (N/mm2) 

τ p
 (N

/m
m

2 )  

FIG. 2-31 Relation between shear strength and cubic compressive strength of concrete [2-31]
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compressive strain under same stress (s ¼ sp). The main reason is that the pure shear
stress state is equivalent to the two-dimensional stress state of tension-compression,
and the lateral deformation effect (Poisson’s effect) of the stresses on both directions
mutually cause larger strain values. In addition, the stresses on both directions act
together and cause the internal microcrack appearing earlier and developing quickly
in the direction perpendicular to the principal tensile stress. When the peak shear
stress is approached, the plastic deformations in both directions increase greatly.
Therefore, the shear strain of concrete, especially at peak point, is far greater than
the tensile strain under uniaxial stress state, and also greater than the sum of uniaxial
tensile and compressive strains, although the shear strength of concrete approxi-
mates to its tensile strength.

As the shape of shear stressestrain (s� g) curve of concrete is between that of
the uniaxial compression (Fig. 2-7) and tension (Fig. 2-22) curves, a polynomial of
fourth order is suggested in reference [2-31] to simulate the ascending branch of it:

y ¼ 1:9x� 1:7x3 þ 0:8x4; (2-30a)

Where x ¼ g
�
gp; y ¼ s

�
sp: (2-30b)

The theoretical curve and experimental data are compared in Fig. 2-33.
The shear modulus of concrete can be directly drawn from the equation of shear

stressestrain curve, and the secant shear modulus (Gs) or tangent shear modulus (Gt)
used in the analysis of finite element are separately:

Gs ¼ s
g
¼ Gsp

2
41:9� 1:7

 
g

gp

!2

þ 0:8

 
g

gp

!3
3
5 (2-31)

Gt ¼ ds
dg

¼ Gsp

2
41:9� 5:1

 
g

gp

!2

þ 3:2

 
g

gp

!3
3
5: (2-32)
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The secant shear modulus at peak point is drawn from Eq. (2-29):

Gsp ¼ sp
gp

¼ 106

83:56þ �176:8�sp�; (2-33)

while the initial tangent shear modulus is

Gt0 ¼ 1:9Gsp: (2-34)

The initial shear modulus and the secant shear modulus at peak point of concrete
monotonically increase with its compressive strength (fcu), and the theoretical curves
are compared with the experimental data and shown in Fig. 2-34.

If a structural material has different values for its tensile and compressive moduli
of elasticity, the calculation formula of its shear modulus can also be drawn accord-
ing to the principle and method of the elasticity:

G0 ¼ EtEc

Et þ Ec þ ncEt þ ntEc
(2-35)

where Et and Ec tensile and compressive moduli of elasticity of the material; ntðncÞ
factor (Poisson’s ratio) of the principal tensile (compressive) stress influencing on
the strains of other principal directions.

When the values of the initial tensile and compressive moduli of elasticity of
concrete are substituted into Eq. (2-35), the initial shear modulis G0

to obtained ap-
proximates to the value Gto calculated by Eq. (2-34) (Fig. 2-34). However, when
the secant moduli of elasticity of concrete under uniaxial tension and compression

3.0

2.5

2.0

1.5

1.0

0.5

0 100 200 300 400 500

Theoretical curve

Experimental data

C30

C40

γ  (10–6)

τ  
(N

/m
m

2 )
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at the stress s ¼ sp are also substituted into Eq. (2-35), the secant shear modulis G0
sp

obtained is far greater than the value Gsp obtained both experimentally and theoret-
ically. It is demonstrated that Eq. (2-35) can be used only when the shear stress of
concrete is lower, but the shear strain obtained from it is less with considerable error
when s > 0:5sp. The reason for this has been introduced above. Therefore, the shear
modulus of concrete should not be taken as the value calculated by the formula
drawn from the uniaxial tensile and compressive stress states, when non-linear anal-
ysis of finite element is conducted for concrete structure.
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The basic mechanical behaviors of concrete introduced in the previous chapter are
based on the measured results from the assigned specimens under the ideal stress
state and loaded monotonically, following the standard testing method. Actually,
the concrete in a reinforced concrete structure experiences a variable and compli-
cated loading condition. For example, the load (or stress) is acted repeatedly, the
stress distributes non-uniformly, i.e. the stress and strain gradients exit on the sec-
tion, the specimen is loaded rather than at the age of 28 days, the load acted sustains
a long period. Obviously, all of these conditions are different from the standard
testing conditions.

These factors exert influences, to different extents, on the mechanical behaviors
of concrete. The relevant results of experimental investigation are presented and
the variation regularities of them are discussed in this chapter. In addition, some
structures may sustain the special or extreme conditions, e.g. high speed or impact
action of load, fatigue load, high temperature and load acted simultaneously. The
mechanical behavior of concrete under these conditions will be introduced in
detail in Part 4.

3.1 Load acted repeatedly
All the structural engineering carries various loads acted repeatedly and
randomly or regularly within its service life, the corresponding stress, of course,
is acted repeatedly on the concrete in it. The stress state of the concrete is obvi-
ously different from that of the standard specimen loaded monotonically until its
failure.

The strength and deformation behaviors of concrete loaded repeatedly have
been investigated in various paths [3-1e3-3]. Although these experiments can
not simulate all the repeated processes occurring in the practical structure, the gen-
eral regularity and important conclusions are obtained from typical experimental
results.

54 CHAPTER 3 Behavior Under Influence of Main Factors



The six paths of compressive stress acted repeatedly are introduced in reference
[3-1] and the complete compressive stressestrain curves of concrete are measured
respectively and shown in Fig. 3-1:

A monotonically loading ((a) in the figure) used as a comparative test;
B completely loading and unloading1 at the predetermined strains with
constant increment (b);
C similar to B, but the reloading starts when only one half of the load is
reduced (c);
D loading and unloading cyclically at certain stresses (d);
E loading and unloading cyclically at certain stresses (e);
F loading and unloading cyclically along the first unloading curve (f).

Some important regularities are concluded for the concrete under repeated load,
according to the phenomena observed during testing and the analyses of experi-
mental results.

Envelope A smooth curve is drawn along the outer boundary of the complete
stressestrain curve of concrete under repeated load. It is called the envelope
(EV) as shown in Fig. 3-1. The envelopes of various repeated loads (BeF) are
close to the complete stressestrain curve (A) under monotonic load. The peak
point of the envelope corresponds to the prism compressive strength and
the peak strain, and it makes no obvious difference to the values ( f, εp) of concrete
under monotonic load.

Cracking and failure process The first crack is visible when the total strain of
the specimen reaches 1.5e3.0�10�3, after the peak point on the curve is passed. The
crack is fine, short, and parallel to the direction of compressive stress. More separate
cracks appear when the specimen is loaded continuously or the total strain increases.
If the total strain is not increased, the cracks do not develop obviously even unload-
ing and reloading cyclically several times. When the total strain of the specimen rea-
ches 3e5�10�3, the adjacent cracks extend and connect together, and an inclined
crack is formed and runs through its width. When the total strain increases further,
the inclined crack gradually widens and forms a damage belt, but still a small
amount of residual strength of concrete remains. The process is also consistent
with that of the specimen loaded monotonically.

Unloading curve When the specimen is unloaded completely until zero stress
from any point (εu and su) on the envelope or the compressive stressestrain curve
of concrete, a complete unloading curve is obtained (Fig. 3-2). The stress of
the specimen reduces quickly at the beginning of unloading, while the strain of it
recovers less. However, the recovered strain gradually accelerates as the stress de-
creases, and runs quickly when the stress is less than 20e30% of the stress before

1The loading and unloading are defined respectively as increasing and decreasing of the strain. The
loading means that the compressive strain of concrete increases regardless of whether the correspond-
ing stress is increased (on the ascending branch) or decreased (on the descending branch). On the con-
trary, when the compressive strain decreases and the stress has to reduce, this is unloading.
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FIG. 3-1 Complete stressestrain curves of concrete under various repeated loadings [3-1]
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FIG. 3-2 General shapes of unloading and reloading curves
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unloading. This is the hysteresis phenomenon of recovered strain of concrete, and
the main reason is that the longitudinal crack is not recoverable under high compres-
sive stress (Section 2.1.2). Therefore, the larger the strain (εu) at unloading, the more
severe the cracking, and the more the hysteresis of recovered strain.

A residual strain (εres) appears when the stress of concrete is reduced to zero.
It increases with the strain (εu) at unloading, and also increases slightly when
unloading and reloading repeat several times.

Reloading curve The specimen is reloaded from any strain with zero stress
(εres, 0) until tangent to and coincidence with the envelope (εrel, srel), a reloading
curve is obtained (Fig. 3-2). There are two kinds of reloading curve. When the strain
at the start of reloading is small (εres/εp < 0.2), the strain at the upper end of the
reloading curve is εrel/εp � 1.0, i.e. the curve is tangential to the ascending branch
of the envelope, so the slope of the curve monotonically decreases and the slope at
the upper end is greater than zero, i.e. no point of inflection occurs on it. When the
strain at the start of reloading is large enough, the strain at the upper end of the
reloading curve is εrel/εp > 1.0, i.e. the curve is tangential to the descending branch
of the envelope. Because the slope at the upper end or the tangent point is of negative
sign, one point of inflection should appear at lower stress on the ascending branch of
the reloading curve, and a maximum value (peak point) and a small segment of
descending branch appear successively on its top. In addition, the variation ampli-
tude of the reloading curve increases with the strain (εres) at its start.

Transverse strain The transverse strain (ε0) of the specimen tested under the
repeated load (B) is shown in Fig. 3-3(b). The transverse strain is very small at
the initially loading stage, but obviously accelerates when the stress is approaching
the prism compressive strength of concrete (fc). When the specimen is unloaded, its
longitudinal strain partially recovers, while its transverse strain nearly keeps con-
stant without recovery. When the specimen is reloaded, the longitudinal strain in-
creases instantaneously, while the transverse strain still keeps constant. Only
when the reloading curve passes through the common point (CM, see below), the
longitudinal strain quickly accelerates and the transverse strain starts to increase.
Obviously, this phenomenon is also caused due to the development and hysteresis
recovery of the longitudinal crack in the specimen.

When the total strain of the specimen is larger (ε> 4�10�3), the transverse
strain slightly recovers during unloading. Each cycle of unloading and reloading
composes a narrow closed diamond on the ε

0 � ε curve. Comparing the specimens
under repeated load (B) and monotonic load (A), the transverse strains of both spec-
imens, corresponding to same longitudinal strain ε, are approaching, and the varia-
tion regularities of them are similar (Fig. 3-3(b)).

Locus of common point When the specimen is unloaded from any point on the
envelope until zero stress, and then reloaded during the repeated loading test, the
intersection point of the unloading and reloading curves is called the common point.
Every common point obtained from each unloading and reloading process is succes-
sively connected smoothly, the locus of the common point is presented and shown as
curve CM in Fig. 3-1. It is found that the slope of the reloading curve considerably
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decreases after the common point, i.e. the longitudinal strain of the specimen ex-
ceeds the strain (εu) before unloading and accelerates quickly, and the transverse
strain (ε0) increases suddenly. This indicates that the longitudinal crack expands
or a new crack occurs in the specimen, and the damage to the concrete accumulates.

The locus of common point of various repeated loading is obviously similar to
the corresponding envelope of the same test and to the complete stressestrain curve
under monotonically loading. The ratio of similarity between both curves is deter-
mined after comparison and calculation [3-1]:

KC ¼ 0:86w0:93; (3-1)

and 0.89 on the average. The ratio is 0.91 for the repeated loading test C.
Locus of stability point The specimen is unloaded and reloaded several times

at certain predetermined strain values during the repeated loading tests E and F
(Fig. 3-1). When the stress does not decrease and the residual strain does not in-
crease further, the unloading and reloading curves compose a stable closed ring
and the top of the ring is called the stability point. The stability points obtained
from these cycles are connected smoothly, and the curve presented is the locus of
stability point and shown as ST in Fig. 3-1. This is also the envelope of the ultimate
strength (fatigue) of concrete under lower cycles.
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The number of unloading and reloading cycles needed to reach the stability point
depends upon the strain value before first unloading. According to the statistics,
generally, three or four times are needed for the stability point under the ascending
branch, with six to nine times for that under the descending branch.

It is concluded after observation and comparison that the shape of the locus of the
stability point is also similar to the corresponding envelope of same test and to
the complete stressestrain curve under monotonic loading. The ratio of similarity
between them is:

KS ¼ 0:7w0:8; (3-2)

and 0.75 on the average [3-1].
When the non-linear analysis of seismic resistance or other mechanical situation

is conducted for a reinforced concrete structure, the stressestrain relations of con-
crete under the actions of loading and unloading or repeatedly loading are neces-
sarily used. The calculation formulas, including the equations of the envelope,
unloading and reloading curves, suggested in reference [3-1] or [3-3] may be adop-
ted, and the former one fits better with the experimental results.

However, it should be noticed that the experimental results given above are ob-
tained from the short time (a few hours) tests of the concrete specimen, the data of
them, of course, are different to some extent from the long loading and unloading in
engineering practice.

3.2 Eccentric compression
The ideal central compressive member is very seldom in practical structural engi-
neering. Even if a structural member is designed as a central compressive one, the
bending moment certainly occurs on its section, because of any occasional trans-
verse load, non-ideal supporting condition, deviation of manufacturing, etc. There-
fore, a general compressive member is loaded eccentrically, and the compressive
strain (stress) distributes non-uniformly or the strain (stress) gradient exists on its
section. Obviously, the larger the bending moment or the eccentricity and the
smaller the section depth, the larger the strain gradient on the section.

3.2.1 Testing method
The influence of the strain gradient on the strength and deformation of concrete are
experimentally investigated by various testing methods at home and abroad. They
are divided into three categories according to the controlling method of the sectional
strain (Fig. 3-4), when the prism specimen is used.

3.2.1.1 Loaded with constant eccentricity (e0 ¼ const) [2-17,3-4,3-5]
The axial load is monotonically acted with the predetermined eccentricity on the
specimen until its failure. The strain on its section varies as the load increases, the
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strain gradient gradually increases, and the neutral axis on the section slightly moves
towards the load side, because the plastic compressive deformation of concrete ap-
pears and develops.

3.2.1.2 Loaded with zero strain at one side (ε2 h 0) [2-21]
The specimen is loaded by the two compressions and all the strain on its section are
compressive. The main one (N1) is exerted on its center by a testing machine, while
the eccentric one (N2) is exerted by a hydraulic jack. The latter one is controlled dur-
ing testing to satisfy zero strain at one side of the specimen. Therefore, a triangular
distribution of the strain is insisted from beginning to end during testing, but with
variable gradient.

3.2.1.3 Loaded with constant gradient (ε1eε2 ¼ const) [3-6]
The axial force (N) and bending moment (M) of the specimen are exerted respec-
tively by a testing machine and a hydraulic jack on the transverse direction. The
values of N and M are controlled simultaneously during testing to satisfy the prede-
termined strain gradient on the section. Therefore, the strain distribution increases
parallel and the strain gradient keeps constant.

3.2.2 Main experimental results
The experimental results from these methods are basically consistent. The test of
constant eccentricity is conducted mostly and used here to explain the main behavior
and general regularity of concrete compressed eccentrically.

3.2.2.1 Ultimate bearing capacity (Np) and corresponding
maximum strain (ε1p)

The ultimate bearing capacity of the specimen at failure decreases as the load eccen-
tricity (e0) increases (Fig. 3-5(a)). Obviously, it is always higher than the bearing
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FIG. 3-4 Various testing methods for eccentric compression: (a) e0 [ const, (b) ε2h0,
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capacity of the specimen calculated elastically, i.e. stress distributed linearly on the
section:

Ne ¼ fcbh

1þ ð6e0=hÞ (3-3)

It indicates that the stress distributed non-linearly on the section which is caused
due to the plastic deformation of concrete is favorable to increase the bearing capac-
ity of the specimen.

The maximum compressive strain (ε1p) of concrete on section of the specimen at
ultimate load reaches 3.0e3.5�10�3 and does not vary apparently with the load ec-
centricity. The value of the maximum strain is considerably greater than the peak
strain (εp, Fig. 2-9) of concrete compressed centrally. It shows that the stressestrain
curve of the concrete at the extreme side of the section has entered into the descend-
ing branch when the ultimate load reaches.

3.2.2.2 Failure pattern
The failure process and pattern of the prism concrete specimen compressed centrally
are described above (Fig. 2-7). When the specimen is loaded with smaller eccentricity
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(e0 < 0.15h) and the load reaches 0.9e1.0 Np, the longitudinal crack appears first in
the area of larger compressive strain. When the load exceeds the peak value (Np) and
then enters into the descending branch, the longitudinal crack continuously extends
and expands and the new cracks appear successively, and then a triangular cracking
area is formed on one side of the specimen. If another side of the specimen is tensile,
the transverse tensile crack appears there. When the specimen is loaded further, two
inclined cracks appear on the upper and lower boundaries of the cracking area. As
the transverse tensile crack extends, the compressive area on the section reduces grad-
ually. When the tensile crack intersects with the compressive crack, relative rotation
and slip occurs between the upper and lower parts of the specimen, and the specimen
fails with the final pattern shown in Fig. 3-6(b).

When the specimen is loaded with larger eccentricity (e0 > 0.2h), a tensile zone
exists on its section from the beginning. As the maximum tensile strain of the spec-
imen reaches and, then, is greater than the ultimate value of the concrete, a trans-
verse tensile crack appears first and gradually extends and expands. When the
ultimate load is approaching, the longitudinal crack occurs near the extreme surface
of the compressive zone. When the load enters the descending branch, the transverse
tensile crack continuously extends and expands, and the longitudinal compressive
cracks increase and develop. Finally, the compressive zone on the section reduces
greatly and the crack and damage in it accumulate severely, the relative rotation
and slip between the upper and lower parts of the specimen are caused. The failure
pattern of the specimen is shown in Fig. 3-6(c).

The compressive failure zones of all the specimens are triangular on the side
surface, and the length is about double its width. The length and area (or volume)

e0 e0

e0 e0

(a) (b) (c)
FIG. 3-6 Failure patterns of eccentrically compressive specimen: (a) central compression,

(b) e0 < 0.15 h, (c) e0 > 0.2 h
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of the crushed zone decrease with the compressive depth on the section, as the
load eccentricity increases.

3.2.2.3 Sectional strain
The complete loadestrain curves at both extreme surfaces (ε1, ε2) of the specimen
are measured during testing and shown in Fig. 3-7. The complete curve
of the compressive strain (ε1) near the load side is consistent with the complete
stressestrain curve of concrete under central compression. The variation of the
compressive strain (ε2) on the other side varies with the load eccentricity. When
the eccentricity is e0 < 0.15h, the strain (ε2) is a compressive one at the beginning
and turns into a tensile one after being loaded to a certain level. But when the eccen-
tricity is e0 > 0.2h, the strain (ε2) is always a tensile one during loading, and the
complete curve is also similar to the complete stressestrain curve of concrete under
central compression.

The displacement transducers, of which the measuring length is greater than
double the section width, are set up to measure the average strain of concrete
along the section depth of the specimen during testing. Then, the strain distribu-
tion on the section can be plotted [3-4]. Almost all the experimental results
demonstrate that the average strain on the section satisfies the condition of planar
deformation from the beginning of loading until the failure of the specimen,
regardless of size of the load eccentricity and whether or not a tensile zone exists
on the section.
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3.2.2.4 Variation of neutral axis
The position of the neutral axis on the section of an eccentrically compressive spec-
imen is easily determined from the known strain distribution on it. When the strain
of concrete is lower at the beginning of loading, the position of the neutral axis ap-
proximates the result calculated elastically:

x0
h
¼ 0:5þ h

12e0
: (3-4)

The plastic deformation and internal microcrack of concrete gradually develop as
the load increases (but e0 ¼ const.), so the stress on the section redistributes non-
linearly, although the strain continuously keeps linear distribution. Therefore, the
neutral axis on the section moves towards the load side, and the compressive zone
on it reduces gradually. The moved distance of the neutral axis may range over
0.25e0.4 h, when the ultimate load is reached (Fig. 3-8).

3.2.3 Stressestrain relation
Although the value and position of the load can be accurately determined and the
value and distribution of the strain on the section can be easily measured during
the eccentric compression testing of the prism concrete specimen, the value and dis-
tribution of the stress on the section are still unknown, because of the non-linear rela-
tion between stress and strain of the concrete. Therefore, the complete stressestrain
curve of concrete under eccentric compression can not be obtained directly from the
experimental data.

In order to find the complete stressestrain curve of concrete under eccentric
compression, some assumptions have to be made to derive the basic formulas,
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FIG. 3-8 Position of neutral axis of eccentrically compressive specimen [1-2]
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and then a large amount of calculations are performed after introducing the exper-
imental data. There are two methods for it.

1. Calculation of incremental equation [2-21,3-4]. The loading process of the
specimen is divided into many increments. The incremental data of each load
increment are substituted into the basic formulas, and the coupled values of the
stress and strain are calculated. The coupled values of all load increments are
plotted and connected to form the complete stressestrain curve.

2. Simulating the parameter values for the predetermined equation of the complete
curve [3-4]. A rational mathematical equation is selected first for the complete
stressestrain curve, and the parameters in it are simulated by the least square
regression, using all the experimental data of the specimen.

These two methods have different advantages and disadvantages. The increment
method needs not assume any equation for the curve, but the initial curve obtained is
not smooth and even has some turns, so smoothing treatment is needed afterwards.
On the other hand, the simulate method has to decide in advance a definite shape for
the curve and can not be modified, so obviously, the initial selection determined the
accuracy of the final result. It is better that both methods are calculated separately,
and both results are compared and modified to draw the final one.

Basing on the experimental data and calculation methods of their own,
various researchers have derived the common conclusion, i.e. the shape of the
complete stressestrain curve of concrete is not related to the load eccentricity
or the strain gradient on the section of specimen. Therefore, same equations
of the complete stressestrain curve can be used for concrete under both central
and eccentric compression. However, the values of the strength (fc;e) and corre-
sponding strain (εp;e) of concrete under eccentric compression, given by various
researchers (Table 3-1), are slightly different.

Based on these experimental results and analysis, a simplified formula is sug-
gested in reference [1-2] for calculating the eccentric compressive strength and
corresponding peak strain, which vary with the load eccentricity (e0):

fc;e
fc

¼ εp;e

εp
¼ 1:2� 0:2

1þ ð6e0=hÞ (3-5)

The theoretical curve is compared with experimental results in Fig. 3-9.
The ratio calculated by Eq. (3-5) are 1.0 and 1.2 respectively for the structural

members under central compression (e0¼0) and bending (e0¼N).

Table 3-1 Ratios Between Central and Eccentric Compressive Strengths and

Peak Strains of Concrete

Reference [2-21] [3-5] [3-6] [3-4]

fc;e=fc z1.0 z1.2 z1.1 z1.15

εp;e=εp z1.0 z1.5 1–1.1 1–1.14
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The influence of transverse strain gradient on the behavior of concrete is dis-
cussed above. An experiment [3-7] shows that the longitudinal strain gradient, which
is caused by the variation of the internal force or section of the structural member,
also has certain influence on the strength and deformation of concrete.

3.3 Eccentric and flexural tensions
The ideal central tensile member is also very rare in practical structural engineering.
A tensile member usually carries some bending moment because of the mechanical
and constructional conditions, and the tensile stress (strain) distributes non-
uniformly on its section. The stress that occurs on the tensile zone of a flexural mem-
ber distributes even more non-uniformly. So, the influences of stress (strain) gradient
on the tensile strength and deformation of concrete need to be investigated.

The experimental research on the tensile behavior of concrete under eccentric
tension is limited, and the conclusions given are not consistent. The conclusion in
reference [3-8], obtained from the experiments, is that the stressestrain relation
of concrete under eccentric tension coincides with that under central tension; refer-
ence [3-9] holds that the tensile peak strain increases and the stressestrain curve
varies with the strain gradient, and the equation of the ascending branch is given
and is composed of a straight line and a curve; references [3-10] and [3-11] discuss
the improvement of the calculation method for flexural tensile strength of concrete
(ft,f). And, a series of eccentric tensile and flexural tests are performed and the cor-
responding complete stressestrain curves are measured in reference [2-30], then the
general regularity and calculation formula are presented for the tensile behavior of
concrete under eccentric tension.

3.3.1 Failure process
When the tensile specimen is loaded eccentrically, a non-uniform stress distribution
occurs on its section. When the ultimate load is reached, one tensile crack appears
first at the side of the maximum strain and extends towards another side of the
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FIG. 3-9 Eccentric compressive strength of concrete
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section along the direction being perpendicular to the tensile stress. Then, the tensile
load reduces gradually, and the crack runs through the whole section and the spec-
imen is broken into two pieces. Generally, there is only one crack in the specimen,
i.e. the initial crack develops into the broken crack (surface). The failure pattern and
the characteristic broken surface of the specimen is the same as that of the central
tensile specimen (Table 2-8), they make no difference to the specimens loaded
with different eccentricities.

3.3.2 Ultimate tensile strength and plasticity-dependent coefficient
The ultimate tension (Np) of the specimen at failure decreases as the load eccentric-
ity (e0) increases, the relevant experimental data are shown in Fig. 3-10. It is clear
that the measured value of the ultimate tension is certainly higher than the theoret-
ical values calculated elastically:

Ne

ftbh
¼ 1

1þ ð6e0=hÞ: (3-6)

It is the same as Eq. (3-3) used for eccentric compression. However, the ampli-
tude increase of the specimen with eccentric tension is obviously smaller than that
with eccentric compression (Fig. 3-5(a)). It shows that the plastic deformation of
concrete under tension develops limitedly, and the stress redistribution on the section
is less.

The maximum tensile stress of the eccentric tensile and flexural specimens of
rectangular section can be calculated elastically basing on the assumption of
straight stress distribution on the section, its value at ultimate load is called flexural
tensile strength of concrete (ft,f, Eq.(2-11)). The ratio (g) between it and the central
tensile strength is called the plasticity-dependent coefficient of sectional resistant
moment [2-1]:
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FIG. 3-10 Ultimate strength of concrete under eccentric tension [2-30]
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for eccentric tension g ¼ ft; f
ft

¼ Np

ftbh

�
1þ 6

e0
h

�
; (3-7 (a))

for flexure g ¼ 6Mp

ftbh2
: (3-7 (b))

When an elastic material is discussed, i.e. gh1, the relation between the ulti-
mate strength and eccentricity is a diagonal in Fig. 3-11, of which the coordinates
are Np/ftbh and 1/(1þ(6e0/h)) respectively. Now, all the data from the eccentric ten-
sile and flexural tests are located over the diagonal, it demonstrates g >1 for con-
crete of non-elastic. The regression formula is obtained:

g ¼ 1:51� 0:77

1:51þ ð6e0=hÞ; (3-8)

or
Np

ftbh
¼

�
1:51� 0:77

1:51þ ð6e0=hÞ
�

1

1þ ð6e0=hÞ (3-9)

The value of the coefficient is g ¼1 for central tensile (e0 ¼ 0) and g ¼1.51 for
flexural (e0 ¼N) members respectively. Actually, the plasticity-dependent coeffi-
cient g of a structural member is also related to the strength grade of concrete
(fcu), depth of its section (h), and others [2-1,2-12]. For example, the experimental
average value of the coefficient of the flexural specimens reduces from g ¼1.76
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FIG. 3-11 Relation between ultimate strength and eccentricity [2-30]
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down to 1.35 [2-30] when the compressive strength of the concrete is increased from
fcu ¼ 25.36N/mm2 up to 74.05N/mm2, because the plastic deformation develops less
for the concrete of higher strength (see Section 4.1).

The depth of the specimen section determines the strain gradient on it at ultimate
state. The larger the depth, the smaller the strain gradient and the plasticity-
dependent coefficient. Different corrections are suggested for the coefficient by
various researchers or related design codes. In Chinese code [2-1], the basic value
of the plasticity-dependent coefficient of resistant moment of rectangular section
is taken as gm ¼ 1.55 (see Section 12.2), and it should be modified by Eq.(12-7),
considering the sectional depth.

3.3.3 The maximum tensile strain at ultimate load
The maximum tensile strain (ε1p) of the specimen at ultimate load (Np) increases with
the load eccentricity (e0) (Fig. 3-12), and the corresponding regression formula is:

ε1p

εt;p
¼ 2:0� 1

1þ ð6e0=hÞ; (3-10)

where εt; p-peak strain of concrete under central tension (e0 ¼ 0).
The maximum strain is ε1p¼ 2εt;p for the flexural member (e0 ¼N).

3.3.4 Variations of strain and neutral axis of section
The complete loadestrain curves of the specimens with different eccentricities are
measured during testing and shown in Fig. 3-13, and all of them are similar, to a certain
extent, to the curve of concrete under central tension. Then, the strain distribution on the
section is plotted and the position of the neutral axis can be determined. It is found that
the strain distribution approximates the straight line from the beginning of loading until
the failure of the specimen, so the assumption of planar section is basically satisfied.
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The position of the neutral axis on the section mainly depends upon the
load eccentricity. The position measured is consistent with that calculated elas-
tically (xe, see Eq. (3-4)) when the load is lower. When the ultimate load is
approaching and the plastic deformation of concrete occurs on the tensile zone
of the section, the neutral axis slightly moves and the area of the tensile zone in-
creases. The position of the neutral axis (xp) at ultimate load is shown in Fig. 3-14,
and the moving amplitude of it is obviously smaller than that under eccentric
compression (Fig. 3-8).

3.3.5 Equations for complete stressestrain curve
The equation of complete stressestrain curve for concrete under eccentric tension
can also be determined following the two methods used for that under eccentric
compression (Section 3.2.3). The suggestions in references [2-30] and [1-2] are as
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below. The tensile strength (ft;e) and peak strain (εt;e) of concrete under eccentric
tension and bending moment are calculated by:

ft;e
ft

¼ 1:1� 0:1

1þ ð6e0=hÞ (3-11)

εt;e

εt;p
¼ 1:3� 0:3

1þ ð6e0=hÞ; (3-12)

where ft and εt;p-central tensile strength and corresponding peak strain of concrete,
i.e. Eqs. (2-12) and (2-15).

The equation of complete stressestrain curve of concrete under eccentric tension
can be taken the same as that under central tension (Eq. 2-20), but the equations sug-
gested for the flexural member are

x � 1 y ¼ 2x� x2

x � 1 y ¼ x

0:5ðx� 1Þ1:7 þ x

9>=
>;; (3-13)

where x ¼ ε=εt;e and y ¼ s=ft;e.

3.4 Age
The main adhesive material in concrete is cement. The hydration of cement particle
progresses gradually from its surface layer into its interior and is a slow process of
several decade years. Therefore, it is demonstrated by many experiments and
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engineering practice that the maturity, and the strength and modulus of elasticity, of
concrete increases gradually with its age, as the hydration of cement develops
continuously.

The design codes for reinforced concrete structure generally takes 28 days as the
standard age of concrete to determine its indices of strength and other behaviors. If a
structure is loaded, including the reinforcement in it is prestressed, at earlier age, it
should be calculated or checked using the mechanical indices of concrete actually
reached at the age. Most structures carry all the service loads only after the age of
28 days, the strength of the concrete reached later increases and is used for addi-
tional safety, but it is not utilized during design. Some structures are exerted all
the service loads at the age far later than 28 days, because of, for example, very
long construction period or sustained special (explosion) load, the strength of con-
crete at later age (e.g. 90 days) may be used for calculation and design of the
structure.

The strength and modulus of elasticity of concrete varies with its age, and the
variation regularity and increasing amplitude of them are influenced by many fac-
tors. The important factors include: kind (ordinary or early hardening) and compo-
sition (silicate, volcanic ash, or slag) of cement, quality (sintering and grinding) of
cement, additives in concrete (hardening accelerated or delayed), curing condition
(natural, moist, or water vapor), environmental temperature and humidity and their
variations, etc. In addition, when the surface of a concrete structure is exposed to the
air and the carbon dioxide in the air acts chemically with the concrete, a carbonate
layer is formed near the surface of the concrete and it harms the durability of con-
crete (see Section 20.2.4).

3.4.1 Compressive strength
Normally, the compressive strength of concrete monotonically increases with its
age, but with reducing rate and tending to convergence. The strengths of the con-
crete specimens made of the two kinds of cement vary with their age as shown in
Table 3-2.

The compressive strength of concrete varied with its age can be simulated by
various mathematic formulas [1-1], for example:

fc
�
t
� ¼ lg t

lg n
fc
�
n
�

fc
�
t
� ¼ t

aþ bt
fc
�
28

�
9>>=
>>; (3-14)

Table 3-2 Relative Compressive Strength of Concrete Varying with its Age [1-1]

Age (days) 3 7 28 90 360

Ordinary siliceous cement 0.40 0.65 1 1.20 1.35

Early hardening siliceous cement 0.55 0.75 1 1.15 1.20
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where fc(t), fc(n), and fc(28) are the compressive strengths of concrete at age of t, n,
and 28 days respectively, and a and b are parameters depending upon the kind of
cement and curing condition.

The calculation formula suggested in the CEB-FIP Mode Code [2-12] is:

fcðtÞ ¼ bt fc (3-15a)

bt ¼ es
�
1�

ffiffiffiffiffiffiffi
28=t

p �
(3-15b)

where s is a parameter depending upon the kind of cement and taking as 0.25 for the
ordinary and early hardening cements and 0.20 for the early hardening cement of
high strength.

The theoretical curve of the formula is shown in Fig. 3-15, and it gives a
slightly lower value for the concrete at later age and fits for use in the engineering
practice.

When the compressive stress is sustained, the strain of concrete, called creep
(see Section 3.6), increases correspondingly with the time lasted. When the level
of the compressive stress is lower (s < 0.8fc), the strain of concrete gradually con-
verges to a limit after a long period. However, if the stress level is rather
high (s � 0.8fc), the concrete enters the developing stage of unstable crack (Section
2.1.3) and its strain increases continuously even divergence, and it fails finally after a
certain period of load is sustained. It is clear that the higher the stress level, the
shorter the sustained time. Therefore a strength limit line of concrete can be found
(Fig. 3-16), and the maximum stress, at which the concrete may sustain a long period
without failure, is called the long-term compressive strength of concrete, normally
taken as 0.8fc.

1
0.0

0.2

0.4

0.6

f e
(t

)/
f c

, E
c(

t)
/E

c

Ec(t)/Ec

fc(t)/fc

0.8

1.0

1.2

3 7 14 28 56

Age (day)
90 180 360

FIG. 3-15 Variations of compressive strength and modulus of elasticity of concrete with its

age [3-12]

3.4 Age 73



3.4.2 Modulus of elasticity
The modulus of elasticity of concrete also increases with its age (t, days) as shown in
Fig. 3-17. The CEB-FIP Model Code suggests a simple calculation formula for it:

EcðtÞ ¼
ffiffiffiffi
bt

p
Ec (3-16)

where Ec the modulus of elasticity of concrete at age of t¼ 28 days, bt is the coef-
ficient taken as in Eq. (3-15b).

The modulus of elasticity and compressive strength of concrete increase with its
age but with reducing rate, and the increasing rate of the former is smaller than that
of the latter.

0

0.2

0.4

0.6

0.8

1.0

Ec

2 4 6

ε (10–3)

σ/
f′ c

8

Creep limit

Strength limit

t = ∞ days

t =
 7 

da
ys

t =
 100 min

t =
 20

 m
in

10

FIG. 3-16 Influences of stress level and sustaining time on strength and deformation of

concrete [2-17]

1
0.6

0.7

0.8

E
c(

t)
/E

c

0.9

1.0

1.1

1.2

Early hardening cement
  of high strength Average experimental value

Eq. (3-16)

Slowly hardening cement

Ordinary and early
hardening cements

3 10 28 100

Age (day)
365

FIG. 3-17 Development of modulus of elasticity of concrete [3-12]

74 CHAPTER 3 Behavior Under Influence of Main Factors



3.5 Shrinkage
The flowing concrete after mixed and the solid concrete during humidly curing basi-
cally keeps the same volume because of being full of water. Afterwards, the concrete
is gradually hardened in the air, the water in its interior evaporates and its volume
reduces. The shrinkage strain of concrete generally ranges from 300e600�10�6

after decades, and even reaches 800e1000�10�3 under unfavorable condition
[2-12,1-1]. However, if the concrete is immersed in water, its volume is increased
and the maximum elongation strain may reach 150�10�6.

The final shrinkage strain of concrete exceeds 3e5 times the peak strain of it un-
der central tension. This is one of the main reasons for the appearance and develop-
ment of internal microcracks and external macrocracks in concrete. Some concrete
structures show cracks on the outer surface after use for several years, even before
loading. In addition, the shrinkage deformation of concrete causes it to increase the
loss of prestress of the reinforcement in a prestressed structure, to reduce the
cracking resistance and to increase the deformation of structural members, and to
redistribute the stress on sections and the internal forces in a statically indeterminate
structure. These may induce unfavorable influence on the structure, and should be
paid attention to during its design and analysis.

When concrete is coagulating and hardening in the air, its shrinkage is unavoid-
able, because the volume of the product of cement hydrated is smaller than that of
the original material (chemical shrinkage) and the aggregate particle is compressed
due to capillary action after the water has evaporated (physical shrinkage). In addi-
tion, the carbonation between carbon dioxide in the air and the surface layer of con-
crete causes a certain amount of local shrinkage.

Therefore, the shrinkage of concrete should certainly be a long process. It is
demonstrated that the shrinkage deformation of concrete develops quickly
during the early drying stage and most parts of it appear already within three months,
and it develops slowly afterwards but will not stop even twenty years later. The
shrinkage deformation of concrete develops with time as shown in Table 3-3.

According to the experimental results, the shrinkage strain of pure cement
mortar, composed of cement and water only, reaches 2000e3000�10�6 after hard-
ening (Table 2-1). The shrinkage of the rock aggregate mixed in concrete is, gener-
ally, very little and negligible. Therefore, the aggregate in concrete obstructs the
shrinkage of the cement mortar, and the shrinkage of concrete is surely far less
than that of cement mortar. In the meantime, the initial internal stress field is formed
in the concrete (Fig. 2-2).

Table 3-3 Development of Shrinkage Deformation of Concrete [1-1]

Age 2 weeks 3 months 1 year 20 years

Relative ratio 0.14–0.30 0.40–0.80 0.60–0.85 1
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The main factors having influence on the shrinkage deformation of concrete are
as below.

3.5.1 Kind and quantity of cement
The cements of different kind and quality result in corresponding values of
shrinkage deformation of concrete. For example, the shrinkage of early hard-
ening cement is about 10% greater than that of ordinary cement; the more
cement (kg/m3) contained in concrete and the larger the waterecement ratio
(W/C) used, the greater the shrinkage of the concrete.

3.5.2 Property, size, and quantity of aggregate [3-13]
The more aggregate mixed in concrete and the higher the modulus of elasticity of
aggregate, the less the shrinkage of the concrete. The aggregate of larger size in con-
crete obstructs more the shrinkage of the cement mortar, and needs less water to
satisfy the same flowability of fresh concrete, so less shrinkage is caused.

3.5.3 Curing condition
When concrete is cured through time, or under higher temperature and humidity or
under steam, the hydration of cement is accelerated and the shrinkage of concrete is
reduced. If the concrete is not cured completely and is stocked in a dry environment,
its shrinkage increases considerably.

3.5.4 Environmental condition of service stage
If the surrounding of a structure is of high temperature and low humidity, the water
contained in the concrete evaporates greatly and its shrinkage increases.

3.5.5 Shape and size of structural member
When thewater in the interior of concrete evaporates out, it has to pass through the sur-
face of the structure. Therefore, if the ratio between the volume and surface area of the
structure, or the ratio between the section area and periphery length of the section (Ac/u)
of a linear member, increases, the quantity of water evaporated decreases and the area
carbonated on the surface reduces, so the shrinkage of concrete reduces as well.

3.5.6 Other factors
Various additives mixed in concrete, and the reinforcement rate and the mechanical
state of the structure have influences, to different extents, on the shrinkage deforma-
tion of concrete.

Generally, the shrinkage deformation of concrete varies significantly and its
value is difficult to determine accurately, because many factors have influences on
it. The shrinkage deformation of concrete causes cracking on the surface of an ordi-
nary structural member, but will not obviously reduce the safety of it. Therefore, the
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shrinkage of concrete and its influences need not be calculated during design of an
ordinary member, only some additional structural measures, e.g. setting up rein-
forcement or wire mesh, are used for compensation.

When some important structural engineering is designed and the shrinkage
deformation of concrete needs to be determined accurately, the concrete specimen
is specially manufactured from same material and tested within a short period to
measure the shrinkage that has occurred, and then the ultimate value of the shrinkage
is calculated. Or, the shrinkage of concrete can be calculated directly, following the
formulas and parameter values provided in the relevant design code [2-12,3-14].

The calculation of the shrinkage of concrete, provided in the CEB-FIP Model
Code [2-12], is used for the conditions: ordinary concrete under normal temperature,
humidly curing no more than 14 days, exposed to the environment of average tem-
perature (5e30�C) and relative humidity (RH ¼ 40e50%). The calculation formula
for the average shrinkage (or expansion) strain of plain concrete without loading is:

εcsðt; tsÞ ¼ εcsobsðt � tsÞ; (3-17)

where the nominal shrinkage coefficient, i.e. ultimate shrinkage deformation, is
calculated by:

εcso ¼ bRH ½160þ bscð90� fcÞ� � 10�6; (3-18)

where bRH depending upon the relative humidity (RH %) of the environment:

40% � RH � 99% bRH ¼ �1:55

"
1�

�
RH

100

�3
#

RH > 99% bRH ¼ þ 0:25

9>>>>=
>>>>;
; (3-19)

bsc depending upon the kind of cement, e.g. 5 for the ordinary and early hardening
cement and 8 for the early hardening cement of high strength.

And, the coefficient of shrinkage deformation varying with time is:

bsðt � tsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

t � ts

0:035
�
2Ac

u

�2 þ ðt � tsÞ

s
: (3-20)

Other parameters in these formulas are: t is the age of concrete, at which the
shrinkage is calculated, in days; ts is age of concrete when the shrinkage (or expan-
sion) starts to occur, in days; fc is compressive strength of concrete, in N/mm2; Ac is
area of transverse section of structural member, in mm2; u is periphery length
exposed to the air of the section, in mm.

The five main factors, which have influences on the shrinkage deformation of
concrete, are included in the calculation model. They are the kind of cement
(bsc), relative environmental humidity (RH %), size of structural member (Ac, u),
and age (t, ts), besides the compressive strength (fc) of concrete. But, it is demon-
strated experimentally that the strength value of concrete itself does not have a direct
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influence on its shrinkage deformation. However, some other factors, such as the
quantity of cement contained, the waterecement ratio, and the aggregate and curing
conditions of concrete, also have influences on its shrinkage deformation, and they
are not known in advance when the analysis and design of the structure are conduct-
ed. So, the compressive strength of concrete is introduced in the calculation to
consider indirectly these factors, which are related to different extents, with it.

The shrinkage deformation of concrete calculated by these formulas and its reg-
ularities and amplitudes varied with the main factors are shown in Fig. 3-18.

3.6 Creep
3.6.1 Basic concept
Concrete is deformed under the action of stress (sc). The initial strain εci(t0) of it oc-
curs instantaneously after stressed at its age (t0), and, afterwards the strain εcc(t, t0)
occurs and increases as the stress sustained to the age (t), which is called creep of
concrete (Fig. 3-19). The creep of concrete increases with time but with a reducing
rate, and varies slightly after two or three years. The final value of creep is called the
creep limit of concrete (εcc(N, t0)).

When the specimen is unloaded to zero stress (sc¼ 0) after a period of stress is
sustained, a recovered strain (εce), or elastic recovery [3-15], appears
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instantaneously. Afterwards, a hysteretic recovered strain (εcr), or post elastic effect
or creep recovery [3-15], occurs slightly as time permits. However, a certain amount
of residual strain (εre) still remains.

Themechanism of concrete creepmay be explained from various theoretical points
of view [3-16,3-17], but none of them is perfect. It is generally considered that the initial
strain of concrete soon after being stressed is composed of the elastic deformations of
the aggregate and cement mortar and the microcrack developed slightly, and the creep
of concrete results due to the viscid flow (move) of the cement gelation and the devel-
opment of internal cracks on the boundary of aggregate and in the interior of cement
mortar. And, the evaporation ofwater contained in concrete also causes additional (dry-
ing) creep. Similarly, the instantaneous and hysteretic recovered strains of concrete af-
ter unload are of corresponding, but opposite, effect.

Relaxation is a phenomenon paralleling creep. When the concrete is loaded to
stress s(t0) at age (t0), the instantaneous strain εc(t0) is caused. If the value of the strain
keeps constantly, the stress s(t) of the concrete has to reduce gradually as the time
(age) lasts (Fig. 3-20). This is called stress relaxation or relaxation of concrete.
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Actually, creep and relaxation of a material represent the same deformation
property varied with time, but show different reflections. The variation regular-
ity and influence factors of both are the same and both can be converted into
one another [3-16,3-17]. The stressestrain curve of a concrete at the age to is
shown in Fig. 3-21. When the concrete is loaded to the stress sðt0Þ and the corre-
sponding strain is εcðt0Þ (Point P), the stress will reduce to sðtÞ (Point R) if
the strain is kept constantly for a period (tet0), and the stress relaxation is
PR ¼sðt0Þ�sðtÞ. On the other hand, when the concrete is loaded to the stress
sðt0Þ and the stress is kept constant for a period (tet0), its creep (Point C) will
be PC¼εccðt; t0Þ. If the strain of the concrete is then reduced, its stress has to
reduce as well. As the strain reaches εcðt0Þ, the corresponding stress sðtÞ coincides
with Point R. Conversely, the creep point (C) can also be found from the relaxation
point (R).

The creep and relaxation of concrete may cause an unfavorable or favorable in-
fluence on the concrete structure. For example, the long-term creep of concrete in a
structure may cause: the compressive strength of concrete to be reduced by about
20%; the deflection of beam or slab doubled approximately; the loss of prestress
caused being about 50% of the total loss; cracking resistance reduced; the stress
on section and the internal forces of the structure redistributed; etc. In addition,
the appearance of creep in the hydraulic massive structure reduces the thermal
stress (relaxation) and the shrinkage crack in it; the creep of concrete relaxes the
stress concentration at the local zone of a structure. These influences caused, to
different extents, by creep of concrete have to be treated properly in engineering
practice.

When a structural concrete is stressed to sðt0Þ at age t0, its total strain at age t is
composed of the initial strain εciðt0Þ and creep εccðt; t0Þ:

εcsðt; t0Þ ¼ εciðt0Þ þ εccðt; t0Þ; (3-21)

where εciðt0Þ ¼ sðt0Þ
Ecðt0Þ; (3-22)

and Ec(t0) modulus of elasticity of the concrete at age t0.
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The creep value of concrete under one unit stress (1 N/mm2) is called specific
creep:

Cðt; t0Þ ¼ εccðt; t0Þ
sðt0Þ (3-23)

The creep limit of concrete under one unit stress varies considerably, as many
factors have influences on it:

CðN; t0Þ ¼ εccðN; t0Þ
sðt0Þ ¼ ð10w140Þ � 10�6 per N=mm2; (3-24)

and its average value may be 70�10�6 per N/mm2.
The ratio between the creep and initial strain of concrete is called coefficient of

creep:2

fðt; t0Þ ¼ εccðt; t0Þ
εciðt0Þ : (3-25)

The value of the ratio after creep converged (at t ¼ N) is called nominal coef-
ficient of creep, or limit value of coefficient of creep:

fðN; t0Þ ¼ εccðN; t0Þ
εciðt0Þ ; (3-26)

and it ranges from 2e4 [2-12] when t0 ¼ 28 days.
Substituting Equations (3-22) and (3-23) into Eq. (3-25), the relation between the

coefficient of creep and specific creep of concrete is:

fðt; t0Þ ¼ Cðt; t0ÞEcðt0Þ; (3-27)

and similarly fðN; t0Þ ¼ CðN; t0ÞEcðt0Þ: (3-28)

When the concrete is unloaded after the load sustained a long period, the instan-
taneously recovered strain is smaller than the initial strain during loading
ðεce < εciÞ, and the hysteretic recovered strain ðεcrÞ is about 5e30% of the creep
strain. The summation of both recovered strains, i.e. total recovered strain, of con-
crete is approximately equal to the initial strain:

εce þ εcrzεciðt0Þ (3-29)

The creep of concrete increases continuously even within several decades, but
most of it appear within the first one or two years and it develops more quickly
within the first few months (typical data are listed in Table 3-4).

2The coefficient of concrete creep, in the CEB-FIP Model Code [2-12], is defined as the ratio between
the creep and the elastic strain ðεcið28ÞÞ of concrete at age t0 ¼ 28 days.
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3.6.2 Main influence factors
The main factors having influences on the value and variation of concrete creep are
as below.

3.6.2.1 Level of stress
When the stress level sðt0Þ=fcðt0Þ of loaded concrete is higher, both the initial strain
and creep varying with time increase (Fig. 3-22):

sðt0Þ=fcðt0Þ� 0.4e0.6 when the stress acted on concrete is sustained, its creep
value at any time is proportional to the stress acted and the specific creep does
not relate to the stress, and finally the creep has a limit value and this is called
linear creep;
0.4e0.6� sðt0Þ=fcðt0Þ< 0.8. The creep of concrete still converges with a limited
value under the sustained stress, but the specific creep of it increases with the
stress level, which is called non-linear creep;
sðt0Þ=fcðt0Þ� 0.8. The creep of concrete under higher stress develops quickly at
the early period and diverges later, this causes the failure of concrete. Therefore,
the long-term compressive strength of concrete is about 0.8fc (Fig. 3-16).

Table 3-4 Creep of Concrete Varying with Time [3-18]

Sustaining
time
of stress
(t-t0)

1
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3
months

6
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1
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2
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Ratio 0.45 0.74 0.87 1 1.14 1.25 1.26 1.30 1.36
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FIG. 3-22 Creep of concrete under different stress levels [3-18]
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The stress level of concrete under the action of load in practical structural engi-
neering is, generally, lower and the creep caused is linear.

3.6.2.2 Age at loading
When the concrete is loaded at an earlier age, its maturity is poorer and both initial
strain and creep afterwards increase, and the creep limit increases even more
(Fig. 3-23). The specific creeps of concrete loaded at different ages are compared
in Table 3-5.

3.6.2.3 Raw materials and mixture
The creep of concrete increases with the cement content (kg/m3), waterecement ra-
tio (W/C), and the quantity of cement mortar (or less quantity of aggregate) con-
tained in concrete. The creep of concrete mixed with ordinary Portland cement is
greater than that mixed with early hardening cement.

3.6.2.4 Manufacturing and curing conditions
When the concrete is compacted and cured satisfactorily, especially when it is cured
with steam, creep is reduced.

3.6.2.5 Environmental condition during service stage
The drying creep of concrete, caused by evaporation of water contained in it, in-
creases as the relative humidity (RH%) of the environmental medium surrounding
the structure decreases (Fig. 3-24(a)). The creep of concrete increases with the

t0 t

ε

ε

c σ

ci

FIG. 3-23 Creep of concrete loaded at different age

Table 3-5 ComparisonofSpecificCreep ofConcrete Loaded atDifferentAge [3-16]

Age t0 (days) 3 7 28 90 365

Relative value 1.6–2.3 1.5 1 0.70 0.35–0.50
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temperature within the range between 20�C and 71�C, however it decreases as the
temperature increases from 71�C to 96�C (Fig. 3-24(b)).

3.6.2.6 Size of structural member
The drying creep of concrete increases as the size and section of the structural
member reduces, or the ratio between the section area and periphery length
(Ac/u) reduces, due to the water in it evaporating quickly (Fig. 3-25). If the con-
crete is sealed up and no evaporation of water occurs, the size of the structural
member has no influence on creep of cement.

In addition, there are many other factors such as the kind, property, and size of
aggregate, various additives mixed in, mechanical condition and history of concrete,
and random variation of environmental condition.
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3.6.3 Calculation formulas
The value of concrete creep is difficult to calculate accurately, because of so many
influencing factors, wide variation amplitude, and scatter of experimental data. In
the design code [2-1] of China, a composite empirical value or coefficient is given
for the calculations of the deflection of a structural member under long-term load
and the loss of prestress of a prestressed concrete structure. In the Design Code for
Hydraulic Concrete Structure of China [3-19], the coefficient of stress relaxation of
concrete is directly given for the calculation of thermal action of a massive structure.

When the creep analysis is needed for an important and complicated structure, the
accurate value of concrete creep and its regularity varying with time have to be known
in advance. It is reliable that the special specimen is made of the same concrete and
then tested, and its creep is measured within a long period. Alternatively, the value of
long-term creep is calculated from the experimental data measured within a shorter
period. If the experimental equipment and environment are not available, the empirical
formula based on the existing experimental data is generally used.

0

20

40

60

80

100

50 100

200mm

70mm

140mm

1

2

2

1

3

3

Sustaining time of load (day)

C
re

ep
 (1

0–6
)

150 200

FIG. 3-25 Influence of size of structural member on creep [3-18]

3.6 Creep 85



There are various mathematic formulas for calculation of the specific creep of
concrete [3-16,3-18], for example:

C
�
t; t0

�
¼ Aðt � t0ÞB

Cðt; t0Þ ¼ Fðt0Þln½ðt � t0Þ þ 1�

C

�
t; t0

�
¼ ðt � t0Þ

Aþ Bðt � t0Þ
C
�
t; t0

�
¼ C

�
N; t0

�h
1� e�Aðt�t0Þ

i
Cðt; t0Þ ¼ Ceðt � t0Þ þ Creðt; t0Þ

9>>>>>>>>>>=
>>>>>>>>>>;

(3-30)

The last formula above is composed of two parts: recovered and un-recovered
creeps. The parameters A, B, C and F in these formulas are calibrated from the
experimental data and depend upon the material used and the environmental condi-
tion of the concrete. Some other formulas of complicated functions and containing
more parameters are suggested in different literatures, e.g. reference [3-20].

The formulas presented below are suggested in the CEB-FIP Model Code [2-12]
for calculation of the coefficient of creep of concrete, and they are suited for the con-
ditions of: stress level sc=fcðt0Þ < 0:4, average temperature (5e30�C) and humidity
RH ¼ 40e100% of the environment.

The coefficient of creep of concrete is calculated by

fðt; t0Þ ¼ fðN; t0Þ bcðt � t0Þ (3-31)

The nominal coefficient of creep in the formula is:

fðN; t0Þ ¼ bðfcÞbðt0ÞfRH ; (3-32)

in where bðfcÞ ¼ 16:76ffiffiffiffi
fc

p (3-32a)

bðt0Þ ¼ 1

0:1þ t0:20

(3-32b)

fRH ¼ 1þ 1� ðRH=100Þ
0:1ð2A=uÞ1=3

; (3-32c)

and b(fc) parameter is calculated by the average compressive strength of concrete
(fc, in N/mm2) at age 28 days; b(t0) is the parameter depending upon the age
(t0, in days) when the concrete is loaded; fRH is the parameter mainly depending
upon the relative humidity of the environment (RH, in %). The second part of it is
zero when RH¼100%, and the size of concrete also has no influence on the creep.

The coefficient of creep varying with the sustaining time of stress is taken as:

bcðt � t0Þ ¼
	 ðt � t0Þ
bH þ ðt � t0Þ


0:3
(3-33a)
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and bH ¼ 1:5

"
1þ

�
1:2

RH

100

�18
#

2Ac

u
þ 250 � 1500; (3-33b)

where bH depends upon the relative humidity and the size of structural member.
The main factors, including the age (t0) of concrete at loading, the sustained time

(tet0) of the stress, the relative humidity (RH%) of environment, and the size of struc-
tural member (Ac/u), are introduced in this calculation model. In addition, the
compressive strength of concrete is also introduced to indirectly consider the influence
of the waterecement ratio (W/C) and the quantity of cement contained in concrete.

The creep of concrete under other conditions, e.g. different kind of cement used,
environmental temperature (� 80�C), higher stress level (0.4e0.6fc), has to be cor-
rected and this is provided in the code. It is said that the theoretical value of the creep
fits well with the experimental observation, and the coefficient of deviation of it is
about 20%.

Most existent experimental data of concrete creep are obtained from the test un-
der constant stress. However, it is impossible that the actual long-term stress of con-
crete in a structure keeps constant. The creep of concrete under varying stress, and,
correspondingly the creep analysis of the structure, can not directly use the results
from the test of constant stress. Therefore, it is necessary to develop the calculation
theory, which uses the results of constant stress into the analysis of the structure with
varying stress.

Up to now, several theories are available for creep of concrete, e.g. method
of effective modulus, aging theory, elastic creep theory, elastic aging theory
[3-16,3-18]. Each of them is based on a different concept and simplification or
assumption, and then the corresponding formula is established for calculation of
concrete creep with varying stress. Therefore, these theories are different in simplex
or complex and in calculation accuracy, and may be selected accordingly for the
analysis of structure.
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The ordinary concrete used most widely in structural engineering is of density
r¼ 2200e2400 kg/m3 and cubic compressive strength fcu¼ 30e50 N/mm2, and the
strength and deformation behavior of it is introduced in detail in the earlier chapters.

The ratio between the strength and density ðfc=rÞ of this kind of concrete is far
smaller than that of other structural materials, e.g. steel and timber, therefore the
structure and its members made of concrete is certainly heavier than that of steel
or timber with the same load-bearing capacity. Heavy dead load is the main disad-
vantage of concrete used for reinforced concrete structure, because the load of the
supporting structure and foundation underneath is increased, the effective space
and net height of the structure is reduced, the application of larger span and higher
structure is limited, and the inertia force and response under earthquakes of the
structure in a seismic area are increased. Moreover, this kind of concrete also has
other weaknesses, including fragility, lower tensile strength, and easily cracking,
and they cause reductions in the serviceability and durability of the structure.

As concrete structure is used more widely in various engineering fields, the
structures of more height, larger span, and carrying heavier load need to be
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developed. However, the disadvantages of concrete material display obviously, and
the application of concrete structure is obstructed. Therefore, structural concrete has
to be improved to increase the index of mechanical behavior and to reduce its
weight.

After the accumulations of the investigation, development, and engineering
experience in many years, various structural concretes, including high-strength
(fc > 50 N/mm2), light-weight (r�1900 kg/m3), and fiber concretes, have been
developed successfully. They have been used in engineering practice, the technical
and economical benefits have been achieved and the development of reinforced con-
crete structure has been promoted.

4.1 High-strength concrete
4.1.1 Application and preparation
Since the first reinforced concrete structure was built in the late 19th century, the
strength grade of concrete used in structural engineering in many countries has
been gradually increased, as the technologies of cement manufacturing and con-
crete mixing are promoted continuously. The structural concrete used widely in
practice was of strength C10eC15 only before the 1930s, C20eC30 in the
1950s, and the concrete of C50eC60 was started after the 1970s. Now, concrete
of C30eC50 is widely used, and high-strength concrete of C80eC100, even
C120, is used frequently in some important engineering. The strength of concrete
prepared carefully in the laboratory may reach 300 N/mm2, and it is quite close
to the absolute maximum compressive strength, i.e. the strength of the coarse aggre-
gate (Table 2-1) in concrete.

In China, the strength grade of concrete used most widely in engineering practice
is currently C20eC40, and concrete of C50eC60 is used frequently in many places
and that of C60eC80, or even higher, is also used [4-1]. A related guide [4-2] or
code for design and construction of high-strength concrete is available already. It
is expected that the high-strength concrete will be used more widely and the strength
grade of it will be increased continuously, as construction technology is improved
and spread gradually.

However, a unified standard for defining high-strength concrete is not available at
home and abroad so far. According to the technical levels of structural design and
construction in China, high-strength concrete is generally defined as that of strength
grade �C50. This threshold is approximately consistent with that of the design
codes of CEB-FIP, ACI-318, and Japan.

There are different ways to manufacture high-strength concrete.

4.1.1.1 Increasing cement strength, accelerating hydration, and
compacting properly

Cement of higher strength and cement grinded further are used effectively to in-
crease the strength of concrete. The strength of concrete can also be increased,
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but with limited amplitude, when it is compacted properly and cured under high-
temperature steam conditions.

4.1.1.2 Reducing waterecement ratio
It is concluded from the experimental investigation that the water needed for full hy-
dration of cement is equivalent to a waterecement ratio W/C¼ 0.2. However, the
greater waterecement ratio is normally used to satisfy the requirement of the work-
ability of the fresh concrete during construction. Then, the unnecessary water will
evaporate gradually during hardening of concrete, and cracks appear in its interior
and its strength is deduced. When some additive (e.g. water deducing agent) and
mineral admixture are added during mixing of concrete, the waterecement ratio
needed for necessary workability can be reduced. The strength of concrete increases
obviously with the reduction of the waterecement ratio (Table 4-1), when the same
other raw materials are used.

4.1.1.3 Various polymers used as adhesive material replacing cement [4-3]
The compressive strength of polymer soaking concrete easily exceeds 150 N/mm2,
but it has to experience successively several procedures, i.e. heating, vacuum treat-
ment, soaking, and polymerizing. Therefore, it can not be used widely and is difficult
to use in the construction site of structural engineering. In addition, its cost is rather
high.

It is concluded that the most realistic and economic way to prepare high-strength
concrete is to reduce its waterecement ratio. Various water-reducing agents of high
efficiency, or superplasticizers, have been developed and applied since the 1970s.
They are surface activators, and they are added in during mixing of concrete and
absorbed on the surface of cement particles. This causes the particles to repel and
separate from one another, and the workability of cement mortar is significantly
increased. Then, the fresh concrete of high workability can be prepared, using a
lower waterecement ratio. In addition, the superplasticizer accelerates the hydration
of cement and increases the early strength of concrete [4-1].

In addition, some active materials of fine particles, e.g. fly ash, siliceous pow-
der, F mineral powder, are admixed during mixing of fresh concrete in order to
improve its workability, and they replace the cement and reduce its cost. Generally,
these admixtures are used properly together with the superplasticizer. Therefore,

Table 4-1 Influence of Water–Cement Ratio on Strength of Concrete

W/C 0.5 0.4 0.3 0.2

Fcu/ARc 1.43 1.93 2.76 4.43

Relative value 1 1.35 1.93 3.10

Note: It is calculated by the famous formula fcu ¼ ARc

�
C
W � B

�
, in which Rc is the strength of cement, A

and B are the experimental parameters and B is taken as 0.57.
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high-strength concrete can be prepared using this simple technology, which is
normally used for ordinary concrete, and various structures and their members
can be easily manufactured and applied widely in engineering practice.

Up to now, high-strength concrete has been widely applied to various structural
engineering fields: high-rise building, bridge, underground structure and tunnel,
defensive work, harbor and seashore engineering, prestressed structure. It is
concluded from the engineering experiences that the main advantages of high-
strength concrete are: higher compressive strength, smaller section of structural
member, higher headroom, and smaller weight; higher early strength and shorter
construction period; better compactness, durability, impermeability, freeze proof,
and anti-scour abilities, and lower total cost. However, the structure of high-
strength concrete should be carefully designed and manufactured: the plastic defor-
mation and ductility of high-strength concrete is worse than that of ordinary
concrete, so more structural measures are needed; if the calculation formula fitting
well with the structural member of ordinary concrete is used for that of high-strength
concrete, the safety of the latter is reduced; the mixing technology and construction
management should be strictly controlled to ensure the quality and safety of the
structure of high-strength concrete.

High-performance concrete [4-4], of which the characteristics are higher
strength, workability, and durability, was developed in the 1990s. However, a unified
quantitative definition of it is not available now. The majority emphasizes that high
strength and durability are the main objectives of high-performance concrete, but
some others pay more attention to the workability, even self-flowing and compact
free, of it during construction, as its compactness is still guaranteed.

The main measures for preparing high-performance concrete are: adding suffi-
cient quantity of superplasticizer to reduce waterecement ratio and admixing active
admixture of super-fine powder, e.g. silicon, slag, natural zeolite, and fly ash pow-
der. The other measures are: selecting cement of better quality and increasing quan-
tities of cement and sand; using coarse and fine aggregates of better quality and
selecting proper size and mixture of them; improving the manufacture technology
including mixing, casting, compacting, and curing. All of these measures are of
benefit to increase the workability during construction, improving compactness,
and reducing permeability, so that concrete of high strength and durability is
achieved.

4.1.2 Basic mechanical behavior
The mechanical behavior of high-strength concrete has been experimentally inves-
tigated for many years at home and abroad [4-5e4-9]. High-strength concrete is
essentially one of concrete, so its basic characteristic and general behavior are
consistent with that of ordinary concrete. However, some indices of its mechanical
behavior vary gradually, as its strength increases considerably.

The test standard for cubic compressive strength of high-strength concrete is the
same as that for ordinary concrete [2-3]. When the cubic specimen is tested, it fails
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suddenly and is accompanied by cracking and spalling sounds. The specimen is split
and spalled off, but no pyramid is formed as occurred for the specimen of ordinary
concrete (Fig. 2-5), because of weakened friction confinement of loading steel plate
on the surface of the specimen. When the specimens have different shapes and sizes,
the relative compressive strengths of high-strength concrete (Table 4-2) are also
different from those of ordinary concrete (Table 2-2).

The complete compressive stressestrain curves measured from the prism spec-
imens of high-strength concrete are shown in Fig. 4-1. Although the general shape of
the curve is consistent with that of ordinary concrete (Fig. 2-7), the positions of the
geometric characteristic points on the curve, which show respectively cracking in
interior, development of surface cracks, and failure process, make obvious

Table 4-2 Relative Compressive Strength of Different Specimens of High-

Strength Concrete [4-1]

Shape Cube Prism Cylinder

Size (mm) 200 150 100 150� 150� 450 F150� 300

Relative ratio 0.92 1 1.08 0.82 – 0.90 0.87 – 0.94
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FIG. 4-1 Complete compressive stressestrain curve of high-strength concrete
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Table 4-3 Comparisons of Positions of Characteristic Points and Parameter Value of Equation for Complete Stress–Strain

Curve [1-2]

Kinds of
Concrete

Point
A B C D E

s/fc
at
ε[ 3εp

Slope
Angle of
Failure
Plane
q(�C)

Parameters
of Curve
Equation

s/fc s/fc ε/εp

εp

(10L6) s/fc ε/εp s/fc ε/εp aa ad

Ordinary
concrete
C20–C40

0.4 0.86 0.65 1400–
1800

0.91 1–1.35 0.4–0.6 2–3 0.4–0.7 59–64 2.0 1.0

High-
strength
concrete
C60–C100

0.6–
0.8

0.96 0.84 1600–
2500

0.97–
0.98

1.09–
1.10

0.2–0.3 1.26–
1.36

0.14–
0.22

70–72 1.3–
1.5

2.8–
4.0

Ceramsite
concrete

0.3–
0.6

0.90–
0.96

0.80–
0.87

1800–
3000

0.92 1.14 0.40–
0.50

1.8 0.15–
0.24

66–69 1.7 4.0
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differences to that of ordinary concrete. Also the parameter values of the equation
for the curve are different (Table 4-3).

Elastic limit (point A). The stress and strain of the specimen increase almost pro-
portionally at the early stage of loading. As the stress is higher than Point A, the plas-
tic deformation of the concrete starts to appear, and its strain accelerates and the
stressestrain curve tends convex towards the ordinate (stress axis). The stress value
at Point A increases with the strength of concrete, because of better compactness,
higher adhesive strength on the boundary of aggregate, and less internal crack and
defect of high-strength concrete, and the extension and expansion of microcracks
only occurs under higher stress.

Developing of internal crack (Point B, nt � 0:5). When the specimen is loaded
further and the curve reaches Point B, the cracking sound is heard from inside the
specimen and its strain accelerates, but no crack is found on its surface. Then, the
prism compressive strength of concrete (Point C) is reached soon and the stress
reduces quickly afterwards, a sharp peak is formed on the curve.

Appearance of crack and spalling off (Point D). As the stress passed the peak
point, the crack develops quickly and is visible on the surface of the specimen, and
the cracking sound is heard continuously. Afterwards, small pieces of the surface
layer start to spall off and the spalled surface of the specimen is approximately
parallel to the direction of the compressive stress. In the meantime, the stress drops
quickly while the strain increases slightly, so a sharp descending branch is formed
on the curve. When the surface crack develops and runs through the whole section,
Point E of the maximum curvature of curve is reached. Afterwards, the specimen
is divided into small columns and supported by the interaction and friction
between these columns, so the residual stress is limited and the curve descends
gradually.

The failed specimen shows less crack on its surface, besides the main in-
clined crack with a narrow damaged belt. Frequently, the specimen is split
into several big blocks and many small pieces, even some coarse aggregates
are split too. The angle between the main inclined crack and the normal line
of the compressive stress of high-strength concrete is greater than that of ordi-
nary concrete (Table 4-3).

The ratio between the prism and cubic compressive strengths of high-strength
concrete (Fig. 4-2) is generally:

fc
fcu

¼ 0:82w0:90; (4-1)

and it increases slightly with its strength. Because, high-strength concrete is more
brittle, the friction confinement on the loading surface is of less benefit to the bearing
capacity of cubic specimen, and the difference between the prism and cubic
compressive strengths of high-strength concrete is reduced. The ratio between
them is taken as a lower value in the China design code [2-1], i.e. 0.76 (see Section
2.2.3) and 0.82 respectively for the concrete grades C50 and C80, and linear inter-
polation is used for that between them.
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The compressive peak strain (εp) of high-strength concrete increases with its
strength (fcu or fc) (Fig. 2-9), and its calculation formula is the same as Eq. (2-2):

εp ¼
�
700þ 172

ffiffiffiffi
fc

p �
� 10�6: (4-2)

The modulus of elasticity of high-strength concrete also increases with its
compressive strength (Fig. 4-3), but varies with the kind, quality, and quantity of
the coarse aggregate used. If the modulus of elasticity of high-strength concrete
is calculated following the formula used for ordinary concrete (Table 2-5), the
value obtained is obviously lower than the experimental one. According to the
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experimental results of China, the modulus of elasticity of high-strength concrete is
about:

average value Ec ¼ 4500
ffiffiffiffiffiffi
fcu

p
þ 5000 N=mm2 (4-3a)

lower boundary Ec ¼ 2600
ffiffiffiffiffiffi
fcu

p
þ 1800 N=mm2: (4-3b)

It is similar to that suggested by ACI[4-9] but with different values of the param-
eters in it:

Ec ¼ 3320
ffiffiffiffiffiffi
fcu

p
þ 6900 N=mm2: (4-4)

The formula based on the Japanese tests fits the concrete of all strength
grades:

Ec ¼ 105

1:553þ �
57:25

�
f 0c
� N=mm2: (4-5)

The various compressive strengths (fcu; fc; f 0c) of concrete in the above
equations are all in N/mm2, and it is also the same for the equations below in this
section.

The measured value of Poisson’s ratio of high-strength concrete within its elastic
stage [4-1,4-8] ranges between 0.20 and 0.28, and is not obviously different from
that of ordinary concrete.

The complete compressive stressestrain curve of high-strength concrete also sat-
isfies the geometrical characteristics (Eq. 2-5) for that of ordinary concrete, so same
separate equations (Eq.2-6) can be used for it:

x � 1 y ¼ aaxþ
�
3� 2aa

�
x2 þ �

aa � 2
�
x2

x � 1 y ¼ x

adðx� 1Þ2 þ x
;

x ¼ ε

εp
; y ¼ s

fc
:

9>>>>>=
>>>>>;

(4-6)

The parameters aa and ad are obtained after regression analysis [1-2] of the
experimental data:

aa ¼ 2:4� 0:1fcu

ad ¼ 0:132f 0:785cu � 0:905

)
(4-7)

The empirical formulas for the central and splitting tensile strength (ft and ft,s) of
high-strength concrete (Fig. 4-4) are separately:

ft ¼ 0:21f 2=3cu (4-8)

ft;s ¼ 0:30f 2=3cu (4-9)
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The central tensile strength is about 20% lower than that calculated by Eq. (2-12)
for ordinary concrete, and this shows that the tensile strength of concrete increases
with the compressive strength, but with reducing amplitude.

The flexural tensile strength of high-strength concrete (ft,f) is about 1.4e1.6 times
the central tensile strength of it, it is consistent with the experimental results intro-
duced above (Eq. (3-8)).

It is concluded from the main mechanical behavior of high-strength concrete
(� C50) introduced above that its main characteristic is: the brittleness of concrete
increases with its compressive strength. It means that the internal crack appears sud-
denly under higher stress level and develops quickly, failure occurs rapidly and re-
sidual strength drops sharply, the peak part of the complete stressestrain curve is
rather sharp and the relative area under the curve is smaller, i.e. energy absorbability
is poorer, and the tensile strength increases slowly with the compressive strength.

High-strength (� C50) and ordinary (<C50) concretes are made from the same
kinds of raw materials, their characteristics are basically the same and the indices of
their mechanical behavior are continuous. When the various strengths and other
indices of concrete are investigated, analyzed, and regressed within its wider range
(e.g. from C15 to C100), a unified regularity and empirical formula can be
concluded, for example, Fig. 2-9 and Fig. 4-3(b). On the other hand, if the experi-
mental results and empirical formula are obtained from the concrete within a narrow
range (e.g. from C15 to C40) but used for the concrete other than that (e.g. � C50),
the calculation error, to a different extent, should be brought.

The most knowledge and analyses of the behaviors of concrete material and
structure, and the corresponding calculation formulas established, are mainly based
on the experimental results of concrete of strength grade � C40. They include: the
boundary between under- and over-reinforcement or the balance reinforcement rate
of flexural member, the boundary between larger and smaller eccentric compres-
sive members, the parameters for the equivalent rectangular stress block on the
structural section at ultimate state, the calculation formulas for ultimate strength
of eccentric compressive member and shear strength of flexural member, etc.
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FIG. 4-4 Tensile strength of high-strength concrete [4-1]
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If these calculation formulas and parameters are directly used to analyze and design
the structure of high-strength concrete, the results obtained and error contained will
induce unsafe consequences. Some design code, e.g. [2-12], advises clearly that it
should be careful when the listed calculation formulas are used for the concrete of
strength � C50.

Therefore, the mechanical behaviors of the structure and its member of high-
strength concrete have to be investigated specially. Alternatively, the generalized
method of theoretical analysis for ordinary concrete is used but the constitutive relation
of high-strength concrete is introduced, and then the calculation results are demon-
strated properly to guarantee the necessary safety of the structure and its member.

4.2 Light-weight concrete
4.2.1 Classification
When light-weight concrete (density r¼ 500w1900 kg/m3) is used for the structure
to replace ordinary concrete, the weight of the structure with the same load-carrying
capacity is reduced by 20e40%. This is an effective and easy way to deduce dead
load of the structure. In addition, light-weight concrete is mainly composed of
porous material, and its coefficients of heat conduction and linear expansion is
smaller than that of ordinary concrete. Therefore, the thermal conservation, high-
temperature resistance, and fire endurance of the structure made of light-weight con-
crete are obviously better than that of ordinary concrete. This is another important
advantage of it.

Light-weight concrete has been applied in engineering practice for many years
and now is widely used in various structures at home and abroad. Especially, great
advantage is shown when it is used for high-rise buildings.

There are two catalogues of structural light-weight concrete used in the engineer-
ing practice.

4.2.1.1 ‘Homogeneous’ porous concrete (r¼ 500e800 kg/m3)
Autoclaved aerated concrete is a porous concrete used widely in several countries.
The adhesive material of it is cement or lime powder, fly ash, mixed with fine
sand or slag and water. In the meantime, the foaming agent is put into the liquid
and numerous stable bubbles of diameter 1e2 mm are produced, and the uniform
porosity is formed. After the liquid is left for several hours and then, autoclaved un-
der water vapor of high temperature and pressure, a kind of macro homogeneous ma-
terial of porosity is made [4-10]. The indices of the main mechanical and thermal
behaviors of autoclaved aerated concrete are shown and compared with the ordinary
concrete in Table 4-4. Various products of different indices and sizes of it are man-
ufactured massively in the factory. The reinforced members are used as roof and
floor slabs and wall panels for building [4-11], and small blocks of it are used for
masonry wall, which has the advantages of light weight, heat insulation, and an
easy process, besides carrying load.
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Table 4-4 Comparison of Indices of Main Mechanical and Thermal Behaviors Between Light-Weight and Ordinary Concretes

Kind of
Concrete

Density
(kg/m3)

Compressive
Strength
(N/mm2)

Strength
Ratio
ft/fc

Modulus of
Elasticity
3103 (N/mm2)

Poisson’s
Ratio

Coefficient of
Heat Conduction
W/(m.K)

Coefficient of
Linear Expansion
310L6/K

Ordinary 2200–2300 20–50 0.08–0.12 25–35 0.2 1.63–0.58 6–30

Light-weight* 1400–1900 15–30 0.10–0.12 10–18 0.2 1.16–0.29 7–10

Aerated 500–800 3–8 0.08–0.10 1.5–2.2 0.2 0.14–0.31 8

*The indices of light-weight concrete vary with its density.
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4.2.1.2 Concrete of light-weight aggregate (r¼ 900e1900 kg/m3)
When porous coarse aggregate of light-weight is used to replace the ordinary one
(natural and crushed gravel) and is mixed with cement, sand, and water, light-
weight concrete is composed. Sometimes, light-weight sand is also used and re-
places ordinary sand, the concrete composed is called entire light-weight concrete.

The light-weight (coarse) aggregate used for structural concrete are classified as
three categories, according to its source and composition:

Natural product crushed and sieved porous rocks, e.g. volcanic pumice stone and
lapillus;
Industrial waste product, e.g. natural coal gangue, coal cinder, and sintered
ceramsite of fly ash;
Artificial material sintered ceramsites of shale and clay, and expanded pearlite.

The different shapes of the coarse aggregate, i.e. ball or ellipsoid, irregular
pieces, depend upon its source. The compressive strength of the light-weight coarse
aggregate itself is not high, so the maximum size of its particles should not be greater
than 20 mm, when it is used in structural engineering. The particle density itself
ranges from 600 kg/m3 to 2000 kg/m3, and the piled density of it ranges from 300
kg/m3 to 1000 kg/m3. The light-weight fine aggregate (sand) can also be made
from the same raw materials and manufacturing technique, its particle size is � 5
mm and its piled density ranges from 500 kg/m3 to 1000 kg/m3.

According to the requirement of the structural engineering and provided mate-
rial, light-weight coarse aggregate (or/and fine aggregate) of various categories and
density may be selected to compose and manufacture light-weight concrete of
different density and strength grade (Fig. 4-5). The requirements for the raw
material, mixing design, construction technique, test method, and classification
of strength grade of light-weight concrete can be found in detail in references
[4-12e4-14].

The strength grade of light-weight concrete, like that of ordinary concrete, is
classified by its compressive strength, which is measured from the cubic specimen
of length 150 mm under the standard test method. The strength grades of light-
weight concrete used in structural engineering range from CL15 to CL50 and the
difference between two adjacent grades is 5 N/mm2, and the strength grade of
it used in prestressed concrete structure should be� CL25, according to the Chinese
codes [4-12,4-13]. The density of the light-weight concrete ranges from 1300 kg/m3

to 1900 kg/m3, and the relation between the strength grade (compressive strength)
and density of it varies with the aggregate of different category (Fig. 4-5).

4.2.2 Basic mechanical behavior
The main mechanical behavior of light-weight concrete under compression is also
represented by the complete stressestrain curve. The complete curve of ceramsite
concrete, used as an example here, is shown in Fig. 4-6, its shape is generally consis-
tent with that of ordinary concrete (Fig. 2-7) and it also satisfies all the geometrical
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characteristics of the latter (Eq. (2-5)). But, the values of the stress and strain at
the characteristic points on the curve are different from that of ordinary concrete
(Table 4-3).

After the specimen is loaded, its strain approximately increases proportionally
with the stress until the elastic limit (Point A), which ranges from 0.3fc,L to
0.6 fc,L depending upon the category of the aggregate and the strength grade of con-
crete. Afterwards, plastic deformation of the concrete appears and accelerates, the
curve turns convex towards the ordinate axis. When the stress and strain reach
respectively (0.90e0.96) fc,L and (0.80e0.87) εp;L (Point B), the tangent Poisson’s
ratio of the concrete is ntz0:5 and internal crack develops, but no visible crack ap-
pears on the surface of the specimen. Then, the maximum stress (Point C) is reached
soon, which corresponds to the prism compressive strength fc,L of the concrete, and
corresponding peak strain is εp;L.

After the curve enters the descending branch, the first crack appears on the sur-
face of the specimen (Point D, nsz0:5) and is long with a sharp slop. As the test
continues, the crack develops obliquely and cracking sound sends out, the stress
drops quickly but no new crack is found. When the inclined crack runs through
the whole section of the specimen (Point E), its residual strength is less than
0:5fc;L and corresponding strain is about 1.8εp;L. Then, the specimen is supported
by the residual strength of concrete and the friction on the inclined crack, the stress
reduces stably. Sometimes, several longitudinal or slightly deviated cracks appear
and start from the main inclined crack. When the strain reaches 3εp;L, the residual
strength is about 0.15e0.24 fc,L and reduces slowly as the strain of the specimen
increases further.

The angle between the main inclined crack and the normal line of the stress of the
ceramsite concrete specimen is 66e69�, which is obviously greater than that of or-
dinary concrete. The failed surface of the specimen is clear, and several split pieces
of mortar and coarse aggregates of ceramsite can be found there.

The basic difference between the light-weight and ordinary concretes is different
aggregate used. As far as ordinary concrete is concerned, the coarse aggregate is
solid, stronger, and harder and is surrounded and adhered by the cement mortar of
net shape, which forms the weaker part in the concrete. On the contrary, the coarse
aggregate is porous, weaker, and softer and is surrounded and adhered by the cement
mortar for the light-weight concrete, so its weaker part turns into the coarse aggre-
gate. This causes the difference of behavior between the concretes.

The strength of the coarse aggregate used for ordinary concrete is far greater than
that of concrete itself. When the concrete is loaded continuously, the crack occurs
and develops on the boundary between the aggregate and cement mortar and in
the interior of the cement mortar, but it is obstructed and delayed by the coarse
aggregate. Finally, the failure of ordinary concrete occurs also on the boundary of
aggregate and in the cement mortar, but the aggregate itself is not damaged.

However, the situation of the light-weight aggregate concrete is quite different.
Normally, the light-weight aggregate is a kind of porous and brittle material and its
compressive and tensile strengths and modulus of elasticity are rather low, even
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lower than that of cement mortar surrounding it. When the light-weight concrete is
loaded, the stresses of coarse aggregate and cement mortar distribute differently
from that of ordinary concrete (Fig. 2-2), i.e. the stress on coarse aggregate is lower
and the cement mortar carries more load. The mechanical model of the light-
weight concrete can be approximately simulated as a skeleton of cement mortar
filled with light-weight aggregate. In addition, the rough surface of light-weight
aggregate is adhered better with the cement mortar, so the crack on its boundary
appears later and develops slowly. However, the modulus of elasticity of the aggre-
gate is rather low, and this causes larger deformation, including peak strain (εp;L),
of the light-weight concrete under loading; after the crack appears in cement
mortar, it extends quickly and passes through the coarse aggregate which is not
strong enough to obstruct it; so, many split coarse aggregates can be found on
the failure surface, but the number of cracks on the specimen surface is less; the
descending branch of stressestrain curve is sharp and the residual stress drops
sharply. Therefore, the strength and deformation behavior of the light-weight con-
crete depend upon, to a great extent, the strength and property of the coarse aggre-
gate of light-weight.

The measured ratio between the prism and cubic compressive strengths of the
light-weight concrete is:

fc;L
fcu;L

¼ 0:9w1:0: (4-10)

It is much greater than that of ordinary concrete and also greater than that of
high-strength concrete. The main reason for this is that the light-weight concrete
is brittle and loose, the confinement action of the compressed plate on the cubic
specimen tested is limited and the failure pattern of it is similar to that of prism spec-
imen, so the strengths of both specimens are approached.

The compressive peak strain of the light-weight concrete varies widely in the
range of 1.8e3.0�10�3 and depends upon not only its strength (or strength grade)
but also the category and property of the aggregate. Its empirical formula suggested
in reference [4-15] is:

εp;L ¼ �
1:637þ 0:0204fc;L

�� 10�3: (4-11)

The modulus of elasticity of the light-weight concrete also depends upon its
strength and the property of aggregate (Fig. 4-7), and the latter is represented by
the density of the concrete. The empirical formulas suggested in Chinese and
USA codes are respectively:

Ec;L ¼ 1:929r
ffiffiffiffiffiffiffiffi
fcu;L

p ½4�13�

Ec;L ¼ 0:043r1:5
ffiffiffiffi
f 0c

p ½2�11�

9=
; (4-12)

where r-density of light-weight concrete, in kg/m3, fcu,L or f 0c cubic or cylinder
compressive strength of light-weight concrete, in N/mm2.
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The measured Poisson’s ratio of the light-weight concrete varies in the range of
0.15e0.26 and is normally taken as 0.2, which is the same for ordinary concrete
(Section 2.2.3).

The complete compressive stressestrain curve of light-weight concrete is a
sharp one with a raised peak, but the separate equations fitted for ordinary concrete
(Eq. (2-6) or Eq. (4-6)) can also be used for it, when the parameters are taken as:

x � 1:0 aa;L ¼ 1:7
x � 1:0 ad;L ¼ 4:0

�
: (4-13)

The tensile strength of the light-weight concrete (ft,L) and the bond strength be-
tween it and reinforcement (sp;L) vary widely with the factors, including category
and quality of coarse aggregate, water content, age, etc. The values of both strengths
of the light-weight concrete are approaching or slightly lower than that of ordinary
concrete of same compressive strength [4-14]:

ft;L
ft

z
sp;L
sp

¼ 0:75w1:0 (4-14)

The shrinkage and creep of the light-weight concrete are also influenced by the
above factors, and their values are about equal or slightly greater than the corre-
sponding values of ordinary concrete of same compressive strength.

In summary, the mechanical behavior of the light-weight concrete is similar to
but more ‘brittle’ than that of ordinary concrete, so the differences exist between
the mechanical indices of both concretes. Consequently, the behaviors of the
light-weight concrete structure and its members are also similar to but more ‘brittle’
than that of ordinary concrete. If the empirical calculation formula, parameter value,
and design and construction methods fitted for ordinary concrete, e.g. equivalent
rectangular stress block on section at ultimate state, the boundary between larger

25

20

20

15

10

5

0
10 30 40 50

Strength grade CL

E
c,

L
 (

10
3  N

/m
m

2 )

800
900

1000
1100

1200
1300

1400

1500

1600
1700

1800

ρ  = 1900 kg/m3

FIG. 4-7 Modulus of elasticity of light-weight concrete [4-13]

4.2 Light-weight concrete 105



and smaller eccentricities of compressed member, ultimate shear strength,
anchorage length of reinforcement, ductility of structural member, are directly
used for that of the light-weight concrete, an unsafe consequence will be the result.
Therefore, the mechanical behaviors of the light-weight concrete structure and its
members have to be investigated specially, or the theoretical method for analyzing
the structure of ordinary concrete and the constitutive relation of light-weight con-
crete are used together, and then the result obtained is experimentally demonstrated.
Now, the relevant design code is the summarization of existing experimental inves-
tigation and engineering experience and has to be followed.

4.3 Fiber concrete
4.3.1 Classification
A certain amount of dispersed short fiber is mixed in concrete or cement mortar dur-
ing mixing, the composed material of macro homogeneous and isotropic is obtained
after compacted and coagulated and is called fiber concrete.1 The main function of
the fiber in concrete is to strengthen the cracking resistance of the brittle matrix, to
prevent sudden failure, and to increase toughness and ductility of it. It likes wheat
straw-soil and hemp-fibered plaster, which have existed in China since ancient times.

Now, various kinds of fiber are used for fiber concrete or fiber mortar, and they
are classified as three categories, according to their source and manufacture method:

Natural fiber plant, e.g. cotton, sisal hemp;
Mineral, e.g. asbestos, mineral wool;
Artificial fiber, e.g. glass yarn, nylon yarn, artificial silk, polypropylene yarn, .
Steel fibre cut from wire (circle section of diameter d ¼ 0.25w0.76 mm) or thin
plate (rectangular section with thickness 0.15e0.41 mm and width 0.25e0.90
mm), or stretched from melted steel under high temperature and speed (of new
moon section). The steel fiber is pressed into waves along the longitudinal
direction or into bends near its both ends, in order to increase the bond strength
between it and concrete.

The fibers used frequently and their main mechanical behaviors are listed in
Table 4-5.

The fiber used in structural engineering has to satisfy the geometrical require-
ment besides the mechanical behavior, i.e. its lengthediameter ratio ranges:

l

deq
¼ 30w150; (4-15)

1Alternatively, when the fiber is weaved into the form of bundle, net, or cloth, and put into concrete, it
can be used as the tensile material to replace the steel reinforcement (see Section 6.1). But, this is not
so-called fiber concrete.
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Table 4-5 Main Mechanical Behavior of the Fibers used in Fiber Concrete [4-16–4-19]

Classification Kinds
Diameter
(10L3mm)

Length
(mm)

Density
(kg/m3)

Tensile
Strength
(N/mm2)

Modulus
of
Elasticity
(N/mm2)

Ultimate
Elongation
(%)

Quantity
Contained
(%)

Natural Cotton 1500 400–700 5000 3–10

Asbestos 0.1–20 5–10 2500–3300 600–1000 196 000 2–3 8–16

Artificial Glass 5–15 20–50 2600 2000–4000 80 000 2–3.5 4–6

Nylon > 4 1140 800–1000 4000 w15

Polypropylene 20–200 2–25 900 500–800 3500–5000 w20 4–8

Metal Steel 5–500 12–25 7850 300–3000 210 000 3–4 1–2

4
.3

F
ib
e
r
c
o
n
c
re
te

1
0
7



where its length is usually l ¼ 6e76 mm and deq is the equivalent diameter for the
fiber of non-circle section, of which the area is equal to that of the equivalent circle.
The fiber of too short length causes low pull-out strength, while the fiber of too long
length is difficult to be mixed uniformly. Both reduce the quality and behavior index
of fiber concrete.

The various fibers have been used in structural engineering for many years, and
the general conclusions are drawn from the engineering experiences as below.
Generally, the natural fiber is of irregular shape, non-uniform quality, low strength,
and poor durability, and can be used only for the secondary members, e.g. corrugated
plate and small tube. Furthermore, asbestos is harmful to people’s health and had
been forbidden from being used in many countries. The artificial fiber is industrially
manufactured and its quality is easily controlled, and various kinds of it with
different properties are available now. However, glass yarn is brittle and broken
easily, the synthetic fiber has low strength and modulus of elasticity, and most of
them are poor to resist the acid corrosion from cement, so their strength reduces
with time and durability is also damaged. The steel-fiber-reinforced concrete is of
better, stable, and durable behavior, the technical and economical benefits are
achieved when it is properly applied in structural engineering. Some difficulties in
its construction technique have been solved, the manufacture technology is
improved and special equipment is provided, even spray-concrete of steel fiber suc-
ceeded in practice. But, the cost of steel fiber concrete is high, so it should be reason-
ably used in the key-part of the structure and the technical advantages of it are shown
fully.

4.3.2 Basic mechanical behavior
Fiber concrete contains a large amount of fine fibers of high tensile strength distrib-
uted randomly in it, and its mechanical behavior is improved considerably,
compared with that of plain concrete: tensile and flexural strengths increase
1.4e2.5 times and cracking resistance increases significantly; ductility increases
greatly although compressive strength increases limitedly; fatigue strength increases
obviously and dynamic strength increases 5e10 times; wear and scour resistances
increase as well.

Fiber concrete, especially steel fiber concrete, can be used singly in structural en-
gineering, or it works together with the reinforcement and the reinforced fiber con-
crete is formed. They are used successfully in the engineering fields including:
runway and parking aprons of airports, pavements of highways and bridges,
dams, water pools, underground tunnels and mine liners, plate and shell structures,
defense works, bridge strengthening, beam-column joint of frame structures in
earthquake zone, shear resistance near beam ends, and key parts of building
structures.

The mechanical behavior of fiber concrete depends mainly upon the kind, shape,
quantity contained (represented by Vf in % to show the ratio between fiber and total
volumes), and distributive situation of the fiber, besides the behavior of its matrix,
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i.e. plain concrete or cement mortar. The difference between the behaviors of fiber
and plain concretes is explained below, as the steel fiber concrete is used as an
example.

The complete stressestrain curve of steel fiber concrete under central tension is
measured and shown in Fig. 4-8(a). Before cracking of the specimen, the stress of the
steel fiber in its interior is low, so the stressestrain curve approaches that of plain
concrete. After the matrix of the fiber concrete is cracked, the stress of the steel fiber
intersected with the crack increases significantly with the deformation, and gradu-
ally replaces the tensile action of the matrix. When the crack runs through the whole
section of the specimen, the fiber carries all the tensile force. Because the tensile
strength of the steel fiber is rather high but its length is limited (necessary anchorage
length is not guaranteed), and it distributes randomly and has no definite direction,
the steel fibers slip under high stress and, then, are gradually pulled out one after the
other. So, the descending branch of the curve is formed. Finally, the specimen fails
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and all the steel fibers on the failure surface are pulled out because of bond failure,
only a few of them are broken.

The tensile strength (ft,f ) of the steel fiber concrete increases by 20e50% and the
corresponding peak strain (εt;f ) increases by 20e100%, as the volume of the steel
fiber content increases from Vf ¼ 0.5% to 2.0% (Fig. 4-8(b)). In the meantime,
the peak point on the complete stressestrain curve moves up and to the right side,
and the descending branch of the curve raises and flattens.

The curve of load-deflection at midspan of the flexural specimen of steel fiber
concrete is measured during testing and shown in Fig. 4-9(a). Before the crack
appears in the tensile zone of the specimen, the load (or stress) and deflection (or
strain) vary almost linearly. After the matrix of the fiber concrete is cracked, the
stress of the fiber intersected with the crack increases suddenly, the load carried
by the specimen increases continuously. As the crack develops further and the
neutral axis on the section moves, the matrix in tensile zone is gradually out of
work and the fiber has to bear more internal force. When the steel fibers in the tensile
zone on the section are pulled out one by one because of bond failure, a flatter
descending branch of the curve is formed.

On the loadedeflection curves of some specimens, several small turns occur near
their peak points (Fig. 4-9(b)). When the matrix of the fiber concrete is cracked, the
stress of the fiber intersected with the crack and the deflection of the specimen in-
crease suddenly, and correspondingly the load drops slightly; then more fibers
participate and carry more internal force, so the bearing capacity of the specimen
increases again and a small turn is formed. As the matrix of the fiber concrete expe-
riences several times sudden cracking, corresponding turns are appeared. After the
curve passes its peak part, no load drops suddenly any more and the curve descends
smoothly.

The flexural tensile strength (ff,f) and the corresponding peak strain (εf ;f ) of steel
fiber concrete increase with the fiber content (Vf, %), and the flexural strength may
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be doubled (Fig. 4-10(a)). When the area under the loadedeflection curve (U) is
defined as the toughness of a material, the toughness of steel fiber concrete (Uf )
is increased 10 times, and even more, compared with that of plain concrete (U0)
(Fig. 4-10(b)).

The complete stressestrain curve of steel fiber concrete under central compres-
sion is shown in Fig. 4-11(a), and the geometrical shape and characteristic of it are
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the same as that of plain concrete (Fig. 2-7). As far as the ascending branch of the
curve is concerned, the fiber mixed in has hardly any influence on the behavior of
the matrix, i.e. plain concrete. Only when the curve enters its descending branch
and the longitudinal crack appears on the specimen, do the fibers intersected with
the crack work effectively and obstruct the development of the crack, so the residual
strength post-peak is increased. Afterwards, the fibers slip and, then, are pulled out
one after the other as their stress increases considerably, so the curve descends
gently. The final failure pattern of steel fiber concrete is similar to that of plain con-
crete, i.e. a macro inclined cracked belt but with smaller slope angle passes through
the whole section.

The compressive strength (fc,f) and the corresponding peak strain (εc;f ) of steel
fiber concrete vary with its fiber content (Vf) (Fig. 4-11(b)). Obviously, the peak
strain increases greatly and the ductility and toughness of it increase even more,
while the compressive strength increases limitedly.

The other mechanical behaviors, such as bond strength with reinforcement, shear
and torsion resistances, fatigue strength, and the behavior under repeated load, of
steel fiber concrete can be found in references [4-17e4-21].

The steel fiber concrete can be made of various fibers of different material, sec-
tion and longitudinal shapes, and lengthediameter ratio, and manufactured by
different construction methods. Therefore, the mechanical behavior of it varies
correspondingly, and also the experimental results provided by the researchers scat-
ter to a certain extent.

According to the basic mechanical behavior of steel fiber concrete introduced
above, the general regularity of fiber concrete is concluded as below. Before
cracking of the matrix (concrete or cement mortar), the fiber mixed in affects it
less; the main effect of the fiber starts only after its matrix cracked and it obstructs
and confines the development of the crack, so the strength and especially the defor-
mation ability (ductility and toughness) of fiber concrete increase considerably. And,
when the fibers on the critical section slip and are pulled out successively, the failure
of fiber concrete is reached.

When steel fiber is mixed in concrete, less benefit is obtained for compressive
conditions, but more benefit for tensile condition and the maximum benefit for flex-
ural condition are obtained for the fiber concrete, and its advantages of confining
crack and increasing toughness are more important than the increment of strength.
Therefore, (steel) fiber concrete should be used reasonably in structural engineering,
and let its advantage be utilized fully. On the other hand, the main measure to
improve the quality and behavior of fiber concrete is to enhance the bond strength
of the fiber, e.g. increasing properly the lengthediameter ratio, bent at both ends,
irregular section.

When a structure of fiber concrete is designed, the design code or suggestions are
available in some countries and can be consulted.
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The concrete in the reinforced concrete structure seldom carries single uniaxial
compressive or tensile stress only. Even, the concrete in a simple structural mem-
ber, e.g. beam, slab, or column, is in fact of a two- or three-dimensional stress state,
because bending moment and shear force acted together on its section cause simul-
taneously normal and shear stresses, the local part near its support or under
the concentrated load exists transverse stress besides the longitudinal stress, and
the anchorage zone of prestressed reinforcement are obviously of a three-
dimensional stress state. The typical two- and three-dimensional structures are
widely used in the engineering practice, e.g. two-way slab, wall panel, shear
wall, folded plate structure, spatial shell structure, and some special structures of
great importance, for example: pressure vessel and containment of nuclear reactor,
dam, heavy hydraulic press. The concrete in these structures is undoubtedly of
multiaxial stress state.

If the uniaxial compressive and tensile strengths of concrete are taken when the
structures and their members are under designing or their strengths are checked, the
unreasonable result is certainly induced: either underestimating bi- and tri-axial
compressive strength of concrete and causing more materials used, or overestimat-
ing multiaxial compressive-tensile strength of concrete and causing unsafe
consequence.

In the early 20th century, Föppl (Germany) completed the biaxial compression
test of cement mortar and Richart (USA) completed the conventional triaxial
compression test of cylinder specimen [1-6]. Afterwards, research on the concrete
behavior under multiaxial stress state has almost stagnated because its application
in structural engineering is not urgently needed and the level of experimental tech-
nique is limited. In the 1960s, nuclear power plants were developed in some coun-
tries and the pressure vessel and containment of nuclear reactor of prestressed
concrete are needed to be built, the research on multiaxial behavior of concrete
was pushed forward and many researches were conducted in the 1970s.

During that time, electronic digital computers have developed very quickly
and are used widely and the finite element method came gradually to maturity,
both composing a powerful theoretical and calculation measure for accurately
analyzing the complicated concrete structures. However, the reasonable and accu-
rate failure criterion and constitutive relation of concrete have to be provided in
advance. In the meantime, the electronic measurement and control technique
made great progress and provided the possibility for building the experimental
equipment for concrete under multiaxial stress state and improving the measuring
technique.

Afterwards, a series of experimental and theoretical researches on the multiaxial
behavior of concrete had been conducted in several countries, and the results of them
have been accepted in the relevant design codes, e.g. the design codes for prestressed
concrete pressure vessel of nuclear reactors in the USA, Britain, Germany, and
France, the design codes for hydraulic engineering in Russia and Japan, and the
CEB-FIP model code. Various calculation formulas or charts for multiaxial strength
and constitutive relation of concrete are presented in these codes and have been used
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in engineering practice for many years, and great technical and economical benefits
have been achieved.

In China, the experimental and theoretical researches on multiaxial behavior of
concrete have been conducted successfully in several universities and research
institutes since the late 1970s. The relevant results obtained from these researches
[5-1e5-6] provide the basis for establishing the provision for multiaxial strength
of concrete in the code for design of concrete structures [2-1].

The principal stresses and strains at one point in a structure or the triaxial stresses
and strains of a specimen are presented in this chapter as:

s1 � s2 � s3

ε1 � ε2 � ε3;

and the signs of tensile and compressive ones are respectively positive and
negative.

5.1 Experimental equipment and method
There is no unified standard for a triaxial test of concrete and the relevant test
machine can not be found on the market. Generally, the experimental equipment
for a triaxial test of concrete is designed and manufactured by the researchers them-
selves [5-7e5-12], and only a few decades of the equipment are used successfully
currently. However, the principle and construction of them, including loading
method, shape and size of specimen, measuring method for stress and strain of spec-
imen, antifriction measure, are different from one another. So, the experimental data
obtained from different equipments are scattered to an extent, this shows the influ-
ences of the experimental equipment and method.

There are two categories for the triaxial testing of concrete, according to the
stress state of the specimen.

Conventional triaxial test equipment [5-9]. Usually, an independent hydraulic
system, including a cylinder with a piston and an oil pump and pipe (Fig. 5-1(a)), is
used together with an ordinary hydraulic test machine. After the specimen is put into
the cylinder and under the piston, it is loaded laterally by the pressed oil via the
pump and pipe, and loaded longitudinally by the test machine via the piston. The
specimen is wrapped in advance in the rubber membrane to prevent the pressed
oil entering the crack of the specimen after loading, which causes a reduction of
its strength.

The specimen used is of a cylinder or square prism. When the specimen is com-
pressed in all directions (C/C/C), two of the three principal stresses of it should be
equal, i.e. s1 ¼ s2 > s3 or s1 > s2 ¼ s3 (Fig. 5-1(b)). This is called conventional
triaxial compression, which is distinguished from real triaxial compression. If the
specimen of hollow cylinder is used for testing, the stress states of biaxial compres-
sion (C/C) and tension-compression (T/C) are achieved separately, when the pressed
oil acts respectively on the outside and inside of the specimen (Fig. 5-1(c)).
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The main advantages of the conventional triaxial equipment are that: the typical
product of the equipment is available, the lateral oil pressure is uniform and friction-
less, loading ability is higher, i.e. the lateral compressive stress reaches 120 N/mm2

and the longitudinal stress depends upon the maximum compression of the test ma-
chine (normally 5000 or 10,000 kN) and the size of the specimen. However, the tests
of real triaxial compression (s1ss2ss3), biaxial tension (T/T), and triaxial tension-
compression can not be conducted on this kind of equipment, this is the mortal
disadvantage of it.

Real triaxial test equipment [5-3,5-5,5-10e5-12]. The typical constructions of
the equipment are shown in Fig. 5-2 and the main characteristic of them is that the
hydraulic pipeline and control systems, including cylinder and piston, are separately
set up in three directions perpendicular to one another. However, various equipments
have different mechanical constructions. The equipment shown in Fig. 5-2(a) is
composed of three loading frames, including beams and screws, in three directions.
Alternatively, an ordinary hydraulic test machine is used for exerting vertical stress
on the specimen, and a stiff loading frame (Fig. 5-2(b)), containing two pairs of cyl-
inders and pistons, is used for exerting horizontal stresses in perpendicular direc-
tions. It costs less and occupies less room, and is convenient for testing.

The three principal stresses of concrete in a complicated structure are not equal
to one another and may be compressive or tensile. Obviously, the test equipment
should be capable of exerting compressive or tensile stress on any direction and
with any stress ratios (s1:s2:s3). Most of the test equipment developed after the
1970s is of this category.

FIG. 5-1 Conventional triaxial test equipment. (a) Scheme of test equipment, (b) triaxial

compression, (c) biaxial stress states
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The maximum loading capacity of the real triaxial test equipment is compres-
sions 3000 kN/2000 kN/2000 kN in three directions and tensions 200 kN/200 kN
in two directions. The cubic specimen used generally ranges from 50 mm to
150 mm in edge length, and the plate specimen, of which the maximum size is
200 mm � 200 mm � 50 mm, is also used in biaxial test.

The real triaxial test equipment is normally developed by the researcher himself
and no unified test standard can be followed. In addition, several technical diffi-
culties have to be solved during its designing, otherwise the reality and accuracy
of the experimental result obtained from it are doubtful. The main difficulties and
corresponding measures are as below.

Reducing friction on surface of specimen. When the specimen is compressed
simultaneously in three directions, the frictions on the six compressed surfaces
confine strongly the deformation of it, and the measured strength of concrete is
increased by a few times that under frictionless condition [1-2]. Therefore, the effec-
tive measure is necessary for eliminating or reducing the friction during multiaxial
test of concrete. Various kinds of the measures are available now: (1) friction
reducing pad [1-2], (2) loading brush-plate [5-10], (3) flexible loading plate [5-7],
and (4) hydraulic pad [5-8]. The first one among them is used widely and the pad
may be composed of different materials and constructions, e.g. two pieces of Teflon
(thickness 2 mm) and grease between them, three pieces of aluminum foil (thickness
0.2 mm) and grease between them, separated small stainless pads.

Exerting tension. The tensile force can be exerted on the cubic or plate spec-
imen only when it is firmly adhered with the loading plate via the high-strength

FIG. 5-2 Scheme of real triaxial test equipments: (a) Robinson [5-12], (b) Tsinghua

University [1-2]
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glue. In addition, the surface layer (thickness 2e4 mm) of the cast specimen con-
tains more holes and cement mortar (Fig. 2-1) and has lower tensile strength, so
the specimen used for a multiaxial tensile test has to be sawn from the larger con-
crete block or specimen and the surface layer sawn off should be �5 mm.

Measuring stress and strain. There are two methods for measuring the stress
and strength of the specimen. A pressure transducer is installed in the hydraulic sys-
tem and the measured oil pressure is used to calculate the load or stress of the spec-
imen. Alternatively, a load transducer is installed between the loading piston and
plate and directly measures the value of load. The former is simpler, while the latter
is more accurate.

There are also two methods for measuring the strain of the specimen. (1) Directly
measuring: the electrical resistance strain gauge is adhered on the shallow groove
(depth of 2e3 mm) on the specimen surface and then the groove is filled up with
cement mortar. (2) Indirectly measuring: the displacement transducer of electrical
resistance or inductance is installed to measure the relative displacement between
the two loading plates in the same direction, and the strain of the specimen can
be calculated after deducting the deformation of the friction reducing pad, which
is calibrated in advance. The former is accurate but its measurement scope is limited,
so it fits for the biaxial test and triaxial tension-compression test. While the latter is
complicated but its measure scope is large enough, so it fits for the triaxial compres-
sion test.

Controlling stress (or strain) path. The values of the three principal stresses at
a point in a structure may be reached via different paths. The most triaxial tests
completed at home and abroad so far are of monotonically loading with constant
stress ratio (s1:s2:s3 ¼ const.) until failure of the specimen. Generally, the test
equipment is controlled by the electrical-hydraulic system and can be used for con-
ducting various triaxial tests of other stress paths, e.g. loading in three directions
with variable stress ratio, loading with constant lateral pressure, repeated loading
and unloading, loading with constant strain rate.

It should be pointed out that the triaxial test equipment can also be used for uni-
axial compression or tension test, and the corresponding strength and stressestrain
curve of concrete are obtained as well. However, these experimental results are not
always consistent with that obtained from the standard tests (Chapter 2). Sometimes,
both results are different to a certain extent [5-13], because the loading equipment,
shape and size of the specimen, measuring accuracy, friction on compressed surface
are different for both conditions. Therefore, the former is generally used for compar-
ison, when the multiaxial behavior of concrete is discussed.

5.2 General regularities of multiaxial strength
and deformation

The multiaxial strength of concrete is taken as the measured maximum values of
three principal stresses of the specimen at failure and is represented by f1, f2, and
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f3. The corresponding peak principal strains are ε1p, ε2p, and ε3p. The rules of these
indices are

f1 � f2 � f3

ε1p � ε2p � ε3p

and the signs of tensile and compressive ones are respectively positive and negative.
Many experimental data of multiaxial behavior of concrete were reported

[5-13e5-22,1-2], but they scatter to a great extent [5-8] because the test equipment
and method, and the shape, size, and material of the specimen used in various inves-
tigations are considerably different. Nevertheless, the general regularity of multi-
axial strength and deformation of concrete varying with the stress state can be
found and concluded as below.

5.2.1 Biaxial stress states
5.2.1.1 Biaxial compressions (C/ C, s1 ¼ 0)
The experimental results of concrete strength under biaxial stress states are shown in
Fig. 5-3(a), and the biaxial compressive strengths of concrete given in various refer-
ences are compared in Fig. 5-3(b).

The biaxial compressive strength ( f3) of concrete is certainly higher than the uni-
axial one ( fc):

j f3j � fc; (5-1)

and it varies with the stress ratio as below:

s2=s3 ¼ 0w0:2 f3 increases quickly with the ratio;
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s2=s3 ¼ 0:2w0:7 f3 varies gently; and the maximum compressive strength is

ð1:25w1:60Þfc occurring in the range of s2=s3 ¼ 0:3 to 0:6;

s2=s3 ¼ 0:7w1:0 f3 decreases as the ratio increses:

And, the biaxial compressive strength of concrete when s2=s3 ¼ 1 is

fcc ¼ ð1:15w1:35Þfc: (5-1a)

The stressestrain curve of concrete under biaxial compression is of parabolic
including a peak point and a descending branch (Fig. 5-4(a)), and is similar to
that under uniaxial compression (Fig. 2-7). The strength (f3) and peak strain (ε3p)
of concrete in the direction of the maximum compressive stress (s3) are greater
than the corresponding values of concrete under uniaxial compression (fc, εp).

The peak strains (ε3p; ε2p) in the directions of the stresses (s3, s2) vary with the
stress ratio s2/s3 (Fig. 5-4(b)). The curve of ε3p is similar to that of biaxial compres-
sive strength of concrete (Fig. 5-3) and its maximum value occurs at s2/s3 z 0.25.
However, the curve of ε2p varies almost linearly, and it is tensile at s2/s3 ¼ 0

FIG. 5-4 Deformation of concrete under biaxial compression [1-2]: (a) stressestrain curve,

(b) peak strain, (c) Volumetric strain
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(uniaxial compression) and turns gradually into compressive strain as the ratio
increases, and it reaches the maximum compressive strain ε2p ¼ ε3p at the ratio
s2/s3 ¼ 1.

The curve of volumetric strain (εvzε1 þ ε2 þ ε3) of concrete under biaxial
compression is similar to that under uniaxial compression (Fig. 5-4(c)). The volu-
metric strain of concrete is compressive (εv < 0) when the stress is lower and its
Poisson’s ratio is Ev < 0.5. When the stress reaches and exceeds 85e90% of the
biaxial strength of concrete, the volumetric strain of the specimen turns into expan-
sion because the crack develops in its interior.

5.2.1.2 Biaxial tensionecompression (T/C, s2 ¼ 0)
The compressive strength (f3) of concrete under a biaxial tensionecompression state
decreases as the tensile stress in another direction increases. Similarly, the tensile
strength (f1) of it decreases as the compressive stress increases (Fig. 5-3(a)). There-
fore, the biaxial tensile/compressive strength of concrete under any stress ratio
(s1/s3) is lower than its corresponding uniaxial strength:

T=C jf3j � fc and f1 � ft: (5-2)

The stressestrain curve of concrete under a biaxial tension-compression state is
shown in Fig. 5-5(a), and the value of the strain and the curvature of the curve are
respectively similar to that under uniaxial tension. Most of the specimens are broken
with less plastic deformation at failure.

The peak strains (ε1p, ε3p) at failure of the concrete under biaxial
tensionecompression state decreases quickly as the tensile stress (f1) or the stress
ratio (js1=s3j) increases (Fig. 5-5(b)). The ultimate values of them are ε1p ¼ εt,p

and ε3p ¼ �nεt,p when the stress ratio js1=s3j/N (i.e. uniaxial tension). The volu-
metric strain (εv) of the specimen is compressive at the beginning of loading, and
turns into expansion when the ultimate strength is approaching, because of the
appearance of cracking.

5.2.1.3 Biaxial tensions (T/T, s3 ¼ 0)
The biaxial tensile strength (f1) of concrete under any stress ratio (s2/s1 ¼ 0/1) is
approaching the uniaxial tensile strength (Fig. 5-3):

T=T f1zft (5-3)

The stressestrain curve of concrete under biaxial tension state is shown in
Fig. 5-6(a) and is consistent with that under uniaxial tension (Fig. 2-22). The value
of the strain and the curvature of the curve of concrete under biaxial tension is less,
and all the specimens are broken at failure.

As the stress ratio (s2/s1) increases, both the principal strain ε1 under same stress
and the peak strain ε1p corresponding to the biaxial tensile strength of concrete
decrease, because of the influence of the transverse deformation caused by the stress
s2 (Poisson’s effect). However in the meantime, the principal peak strain ε2p turns
from contraction (negative value) into elongation (positive value). The peak strain is
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ε2p ¼ 0 when the stress ratio reaches s2/s1 ¼ 0.2e0.25, which is consistent with the
value of Poisson’s ratio of concrete.

The volumetric strain (εv) of concrete under a biaxial tension state is expansive
from the beginning of loading until the failure of the specimen (Fig. 5-6(c)).

5.2.2 Triaxial stress states
5.2.2.1 Conventional triaxial compressions (0 > s1 ¼ s2 > s3 or

0 > s1 > s2 ¼ s3)
The strength (f3) of concrete under conventional triaxial compression state increases
very quickly with the lateral compressive stress (s1 ¼ s2), and the corresponding
peak strain (ε3p) increases even more quickly. For example, the strength is
jf3jz5fc and the peak strain is ε3pz50�10-3z30εp, when the lateral stresses
(strengths) are f1/f3 ¼ f2/f3 ¼ 0.2 (Fig. 5-7).

The principal strain ε3 is rather small and the stressestrain curve is straight and
sharp at the beginning of loading of the specimen, as the lateral compressive stresses
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(s1 ¼ s2) act on it. Afterwards, the lateral stresses confine the transverse expansion
of concrete and obstruct the appearance and development of the longitudinal crack
in it, so the stressestrain curve raises gradually and the plastic deformation of con-
crete develops considerably. Therefore, the ultimate strength (f3) of concrete is
increased greatly. After the peak point, the residual strength of the specimen de-
creases gradually under the support of the lateral compressive stresses, and the
descending branch of the curve varies gently.

While a sharp peak is obviously shown on the complete stressestrain curve of
concrete under uniaxial compression, the peak part on the similar curve of concrete
under triaxial compression rises and flattens gradually, as the lateral compressive
stresses (s1 ¼ s2) is increased. When the lateral stresses are s1/s3 ¼ s2/s3 �
0.15, the strain before failure of the specimen reaches �30 � 10�3, and the peak
part of the curve is approaching a plateau and the peak point is not apparent again.
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Therefore, the shape of the stressestrain curve is not similar to that under uniaxial
compression, and also the failure patterns of concrete under both stress states are
different.

5.2.2.2 Real triaxial compressions (0 > s1 > s2 > s3)
The strength (f3) of concrete under real triaxial compression state varies with the
stress ratios s1=s3 and s2=s3 and is shown in Fig. 5-8.

The general regularity for the triaxial compressive strength of concrete is
concluded as below.

1. The triaxial compressive strength (f3) increases very quickly with the stress ratio
s1=s3 and is shown in Table 5-1.

2. The second principal stress (s2 or s2=s3) has an obvious influence on the triaxial
compressive strength of concrete. The maximum compressive strength (f3)
occurs in the range of s2=s3 ¼ 0.3 to 0.6, and the difference between the
maximum and minimum strengths is about 20e25%, when another stress ratio
s1=s3 ¼ const.

3. When s1=s3 ¼ const., the compressive strength of concrete under s2 ¼ s1 is
lower than that under s2 ¼ s3, if s1=s3< 0.15, i.e. the left end is lower than the
right end on the s1=s3 contour line (Fig. 5-8). To the contrary, the left end is
higher than the right end on the contour line, if s1=s3> 0.15.

When the concrete is loaded under a real triaxial compression state, the principal
strains in three directions should be ε1sε2sε3 and the shape of the stressestrain
curve (Fig. 5-9(a)) is the same as that under a conventional triaxial compression
state. The curve approximates an inclined line when the stress is lower and turns
gradually with reducing slope as the stress increases, the ultimate strain (ε3p) of

FIG. 5-7 Strength and deformation of concrete under conventional triaxial compression state

[1-2]: (a) ultimate strength [5-3], (b) stressestrain curve
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concrete is considerable (Fig. 5-9(b) and Table 5-2) but the peak point is not
apparent on the curve.

The peak strain ε3p of concrete under a triaxial compression state increases very
quickly with the stress ratio (s1=s3), and varies similarly to the strength under
triaxial compression (Fig. 5-8) as another stress ratio (s2=s3) increases. The
maximum value of the peak strain (ε3p) occurs in the range of s2=s3 ¼ 0.3 to 0.6.

The peak strain ε2p of concrete, corresponding to the second principal stress (s2),
varies almost linearly with the stress ratio (s2=s3). It is elongated at s1 ¼ s2 (¼ 0.15
s3), and turns gradually into contraction and reaches the maximum compressive
strain ε2p ¼ ε3p at s2 ¼ s3. The value of the stress ratio (s2/s3) when ε2p ¼ 0 is
consistent with that at which the peak strain ε3p reaches the maximum. This phe-
nomenon is similar to that under the biaxial compression state (Fig. 5-4(b)).

The peak strain ε1p of concrete, corresponding to the minimum principal
compressive stress (s1), also varies with the stress ratios, and it is elongated at
any stress ratio s2/s3 when s1/s3 ¼ 0.15.
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FIG. 5-8 Triaxial compressive strength of concrete [5-4]

Table 5-1 Triaxial Compressive Strength of Concrete Under Different Ratio

(s1=s3)

s1=s3 0 0.1 0.2 0.3

jf3j=fc 1.2–1.5 2–3 5–6 8–10
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5.2.2.3 Triaxial tensionecompressions (T/T/C, T/C/C)
The test of concrete under a triaxial tensionecompression state, i.e. tension in one or
two directions and compression in other directions, has technical difficulty to be con-
ducted, and the relevant experimental data reported are limited with scatter
[5-4,5-18]. The general regularity of it (Fig. 5-10) is concluded as below.

1. The triaxial tensile and compressive strengths of concrete under any stress ratio
(s1: s2: s3) are lower than the corresponding uniaxial strength of concrete:

T=T=C; T=C=C; jf3j � fc
f1 � ft:

(5-4)

2. The compressive strength (f3) of concrete reduces quickly as the stress ratio
js1=s3j increases.

FIG. 5-9 Deformation of concrete under real triaxial compression state (s1=s3 [0:15) [1-2]:

(a) stressestrain curve, (b) peak strain

Table 5-2 Peak Strain of Concrete Under Real Triaxial Compression State

(ε3p , 10
�3) [1-2]

s1=s3

s2/s3[
0.1 0.15 0.2 0.25 0.35 0.5 0.6 0.7 1.0

0.10 13.99 22.06

0.15 26.37 36.65 41.64 37.62 40.50 39.52 25.58

0.20 51.37 46.48 27.12

0.25 69.70

Note: Uniaxial compressive strength of the concrete is fc ¼ 24.5 N/mm2.
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3. The second principal stress (s2), whether it is tensile or compressive and
regardless of the value of the stress ratio (s2/s3), has less influence on the triaxial
compressive strength (f3), of which the variation amplitude is less than 10%.

Most of the specimens loaded under a triaxial tensionecompression state are
broken at its failure, and the stressestrain curve (Fig. 5-11) is similar to that under
uniaxial tension state. The plastic deformation of concrete develops slightly only
when the stress approaches the ultimate strength. The peak principal tensile strain
of the specimen at failure is ε1p ¼ (70e200) � 10�6 and is slightly greater than
the peak strain (εt:p) of concrete under uniaxial tension, because of the influence

FIG. 5-10 Strength of concrete under triaxial tensionecompression state [5-4]
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FIG. 5-11 Stressestrain curve of concrete under triaxial tensionecompression state [1-2]
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of the transverse deformation caused by the principle compressive stress s3.
Similarly, the plastic deformation of concrete in the direction of the principal
compressive stress s3 also develops limitedly, and the corresponding peak strain
is
��
ε3p

��< 350 � 10�6 and reduces as the principal tensile stress s1 increases.
When the specimen is loaded under the stress ratio js1=s3j< 0.05, i.e. rather

lower principal tensile stress, it fails in the pattern of columnar compressing or split-
ting into pieces (see Fig. 5-15). The principal compressive strain ε3p of it develops
obviously and reaches about 1000 � 10�6 at its failure, and the stressestrain curve
is similar to that under uniaxial compression state.

5.2.2.4 Triaxial tensions (T/T/T)
The state of triaxial principal tensile stresses (s1 > s2 > s3 > 0) of concrete appears
very seldom in the practical structural engineering and the relevant experimental
data are few. The tensile strength of concrete under the state of equally triaxial ten-
sion s1 ¼ s2 ¼ s3 > 0 given by the references [5-5] and [5-20] is

f1 ¼ fttt ¼ ð0:7w1:0Þft: (5-5)

And the ultimate strength (f1) of concrete under biaxial (T/T) or triaxial tension
(T/T/T) states is equal to or slightly lower than the uniaxial tensile strength of it (ft).
Possibly, this is because of the larger probability of defect and damage existed in the
interior of the specimen.

Summarizing the multiaxial strength and deformation behavior of concrete under
all the stress states, the general regularity can be briefly presented as below.

Multiaxial strength increases obviously (jf3j > fc) under the stress states of
multiaxial compressions (C/C, C/C/C);
Multiaxial strength approaches to uniaxial tensile strength (f1zft) under the
stress states of multiaxial tensions (T/T, T/T/T);
Multiaxial strength reduces (jf3j < fc and f1 < ft) under the stress states of
multiaxial tensionecompression (T/C,T/T/C, T/C/C).

Multiaxial deformatione there are three categories for the shape of the stressestrain
curve and the value of peak strain of concrete, which depend upon its stress state and
failure pattern (see Table 5-4);

Tension type e the curve is sharp and similar to that under uniaxial tension, and
the tensile strain is ε1< 300�10�6;

Biaxial compression type e the curve is similar to that under uniaxial
compression, and the peak compressive strain is j�ε3jzð2w3Þ � 10�3;
Triaxial compression type e the curve is sharp at the beginning and turns
gradually later, and is flattered on the peak part with a considerable value of
peak compressive strain j�ε3jzð10w50Þ � 10�3.

Knowing and understanding the general regularity of concrete behavior under a
multiaxial stress state is very helpful for learning the failure criterion and constitu-
tive relation of concrete and for dealing with the affairs in the structural engineering
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practice, such as design and calculation, analysis of engineering accident, strength-
ening measure.

5.2.3 Different materials and loading paths
The general regularity of multiaxial behavior of concrete introduced above is mainly
based on the experimental results of the ordinary concrete (strength grade
C20eC50) under monotonic and proportional loading. However, the relevant exper-
imental data of the structural concrete of other kinds and under different loading
path are limited up to now. Although some qualitative conclusions are available,
the satisfactory regularity and accurate quantification about them need to be inves-
tigated further.

The experimental results of high-strength concrete (�C50) [5-23] show that the
relative strength value (f3/fc) under multiaxial compression states (C/C and C/C/C)
reduces as its strength grade (or fcu, fc) increases; the relative strength values (f1/ft
and f3/fc) under biaxial tension (T/T) and tensionecompression (T/C) states do not
vary obviously with its strength grade.

Aerated concrete and light-weight (aggregate) concrete are of brittle and lower
strength. Although the biaxial compressive strengths of them are greater than their
corresponding uniaxial compressive strength, the increased amplitudes of them are
less than that of ordinary concrete [5-24,5-25].

The triaxial behavior of steel fiber concrete also has been investigated experimen-
tally [5-25,5-26]. The relative ultimate strength (f3/fc) and the shape of stresse
strain curve of steel fiber concrete under multiaxial compression states (C/C
and C/C/C) approach that of ordinary concrete, while the relative strength (f3/fc)
and peak strain of it under multiaxial tensionecompression states (T/C, T/T/C, and
T/C/C) are greater than the corresponding values of ordinary concrete. The influence
of volume content of steel fiber (Vf, %) on the multiaxial strength and deformation of
steel fiber concrete is similar to that on the uniaxial behavior of it.

A common regularity can be derived from the experimental results of these struc-
tural concretes under a multiaxial stress state: if the structural concrete is more brit-
tle, i.e. the plastic deformation of it under loading develops less, the increased
amplitude of its multiaxial compressive strength is less; on the contrary, the less brit-
tle or more plastic deformation of the concrete, the larger the amplitude increase in
multiaxial compressive strength.

It is very seldom that the three principal stresses at a point of concrete in a prac-
tical structure increase monotonically and proportionally (s1:s2:s3 ¼ const.) from
the beginning of its loading until its failure. The value and distribution of the internal
forces of the structure vary continuously, because the load and support conditions
vary and the plastic deformation and crack of the material occur and develop. There-
fore, the principal stresses in three directions at a point have to experience various
variable paths, even the stress changes from compressive into a tensile one or
vice versa and the principal axes rotate. The variety of loading path and complica-
tions of experimental technique are difficulties in researching the multiaxial
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behavior of concrete under different stress paths. The relevant experimental investi-
gations have been reported [5-27e5-31], although limited, up to now, and some of
the results and conclusions are introduced below.

The tests of concrete under biaxial compression state are conducted following
the four paths (P1 to P4 in Fig. 5-12) of variable stress ratio and the results obtained
are shown. It is demonstrated that the biaxial compressive strength of concrete expe-
rienced in the path of variable stress ratio is still consistent with the failure envelope
of concrete under the path of constant stress ratio, if the stress level of concrete
before changing the stress ratio is lower than 85% of the corresponding biaxial
compressive strength (b < 0.85). In addition, the failure patterns of the specimens
tested under these stress paths are same.

The tests of concrete under triaxial compression state with constant lateral
compression (sx ¼ sy ¼ const.) are conducted following the two stress paths, shown
in Fig. 5-13, until its failure. When the stress level of the specimen is lower and the
internal microcrack is within the stably developing stage before changing the stress
ratio, the multiaxial compressive strength of concrete after changing stress ratio is
not related to the stress path experienced previously, and is consistent with that under
monotonic and proportional loading (sx:sy:sz ¼ const.). Also, the failure pattern of
the concrete specimens tested under these stress paths is the same.

The strains of concrete specimens tested under biaxial compression state but
experienced different stress paths should be different, and there are two examples
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shown in Fig. 5-14. The specimens experienced separately three stress paths,
including OP (proportionally loading), OAP and OBP (uniaxial loading and suc-
ceeded by loading in another direction with constant lateral stress), and the principal
strains of concrete (εx, εy) measured at stresses (sx ¼ sy ¼ 0.5fc) and (sx ¼ 0.9fc,
sy ¼ 0.7fc) are listed and compared in Table 5-3. Obviously, the strains of concrete
at the same stress but experiencing different stress paths are considerably different.
The main reasons for this are that the stress path or loading order have influence on
the direction and development of internal microcracks in concrete, and the load
acted previously confines and stagnates the development of the crack, which would
be caused by the load acting on another direction.

Table 5-3 Comparison Between the Strains of Concrete Under Biaxial

Compression and Experienced Different Stress Paths [5-29]

Stress Values sx [ sy [ 0.5fc sx [ 0.9fc, sy [ 0.7fc

Strain (10�6) �εx �εy �εx �εy

Path OAP 740 350 1620 400

OP 430 430 1000 500

OBP 350 740 850 1100
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FIG. 5-13 Stress paths of specimen tested under triaxial compression with constant lateral

compression [5-30]: (a) contraction type, (b) elongation type
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FIG. 5-14 Strain tests of concrete under biaxial compression with different stress paths [5-29]
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These experimental data demonstrate that different principal strains of concrete
are resulted when it reaches some values of multiaxial stresses but experienced
different stress paths. In addition, the measured strains of concrete are different
not only from that under monotonic and proportional loading, but also from the sum-
mation of the strains calculated individually by every principal stress, following the
uniaxial stressestrain relation. Therefore, it is necessary to establish the multiaxial
constitutive relation of concrete fitting for any variable stress paths, in order to repre-
sent the real behaviors of concrete material and structure.

The multiaxial behavior of concrete under repeated loading is also important for
structural engineering. Two types of repeated loading test are reported in reference
[5-31]: (1) the specimen under biaxial compression state is loaded and unloaded pro-
portionally (sx:sy ¼ const.), and the envelope of the stressestrain curve, the biaxial
strengths, and the failure pattern obtained are consistent respectively with that under
monotonically loading; (2) the specimen is loaded and unloaded only in one direc-
tion (sy) while the lateral stress is kept constantly (sx ¼ const.), and the results ob-
tained, including the envelope of stressestrain curve, unloading and reloading
curves, residual strains, and hysteresis loop, are special and different from that under
repeated uniaxial compression or under proportionally repeated biaxial compres-
sions. The speciality can be consulted from the relevant reference and should be
paid attention to.

As the multiaxial test of concrete under non-proportional loading is still limited
so far, more important phenomena and regularity need to be explored continuously.
For example, no experiment datum exists for the strength and deformation of con-
crete when the directions of its three principal stresses are varied or rotated. There-
fore, more and deeper experimental investigations are needed for establishing the
constitutive relation of concrete, fitting for any stress or strain paths.

5.3 Typical failure patterns and their boundaries
When concrete is loaded under a triaxial stress state with different ten-
sionecompression composition and stress ratios, five typical macro failure patterns
(Fig. 5-15) can be found, because of the differences of the material deformation and
the development and accumulation of microcracks and damage in the interior of the
concrete.

5.3.1 Breaking in tension
When concrete is loaded under bi- and tri-axial tension or tensionecompression
state and the principal tensile strain (ε1) reaches its ultimate value (ε1p), a crack oc-
curs first on the weakest section and develops gradually, mainly because of the ac-
tion of principal tensile stress s1. Finally, the specimen is suddenly broken into two
pieces and the failure process and characteristic of it are the same as that for the
prism specimen tested under uniaxial tension (see Section 2.4).
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Generally, the broken surface of the specimen approximates a plane and is
perpendicular to the maximum principal tensile stress s1, and it is composed of
the boundary of coarse aggregate and broken cement mortar. When the principal ten-
sile stresses s1 and s2 are tensile and the ratio between them ranges from s1/s2¼ 0.5
to 1.0, the broken surface may be at an acute angle with the axis of s1, depending
upon the random distribution of tensile strength of concrete.

5.3.2 Columnar crushing
When concrete is loaded under multiaxial compression or a tensionecompression
state and the absolute value of the principal compressive stress js3j is far greater
than other principal stresses, the tensile strains (ε1and ε2) occur in the two directions
being perpendicular to the axis of s3. After the strains reach and exceed their ulti-
mate values, two sets of crack plane are formed and parallel respectively to the adja-
cent lateral surfaces of the specimen. As the crack planes extend and widen
gradually, and finally run through the whole section, the cubic specimen is separated
into a group of short columns and crushed (Fig. 5-15(b)).

The failed cubic specimen of edge length 100mm is separated into 3e5 small col-
umns in each side, and the edge length of them is about 20e30 mm or 1.5e2.0 times
the size of coarse aggregate. The main crack planes separating the small columns are
wider, and, besides, fine longitudinal cracks exist in the interior of the small columns.
It shows that the boundary between coarse aggregate and cement mortar and the inte-
rior of cement mortar are damaged widely, and the failure characteristic is similar to
that of the specimen under a uniaxial compression state (Table 2-8).

The main factor resulting in the pattern of columnar crushing is the principal
compressive stress (s3), the other two principal stresses (s1 and s2) have mainly
an influence on the lateral strain (ε1 and ε2) and also on the formation and develop-
ment of the main crack plane. When s1 and s2 are both compressive, the lateral ten-
sile strains are reduced and then the compressive strength of concrete is increased
(jf3j > fc; Fig. 5-8). On the contrary, when s1 and s2 are tensile, the lateral tensile
strains are increased and the compressive strength of concrete has to be decreased
(jf3j < fc; Fig. 5-10).
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FIG. 5-15 Typical macro-failure patterns of concrete [5-4]: (a) breaking in tension, (b)

columnar crushing, (c) splitting in pieces, (d) inclined shearing, (e) extruding and shifting
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5.3.3 Splitting into pieces
When concrete is loaded under a multiaxial compression or tensionecompression
state and the second principal stress (s2) is compressive and large enough to
prevent from a forming tensile crack in its perpendicular direction, a larger tensile
strain (ε1) is caused in the direction of s1 under the common actions of s3
and s2. Several crack planes paralleling with the s2es3 plane are formed succes-
sively, as the stresses increase. When the crack planes run through the whole
section of the specimen, the failure pattern of splitting into pieces is presented
(Fig. 5-15(c)).

The failed cubic specimen of edge length 100 mm is generally separated
into 3e5 pieces. The main crack planes parallel macroscopically one another
but with irregular slope and curve, due to the obstruction of coarse aggregate.
The damage and small broken pieces are obvious near the cracked surface, but
the coarse aggregates nearby are integral and none of them is split. The failure
characteristic is also similar to that of the specimen under uniaxial compression
state (Table 2-8).

It can be concluded from the analysis of the failure mechanism of concrete that
the compressive strength (f3) of the specimen under triaxial compressions (C/C/C) is
certainly greater than that under biaxial compressions (C/C), and both strengths are
certainly greater than that under triaxial tensionecompression (T/C/C) (Fig. 5-8 and
Fig. 5-10), even if the same failure pattern occurs.

5.3.4 Inclined shearing
When concrete is loaded under a triaxial compression state (C/C/C) and the principal
stress (s1) is large enough to prevent the occurrence of splitting failure, but the dif-
ference between the principal stresses s1 and s3 or the shear stress (s1es3)/2 is
larger, the inclined cracks appear on the surface of the failed specimen (Fig. 5-
15(d)). The inclined cracks are of 1e3, and the direction of them is paralleling to
s2 axis and at an angle of 20�e30� with s3 axis. The marks of shear slide, pulver-
ization, and crush can be seen on the inclined crack surfaces.

Some specimens under multiaxial stress state failed initially with several
parallel crack planes and in the pattern of columnar crushing or splitting into
pieces (Table 5-4), but the inclined crack also apparently appears afterwards
on the surface of the specimen, if the test is continuous and the deformation of
the specimen is increased further. This also happens for the prism specimen
under uniaxial compression (Fig. 2-7), and it has been explained in Section
2.2.2 that the inclined crack is formed only when the stressestrain curve enters
into its descending branch. Therefore, the inclined crack is a secondary failure
pattern or final performance and is not related to the compressive strength of
concrete (fc or f3), which depends only upon the longitudinal splitting crack of
concrete.
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5.3.5 Extruding and shifting
When concrete is loaded under a triaxial compression state and the stresses s1and s2
are large enough, all the principal strains in three directions are contractive. The
coarse aggregate and its boundary and the cement mortar between aggregates also
mainly carry compressive stress, so the appearance and development of internal
microcracks in concrete are delayed or prevented and the ultimate strength of it is
considerably increased.

When high compressive stress is acted on concrete, parts of the cement mortar
and weak coarse aggregate in it are locally crushed due to the non-uniform and
even higher microscopic stress, and larger contraction and slide deformations of
concrete are caused and the plastic deformation of the specimen increases signifi-
cantly (Fig. 5-9 and Table 5-2). After the ultimate load is reached, macroscopic
contraction deformation appears in the direction of the maximum compressive stress
s3, e.g. the edge length 70 mm of cubic specimen is compressed to 40e50 mm only.
In the meantime, the specimen is extruded and expands out in both directions of s1
and s2, and the cubic specimen is changed into a cuboid (Fig. 5-15(e)).

The concrete acted under common compressions in three directions occurs
severely extruding and shifting, and the coarse aggregate and cement mortar in it
are displaced considerably. The corners and edges of the specimen are loosened
and spalled off during loading, because they are located outside of the loading plate
and free of confinement. The material and construction in the interior of the concrete
are seriously damaged under strong extruding. The failed specimen after testing is
still an integral solid, but many irregular fine cracks exist on its surfaces and the re-
sidual strength of it under uniaxial compression is rather low.

These five typical failure patterns of concrete occur separately within the
different scopes of multiaxial stress state, which can be determined, in principle,
by the experimental data. The relevant suggestions provided in reference [1-2] are
shown in Table 5-4 and Fig. 5-16.

These five failure patterns of concrete are distinguished and named according to
the macro appearance of the failed specimen. Alternatively, if the dominant stress
and crack characteristic of the specimen during the failure process are considered,
two basic failure patterns of concrete are induced:

1. Principal tensile stress causes transverse tensile cracks and induces breaking in
tension of concrete;

2. Principal compressive stress causes longitudinal splitting cracks and induces
crushing of concrete, including the patterns of columnar crushing, splitting in
pieces, inclined shearing, and extruding and shifting. The last failure pattern is a
special one, because the longitudinal splitting crack in concrete is compacted by
the lateral compressive stress and is not presented apparently.

The typical representatives of the basic failure patterns are uniaxial tension and
compression, of which the failure characteristics are shown and compared in
Table 2-8.
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Table 5-4 Stress Scopes for Typical Failure Patterns [1-2]

Failure Characteristic Breaking in Tension
Columnar
Crushing Splitting into Pieces

Inclined
Shearing

Extruding
and Shifting

Dominant stress s1 s3 s2, s3 s1, s3 s1 ,s2, s3

Stress
state

Uniaxial s1 > 0 s3 < 0

Biaxial T/T s1 � s2 > 0

T/C
����s1s3

���� � 0:05

����s1s3
����< 0:05

C/C s2

s3
� 0:2

s2

s3
> 0:2

Triaxial T/T/T s1� s2 � s3 > 0

T/T/C
����s1s3

���� �
����s2s3

���� � 0:1

����s2s3
���� �

����s1s3
���� < 0:1

T/C/C
����s1s3

���� � 0:05

����s1s3
���� < 0:05

s2

s3
� 0:2

����s1s3
���� < 0:05

s2

s3
> 0:2

C/C/
C

s1
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s3
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s1
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5.4 Failure criterion
5.4.1 Shape of failure envelope and its expression
The experimental data of multiaxial strength (f1, f2, f3) of concrete are plotted on the
spatial Cartesian coordinates (s1, s2, s3) and the adjacent points of them are con-
nected smoothly, the spatial curved failure envelope of concrete is obtained
(Fig. 5-17(a)). The intersection line between the envelope and the coordinate plane
is the biaxial failure envelope (Fig. 5-3(a)).

There is a hydrostatic axis in the space of principal stress, and it certainly passes
through the origin of the coordinates. The perpendicular distances from any point on
the hydrostatic axis to the three coordinate axes should be equal and the angles be-
tween the hydrostatic axis and the three coordinate axes are equal:

a ¼ Cos�1
�
1
. ffiffiffi

3
p �

(5-6)

The distance between a point on the hydrostatic axis and the origin of the coor-
dinates is called hydrostatic stress (x). Also, the summation of the projection lengths,
on the hydrostatic axis, of the three principal stresses (s1, s2, s3) at any point in the
space is called hydrostatic stress, i.e. x ¼ ðs1 þ s2 þ s3Þ=

ffiffiffi
3

p
.
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The deviatoric plane (Fig. 5-17(b)) is perpendicular to the hydrostatic axis and
the projection lines of the three principal axes on it are at an angle of 120� to one
another. It is easily proved that the summation of the three principal stresses at
any point on same deviatoric plane is a constant, i.e. the first invariant of principal
stress: s1 þ s2 þ s3 ¼ const. ¼ I1. The intersection line between the deviatoric
plane and the failure envelope is called as an envelope on deviatoric plane, and
the envelopes at different hydrostatic stresses compose a family of closed curve.

The envelope on deviatoric plane is three-folded symmetrical, so the whole
envelope can be obtained when an arc of 60� is known. The angle q is given as
0� or 60� respectively for the positive or negative direction of the axis of each
principal stress, and 0� < q < 60� for the other direction. The distance from a point
on the envelope to the origin, i.e. hydrostatic axis, is called deviatoric stress (r),
which gradually increases from the minimum (rt) at q ¼ 0 to the maximum (rc) at
q ¼ 60�, i.e. rt � rc.

FIG. 5-17 Failure envelope of concrete and its expression: (a) spatial failure envelope, (b)

deviatoric plane, (c) meridian plane, (d) meridian plane expressed by octahedral stresses
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There are several important points of characteristic strength located on the spatial
failure envelope of concrete. The uniaxial compressive (fc, obtained from the test
with friction reducing measure) and tensile (ft) strengths are located respectively
in the negative and positive directions of the coordinate axes of three principal
stresses. The equally biaxial compressive (s1 ¼ 0, f2 ¼ f3 ¼ fcc) and tensile
(s3 ¼ 0, f1 ¼ f2 ¼ ftt) strengths are located on the equally divisional line of two
axes on each of the three coordinate planes. And, the equally triaxial tensile strength
(f1 ¼ f2 ¼ f3 ¼ fttt) is located alone in the positive direction of the hydrostatic axis.
Otherwise, the triaxial strength of concrete under an arbitrary stress state
(f1sf2sf3) can be plotted as six points on the same deviatoric plane and with
same angle q (Fig. 5-17 (b)), when concrete is considered as an isotropic material
and the three coordinate axes or principal stresses are substituted for one another.

The curved failure envelope of three dimensions is difficult to be drawn and is
not convenient for understanding and application, so the envelopes of two dimen-
sions on the meridian and deviatoric planes are usually used to replace it. The me-
ridian plane contains the hydrostatic axis and one of the principal stress axes (e.g. s3
axis in Fig. 5-17(c)), and passes through the equally divisional line of two other axes
(s1 and s2) of the principal stresses. The intersection curves between the meridian
plane and the spatial failure envelope are called separately tensile (q ¼ 0�) and
compressive (q ¼ 60�) meridians.

The stress state of tensile meridian is s1 � s2 ¼ s3 and the corresponding angle
on the deviatoric plane is q ¼ 0, two characteristic strengths of concrete, i.e. uniaxial
tension (ft, 0, 0) and equally biaxial compressions (0, �fcc, �fcc), are located on it.
On the other hand, the stress state of compressive meridian is s1 ¼ s2 � s3 and the
corresponding angle on the deviatoric plane is q¼ 60�, two characteristic strengths,
i.e. uniaxial compression (0, 0, �fc) and equally biaxial tensions (ftt, ftt, 0), are
located on it. The tensile and compressive meridians and the hydrostatic axis inter-
sect at one point, i.e. the stress state of equally triaxial tensions (fttt, fttt, fttt). The
perpendicular distances from the tensile and compressive meridians to the hydro-
static axis are respectively deviatoric stresses rt and rc.

When the figure in Fig. 5-17(c) is rotated counterclockwise an angle of (90�- a)
against the origin, the tensile and compressive meridians are presented in another
coordinates, of which the abscissa and ordinate are respectively hydrostatic (x)
and deviatoric (r) stresses (Fig. 5-17(d)). Consequently, the special failure envelope
of concrete is expressed alternatively as the envelope curves on the meridian and
deviatoric planes (Fig. 5-17(d) and (b)). And, the Cartesian coordinates (f1, f2, f3)
of any point on the spatial envelope can be changed and represented by the cylindri-
cal coordinates (x, r, w):

x ¼ ðf1 þ f2 þ f3Þ
� ffiffiffi

3
p ¼ ffiffiffi

3
p

soct

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðf1 � f2Þ2 þ ðf2 � f3Þ2 þ ðf3 � f1Þ2

q
=

ffiffiffi
3

p
¼

ffiffiffi
3

p
soct

Cosq ¼ ð2f1 � f2 � f3Þ=
� ffiffiffi

6
p

r
�

9>>>=
>>>;
: (5-7)
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When the coordinates in Fig. 5-17 (d) are reduced by
ffiffiffi
3

p
times, the hydrostatic

and deviatoric stresses (x, r) are replaced respectively by the octahedral normal
(soct) and shear (soct) stresses, and the corresponding tensile and compressive merid-
ians and failure envelopes are obtained. There is an example shown in Fig. 5-18, in

FIG. 5-18 Meridians and envelopes on deviatoric plane [1-2]: (a) meridians,

(b) deviatoric plane
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which the tensile and compressive meridians and envelopes on deviatoric plane are
plotted, based on the experimental data.

The geometric characteristics of the spatial failure envelope of concrete are sum-
marized as below, based on the experimental data at home and abroad:

1. The envelope is continuous, smooth, and convex;
2. The envelope is three-folded symmetrical;
3. The envelope is closed on the tension end of the hydrostatic axis and the

peak point is the state of equally triaxial tension, while it is opened on the
compression end and never intersects with the hydrostatic axis;

4. The value of deviatoric or octahedral shear stress at a point on the meridian
increases monotonically with reducing rate and has a limit, as the algebraic
value of hydrostatic or octahedral normal stress decreases;

5. The envelopes on the deviatoric plane are three-folded symmetrical, their
sizes increase gradually and their shapes vary convexly from an approximate
triangle (rt/rcz0.5) to a circle (rt/rc ¼ 1), as the algebraic value of hydrostatic or
octahedral normal stress decreases.

5.4.2 Failure criterion
The spatial failure envelope of concrete can be described by a mathematic function,
which is called a strength or failure criterion of concrete and used for judging if the
concrete reaches its ultimate strength or failure condition. The failure criterion is the
summarization of a large number of experimental data rather than a physical theory,
but it can be used on relevant calculation with sufficient accuracy and is of great
importance for the engineering practice.

More than ten failure criteria of concrete are suggested by the researchers at
home and abroad [5-32e5-38,5-4] up to now, and they can be classified as three cat-
egories: (1) the point of view and calculation formula are learned from the classical
strength theories of material; (2) the empiric formula is obtained regressively, based
on the experimental data of multiaxial tests; (3) pure mathematic equation is derived
theoretically basing on the geometrical characteristics of the failure envelope of
concrete, and the values of the parameters in it are calibrated based on several char-
acteristic strengths of concrete. These failure criteria of concrete also differ consid-
erably from one another in expression, application scope, and calculation accuracy,
and they should be carefully compared and selected during use. More details of these
failure criteria can be found in references [5-32], [1-2] and others.

The failure and ultimate strength of various materials under multiaxial stresses
are an important problem in different engineering fields, and many scientists have
conducted a large number of experimental and theoretical researches on them since
early history. The famous classical strength theories (failure criteria) suggested
earlier for them include:

1. Maximum tensile stress criterion (Rankine, 1876);
2. Maximum tensile strain criterion (Mariotto, 1682);
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3. Maximum shear stress criterion (Tresca, 1864);
4. Octahedral shear stress criterion (Von Mises, 1913);
5. Mohr-Coulomb criterion (1900);
6. Drucker-Prager criterion (1952).

The main characteristics of these classical criteria are as below. They have
certain physical view points to explain the reason for failure and the variation reg-
ularity of strength for the particular material and are demonstrated experimentally.
For example, Von Mises criterion fits for use in the plasticity theory of ductile metal
(e.g. mild steel), and Mohr-Coulomb criterion fits for use in soil and rock mechanics.
However, these criteria contain only one or two parameters in their mathematic ex-
pressions and the geometrical shapes of corresponding failure envelopes of them
(Table 5-5) are rather simple and far different from that of concrete. Generally, these
classical criteria can not be used for concrete and similar materials.

Various failure criteria, based on the relevant experimental data accumulated, are
provided for concrete by many researchers. Several typical criteria among them are
shown in Tables 5-5 and 5-6, and these criteria contain four or five parameters in
their mathematic expressions to accurately simulate the spatial failure envelope of

Table 5-5 Classification of Meridians and Envelope on Deviatoric Plane of

Various Failure Criteria [1-2]

Meridians

Envelope on
deviatoric

plane

Regular
triangle

C.M.

C.M.

C.M.

T.M.

T.M.

T.M.

Parallel lines

Inclined lines

Smooth curve

Regular
hexagon

Tresca
(1)

Von Mises
(1)

Mohr-Coulomb
(2)

Rankine
(1)

Drucker-Prager
(2)

Willam-Warnke
(3)

Willam-Warnke
(5)

Kotsovos (5)
Podgorski (5)
Guo-Wang (5)

Bresler-Pister
(3)

Hsieh-Ting-Chen
(4)

Reimann (4)

Ottosen (4)

Circle
Curve with

three edges
Smooth and
convex curve

Note: The figure in the parentheses shows the number of the parameters in expression of the failure
criterion.
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Table 5-6 Initial and Unified Expressions for Failure Criteria of Concrete [1-2]

Failure Criterion
Number of
Parameters Initial Expression Unified Expression

(1) s0 ¼ A þ Bs0 þ C s20

Reimann [5-14] 4 x

fc
¼ a

�
rc
fc

�2

þ b

�
rc
fc

�
þ c

r ¼ 4 rc

s0 ¼ cffiffiffi
3

p � b

f
s0 �

ffiffiffi
3

p
a

f2
s20

Ottosen [5-34] 4 a
J2
f2c

þ l

ffiffiffiffiffi
J2

p
fc

þ b
I1
fc
� 1 ¼ 0: s0 ¼ 1

3b
�

ffiffiffi
1

6

r
l

b
s0 � a

2b
s20

Hsieh-Ting-Chen [5-35] 4
a
J2
f2c

þ b

ffiffiffiffiffi
J2

p
fc

þ c
s1

fc

þd
I1
fc
� 1 ¼ 0

s0 ¼
	
1

3d
� c

3d

s1

fc




�
ffiffiffi
1

6

r
b

d
s0 � a

2d
s20

Podgorski [5-37] 5 soct � c0 þ c1psoct
þc2s

2
oct ¼ 0

s0 ¼ c0 � c1ps0 � c2fcs20

(2) s0 ¼ D þ Es0 þ F s20

Bresler-
Pister [2-34]

3 soct
fc

¼ a� b
soct

fc
þ c

�
soct

fc

�2 s0 ¼ a� bs0 þ cs20

William-
Warnke(5) [5-33]

5

q ¼ 0
�
:

smt

fc
¼ a0 þ a1

sm

fc
þ a2

�
sm

fc

�2

;

q ¼ 60
�
:

smc

fc
¼ b0 þ b1

sm

fc
þ b2

�
sm

fc

�2

sot ¼ a0ffiffiffiffiffiffiffi
0:6

p þ a1ffiffiffiffiffiffiffi
0:6

p s0 þ a2ffiffiffiffiffiffiffi
0:6

p s20

soc ¼ b0ffiffiffiffiffiffiffi
0:6

p þ b1ffiffiffiffiffiffiffi
0:6

p s0 þ b2ffiffiffiffiffiffiffi
0:6

p s20
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Table 5-6 Initial and Unified Expressions for Failure Criteria of Concrete [1-2]dcont’d

Failure Criterion
Number of
Parameters Initial Expression Unified Expression

Willam-
Warnke(3) [5-33]

3 sm
fc

¼ rðqÞ
�
1� 1

r

sm

fc

�
s0 ¼ rðqÞffiffiffiffiffiffiffi

0:6
p � rðqÞffiffiffiffiffiffiffi

0:6
p

r
s0; F ¼ 0

(3) s0 ¼ G (V(s0))
H

Kotsovos [5-36] 5
q ¼ 0

�
;
soct t

fc
¼ a

�
c� soct

fc

�b

q ¼ 60
�
;
soct c

fc
¼ d

�
c� soct

fc

�e

G ¼ a; H ¼ b; f ¼ c� soct

fc

G ¼ d; H ¼ e; f ¼ c� soct

fc

Guo-Wang [5-4] 5
s0 ¼ a

�
b� s0

c� s0

�d

C¼c
t (Cos1.5w)

1.5þCc (Sin1.5w)
2

G¼ a, H¼ d, f ¼ b� s0

c� s0
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concrete. The initial expressions of these criteria are presented separately by
different stress variables (Table 5-6):

1. Principal stresses f1, f2, f3;
2. Stress invariants I1, J2, J3;
3. Hydrostatic and deviatoric stresses x, g, q;
4. Octahedral normal and shear stresses soct, soct, q;
5. Average normal and shear stresses sm, sm, q.

Nevertheless, these stress variables can be easily alternated with one another, as
the basic formulas used are:

s0fc ¼ soct ¼ f1 þ f2 þ f3
3

¼ I1
3
¼ xffiffiffi

3
p ¼ sm

s0fc ¼ soct ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðf1 � f2Þ2 þ ðf2 � f3Þ2 þ ðf3 � f1Þ2

q
3

¼
ffiffiffiffiffiffiffi
2J2
3

r
¼ rffiffiffi

3
p ¼

ffiffiffiffiffiffiffiffi
5sm
3

r

Cosq ¼ 2f1 � f2 � f3

3
ffiffiffi
2

p
soct

¼ 2f1 � f 2�f3

2
ffiffiffiffiffiffiffi
3J2

p ¼ 2f1 � f2 � f3ffiffiffi
6

p
r

¼ 2f1 � f2 � f3ffiffiffiffiffi
30

p
sm

or Cos3q ¼ 3
ffiffiffi
3

p
J3

2J1:52

¼
ffiffiffi
2

p
J3

s3oct

9>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>;

(5-8)

The initial expressions of these criteria are more variety and difficult to be
compared with one another. If they are presented together in terms of relative octa-
hedral strengths (s0 ¼ soct/fc and s0 ¼ soct/fc), only three basic formulas are induced
from them:

s0 ¼ Aþ Bs0 þ cs20
s0 ¼ Dþ Es0 þ Fs20

s0 ¼ G½fðs0Þ�H

9>=
>;: (5-9)

The unified expressions of these criteria are shown in Table 5-6 as well.
In reference [1-2], a large number of the experimental data of multiaxial strength

of concrete at home and abroad are collected and compared carefully with these fail-
ure criteria. When the evaluation criteria are taken as: (1) consistency between the
experimental data and the calculated values; (2) application scope of stress state;
and (3) reasonableness of geometrical shape of the theoretical failure envelope,
the conclusions derived are that: criteria of Guo-wang, Ottosen and Podgorski are
better, the criteria of Hsieh-Ting-Chen, Kotsovos, and Willam-Warnke are second,
but the Bresler-Pister criterion is worse.

When a reinforced concrete structure is analyzed by the finite element method,
the failure criterion used for concrete should be reasonably selected to fit the scope
of corresponding stress state and the requirement of accuracy asked. Among these
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failure criteria of concrete, the criteria of Ottosen and Guo-wang are accepted
respectively in the CEB-FIP Model Code [2-12] and the China Code [2-1].

5.4.3 Calculation charts for multiaxial strength
The failure criteria of concrete are expressed in the complicated mathematical for-
mulas, and the multiaxial strengths of concrete are implicit in it and can not be calcu-
lated directly. Usually, a computer program is compiled for the criterion and
contained within the total program of structural analysis. Alternatively, various
charts are available in relevant design codes and references and can be used conve-
niently for determining the multiaxial strength of concrete. Normally, the strength
values shown on these charts are slightly lower than the corresponding experimental
data to ensure the structural safety. Sometimes, certain three-dimensional structures
can be simplified into two-dimensional ones during their design or analysis, so the
biaxial envelope of concrete is used more frequently in the engineering practice.

The chart for triaxial strength of concrete (Fig. 5-19) based on Ottosen criterion is
provided in the CEB-FIP Model Code [2-12] and the code for design of prestressed
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FIG. 5-19 Chart for triaxial compressive strength of concrete [2-12,5-39]
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concrete reactor vessels [5-39]. The triaxial compressive strengths f3 and f1, f2 can
be consulted on the chart and then calculated after knowing the stress ratio s1/s3
and s2/s3.

The chart for biaxial strengths of concrete shown in Fig. 5-20(a) is based on
Kupfer-Gerstle biaxial failure criterion [5-40], which is widely used in engineering
practice. Another chart for biaxial strength is shown in Fig. 5-20(b) and based on
Tasuji-Slate-Nilson biaxial failure criterion [5-41], and it is composed of four
straight lines linked together and is easy for use.

In the Chinese Code [2-1], the charts for both biaxial strength and triaxial
compressive strength of concrete (Fig. 5-21) are given and the calculation rules
for other stress states are suggested as well. The biaxial envelope in the chart is
also composed of four straight lines and is slightly lower than the experimental
one. The triaxial compressive strength (f3) of concrete depends only upon the stress
ratio s1/s3 and is not related to the second principal stress s2 to simplify the calcu-
lation, and its value is obviously lower than that in Fig. 5-19. The triaxial tensile-
compressive strength (T/T/C, T/C/C) of concrete can be calculated by ignoring the
stress s2 as well, so the strengths f1 and f3 can be found on the biaxial envelope
(T/C quadrant in Fig. 5-21(a)). The triaxial tensile strength (T/T/T) of concrete of
any stress ratio (s1 : s2 : s3) is simply taken as 0.9 ft.

5.5 Constitutive relation
The constitutive relation of concrete under simple stress state, i.e. complete stresse
strain relations under uniaxial compression and tension, can be accurately measured
during testing and described by a reasonable regression formula. Nevertheless, it
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FIG. 5-20 Charts for biaxial strength of concrete: (a) Kupfer-Gerstle criterion [5-40],

(b) Tasuji-Slate-Nilson criterion [5-41]
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varies to a certain extent because of scatter of material property, variety of deforma-
tion compositions, and so many influencing factors of concrete.

The constitutive relation of concrete under multiaxial stress state is rather
complicated. As the principal stresses are acted together in three directions, the
normal and lateral deformations of concrete in these directions confine or promote
one another, and the appearance and development of internal microcracks are
strongly influenced. In addition, the ratios among the deformation components of
concrete vary with the triaxial compressiveetensile stress state, and different
cracking and failure patterns of concrete are caused. Therefore, the triaxial deforma-
tion of concrete varies significantly and complicatedly. On the other hand, the
triaxial test method is not unified and the measuring technique of triaxial deforma-
tion of the cubic specimen is difficult, they result in considerable scatter of measured
data. Consequently, establishing a reasonable triaxial constitutive relation for con-
crete is a difficult task.

As the multiaxial constitutive relation of concrete is necessary for calculation
and finite element analysis of a structure, a variety of constitutive models are
suggested by many researchers, based on their own experimental and theoretical re-
searches. They can be classified into four categories, according to the understanding
of the mechanical characteristics of concrete: (1) linear elasticity model; (2) non-
linear elasticity model; (3) plasticity model; (4) model based on other mechanics.
Among them, the first two are of elastic ones while the other two are of non-
elastic ones; categories (1), (3), and (4) are learned respectively from the theories
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of elasticity, plasticity, and other branches of mechanic theories, while category (2)
is mainly obtained from the regression analysis of numerous experimental data.

These models differ from one another in many aspects, including theoretical ba-
sis, method and expression, application scope of stress state, and calculation accu-
racy. It is difficult to determine one unique constitutive model of concrete, which
can be used for any structure, but the model should be carefully selected for a partic-
ular structure. Normally, the models of category (2) are used more widely in engi-
neering practice, because they are based on the test result, expressed apparently,
easily used, and calculated with sufficient accuracy.

5.5.1 Models of linear elasticity
This category of constitutive relation is the simplest and basic one for engineering
material. The deformation (strain) of the material varies linearly during both loading
and unloading (Fig. 5-22), and no residual deformation is presented after being
totally unloaded. Therefore, a definite and unique relation is held between the stress
and strain of the material, and the ratio between them is a constant, which is called
the elastic modulus, of the material.

The linear elastic constitutive relation is the physical basis for Theory of Elastic-
ity, and it is the most mature constitutive relation of material and also a special case
of other categories of constitutive relation. Based on this, some finite element anal-
ysis programs of two- and three-dimensional structures, such as SAP, ADINA, and
ANSYS, have been successfully used for many years in engineering practice.

Of course, the deformation characteristic of concrete, including stressestrain
curves of it under uniaxial compression and tension and multiaxial stress state, is
non-linear, in principle, the linear elastic constitutive relation can not be used for
concrete structure. However, application of this category of constitutive relation is
still an effective and quick measure for analysis of concrete structure under some
situations, for example: (1) when the stress level of concrete is lower and internal
microcracks and plastic deformation of it are limited; (2) before the structure, espe-
cially the prestressed concrete ones, is cracked; (3) when the structure of compli-
cated configuration is analyzed preliminary or approximately; (4) when the
structure is not sensitive to different constitutive relation of concrete. In fact, most
reinforced concrete structures at home and abroad now are analyzed based on the
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FIG. 5-22 Linear elasticity stressestrain relation
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linear elastic constitutive relation of concrete, and then designed and constructed. It
is demonstrated by engineering experience that these structures are generally of
necessary, even slightly higher, safety and better serviceability. Many design codes
for concrete structure, including [2-1] and [3-19], permit the use of linear elastic
constitutive relation for analysis and calculation of it.

When directional difference of material behavior is considered, three linear
elastic constitutive relations of different complications can be established.

5.5.1.1 Anisotropic constitutive model
Generally, there are six independent stress components, i.e. normal stresses s11, s22,
and s33 and shear stresses s12 ¼ s21, s23 ¼ s32, and s31 ¼ s13, at any point in a struc-
ture, correspondingly there are six strain components, i.e. normal strains ε11, ε22, and
ε33 and shear strains g12 ¼ g21, g23 ¼ g32, and g31 ¼ g13 for it. If the elastic con-
stant between any stress component and any strain component of a material is
different from others, the general stiffness matrix of constitutive relation of the ma-
terial is asymmetrical and contains 6 � 6 ¼ 36 independent elastic moduli [1-3].

5.5.1.2 Orthogonal anisotropic constitutive model
When an orthogonal anisotropic constitutive material is concerned, the normal stress
(sii) acted causes no shear strain (gij), and the shear stress (sij) acted causes no
normal strain (εii) and no shearing strains (gjk, gki) on two other planes. Therefore,
the general stiffness matrix of the anisotropic constitutive model is dissolved into
two matrices: the stiffness matrix of normal stressestrain is symmetrical and con-
tains six elastic moduli, while the stiffness matrix of shear stressestrain is diagonal
and contains three elastic moduli only. Then, the orthogonal anisotropic constitutive
model contains a total of nine independent elastic moduli [1-3].

5.5.1.3 Isotropic constitutive model
The mechanical behavior of an isotropic material is the same in three directions and
the constitutive relation of it is simplified and contains a total of only three elastic
constants. These constants can also be expressed as well-known engineering quan-
tities E, n, and G, and only two among them are independent, because of

G ¼ E

2ð1þ yÞ: (5-10)

Then, the isotropic constitutive model is established and is the same as the widely
used in Theory of Elasticity.

All of these linear elasticity models can be found in detail in reference [1-3] or
others.

5.5.2 Models of non-linear elasticity
The basic characteristic of non-linear elasticity constitutive relation of concrete can
be explained by the uniaxial stressestrain curve shown in Fig. 5-23. The deforma-
tion of concrete increases with the stress and follows certain non-linear regularity,
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and the stiffness of concrete decreases gradually. In addition, the deformation of
concrete returns back along the loading curve during unloading and no residual
deformation remains after being totally unloaded.

The advantages of this category of constitutive relation are: it reflects the main
deformation characteristic of concrete under loading; the calculation formulas and
parameter values of it are obtained from regression analysis of the experimental
data; the calculation results are of sufficient accuracy when the concrete is loaded
proportionally and monotonically; the expression of it is explicit and simple, and
it can easily be understood and applied. Therefore, this category of constitutive rela-
tion of concrete is used most widely in engineering practice. However, the disadvan-
tages of it are: it can not reflect the difference between loading and unloading; no
residual deformation remains after unloaded. Therefore, this category of constitutive
relation of concrete can not be used accurately for the conditions of unloading, loa-
dingeunloading cycle, non-proportionally loading, etc.

Many models of different expression and calculation method have been sug-
gested and belong in this category of constitutive relation of concrete. When direc-
tional difference of concrete behavior is also considered, these models are classified
as isotropic, orthogonal anisotropic and anisotropic models as well. Some typical
models among them with their main characteristics are listed in Table 5-7, which
include application scope of stress state, stress path, tangent or secant modulus,
method for determining the parameter values, failure criterion used. More details
of these constitutive models can be found in relevant references including [5-32],
[1-2] and [1-3].

The Ottosen and Darwin-Pecknold models are clearly recommended in the
CEB-FIP Model Code [2-12]. In Chinese design code [2-1], the orthogonal aniso-
tropic model of non-linear elasticity or other constitutive relation demonstrated
properly, but no specific model, is suggested.

5.5.3 Models of other categories
The classical theory of plasticity is established for the ideal elasto-plastic material,
of which the uniaxial stressestrain relation is shown in Fig. 5-24. When the stress
acted on the material is lower than its yield strength fy, the strain increases
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Table 5-7 Non-Linear Elasticity Constitutive Models of Concrete [1-3]

Category Authors Dimensions

Format
of
Moduli

Stress-
Strain
Curve

Loading
Path

Method for
Determining
Parameter

Failure
Criterion Reference

Isotropic model Kupfor-
Gerstle

2
3C*

Secant Ascending
branch

Proportionally Experimental
simulation

Kupfer-
Gerstle
(Fig.
5-20(a))

[5-40]

Romstad-
Taylor-
Herrmann

2 Tangent Ascending
branch

Proportionally Experimental
simulation

Broken-
lines

[5-42]

Palaniswang-
Shah

3C* Tangent Before
formation of
unstable
crack

Proportionally Experimental
simulation

[5-43]

Cedolin-
Crutzen-
Dei Poli

3 Secant,
tangent

Ascending
branch

Proportionally Experimental
simulation

Broken-
lines

[5-44]

Ottosen 3 Secant Complete Proportionally Equivalent
uniaxial
relation

Ottosen
[5-34]

[5-45]
[5-46]

Orthogonal
anisotropic
model

Lin-Nilson-
Slate

2C* Tangent Ascending
branch

Proportionally Equivalent
uniaxial
relation

Broken-
lines

[5-47]
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Tasuji-Slate
-Nilson

2 Tangent Ascending
branch

Proportionally Equivalent
uniaxial
relation

Tasuji etal
[5-41]

[5-48]

Darwin-
Pecknold

2 Tangent Ascending
branch

Proportionally Equivalent
uniaxial
relation

Kupfer-
Gerstle

[5-49]

Elwi-
Murry

3 Tangent Complete Proportionally Equivalent
uniaxial
relation

Willam-
Warnke
[5-33]

[5-50]

Guo-Xu 3 Secant,
tangent

Ascending
branch

Proportionally Equivalent
Uniaxial
relation

Guo-
Wang
[5-4]

[5-56]

Anisotropic
model

Kotsovos-
Newman

3 Secant,
tangent

Before
formation of
unstable
crack

Non-
proportionally

Experimental
simulation

Broken-
lines

[5-51]

Kotsovos 3 Secant,
tangent

Complete Non-
proportionally

Experimental
simulation

[5-52]

Gerstle 2, 3 tangent Ascending
branch

Non-
proportionally

Experimental
simulation

[5-53]
[5-54]

Stankowski-
Gerstle

3 tangent Ascending
branch

Non-
proportionally

Experimental
simulation

[5-55]

*For multiaxial compressive stress state only.
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proportionally with the stress, the loading and unloading processes vary along the
same inclined line, and no residual strain remains after totally unloaded. The stress
of the material can not increase any more but keeps constant, when its yield strength
is reached and its strain is increased further. Afterwards, the stressestrain line during
unloading parallels with that before its yielding, but residual strain εr appears after
being totally unloaded. When it is loaded again, the stressestrain line runs back
along the unloading line with the same slope (stiffness of material).

This constitutive relation is mainly used for metal, e.g. mild steel, and the basic
assumption and deformation regularity of it are demonstrated experimentally. The
theoretical system of plasticity is formed based on the basic constitutive relation
and the matured analytical methods [5-57] are provided, and the accurate results
are obtained as it is applied in various engineering practices.

However, the construction and property of concrete material are obviously
different from those of plasticity metal, and the considerable difference between the
uniaxial compressive and tensile stressestrain curves of both materials is definite ev-
idence. In order to use the theory of plasticity for concrete material, many scientists
have reformed it and suggested various constitutive models of plasticity, e.g. perfect
plasticity model [5-32], hardening plasticity model [5-58], plasticity model based on
the spatial strain relaxation envelope, which corresponds to the spatial failure enve-
lope of concrete [5-59], gradually fracturing model [5-60], and plastic-fracturing
model [5-61]. Although these models improve on some aspects, e.g. stiffness degen-
eration and existence of descending branch for concrete, the material described by
them is still different significantly from the actual behavior of concrete. In addition,
their mathematical expressions are implicit and calculation processes are complicated,
so they are not easily accepted and applied by structural engineers.

Other branches of mechanics developed latterly for various engineering mate-
rials are also used to establish the constitutive relation for concrete, e.g. models
based on visco-elasto plasticity [5-62,5-63], endochronic theory [5-64], fracture
and damage mechanics [5-65,5-66]. In addition, some models are composed of
different theories, e.g. combined plasticity and damage mechanics [5-67], endo-
chronic and damage mechanics [5-68], plasticity and fracturing theory [5-61].
Furthermore, there are other models, for example: model of plasticity theory based
on fuzzy sets [5-69], and the model based on knowledge of material behavior with
nerve networks [5-70].
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Generally, these models follow the concept and method of the original theory to
derive the corresponding expression for constitutive model of concrete, after intro-
ducing some simplification of its behavior. Then the values of the parameters in the
expression are calibrated or directly given from some experimental data. However,
the behavior of concrete calculated from these models is still different considerably
from the actual behavior of concrete. In addition, these models seek theoretical ac-
curacy, so their mathematical expressions are rather complicated and difficult to be
widely accepted and applied by the structural engineers.
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PART

Combination
Function of
Reinforcement
and Concrete

2
Reinforced concrete is a kind of composite material composed of concrete,
which is the main body or matrix of it, and reinforcement of high tensile
strength and different forms. Reinforced concrete is used most widely and
successfully in structural engineering, because the behaviors of both materials
fully complement each other.

Steel is a kind of ductile metal and its main element is iron. Steel
reinforcement used in concrete structure is rolled into slender bars or fine wire.
The external form and behavior index of the reinforcement are stable and its
quality is guaranteed, because it is manufactured in modern industry and is
examined systematically during processing. In contrast, concrete is brittle and
the most of it is coarse with fine rocky aggregates, which are adhered integrally
by cement after hydration. Most of the raw materials of concrete are provided
locally and the mixing and manufacturing technique, quality control, and
construction management of concrete structure are highly dependent, so the
quality and behavior of concrete are deviated considerably.



The properties and mechanical behaviors of reinforcement and concrete are
significantly different. Of course, the mechanical behavior of reinforced
concrete, used as a composite material, is different from any one of both
materials and is not a simple summation of them. However, the behavior of
reinforced concrete is certainly dependent upon that of both materials and the
relative cooperation of them, such as volumetric ratio, strength ratio, elastic
modulus ratio, and form and detail of reinforcement. On the other hand, the
effective composite form of both materials can be actively designed and
constructed to satisfy the particular requirement of various engineering
projects, when the variation regularity of the mechanical behavior of different
composite form is known thoroughly.

The basic characteristic and main mechanical behavior of the composite
material, i.e. reinforced concrete, is introduced in this part. The main contents
of the five chapters in this part are separate: basic mechanical behavior of
reinforcement, bond function between concrete and reinforcement buried in it,
mechanical characteristics of structural sections reinforced longitudinally and
transversely, and sectional analysis if deformation difference between
reinforcement and adjacent concrete is a result. These are the basis for
studying the behavior of reinforced concrete structural members, which are
presented in later parts.
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Mechanical Behavior
of Reinforcement 6
CHAPTER OUTLINE

6.1 Reinforcement used in concrete structure.......................................................... 159

6.1.1 Reinforcement (diameter 6e40 mm) ............................................... 160

6.1.2 High-strength wire (diameter 4e9 mm) ............................................ 161

6.1.3 Shape steel.................................................................................... 161
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6.1.5 Other substitutive materials............................................................. 162
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6.2.2 Hard steel (wire)............................................................................. 166

6.3 Deformation under action of cyclic loads........................................................... 167

6.4 Behavior after cold-worked............................................................................... 172

6.4.1 Cold-stretching and age-hardening................................................... 173

6.4.2 Cold-drawn .................................................................................... 175

6.5 Creep and relaxation ........................................................................................ 176
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6.5.2 Sustaining time of control stress...................................................... 178
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6.1 Reinforcement used in concrete structure
The main function of reinforcement buried in concrete structures is to carry the ten-
sile force in it and to remedy lower tensile strength and deficient ductility of concrete
material. Generally, slender bars and fine wires of high strength are widely used in
most concrete structures. Shaped steel of various types are frequently used in some
structures, in order to reduce the section size and weight, to enhance the bearing
capacity and stiffness, to improve the detailed construction, and to accelerate the
construction process of the structure. Other materials of high tensile strength can
also be used in concrete structure to replace the steel reinforcement. Therefore,
the generalized reinforcement in reinforced concrete structure includes materials
of high tensile strength but with different properties and external form. The rein-
forcement used in engineering practice is now classified into several categories.
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6.1.1 Reinforcement (diameter 6e40 mm)
The reinforcement used most in concrete structure is steel bars and their diameter
usually ranges from 6 mm to 40 mm. The main chemical composition of structural
steel is iron (>96%) and other compositions are carbon, manganese, silicon, sulfur,
phosphorus, etc. When some metals are properly added in during smelting of steel to
improve the mechanical behavior, structural steel of low alloy is obtained, e.g. series
of manganese-silicon, silicon-titanium, manganese-silicon-vanadium.

Generally, the section of the reinforcement is circular, others are of ellipse, quasi-
square, etc. The reinforcement is made into different appearances during its hot-
rolling process: smooth circle (plain) surface for that of lower strength and spiral,
l, crescent, corrugated, and twisted shapes (Fig. 6-1) for that of higher strength,
which are together called deformed (or ribbed) bars. The deformed surface is greatly
helpful to enhance the bond strength between reinforcement and adjacent concrete,
hence its strength can be utilized fully in the structure and the mechanical behavior
of the structure is improved. In addition, different appearances of the reinforcement
distinguish conveniently various categories and strengths of it.

In China, the reinforcement used for concrete structure is classified into several
categories, according to its manufacturing technology, external appearance, and
strength grade. Those suggested in the design code [2-1] are:

hot-roll plain bar HPB235 it means that the standard value of its yield strength is
fyk ¼ 235N/mm2. The same for those below;
hot-roll ribbed bar HRB335 and HRB400;
residual heat treated ribbed bar RRB400.

The reinforcement of HRB400 among them is recommended.
These reinforcements are of mild steel and a yielding plateau can be seen appar-

ently on their complete stressestrain curve. The alloy compositions, contents of
chemical elements, external appearance, mechanical behavior, and quality require-
ment of them can be found in relevant national standards [6-1e6-3].

Smooth circle
      (plain)

Spiral λ-shape Crescent Corrugated Twisted

FIG. 6-1 Appearance of reinforcement
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6.1.2 High-strength wire (diameter 4e9 mm)
As the wire of carbon steel experienced successively cold-drawing and heat treat-
ment, the ultimate strength of it reaches a rather high value (1500e1800 N/mm2),
but no yielding plateau is obviously seen on its stressestrain curve. This kind of
wire is called hard steel and is mainly used in prestressed concrete structures. In
Chinese design code [2-1], the plain, spiral ribbed, or other deformed wires after
stress relieved (diameter 4e9 mm) [6-4], steel strand twisted by 3e7 wires (diam-
eter 3e6 mm) [6-5], and heat-treated steel (diameter 6e10 mm) [6-6] of high
strength are suggested to be used in the structure.

However, steel rope is woven out of finer wire (diameter <1 mm) of even higher
strength, but is seldom used in concrete structure, because of poor bond between it
and adjacent concrete.

6.1.3 Shape steel
Various shape steels, including the angle, channel, I, plate, and tube steels, can be
used in concrete structure, and different composite steeleconcrete structures
(Fig. 6-2) are formed. Mild steel of lower strength is generally used in these
structures.

Shape steel can be used directly or welded into a compound section, and steel
plate can be welded into I, box, or some complicated shapes or pressed or bent
into some shapes. A variety of steeleconcrete structures are frequently used as
the columns of high-rise building and industrial workshops and shear-wall struc-
tures. When concrete is filled into a circle or square steel tube and the confined con-
crete formed has high compressive strength and ductility (see Section 9.3), this is
usually used as the short columns of the lower floors in high-rise buildings, under-
ground railways and garages, and other structures. And it can also be used for the
main structure of arched bridges. The structure composed of shape steel beam
and concrete flange is a reasonable scheme for the bridge of medium span.

RC slab

Dowel

I steel

(a) (c)

(d)(b)
Pressed plate

FIG. 6-2 Composite sections of shape steel-concrete: (a) shape steel, (b) tube (c), composite

beam, (d) pressed plate
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The pressed thin steel plate is often used as the bottom layer of concrete floors, and it
serves the functions of both mold and tensile material.

6.1.4 Ferrocement
When fine steel wire is woven into mesh and used as the reinforcement, a kind of
ferrocement plate is obtained after cement mortar is cast and hardened (Fig. 6-3).
The ferrocement plate is of high cracking resistance because the fine wires distribute
densely in two perpendicular directions. Ferrocement can be made into waved tiles,
even ships, and other structures of complicated shape. It can also be used as the
external layer of beams, columns, or other structures, and concrete is cast into it after
other reinforcement is set up. The advantages of this kind of structure are of high
cracking resistance during service stage and omitting other mold and its support dur-
ing the construction stage.

6.1.5 Other substitutive materials
In principle, every material of high tensile strength can be used in concrete structure
to substitute the steel reinforcement. In engineering history, cast iron and bamboo, of
which the tensile strength is greater than 100 N/mm2, were used in practice. How-
ever, cast iron is of poor ductility and bamboo is of lower modulus of elasticity and is
easily cracked and corroded, so the mechanical behaviors of the structural member
reinforced with both materials are not satisfied. Therefore, they are not used any
more now.

Various artificial fibers, e.g. glass and carbon yarns, are of very high strength
(Table 4-5). When they are adhered with resin and made into bars or thin pieces,
their strength is still greater than that of steel and they are of light weight, small
size, and high corrosion resistance. Now, they are used in the concrete structure
of offshore and other engineering and also used for strengthening the existing struc-
ture damaged. Sometimes, plastic is made into mesh and is used as the distributed
reinforcement in concrete structure. However, some of the fiber materials are rather
expensive and the elastic modulus of them is much lower than that of steel.

The steel and various substitutive materials of different strength grades, section
shapes, sizes, and details, can be formed into various reinforced concrete structures,

Cement mortar Wire mesh

Slab

Waved tile
Used as mould

Concrete cast in situ

h
h

t

FIG. 6-3 Ferrocement
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of which the mechanical behaviors vary correspondingly. The main subject
discussed later in this book is the concrete structure and its member reinforced
with ordinary circle bar. Or, it may be called the ordinary reinforced concrete.

The mechanical behavior of the reinforced concrete structure other than the
ordinary one can be similarly analyzed or estimated, according to the constitutive
relation and detail of the substitutive materials used. In addition, proper specimens
of the structure and its member are tested under loading if necessary, and the
mechanical responses and regularity of them can be demonstrated and concluded.

6.2 Stressestrain relation
The stressestrain relation of reinforcement is measured from the test of the spec-
imen, which is usually a piece of original one without any cutting. It is generally
considered that the stressestrain curve of the reinforcement under compression is
the same as that under tension, at least before its yielding and yield plateau. There-
fore, the same values of the yield strength and the modulus of elasticity are taken for
the reinforcement under both tension and compression.

The steel used in concrete structure is usually classified into two categories, i.e.
mild and hard steels, depending upon whether or not yielding plateau appears clearly
on the stressestrain curve.

6.2.1 Mild steel
The typical stressestrain curve of reinforcement of mild steel under tension is shown
in Fig. 6-4, and several characteristic points on it reflect various physical phenomena
before its failure.

Necking down
HardeningHYu

Yl

B

F

F′

Yielding plateau
E
P

5
0

10 15 20 25

Elasticity

εy εh εb

ε (10–2)

ε f

σ

FIG. 6-4 Tensile stressestrain curve of mild steel
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The stress and strain of the specimen increase proportionally from the start of
loading until its proportional limit (Point P) on the curve. Afterwards, the strain
increases more quickly than the stress does, and the stressestrain curve turns
slightly. If the specimen is unloaded before the elastic limit (Point E), its strain
runs back along the loading curve, and the origin is reached and no residual strain
remains when it is totally unloaded. Therefore, the segment PE on the curve is a
deformation zone of non-linear elasticity, but the stress increment within this
zone is limited.

The strain of the specimen accelerates and the slope of the curve decreases after
the elastic limit is passed. When the upper yield limit (Point Yu) is reached, the
stress of the specimen drops suddenly and a small peak is formed. Then, the lower
yield limit (Point Yl) is reached and the stress slightly increases again, when the
strain is increased further. Afterwards, the curve enters the yielding zone and a
stress plateau appears clearly, although the stress fluctuates slightly. The upper
yield limit varies to a certain extent and depends upon the loading speed and the
shape of the specimen (see Fig. 18-4), while the lower yield limit is relatively
stable.

The stressestrain curve of the steel enters the hardening zone (H) after experi-
encing a large plastic deformation within the yield plateau, and the stress stably in-
creases again until the ultimate strength (Point B) is reached. Afterwards, the tensile
force decreases obviously as the strain increases further, and the section of a part of
the specimen reduces apparently, and the necking phenomenon appears. Finally, the
specimen is broken (Point F) at the middle of the necked part. The descending
branch (BF) of the stressestrain curve is the result when the stress is calculated, us-
ing the original section of the specimen. If the tensile force is divided by the mini-
mum area at the necked section, a continuously ascending branch (BF0) is presented.
When the elongation deformation, within the measuring length i.e. usually taken as
5 or 10 times the specimen diameter of the specimen after being broken is divided by
the original length, the ultimate percentage elongation (d5 or d10) is obtained.

From the viewpoint of engineering application, the complete stressestrain curve
of mild steel can be simplified into four zones including elasticity, yielding, hard-
ening, and necking down ones. Consequently, the proportional, elastic, and upper
and lower yield limits are merged into one point, i.e. yield limit (Y), and the elasticity
zone (OY) before yielding is an inclined straight line and the yield plateau (YH) is a
horizontal line (fy ¼ const.). The stress value of the yield limit is taken as that of the
lower yield limit.

The main mechanical indices of the mild steel include yield and ultimate
strengths (fy, fb), (initial) modulus of elasticity (Es), and ultimate percentage elonga-
tion (d5 or d10). The steels of various alloy contents and strength grades show
different values of these indices, and the indices of the qualified structural steels pro-
duced in China are listed in Table 6-1, and the typical stressestrain curves of them
are shown in Fig. 6-5.

Comparing the mechanical indices of various steels, it is found that: (1) the
higher the strength, the smaller the plastic deformation and ultimate elongation,
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and the shorter the yield plateau; (2) the ratio between the ultimate and yield
strengths of the mild steels is about:

fb=fy ¼ 1:5 or fy ¼ 0:67fb; (6-1a)

but fyz0:85fb (6-1b)

for the hard steels.

Table 6-1 Main Mechanical Indices of Structural Steels

Category of Steel
Diameter
(mm)

fy
(N/mm2)

fb
(N/mm2)

Es

(105

N/mm2)
d5
(%)

Hot-rolled
bar

HPB235
(Q235)

8–20 235 370 2.1 25

HRB335
(25MnSi)

6–50 335 490 2.0 16

HRB400
(20MnSiV,
20MnSiNb,
20MnTi)

6–50 400 570 2.0 14

RRB400
(K20MnSi)

8–40 400 600 2.0 14

Heat-treated
bar

(40Si2Mn,
48Si2Mn,
45Si2Cr)

6–10 (1250) 1470 2.0 6

Stress-
relived
wire

Plain, spiral
ribbed

4–9 (1340–1500) 1570–1770 2.05 4

Deformed 5–7 (1340) 1570 2.05 4

Strand 3 or 7 wires 8.6–15.2 (1460–1580) 1720–1860 1.95 3.5
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FIG. 6-5 Stressestrain curves of steel grades I to IV
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The mathematic models of the stressestrain relationship of the mild steel shown
in Fig. 6-6 can be selected accordingly. The ideal elasto-plasticity model is the
simplest one among them and is used widely in practice, because the strain of the
reinforcement is normally less than 1% and has not entered into the hardening
zone at failure of the structure. The model of elasticity hardening is of two straight
lines linked at the yield point, and the stressestrain relation after yielded is simpli-
fied into a flatter line of slope taken usually as Es ¼ 0:01Es. The advantage of this
model is uniqueness of the stressestrain relation. The elasto-plasticity hardening
model of three lines or curve is slightly complicated but more accurate to describe
the large deformation of the reinforcement.

6.2.2 Hard steel (wire)
The stressestrain curve of carbon wire, strands, and heat-treated steel of high
strength is shown in Fig. 6-7. The stress and strain of the specimen increase propor-
tionally after loading, and the proportional (elastic) limit is about se z 0.75fb. After-
wards, the strain accelerates and the slope of the curve decreases gradually. When
the curve runs horizontally, the ultimate strength (fb) is reached. Then, the curve
descends slightly and the specimen is necked down and quickly broken. Its ultimate
percentage elongation is only about 5e7%.

Obviously, there is no yield plateau on the stressestrain curve of hard steel wire.
A nominal yield strength should be defined for hard steel and is used in the design of
structure. In China, like other countries, the assumed yield point (Y) is taken as that
corresponding to residual strain 0.2 � 10�2 after being unloaded, and the corre-
sponding stress obtained from the experimental data is:

f0:2 ¼ ð0:8w0:9Þfb (6-2)

Ideal elasto-plasticity Elasticity-hardening

Elasto-plasticity-hardening

fy fy

fyfy

Es Es Es

Es

ε

ε ε

ε

σ σ

σσ

′

FIG. 6-6 Constitutive models for reinforcement (mild steel)
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Therefore, the nominal yield strength of hard steel in Chinese Code [2-1] is taken
as that shown in Eq. (6-1b). Other mechanical indices of hard steel are also listed in
Table 6-1.

Ramberg-Osgood model [1-1] is used widely for the stressestrain relation of
hard steel. When the elastic limit (se; εe) and a reference point P
(sp; εp ¼ sp=Es þ ep) of it are known in advance, the strain corresponding to any
stress ss is determined by:

0 � ss � se εs ¼ ss

Es

ss > se εs ¼ ss

Es
þ ep

�
ss � se

sp � se

�n

9>>=
>>;; (6-3)

where Es ¼ se=εe and the parameter is taken n ¼ 7e30, depending upon the cate-
gory of the steel.

According to the experimental data in China, the calculation formula [5-7]
suggested for it is:

εs ¼ ss

Es
þ 0:002

�
ss

f0:2

�13:5

(6-4)

6.3 Deformation under action of cyclic loads
When the repeated load (loading and unloading repeatedly, e.g. a lorry acting on a
bridge) and reversed load (loading positively and negatively, e.g. seismic action) are
acted cyclically on a concrete structure, the stress of a reinforcement in it should
experience corresponding variations. As a single specimen of reinforcement is
loaded repeatedly or reversely on a testing machine, the complete stressestrain
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FIG. 6-7 Stressestrain curve of carbon wire of high strength
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curve of the specimen is measured and then the mathematic model of it can be simu-
lated (Fig. 6.8).

The stressestrain curve of the reinforcement measured during repeated tension is
shown in Fig. 6-9. When the reinforcement is loaded and unloaded before the yield
point (Y), its stress and strain run along the straight line (OY) and no residual strain
appears after being totally unloaded. After the reinforcement entered into the yield
plateau (ε > εy), the unloading process is an inclined line (RO0) paralleling with the
initial loading line (OY) and the residual strain (εres) appears after being totally
unloaded (s ¼ 0). And, the residual strain increases with the strain (εr) before
unloading. When the reinforcement is loaded again, the stress and strain increments
of it increase proportionally, i.e. ascend along the line O0R. If the reinforcement is
loaded further, the stressestrain relation becomes curve RH0B0F0. Comparing with
the original curve (YRHBF), the stress on segment RH0 is increased, but the previous
yield plateau disappears; the maximum stress (strength, at point B0) approximates to
the original ultimate strength (at point B) while the corresponding strain (εb) and
ultimate elongation (d5) are reduced.
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FIG. 6-8 Constitutive model for hard steel
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FIG. 6-9 Stressestrain curve of reinforcement under repeated tension
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When the reinforcement specimen is loaded reversely, i.e. tensile and compres-
sive stresses act alternately, and the maximum stress of every cycle is increased grad-
ually, the stressestrain curve obtained is as shown in Fig. 6-10 [6-8e6-10]. After the
tensile reinforcement entered into the yield plateau, it is unloaded from point T1 until
zero stress (line T1O1) and loaded reversely (compressive stress) from Point O1 to
Point C1 (curve O1C1), then it is unloaded again from Point C1 until zero stress
(Point O2) and line C1O2 is obtained. When the reinforcement is tensioned again,
the stressestrain curve starts from PointO2 and passes through Point T1, and reaches
Point T2. When the reinforcement is successively unloaded, loaded reversely, and
unloaded reversely again, the line T2O3, curve O3C1C2, and line C2O4 are obtained
correspondingly.

When the loading curves in the same directions (tension and compression) are
separately moved parallelly and linked together, two skeleton curves including ten-
sile (O T1 T

00
2 T 00

3 , the black dashed line in Fig. 6-10) and compression ones are ob-
tained. The skeleton curve in the direction of first loading (tensile one in Fig. 6-10) is
consistent with the stressestrain curve of the same reinforcement tested under
monotonic tension (Fig. 6-4), but both are obviously different from the skeleton
curve in the negative direction (compression one). The main differences between
them are that: the yield point during the first reverse loading is apparently lower
and no yield plateau appears on the curve (O1C1), although the succeeding stresse
strain curve is basically similar.

Therefore, when the steel is first loaded and entered into the yield plateau, its
elastic limit during negative loading is apparently reduced, and the greater the strain
reached during first loading, the more reduction in the elastic limit in the negative
direction. This is called the Bauschinger effect [6-10]. The crystal lattice in the metal
is of different directions and is deformed after loading, and the residual stress and
strain of it exist after being totally unloaded, then plastic deformation occurs early
under lower stress when it is loaded reversely.

The stressestrain curve of the reinforcement during unloading approximates a
straight line regardless of tension and compression loads, and it parallels the initial
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FIG. 6-10 Stressestrain curve of reinforcement under reversed tensileecompressive load
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stressestrain line under first loading and the slopes of these lines, i.e. the modulus of
elasticity, are equal. On the contrary, the stressestrain curve of the reinforcement
during loading, including tensile or compressive load, is not a straight line because
of the Bauschinger effect, except during first loading. Or, it is called softening
segment.

Therefore, the complete stressestrain relation of the reinforcement under
reversely loading can be described fully by three parts: skeleton, unloading and
loading curves. Among them, the skeleton is taken as the complete stressestrain
curve of the reinforcement under monotonic loading, the unloading curve is taken
as an inclined line of slope E, but the loading curve or softening segment should
be determined separately.

Cato model [6-9,1-1]. A local coordinate (s�ε), of which the origin is the start-
ing point (s ¼ 0) of positively or negatively loading, is taken for the softening
segment OA, and the ordinate and abscissa of Point A are respectively the maximum
stress ss during last loading in the same direction and the strain increment εs from
Point O to A (Fig. 6-11(a)). Therefore, the secant modulus of elasticity of segment
OA is EB¼ ss/εs, while the initial tangent modulus of elasticity of it is E. Let the rela-
tive coordinates be:

x ¼ ε=εs and y ¼ s=ss;

and the equation is assumed for the experimental softening segment (Fig. 6-11(b)):

y ¼ ax

xþ a� 1
: (6-5)

0 0.5
x = ε/εs
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1.0

y 
= 

/ σσ
s

EB

E

ΔS2

ΔS1

(a) (b)

0

ℓ

ℓ
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FIG. 6-11 Cato model for softening segment: (a) stressestrain curve under reverse loading,

(b) shape of softening segment
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When Eq. (6-5) is differentiated and let x ¼ 0, the ratio between the initial slope
of segment OA and the secant slope at Point A is obtained:

dy

dx

����
x¼0

¼ a

a� 1
¼ E

EB

r a ¼ E

E � EB
(6-6)

The secant modulus of segment OA decreases gradually, i.e. stiffness degrada-
tion, at every loading as the plastic strain reached during last loading increases.
According to the experimental data, the empiric value of the secant modulus of
the softening segment is:

EB ¼ �E

6
logð10εresÞ; (6-7)

where εres is accumulated strain on the skeleton within negatively loading history
(Fig. 6-11(a)) :

εres ¼
X
i

DSi (6-8)

Kent-Park model [6-8]. The general formula of the stressestrain curve sug-
gested by Rambery-Osgood is:

ε

εch
¼ s

sch
þ
�

s

sch

�r

; (6-9a)

and the shape of the curve depends upon the value of r: it is a straight line and used
for elastic material if r ¼1; it includes two lines linked together and is used for ideal
elasto-plastic material if r ¼ N; it is one of the curve family transformed gradually
when 1< r < N (Fig. 6-12). The geometric characteristics of the family are: (1)
every curve of them passes the point at s/sch ¼ 1 and ε/εch ¼ 2; (2) the slope of
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FIG. 6-12 Kent-Part model for softening segment [6-8]
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the line is dy/dx ¼ 0.5 when r ¼ 1, while the initial slope of every curve equals
dy/dx ¼ 1 when rs1.

Eq. (6-9a) is easily modified into:

ε ¼ s

E

"
1þ

�
s

sch

�r�1
#
; (6-9b)

where E ¼ sch/εch is the initial modulus of elasticity of reinforcement, sch is the
value of characteristic stress, which depends upon the plastic strain (εip) caused
within the previous stress cycles, and the empiric formula for calculation [1-1] is:

sch ¼ fy

"
0:744

ln
�
1þ 1000εip

�� 0:071

ð1� e1000εipÞ þ 0:241

#
(6-10)

when εip ¼ 4e22 � 10�3, where r is the parameter depending upon the number (n)
of loading and unloading cycles:

when n is an odd r ¼ 4:49

ln ð1þ nÞ �
6:03

en � 1
þ 0:297; (6-11a)

when n is an even r ¼ 2:20

lnð1þ nÞ �
0:469

en � 1
þ 0:304: (6-11b)

6.4 Behavior after cold-worked
Mild steel has a long yield plateau on its stressestrain curve and reaches the
ultimate strength (fb) after experiencing a large plastic deformation. However,
only the yield strength of it can be used for structural design, but the ultimate
strength (Eq. 6-1) can not be utilized, otherwise excessive deformation of the
structure would occur if the corresponding strain is reached. On the other hand,
the yield strength of mild steel will increase considerably, when it is stretched
and enters into the yield plateau even strengthening zone and then unloaded,
and the ultimate elongation of it is reduced corresponding but still satisfies the
engineering requirement.

It is demonstrated by many engineering facts that the yield strength of mild
steel is increased but the ultimate elongation is reduced after it was cold-
worked, such as cold-stretched, -rolled, -twisted, -drawn, and larger plastic
deformation was appeared, because the crystalline grain of the steel was dis-
torted and deformed and, hence, its resistance was enhanced. This phenomenon
is called cold-work strengthening. Furthermore, cold-stretching is a necessary
procedure to straighten the reinforcement and also an additional examination
for its quality during construction of the structure. Therefore, when the
increased strength of mild steel is effectively utilized in the practical engineer-
ing, steel can be saved.

172 CHAPTER 6 Mechanical Behavior of Reinforcement



6.4.1 Cold-stretching and age-hardening
When the reinforcement of mild steel is cold-stretched until exceeding the yield
point and entering into the hardening zone and then is totally unloaded, the resid-
ual deformation (OO0 in Fig. 6-13) is presented and the reinforcement is elongated.
When the reinforcement is stretched again, the stressestrain curve obtained is
shown as the dash line in the figure. It is seen that the yield strength approximately
equals the stress value before unloading (Point R), which is called control stress of
cold-stretching, and is higher than that before stretching; the yield plateau is not
apparent and the modulus of elasticity is slightly reduced; the ultimate strength
is approaching that of original steel, but the ultimate elongation is considerably
decreased.

The main mechanical behavior, including yield strength (fy), ultimate strength
(fb) and ultimate elongation (d10), of the reinforcement after cold-stretching depends
upon the kind of original steel and the values of stress and elongation of it reached
during stretching. The relevant data measured of various kinds of steel are listed and
compared in Table 6-2. Generally, the yield strength of the reinforcement after
stretching is increased by 20e35% over that of the original one, when it is stretched
until elongation (3e5%). However, it should be mentioned that the compressive
strength of the reinforcement after cold-stretching is not increased.

As the manipulation of cold-stretching is generally controlled by both stress and
elongation of the reinforcement [6-11], the strength of the reinforcement and, then,
the safety of the corresponding structure are guaranteed. In fact, when the wire rod
(reinforcement) is mechanically straightened during the construction process, its
plastic deformation also appears to a certain extent and the yield strength is
increased correspondingly. When the yield strength of the reinforcement after
straightening is determined from the reliable experimental investigation, it can be
safely used in the design of the relevant structure [4-11].

The reinforcement after cold-stretching has no obvious yield plateau on its
stressestrain curve. If the reinforcement is kept naturally for a period or heated arti-
ficially and then it is loaded again, the stressestrain curve O0RY0B0F0 shown in
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FIG. 6-13 Stressestrain relation of reinforcement after cold-stretching and age-hardening
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Table 6-2 Comparison Between Behaviors of Reinforcement after Cold-Stretched and Age-Hardened and Original [6-11]

Kinds
of Steel

Parameters of
Cold-Stretching fy (N/mm2) fb (N/mm2) d10 (%)

Elongation
(%)

Stress
(N/mm2)

Original
Steel

After
Stretched

After
Stretched
and Age-
hardened

Original
Steel

After
Stretched

After
Stretched
and Age-
hardened

Original
Steel

After
Stretched

After
Stretched
and Age-
hardened

A5 4.00 478 – 478 525 – – 570 – 20.4 15.7

16Mn 2.93 450 383 487 537 562 580 598 25.0 22.5 20.3

25MnSi – 520 445 528 611 670 670 693 23.0 20.0 18.7

40Si2V 1.71 750 705 758 853 930 936 942 15.3 13.4 13.0

45MnSiV 1.60 750 595 750 850 910 930 968 13.5 12.0 11.0

45Si2Ti 2.30 750 – 750 844 – 957 956 – 11.7 12.8

44Mn2Si 3.00 780 – 780 835 – – 905 – 13.1 11.5
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Fig. 6-13 is measured. It is seen that the yield plateau clearly appears again but with
short length, the yield strength is increased once more and the ultimate strength is
also increased slightly, but the ultimate elongation reduces further (Table 6-2).
This phenomenon is called age-hardening (strengthening). Therefore, age-
hardening is a succeeding process of cold-stretching for reinforcement, and it is
helpful to improve its mechanical property.

Various kinds of steel need different age-hardening processes [6-11]. Ordinary,
carbon steel (Grade I, A3 and A5) can be age-hardened under natural environment,
and it takes generally two or three weeks, but takes less time under higher temper-
atures. Artificially heating accelerates the age-hardening process, for example,
only two hours are needed under temperature 100�C. However, the age-
hardening of low alloy steel (Grades II, III, IV) is very slow under natural environ-
ment, but it is accelerated under high temperature, e.g. it takes only half an hour
under temperature 250�C.

6.4.2 Cold-drawn
When the reinforcement is stretched and passed through a die of hard metal, it is
elongated and its diameter is reduced under common action of longitudinal tension
and transverse compression, and its volume is decreased slightly. The original steel
is normally wire rod of diameter 6 mm or 8 mm, its diameter is reduced by 0.5e2.0
mm after every cold-drawn, which is called cold-drawn wire of low-carbon steel.

Plastic deformation of the reinforcement occurs intensely and the crystalline
grain in it is deformed and displaced considerably during the cold-drawing process,
so its strength is greatly increased and the ultimate elongation is reduced corre-
spondingly, and the stressestrain curve of it is similar to that of hard steel
(Fig. 6-14). The cold-drawn wire is used widely in engineering practice in China
to save steel used and to reduce the cost of the structure.

The main mechanical behavior of the cold-drawn wire, including nominal yield
strength (fy), ultimate strength (fb) and elongation (d5 or d10), and modulus of

Cold-drawn wire

Original steel

Die for cold-drawing

d d 0

f0.2

fb

fp

0

σ

ε
0.2 × 10–2

FIG. 6-14 Stressestrain curve of cold-drawn wire of low-carbon steel
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elasticity, depends mainly upon the kinds of original steel and the reducing rate of its
section area (Fig. 6-15), but is not apparently influenced by the number of cold-
drawing.

According to the experimental data reported in China [6-11], the ultimate
strength of cold-drawn wire of low-carbon steel reaches about 1.6e2.0 times that
of original steel, and the ratios between the proportional limit and nominal yield
strength with ultimate strength are respectively fp/fb ¼ 0.71e0.84 and f0.2/fb ¼
0.9e1.0. However, the ultimate elongation of its diameter of 3e5 mm is only d10
¼ 2.5e5.0%, i.e. 10e15% of that of the original steel, and the modulus of elasticity
is decreased slightly.

The stressestrain relation of the cold-drawn wire of low-carbon steel is sug-
gested in reference [6-12] as below:

0 � εs � εp ss ¼ Esεs

εs > εp ss ¼ 1:075fb � 0:6

εs

9>=
>;; (6-12)

where the strain corresponding to proportional limit is εp ¼ 2.5�10�3.

6.5 Creep and relaxation
It is demonstrated experimentally that mild steel with an apparent yield plateau does
not cause any creep or relaxation, when it is loaded constantly or repeatedly and its
stress is lower than the elastic limit. However, the high strength and cold-worked
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FIG. 6-15 Behavior of cold-drawn wire of low carbon steel [6-11]: (a) ultimate strength,

(b) ultimate elongation (d10)
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steels will cause plastic deformation under a higher stress level. When these steels
are loaded and entered into non-elasticity zone, creep or relaxation occurs even
under room temperature.

Creep and relaxation are different responses of plastic deformation of a material
under sustained stress and their values can be converted into each other as introduced
in Section 3.6.1. Creep of steel is the result when the crystalline grain in it is
deformed and displaced with time under high stress. In engineering practice, the
creep of steel causes gradually increasing deformation of a structure, especially
the suspension structure of large span, and the relaxation of steel causes stress
loss of the prestressed tendon (reinforcement) in a prestressed concrete structure
and then its cracking resistance is reduced.

Usually, a long specimen of several meters or longer is used for measuring the
relaxation of the steel. It is fixed at one end and stretched on the other end until
the predetermined stress level (s0) and then fixed. Afterwards, the length of the spec-
imen is kept constant but the stress in it is decreased gradually with time, and the
stress difference or relaxation jDsrj is measured. Generally, the relaxation value
(Dsr=s0) of the specimen sustained for 1000 hours is taken as the criterion.
The experimental results of four kinds of steel are shown in Fig. 6-16.
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The main factors having influence on the relaxation of steel are discussed below.

6.5.1 Kind of steel
Mild steel shows no stress relaxation (Dsr ¼ 0) when its stress is less than the elastic
limit. The values of stress relaxation of other kinds of steel are listed in Table 6-3,
and the order of them is successively cold-stretched bar, cold-drawn wire of
lower-carbon steel, high-strength wire of carbon steel, and strand wire, according
to the relaxation values from small to great.

6.5.2 Sustaining time of control stress
The stress relaxation of steel increases monotonically with sustaining time of the
stress, and it appears quickly within the earlier period, e.g. about 50% within one
day, and is slowed down later on. The increasing regularities of stress relaxation
given by various researches (Table 6-4) are consistent, and some calculation for-
mulas of logarithmic function are suggested in references, e.g. [1-1,2-12].

6.5.3 Stress level
The stress relaxation of steel increases non-linearly with the level of sustaining
stress (s0=fy or s0=fb). A series of experimental data measured from the tests of

Table 6-3 Comparison Between Values of Stress Relaxations (Dsr) of Various

Steels

Kind of Steel

Cold-Stretched
Bar
(Grades II–IV)

Cold-Drawn
Wire of Low
Carbon Steel

High-Strength
Wire of Carbon
Steel

Strand
Wire

Control
stress s0

(0.85–0.95)fy 0.7fb 0.7fb 0.8fb (0.65–0.70)fb*

Dsr/s0 (%) 3.4–4.5 5.46 7.85 7.95 6–7*

Note: The sustaining time of control stress is 1000 hours, but 336 hours for *.

Table 6-4 Stress Relaxation Increases with Sustaining Time of Stress [1-1,2-12]

Sustaining
Time of
Stress

Hours 1 20 100 500 1000 3000 10000 100000

Days 41.7 125 417 4167

Relative
value

Guyon 0.29 0.71 1 1.25 1.36

CEB-FIP
MC90

0.25 0.55 0.70 0.90 1

REIS* 0.22 1 1.14

AREC* 0.24 0.48 0.61 0.90 1

*REIS Railway Engineering Institute of Shanghai, AREC Academy of Railway Engineering of China.
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high-strength wire of carbon steel are given in Table 6-5, and they are consistent
with that calculated by relevant formulas suggested in reference [2-12].

6.5.4 Temperature
It should be noticed that the stress relaxation of steel increases considerably with the
environmental temperature as shown in Table 6-6.

In order to reduce the stress relaxation of the steel, and then to enhance cracking
resistance and stiffness of the concrete structure, the main measure in engineering
practice is using the special prestressing steel (wire) of low relaxation (Dsr/s0
< 4%), and over-prestressing and re-prestressing technique during construction pro-
cess (see Fig. 6-16) are also effective.

Table 6-5 Stress Relaxation of High-Strength Wire of Carbon Steel

Varies with Level of Sustaining Stress [1-1]

s0/fb <0.5 0.5 0.6 0.7 0.8

Relative Dsr/s0 0 1 3.38 5.60 8.50

Note: Stress relaxation of the specimen under sustaining stress s0/fb¼ 0.5 is taken as 1.

Table 6-6 Stress Relaxation of High-Strength Wire of Carbon Steel

Varies with Temperature

T (�C) 20 40 60 100

Relative Dsr/s0 1 z2.0 z3.2 z7.0

Note: Stress relaxation of the specimen under temperature 20�C, stress s0/fb¼ 0.5,
and sustained time 1000 hours is taken as 1.
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7.1 Function and composition of bond
7.1.1 Function and classification
The basic condition for reinforcement and concrete composing a composite struc-
tural material is the reliable bond and anchorage between them. If the reinforce-
ment in a beam does not adhere with adjacent concrete along its length and
without any anchorage on both its ends (Fig. 7-1(a)), it is free of force (ss ¼ 0)
and the beam will break soon after it is loaded slightly, as the beam acts like a plain
concrete one. If the reinforcement in a beam does not adhere with adjacent con-
crete but the mechanical anchorages are set up at both ends (Fig. 7-1(b)), the stress
in it is a constant (ss ¼ const.) along its length when the beam is loaded, and the
load-bearing capacity of the beam is enhanced greatly. However, the beam acts like
an arch of two hinges rather than ‘a beam’, according to the stress distribution in
the beam. Only when the reinforcement in a beam is adhered reliably with adjacent
concrete along its length including both ends, does the stress of it vary with the
bending moment on the section after the beam is loaded (Fig. 7-1(c)). Then, this
fits the mechanical characteristic of a beam and a reinforced concrete beam is
presented.

Analyzing the equilibrium condition of a segment of the reinforcement in a
beam, the difference of normal forces at both ends of the segment is in equilibrium
with the longitudinal shear stress on its periphery (Fig. 7-1(d)). The shear stress is
the bond stress provided by the adjacent concrete:

s = 0σ sσ

sσ

sσ

cσ

sσ sσ

= const

+ d

sστ
τsσ+ d

cσ cσ+ d

dx

M M + dM

dx dx

Segment of
reinforcement

Segment of concrete

(c) (d)

(a) (b)

FIG. 7-1 Adhesion and anchorage of reinforcement in beam: (a) without adhesion and

anchorage, (b) anchorages set up at both ends, but without adhesion along reinforcement,

(c) reinforcement adhered reliably with adjacent concrete, (d) balance conditions
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s ¼ As dss
pd dx

¼ d

4

dss
dx

; (7-1)

where d and As are, respectively, the diameter and sectional area of the reinforce-
ment. In the meantime, the longitudinal shear stress, i.e. the bond stress of opposite
direction is acted to adjacent concrete by the reinforcement, and it has to be in equi-
librium with the longitudinal forces of corresponding concrete segment.

According to the mechanical condition of a concrete structural member, the bond
stress states are classified as two categories.

7.1.1.1 Anchorage bond of reinforcement end
For example: end of a reinforcement near the support of a simply supported beam,
splice or cut of a reinforcement in beam span, extension of tensile reinforcement of a
cantilever or beamecolumn joint (Fig. 7-2(a)). The normal stress at the end of the
reinforcement is zero under these conditions, and it reaches its designed strength
(yield strength fy for mild steel) at the section not far away. Also, the distance be-
tween the section and the end is called development length. Therefore, the stress dif-
ference in the reinforcement segment is great (Dss ¼ fy), and the bond stress on its
periphery is high and varies greatly. If the reinforcement slides because of insuffi-
cient anchorage bond, its strength can not be fully utilized (ss < fy) and the cracking
and load-carrying capacities of the member should be reduced, or even the member
may fail earlier. This is called bond failure, which is brittle and serious.

7.1.1.2 Bond between cracks
When the concrete in a tension member or in the tension zone of a flexural member
under loading is cracked and out of work, the stress of the reinforcement in the

FIG. 7-2 Two categories of bond stress state: (a) anchorage bond of reinforcement end,

(b) bond between cracks
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cracked section increases. However, the concrete on the uncracked section still
works and carries a certain amount of tensile force, the stress of the reinforcement
in these sections is reduced. Therefore, the stress of the reinforcement varies along
its longitudinal direction, and the bond stress on its periphery distributes correspond-
ing (Fig. 7-2(b)). Then, the average stress (strain) of the reinforcement is high,
although the stress difference is less within the segment between two cracks. It
means that the average strain and total deformation of a reinforcement buried in con-
crete is respectively less than that of the reinforcement alone, because bond stress
exists on its periphery. This is favorable to reduce the crack width of concrete and
to increase the stiffness of a structural member (Chapters 12 and 13), and is called
the effect of tension stiffening.

Therefore, when the normal stress of a reinforcement in a concrete structural
member varies along its length, which is caused due to variation of internal force,
cracking of concrete, or detailing requirement, the concrete surrounding it has to
provide necessary bond stress (s). Otherwise, if the bond stress is zero (s ¼ 0), rela-
tive slip will occur between the reinforcement and adjacent concrete, larger cracking
and deformation will appear in the member or joint, and the internal force (or stress)
will redistribute, the structure may even fail earlier. In addition, the bond condition
between reinforcement and adjacent concrete will be deteriorated under repeated ac-
tion of the load, and it also has influence on the fatigue and aseismic behaviors of the
structure (see Part 4). Therefore, the bond behavior between reinforcement and con-
crete has to be paid attention to in engineering practice.

On the other hand, bond behavior between reinforcement and adjacent concrete
is a local stress state, the stress and strain there distribute complicatedly, local crack
of concrete and relative slip between them do exist, and many factors have influ-
ences on it, so the hypothesis of plane section is not followed again and this is a dif-
ficulty in research work. Many experimental and theoretical investigations have
been conducted on bond behavior but they are still not satisfactory up to now, so
their application in engineering practice and the bondeslip constitutive relation
used in finite-element analysis are mainly empirical.

7.1.2 Composition
The bond or slip resistance between reinforcement and adjacent concrete is
composed of three parts [1-1,7-2]:

1. Chemical adhesion or adsorption is caused on the surface of reinforcement due to
the action of cement gelation. The ultimate shear strength of it (sad) depends
upon the property of concrete and the rough level of reinforcement surface.
When the reinforcement is forced and deforms greatly and after local slip
occurred between it and adjacent concrete, the chemical adhesion loses.

2. Friction between reinforcement and surrounding concrete. This depends upon
the friction coefficient between them and the radial compressive stress acted on
the periphery of reinforcement, which is caused by shrinkage of the concrete
and the action of load or reaction. Friction acts only after the adhesion lost.
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3. Mechanical interaction on rough surface of reinforcement or between ribs of the
deformed reinforcement and concrete. This is the longitudinal component of
inclined compression on rough surface of reinforcement (Fig. 7-3(c)), which is
acted on by the surrounding concrete and the ultimate value of it is controlled by
the shear strength of the concrete.

Actually, all of the three bond components are closely related to the levels of
rough and corrosion of the reinforcement surface [7-3], and they are difficult to mea-
sure individually during testing and to be distinguished strictly from the experi-
mental data. In addition, these components vary correspondingly when the
reinforcement is at different loading stages and its slip develops, or under loading
and unloading.

The steel plate is used to simulate the bond test of reinforcement (Fig. 7-3) in
reference [7-2]. The roughness (Dh mm, Table 7-1) of the surface of the steel plate
is caused due to different levels of corrosion and is measured before casting of con-
crete. The adhesion (sad ¼ P/A) between the plate and concrete specimen is first
measured (Fig. 7-3(a)), then the friction test (Fig. 7-3(b)) is conducted after failure
of plate adhesion, and the measured adhesion and friction coefficient (f ¼ F/W) are
listed in Table 7-1. The experimental data of plain reinforcement are also listed in
the table (last row) for comparison.

FIG. 7-3 Tests for parameters of bond between steel and concrete: (a) test of adhesion, (b) test

of friction coefficient, (c) roughness and interaction on reinforcement surface

Table 7-1 Parameters of Roughness and Adhesion on Steel Surface [7-2]

Levels of Corrosion None Slight Serious Extreme

Roughness Dh (mm) 0.025–0.040 0.05–0.17 0.17–0.34 0.23–0.66

sad / fcu w0.02 w0.03 w0.035 w0.04

Friction coefficient f 0.20–0.25 0.26–0.30 0.40–0.50 0.45–0.60

Average bond strength
su
fcu

of plain reinforcement

0.04 Increases gradually 0.14
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7.2 Test method and bond mechanism
7.2.1 Test method
The stress state near the end of the reinforcement in a concrete structure is rather
complicated and is difficult to be simulated accurately. There are two methods for
the pull-out test of reinforcement, and different shapes and loading conditions of
the specimens are used separately.

7.2.1.1 Tension test
This method was used earliest and the manufacture and testing of the specimen are
simple. The specimen is generally of a prism and a reinforcement is buried in its cen-
ter. When the specimen is tested, one end of it is supported on a steel plate with a
hole in the center and the reinforcement end is clamped down by the test machine,
then the tensile force is applied (Fig. 7-4(a)) until the reinforcement is pulled out or
yielded.

The concrete near the loading end of the specimen is compressed locally and the
stress state there is considerably different from that occurring near the reinforcement
end in a structure, then the truthfulness of the testing result is doubtful. Alternately,
the reinforcement near the loading end is locally separated from the surrounding
concrete in the specimen (Fig. 7-4(b) and (d)). However, when the deformed rein-
forcement is used in the specimen and tested, the specimen frequently fails due to
longitudinal splitting (see Fig. 7-9). Therefore, a spiral stirrup is set up in the spec-
imen to ensure the deformed reinforcement being pulled out during testing
(Fig. 7-4(c)). Up to now, the standard specimen and method of this kind of test,
including transverse size (a/d) or thickness of concrete cover (c/d), buried and
adhered length (l/d) of the reinforcement, and stirrup used, are not unified for
different countries and organizations.
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FIG. 7-4 Tension specimen for bond test: (a) used earlier, (b) RILEM-FIP-CEB, (c) CP 110

(British), (d) buried shortly
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The constitutive relation of bond stress and slip (s�S) on the boundary between
reinforcement and concrete is needed for finite element analysis of reinforced con-
crete structure, and it can be approximately measured, using the specimen of shortly
buried reinforcement (Fig. 7-4(d)).

7.2.1.2 Beam test
In order to simulate better the anchorage bond condition of the reinforcement in a
beam end, the beam specimen is used. The beam specimen (Fig. 7-5) is divided
into two pieces and manufactured, the bond-free zones are set up at the loading
ends of the reinforcement and the beam ends, and the adhered length of 10d is
located in the middle of the reinforcement. The tensile zone in mid-span of the
beam is the testing reinforcement, and the compressive zone is connected with a
hinge. Therefore, the lever-arm of the beam is definite, and the tensile force acted
on the reinforcement can be accurately calculated from the applied load. In addition,
there are other beam specimens for bond test [7-5,1-1], and different detail and size
of the specimens are separately used.

It is concluded [7-6] after comparing the results of both test methods that the
average bond strength (su) obtained from the tension test is higher than that from
the beam test and the ratio between them is in the range of 1.1 and 1.6 if specimens
of the same material and bond length are used. The main reasons are that the thick-
ness of concrete cover (c/d) of the latter is obviously smaller than that of the former,
besides the difference of stress state of surrounding concrete of both specimens.

The tensile force N and its ultimate value Nu and the relative slips at loading and
free ends of the reinforcement (Sl and Sf, Fig. 7-6(a)) are measured during both pull-
out tests. The average bond stress (s) and ultimate strength (su) between the rein-
forcement and adjacent concrete are respectively:

s ¼ N

pdl
and su ¼ Nu

pdl
; (7-2)

where d and l are respectively diameter and bond length of the reinforcement.
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FIG. 7-5 Beam specimen for bond test [7-4]
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In order to measure the distribution of bond stress (s) along the bond length but
not to disturb the bond condition, the strain gauges have to be stuck in the interior of
the reinforcement [7-7,7-2] (Fig. 7-6(b)). The reinforcement is machined into halves
and a channel is milled on it for sticking the strain gauges, and the electrical wires
are stretched out from a hole. After the channel is waterproofed, two halves of rein-
forcement are connected and spot-welded together, then the pull-out specimen is
made after casting concrete. The bond stress can be calculated by Eq. (7-1) and
the stress difference of the adjacent gauges is used, which are measured during
testing, and the distribution of bond stress is then obtained.

The development of internal crack in the specimen is also investigated during the
pull-out process [7-8,7-9]. Red ink is poured in advance into the small hole in the
specimen, it permeates into the cracks after the specimen is cracked under loading,
then the number and shape of the cracks can be clearly observed after the specimen
is broken.

The ultimate bond strengths of plain and deformed reinforcements are signifi-
cantly different, and the bond mechanism, slipping, and failure pattern of the spec-
imens with both reinforcements are also different.

(a)

(b)
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FIG. 7-6 Equipment and measurement of bond test [7-2]: (a) measuring equipment, (b) strain

gauges sticking in interior of reinforcement

188 CHAPTER 7 Bond Between Reinforcement and Concrete



7.2.2 Plain reinforcement
The tensile force (N) or average bond stress (s) and the slips at both ends of the plain
reinforcement (Sl and Sf) are measured during the pull-out test and the experimental
curves are shown in Fig. 7-7(a). The distributions, along the bond length, of normal
stress (ss), the bond stress (s) calculated, and the slips of the reinforcement vary as
shown in Fig. 7-7(b), when the load (tension) increases.

After the specimen is loaded, the bond at the loading end of the reinforcement
is failed soon and the relative slip (Sl) between the reinforcement and adjacent
concrete is measured. In the meantime, only a part of the reinforcement near
the loading end carries tension (ss > 0) and the distribution of bond stress is
also limited within this part. The relative slip occurs only within the zone from
the peak point of bond stress to the loading end of the reinforcement, the other
part of the reinforcement is still adhered and free of slip. The tension zone of
the reinforcement is gradually increased and the peak point of bond stress distribu-
tion moves towards the free end of the reinforcement, as the load (or s) increases.
Then, the slip zone of the reinforcement is spread and the slip at loading end (Sl)
accelerates.

When the load is increased and s=su ¼ 0:4w0:6 is reached, the tension and slip
zones of the reinforcement spread gradually, and the slip at loading end (Sl) accel-
erates obviously and seSl becomes a curve, but the free end of the reinforcement is
still not slipped. The distributed length of bond stress (s) is spread and its peak point
moves rapidly, and the shape of the curve changes from inclining to the right towards
inclining to the left. When s=su z 0:8; the free end of the reinforcement starts to
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slip, the bond near the loading end is damaged seriously and the bond stress there
reduces, so uniform normal stress of the reinforcement is approached.

When the slip at the free end of the reinforcement reaches Sf ¼ 0.1e0.2 mm, the
load of the specimen reaches the maximum Nu and ultimate bond strength (su, Eq.7-2)
is obtained. Afterwards, the slips of the reinforcement (Sl and Sf ) increase quickly, the
tension is carried by the friction and residual interaction on periphery of the reinforce-
ment, then the adjacent concrete is crushed and its resistance reduces, and a descend-
ing branch of the s� S curve is formed. Finally, the reinforcement is pulled out
gradually from the specimen, and some concrete dregs are adsorbed on its periphery.

The pull-out process of the reinforcement described above occurs only for the
specimen of shorter bond length. If the bond length of the reinforcement is long
enough, it will not be pulled out even after the loading end of it is yielded,
when the specimen is loaded until Nu¼ Asfy. The minimum bond length of the rein-
forcement needed for this is called the anchorage length (la) [2-1], which is neces-
sary to ensure the tensile strength of reinforcement is utilized fully in a structure.
According to the equilibrium condition, the anchorage length can be calculated by

la ¼ fy
4su

d3; (7-3)

where su is the average ultimate bond strength of reinforcement.

7.2.3 Deformed reinforcement
The typical bond stress-slip (s� Sl; �Sf ) curves measured from the pull-out test of
deformed reinforcement are shown in Fig. 7-8(a). The distributions of normal stress
(ss), bond stress (s), and slip (S) of the reinforcement vary along its bond length as
the load (or s) increases, and they are shown in Fig. 7-8(b). The development process
of the internal cracks in the specimen is shown schematically in Fig. 7-9 [7-10e7-
14,7-2].

The deformed reinforcement differs mainly from the plain one in the transverse
or inclined ribs on its periphery. When the deformed reinforcement is tensioned, its
ribs compress the surrounding concrete (Fig. 7-9(a)) and the mechanical interaction
between both increases greatly, so the bond mechanism is changed and this is favor-
able for anchorage behavior of reinforcement buried in concrete.

3This formula can also be used for deformed reinforcement. In Chinese Code [2-1], the basic formula
for anchorage length required for tensile reinforcement is:

la ¼ a
fy
ft
d:

This is modified from Eq. (7-3), the tensile strength of concrete (ft) is used to replace the average bond
strength (su) and a shape coefficient (a ¼ 0.13e0.19) of reinforcement is introduced to consider the
variations of kind and surface shape of the reinforcement.
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When a pull-out specimen without transverse stirrup is loaded, the bond near the
loading end of the deformed reinforcement fails locally because of stress concentra-
tion and the slip (Sl ) appears soon. As the load increases to s=suz0:3; the bond at
the free end of the reinforcement also fails, and the slip (Sf ) appears while the slip at
the loading end accelerates. Comparing with that of plain reinforcement, the stress
(s), at which the free end of deformed reinforcement starts to slip, approximates but
the ratio s=su reduces considerably, and the tension and slip zones of deformed rein-
forcement spread earlier over the whole buried length of it.

When the average bond stress reaches s=su ¼ 0.4e0.5, i.e. Point A on the s� S
curve, the bond on the back of the rib near loading end of the reinforcement is failed,
a tensile crack (1) (in Fig. 7-9(a)) appears there. Soon after, the crack extends to-
wards the opposite direction of the load and a longitudinal slip crack (2) is formed
on the surface of the reinforcement. As the load is increased slightly, the rib com-
presses the concrete near the rib tip, the crack (1) extends forwards and turns into
an inclined crack (3), i.e. a cone crack, in the interior of the specimen. When the
load is increased further, the cracks (1), (2), and (3) widen continuously and occur
successively near each rib from the loading end until the free end of the reinforce-
ment, the slips (Sl and Sf) develops rapidly and the slope of s� S curve reduces
gradually. Comparing with that of plain reinforcement, the variation rate of normal
stress ss of deformed reinforcement along its bond length is smaller, so the bond
stress varies less.

After these cracks are formed, the tensile load is mainly transferred by the fric-
tion on the periphery and compressions on ribs of the reinforcement. As the
compression on the front of the rib increases, a crushed zone (4) is formed there.
The reinforcement ribs compress the surrounding concrete, and its transverse, i.e.
radial, component causes tangent tensile stress in adjacent concrete (Fig. 7-9(b)).
A radial-longitudinal crack (5) is formed when the tensile stress exceeds the ultimate
strength of the concrete. This crack develops radially outside from the periphery of
the reinforcement, and from the loading end until the free end of the reinforcement.
When the load approaches the ultimate value (Point cr, scr/su z 0.9), the crack near
the loading end extends to the surface of the specimen, which is visible to the naked
eye. Then the crack extends longitudinally towards the free end, and the splitting
sound is sent out and the slip of the reinforcement increases rapidly. The load is
increased slightly and soon reaches the peak point (ultimate bond strength su) and
turns immediately into the descending branch, and then the specimen is split into
two or three pieces (Fig. 7-9(c)). The mark of the reinforcement rib remains on
the split surface of concrete, and the crushed dregs of concrete are absorbed on
the front of the ribs of the reinforcement.

If the specimen is set up with transverse spiral stirrups or with thicker concrete
cover (c/d > 5), the bond stresseslip curve measured is shown in Fig. 7-10. When
the load is small (s < sA), the s� S curve is similar to that of the previous specimen,
because the function of the spiral stirrup is limited. After the crack appears in the
interior of the concrete, the spiral stirrups confine the development of the crack
and the resistance is then enhanced. When the load is less slightly than the ultimate
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value, the reinforcement ribs compress strongly on the surrounding concrete and its
radial component also causes a radial-longitudinal crack (5). However, the cracking
stress (scr) and corresponding slip (Scr) increase greatly.

After the radial-longitudinal crack (5) appears, the stress in the transverse stirrup
increases sharply and the expansion of the crack is then confined, so the specimen
will not be split and the bond resistance is increased. When the reinforcement slips
significantly and the crushed zone on the front of its ribs is enlarged gradually and
develops successively along its bond length, the compression on the front of the rib
is reduced and the descending branch of the s� S curve is formed. Finally, the con-
crete between ribs of the reinforcement is sheared off, and the reinforcement with
concrete dregs filled in between the ribs is pulled out gradually (Point R). In the
meantime, the friction still exists on the cylinder surface of the outside envelope
of reinforcement ribs, and the residual resistance is about sr/su ¼ 0.3. The ultimate
bond strength of this kind of specimen may reach su ¼ 0.4fcu and is far greater than
that of plain reinforcement (Table 7-1).

Four characteristic points can be defined on the complete bond stresseslip
(s� S, or seS represented latter) curve, which is obtained from the pull-out test
of reinforcement, and they are individually: internally cracking (sA, SA), splitting
(scr, Scr), ultimate strength (su, Su), and residual strength (sr, Sr). These points divide
the mechanical stages and can be used to establish the corresponding seS constitu-
tive model.

7.3 Influence factors
The bond behavior between reinforcement and adjacent concrete and its character-
istic values vary as many factors have influences on them.
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7.3.1 Strength of concrete (fcu or ft)
When the strength of the concrete is enhanced, the chemical adhesion (sad) and me-
chanical interaction between reinforcement and concrete increase as well, while the
friction resistance is less influenced. In the meantime, the tensile (splitting) strength
(ft) of concrete also increases, so the internal cracking and splitting of the pull-out
specimen are delayed and the bond strength and stiffness of it are increased as
well (Fig. 7-11).

The experimental results show that the ultimate bond strength (su) of reinforce-
ment is approximately proportional to the tensile strength ft (or compressive
strength

ffiffiffiffiffiffi
fcu

p
) of concrete (Fig. 7-11(b)). Other characteristic values of bond stress

(sA, scr, and sr,) are also proportional to the tensile strength of concrete (Fig. 7-12).
Some experiments [1-1] also show that the cement contents and waterecement

ratio of concrete have a certain amount of influence on the bond behavior.
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7.3.2 Thickness of concrete cover (c)
The thickness of concrete cover of the reinforcement is the minimum distance be-
tween the outside of it and surface of the specimen (c, mm). As the splitting resis-
tance of surrounding concrete increases with the thickness, the splitting stress (scr)
and ultimate bond strength (su) of the specimen are enhanced obviously (Fig. 7-13).
However, if the thickness of concrete cover is even greater (c > (5w6d)), the spec-
imen will not fail due to splitting but is pulled out along the outside of reinforcement
ribs because of shearing off of concrete, so the bond strength will not increase
further.

When there is more than one reinforcement on the section of a structural
member, the pattern of bond failure is also related to the net space (s) between
the reinforcements [7-15,7-16]. The member will fail in splitting of concrete
cover when s > 2c, otherwise (s < 2c) it will fail in splitting along the net space
(Fig. 7-14).

7.3.3 Bond length of reinforcement (l)
The longer the reinforcement is buried in concrete, the more non-uniform the distri-
bution of the bond stress, and the smaller the ratio between the average and the
actual maximum bond strengths (s/smax). Therefore, the measured bond strength re-
duces as the bond length (l/d) increases (Fig. 7-15). When the bond length of rein-
forcement is l/d> 5, the average bond strength reduces slightly. If the bond length of
reinforcement is even larger, it will not be pulled out but its loading end is yielded.
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Therefore, the experimental results of the specimen of bond length l/d ¼ 5 are usu-
ally taken as a standard for the bond strength.

7.3.4 Diameter and shape of reinforcement
The adhered area of reinforcement is proportional to the periphery length of it and
the tension is proportional to area of its section, so the ratio between the periphery
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FIG. 7-15 Influence of bond length on bond strength [1-1]
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and area (pd=14pd
2 ¼ 4=d) represents the relative bond area of the reinforcement.

The larger the diameter of reinforcement, the smaller the relative bond area of it,
and this is unfavorable to ultimate bond strength. The experimental results given
are that the bond strength varies slightly when d � 25 mm; bond strength possibly
reduces by 13% for the reinforcement of diameter d> 32 mm; and the characteristic
values of slip (Scr, Su, and Sr) increase apparently with the diameter of reinforcement
(d ¼ 12e32mm) [7-2].

The shape and size of the rib on the surface of deformed reinforcement are
various (Fig. 6-1). The bond stresseslip curves for the reinforcements of spiral
and crescent ribs are measured and compared in Fig. 7-16. They are seen that
the ultimate bond strength of the reinforcement of crescent rib is smaller by
10e15% than that of spiral rib, and the slip of it occurs earlier and greatly but
the descending branch of ses curve is flatter, so the post strength decreases slowly
and the ductility is better, because the concrete between the crescent ribs is thicker
and has higher shear resistance. In addition, the height of the crescent rib varies
along the periphery and the radial compression is non-uniform, so the splitting
crack is directional, i.e. linking line between two longitudinal ribs, during bond
failure.

The geometric parameters, e.g. height, width, distance, and inclined slope, of
reinforcement rib also have certain influence on the interaction of concrete.
The experimental results [7-17] show that the shape of reinforcement rib has
less influence on the ultimate bond strength but slightly greater influence on
the slip.

7.3.5 Transverse stirrup (rsv)
When the transverse stirrup is set up in the pull-out specimen, the development of
the radial-longitudinal crack is delayed and confined, so the splitting failure is pre-
vented and the ultimate bond strength [7-18] and the characteristic slips (Scr, Su) are
increased and the descending branch of ses curve is flatter, and the bond ductility is
better.
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FIG. 7-16 sLS curve of reinforcements of different ribs [7-2]
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The content of the transverse stirrup is represented by the area rate of the stirrup
on the splitting surface:

rsv ¼
Asv

cssv
¼ pd2sv

4cssv
(7-4)

where c is the thickness of concrete cover, dsv, ssv are the diameter and distance of the
stirrup, respectively.

The stress increment from the splitting stress until the ultimate bond strength
(suescr) of the specimens is given in Fig. 7-17 and is increased with the transverse
stirrup rate rsv.

7.3.6 Transverse compressive stress (q)
The anchorage end of the reinforcement in a structural member is always acted by
the transverse compression, e.g. reaction at the support or axial compression of the
column in a beamecolumn joint. The friction acted on the boundary between the
reinforcement and adjacent concrete is increased due to the action of transverse
compression and is favorable for bond and anchorage.

The bond stresseslip curves of the reinforcement under the action of different trans-
verse compressive stresses (q ¼ const.) are shown in Fig. 7-18. It is seen that the ul-
timate bond strength and the corresponding slip increases to a great extent with the
compressive stress. However, if the transverse compressive stress is excessively
increased, e.g. q > 0.5fc [1-1], the splitting crack will occur in advance along the ac-
tion plane of the compressive stress, and the ultimate bond strength is then reduced.

7.3.7 Other factors
All the factors influencing the quality and strength of concrete also have influences
to a certain amount on the bond behavior between reinforcement and concrete, for
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FIG. 7-17 Influence of transverse stirrup on bond strength [7-2]
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example: slump of fresh concrete, compacting quality, curing condition, various dis-
turbances, the direction of the reinforcement being perpendicular to (e.g. beam) or
paralleling (e.g. column) the direction of casting concrete, the reinforcement located
on the top or bottom of the structural section.

In addition, the bond behavior introduced above is based on the pull-out test of
tensile reinforcement, but the bond behavior of compressive reinforcement is gener-
ally better and is needed to be investigated by the push-in test. The reinforcement is
transversely expanded during compression and is confined by the surrounding con-
crete, so the slip resistance of friction is increased and hence the bond strength is
higher.

On the other hand, if the reinforcement is also under the action of the trans-
verse load (e.g. dowel action in Chapter 14) besides the longitudinal tension, it
may be torn out from the concrete, and the bond strength is seriously reduced
so that even the premature failure of the structural member may be caused.
And when the load is repeated or reversed many times, the bond strength and
ses curve of the reinforcement will be degenerated, which will be introduced in
Chapters 16 and 17.

7.4 Constitutive model for bond stresseslip
Sometimes, the bond stresseslip relation has to be used during design or analysis of
reinforced concrete structures, for example: the bond element in non-linear finite
element analysis, calculating for anchorage or splice length of the reinforcement,
determining the tension stiffening after concrete cracked, calculating for slip defor-
mation of the reinforcement in an aseismic member or joint, etc.
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FIG. 7-18 Influence of transverse compressive stress on sLS curve [7-19]
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7.4.1 Calculation of characteristic values
7.4.1.1 Splitting stress (scr)
When the radial-longitudinal crack is formed in a structural member after the
deformed reinforcement is tensed, this is an important index for critical bond con-
dition, because the reinforcement is easily deteriorated then and the durability of
the structure is harmed.

There are two ways to determine the value of splitting stress for tensile reinforce-
ment. One of them is half-theoretical and half-empirical, the surrounding concrete of
the reinforcement is simplified into a thick tube, and the calculation formula is
approximately established based on elasticity or plasticity theory and the load acted
on the tube is the compression between the transverse ribs of the reinforcement and
adjacent concrete. For another way, the empirical formula is directly established
using experimental data and regression analysis.

The assumption of the simplest theoretical method is that the tensile stress on the
splitting surface is uniformly distributed and reaches the ultimate strength ft when
the concrete cover is split. If the angle between the compression of transverse rib
and axis of the reinforcement is q ¼ 45� (Fig. 7-19(a)),

scrzpr ¼ 2c

d
ft (7-5)

is easily derived, but the calculated result is apparently higher than the experimental
data (Fig. 7-13).

After the calculation diagram and stress distribution are modified (Fig. 7-19(b)
and (c)), the formulas can be derived correspondingly:

reference ½7-14� scr
ft

¼ 0:3þ 0:6
c

d
(7-6a)

reference ½1-1� scr
ft

¼ 0:5þ c

d
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Reference [7-2] suggests a formula as below according to the regression analysis
of the experimental data:

scr
ft

¼ 1:6þ 0:7
c

d
(7-6c)

These formulas are the same in mathematical function but different in coefficient
value. The calculated results of these formulas are compared with the experimental
data in Fig. 7-13. It should be aware that scr is slightly smaller than su.

7.4.1.2 Ultimate bond strength (su)
The average bond strength between reinforcement and concrete is usually calculated
by the regression formula of experimental data. The main factors contained in
various formulas are different, for example :

reference ½1-1�:

c

d
� 2:5

su
ft
¼

�
1:325þ 1:6

d

l

�
c

d

2:5 <
c

d
< 5

su
ft
¼

�
5:5

c

d
� 9:76

��
d

l
� 0:4

�
þ 1:965

c

d

9>>>=
>>>;
:

(7-7a)

reference ½7-2�: su
ft
¼ 1:6þ 0:7

c

d
þ 20rsv; (7-7b)

where rcv is seen in Eq. (7-4). These formulas can be used for the reinforcement with
short bond length (l/d ¼ 2e20).

When the bond length of reinforcement is longer or the anchorage (or splice)
length (la, Eq.7-3) is needed to be calculated, other formulas should be used. The
formula suggested in reference [7-20] can be used for l/d � 80:

su ¼
�
1þ 2:51

c

d
þ 41:6

d

l
þ Asvfy
4:33dsvssv

� ffiffiffiffi
fc

p
: (7-8)

Other characteristic values of bond behavior, including initially cracking stress
(sA), residual stress (sr), and various slips (sA, scr, su, and sr) are given by the re-
searchers according to the experimental data of their own, and they are slightly
different. The values suggested in reference [7-2] are:

sAzsr ¼ ft

and sA ¼ 0:0008d; scr ¼ 0:024d; su ¼ 0:0368d; sr ¼ 0:054d:

7.4.2 Equation for ses curve
7.4.2.1 Segmental model
The bond stresseslip (ses) curve can be simplified into the models of multiseg-
ments, and several models of this kind, e.g. three [7-21e7-28], five [1-1,7-2], and
six [7-22] segments (Fig. 7-20), are suggested already. Determining the values of
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the characteristic bond stresses and slips and linking them with straight lines or sim-
ple curve, a ses constitutive model is composed. The CEB-FIP Model Code [2-12]
suggests a model of four segments and is shown in Fig. 7-21 and the related param-
eters are listed in Table 7-2.

7.4.2.2 Model of continuous curve
When the equation of continuous curve is used to establish the bond stresseslip
model, the values of tangent and secant bond stiffness obtained vary continuously
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Table 7-2 Characteristic Values for s-s Curve [2-12]

Confinement Condition,
and Failure Pattern

Bond
Quality

Bond Stress Slip (mm)

su sr/su s1 s2 s3

Without confinement,
splitting failure

Good 2
ffiffiffiffi
fc

p
0.15 0.60 0.60 1.0

Average
ffiffiffiffi
fc

p
2.5

With confinement, pull out
failure

Good 2.5
ffiffiffiffi
fc

p
0.40 1.0 3.0 Net space

between
transverse
ribs

Average 1.25
ffiffiffiffi
fc

p
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and definitely, which is convenient to be used in finite element analysis. The models
of this kind are suggested in various references, such as:

reference ½7� 23� : s ¼ a1s� a2s
2 þ a3s

3

reference ½7� 13� : s ¼ �
a1s� a2s

2 þ a3s
3 � a4s

4
� ffiffiffiffi

fc
p �

(7-9)

and s ¼ �
a1s� a2s

2 þ a3s
3 � a4s

4
� ffiffiffi

c

d

r
ftF

�
x
�

where F
�
x
� ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4
x

l

�
1� x

l

	r
9>>>=
>>>;

(7-10)�

This is called as the position function, which represents the variation of ses rela-
tion at different buried (bond) depth of the reinforcement (x ¼ 0 for its loading end
and x ¼ l for its free end). Different forms of the position function are also suggested
in other references, e.g. [7-22,7-23,7-2].

*Teng Zhiming, Lu Huizhong, Zhang Jinping. Inclined strut bond model for finite element analysis of
reinforced concrete structure, 1988.

7.4 Constitutive model for bond stresseslip 203



This page intentionally left blank



Mechanical Behavior
Under Axial Force 8
CHAPTER OUTLINE

8.1 Compressive member ....................................................................................... 206

8.1.1 Basic equations.............................................................................. 206

8.1.1.1 Geometrical (deformation) condition ......................................... 206

8.1.1.2 Physical (constitutive) relation................................................... 207

8.1.1.3 Mechanical (equilibrium) equation............................................ 208

8.1.2 Analysis of stress and strain (εy < εp) ............................................... 209

8.1.2.1 Before yielding of reinforcement (ε < εy) ................................... 209

8.1.2.2 After yielding of reinforcement but before reaching

peak strain of concrete ............................................................. 210

8.1.2.3 After reaching peak strain of concrete (ε> εp) .......................... 210

8.1.3 Analysis of stress and strain (εy > εp) ............................................... 210

8.1.3.1 Before reaching peak strain of concrete (ε � εp) ....................... 211

8.1.3.2 Descending stress of concrete but before yielding

of reinforcement (εp < ε � εy) ................................................... 211

8.1.3.3 After yielding of reinforcement (ε > εy) ..................................... 212

8.2 Tensile member................................................................................................ 212

8.2.1 Basic equations for analysis ............................................................ 212

8.2.2 Analyses of stress and deformation within every stage........................ 213

8.2.2.1 Before cracking of concrete (εt < εt,p)....................................... 214

8.2.2.2 After cracking of concrete but before yielding

of reinforcement (εt,p � εt < εy) ................................................ 214

8.2.2.3 After yielding of reinforcement (εt � εy)..................................... 215

8.2.3 Minimum reinforcement rate ........................................................... 215

8.2.4 Tension stiffening........................................................................... 216

8.3 General regularity ............................................................................................ 218

After all the structures, including the one-dimensional members carrying various in-
ternal forces, e.g. axial force, bending moment, shear force, and torsion, and the two-
and three-dimensional structures, are analyzed, the directions of principal stresses
can be found easily. Either compression or tension is acted on these directions.
When the reinforcement is set up in the direction of principal tensile stress, it can
replace the cracked concrete and carries the tension on the section. When the
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reinforcement is set up in the direction of principal compressive stress, the strength
of the structure is also enhanced. Therefore, axial compression and tension are the
simplest and basic mechanical conditions for reinforced concrete used as a compos-
ite structural material, and knowing well the general regularity of these conditions is
the basis for understanding the behavior of other structure members.

8.1 Compressive member
8.1.1 Basic equations
A short column of reinforced concrete is shown in Fig. 8-1 and its section size (b�h)
and reinforcement used (As ¼ m bh and m is the reinforcement rate) are known. Three
equations should be established for accurately analyzing the whole processes of
stress, deformation, and failure of the column under the action of central
compression.

8.1.1.1 Geometrical (deformation) condition
The column is shortened under the action of central compression. However, the
plane section before loading remains plane, i.e. the strain distribution on the sec-
tion is uniform, after it is loaded until its failure. This is demonstrated by many
experiments.

FIG. 8-1 Central compression column and constitutive relations of materials: (a) shape and

reinforcement, (b) reinforcement, (c) concrete
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When the longitudinal reinforcements are adhered well with the surrounding
concrete and no slip occurs between them and when the outside of the reinforce-
ments are surrounded with the ties, they will not buckle out and their concrete cover
will not spall off even after they are yielded, the strains of the reinforcements and
concrete in the column are equal to the strain of the column:

ε ¼ εc ¼ εs: (8-1)

8.1.1.2 Physical (constitutive) relation
It is assumed that the constitutive relations of the reinforcement and concrete in a
structure are respectively the same as that of the specimen of the same material ob-
tained from the standard test. Now, the constitutive models of both materials are
taken as shown in Fig. 8-1(b) and (c). The model for steel is:

εs � εy ss ¼ Esεs

εs > εy ss ¼ fy ¼ const:

�
; (8-2)

where Es, fy are the modulus of elasticity and yield strength of the reinforcement.
The strain of the steel after yielding and entering into the hardening stage

(εhz 30�10�3) is more then ten times the peak strain of the concrete (εp), so the
stressestrain curve of the hardening stage is not necessary to be simulated.

The complete compressive stressestrain curve of concrete can be reasonably
selected according to the property and strength grade of the material, and the
equation (e.g. Eq. (2-6), Table 2-6) and relative parameters can be deter-
mined correspondingly. The non-linear stressestrain relation can be generally pre-
sented as

sc ¼ lEoεc (8-3)

where E0 ¼ ds=dεj
ε ¼ 0 is the initial modulus of elasticity of concrete, l is the plas-

ticity coefficient of compressive strain of concrete, which is defined as the ratio
between the secant modulus of elasticity (lE0) at any strain (stress) and the initial
modulus of elasticity, and is also the ratio between the elastic strain (lεc) and total
strain. Its value can be calculated from the equation of the stressestrain curve and is
monotonically decreased as the strain increases:

when εc ¼ 0 and sc ¼ 0 l ¼ 1:0
εc ¼ εp and sc ¼ fc l ¼ Ep

�
E0 ¼ 1=aa

εc > εp

�
descending branch

�
l < 1=aa

εc/N l/0

9>>=
>>; (8-4)

where aa the parameter of ascending branch of the curve (Eq.2-7).
When the strains of the reinforcement and concrete are equal (Eq. 8-1), the ratio

between the stresses of both materials is:

ss

sc
¼ Esεs

lE0εc
¼ n

l
or ss ¼ n

l
sc; (8-5)
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where the ratio between both moduli of elasticity is

n ¼ Es

E0
; (8-6)

which is a constant of the material and is not related to the value of strain (stress),
and it is quite important for the analysis of reinforced concrete structures.

It is seen from Eq. (8-5) that the ratio between the stresses of reinforcement and
concrete increase gradually, as the strain of concrete increases and the value of l re-
duces. However, equation (8-5) can only be used within the elastic stage of the rein-
forcement (εs < εy).

8.1.1.3 Mechanical (equilibrium) equation
There is only one equilibrium equation for the central compressive member:

N ¼ Nc þ Ns ¼ scAc þ ssAs (8-7a)

where Nc, Ns are the compressive forces carried, respectively, by the reinforcement
and concrete.

The section area of the concrete can be approximately taken as1

Ac ¼ bh� As z bh� (8-8a)

and the section area of the reinforcement is:

As ¼ mbhzmAc: (8-8b)

After Eq. (8-5) is substituted into Eq. (8-7a)

N ¼ sc

�
Ac þ n

l
As

�
¼ scA0 (8-7b)

is obtained, where

A0 ¼ Ac þ n

l
A�
s (8-9)

is called the converted section area of the member.
The converted section area of the member is composed of the area of the con-

crete (Ac) and the converted area of the reinforcement
�
n
l
As

�
. Its physical meaning

is that the composite section of two materials with different stresses is converted
into a section of unique material of the same stress (sc). Actually, the conversion
is only to increase n/l times the area of the reinforcement. In addition, the converted
area is also not a constant but increases as the strain is increased or the value of l
reduces.

1The accurate equations should be respectively:

Ac ¼ bh� As; A0 ¼ bh� As þ n

l
As ¼ bhþ

�n
l
� 1

�
As:
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8.1.2 Analysis of stress and strain (εy < εp)
The responses of stress and strain of the concrete and reinforcement and the ultimate
strength of a column under central compression are divided into several stages and
can be calculated using these basic equations. When the yielding strain of the rein-
forcement (e.g. grade I or II) is less than the peak strain of the concrete (εy< εp), the
behavior of the column is discussed first (Fig. 8-2).

8.1.2.1 Before yielding of reinforcement (ε < εy)
After the column is loaded and its strain increases gradually, the stress (ss) and
compressive force (Ns) carried by the reinforcement increase proportionally. How-
ever, the stress (sc) and the compressive force (Nc) carried by the concrete also in-
crease but with a reducing rate, because the plastic deformation of it appears and the
modulus of elasticity is reduced gradually. Therefore, the fraction of the central
force carried by the reinforcement (Ns/N) increases, while the fraction of the central
force carried by concrete (Nc/N) decreases, as the central force is increased.

If both materials are of elastic and their moduli of elasticity are constants, the
stresses of both are directly proportional to the central force, as shown by the dashed
lines OS and OC in the axial forceestress diagram (Fig. 8-2(b)). However, after the
plastic deformation of concrete appeared, its stress increased but with a reducing
rate, so the stress of the reinforcement has to accelerate and the ratio between
them (ss/sc) increases, as shown as the solid lines in the figure.

According to the equilibrium equation (8-7b) and Eqs. (8-3) and (8-1), the rela-
tion between the central force and the stress is

N ¼ scA0 ¼ lεE0A0; (8-10)

and the deformation of the column is

D ¼ εl: (8-11)

FIG. 8-2 Stress and deformation of column under central compression (εy < εp): (a) axial force-

deformation (strain), (b) stresses in reinforcement and concrete
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Then, the deformation of the column and the stresses of the reinforcement and con-
crete can be easily calculated for the column under different central compression.

8.1.2.2 After yielding of reinforcement but before reaching peak
strain of concrete

When the reinforcement reaches its yielding point (ε¼ εy), the central compression
should be:

Ny ¼ lεyE0A0 ¼ lεyE0Ac þ fyAs: (8-12)

Afterwards, the stress of the reinforcement keeps a constant (fy) although its
strain continuously increases (ε> εy). Therefore, the increment of central compres-
sion is totally carried by the concrete, and the compressive stress of the concrete ac-
celerates until its ultimate value (fc). The ultimate central compression is reached at
this time and is

Nc ¼ fcAc þ fyAs: (8-13)

It means that both the concrete and reinforcement respectively reach their own
ultimate strengths.

The slope of the Neε curve of the column reduces gradually within this stage and
the tangent at Nu is horizontal, but the curve is not continuous at Ny. The relation
between the compression and strain of the column is:

N ¼ lεE0Ac þ fyAs: (8-14a)

If the compression is known, the strain of the column can be calculated:

ε ¼ εc ¼ N � fyAs

lE0Ac
(8-14b)

8.1.2.3 After reaching peak strain of concrete (ε> εp)
The stress of the reinforcement still keeps a constant (fy) while the stress of the con-
crete (sc, or residual strength) reduces, as the strain of the column increases further.
Therefore, the bearing capacity of the column reduces within this stage. When the
strain increases greatly, the residual strength of the concrete is exhausted and the re-
sidual bearing capacity of the column is controlled by the reinforcement (fyAs).

The relation between the compression and strain of the column is the same as
Eq. (8-14), but the value of l should be taken from the descending branch of the
stressestrain curve of the concrete.

8.1.3 Analysis of stress and strain (εy > εp)
If the column is reinforced with the reinforcement of higher-strength grade, e.g. III,
IV, and the yielding strain of the reinforcement is greater than the peak strain of con-
crete (εy > εp), the mechanical stages and deformation process of the column under
loading (Fig. 8-3) are quite different from those of the previous one (εy < εp).
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8.1.3.1 Before reaching peak strain of concrete (ε � εp)
The axial forceestrain (Neε) and estresses (ss and sc) curves of the column are not
different from those of the previous column. In addition, the relation between the
axial force and strain is also the same as Eq. (8-10):

N ¼ lεE0A0 ¼ sc

�
Ac þ n

l
As

�
:

When the strain of the column reaches the peak strain of the concrete (εp), the
central compression is:

Np ¼ fcAc þ εpEsAs; (8-15)

however this is not the ultimate (maximum) bearing capacity of the column.

8.1.3.2 Descending stress of concrete but before yielding of
reinforcement (εp < ε � εy)

The stress of the concrete reduces gradually when the strain ε > εp, while the
stress (ss) and resistance (Ns) of the reinforcement increase continuously. There-
fore, the bearing capacity of the column increases first then decreases afterwards,
and the peak value of the compression is the ultimate strength of the column (Nu).
The Neε curve is continuous within this stage, and the tangent at Np parallels that
of the resistance of the reinforcement (Ns) and the tangent at Nu should be
horizontal.

The ultimate strength of the column certainly exceeds the compression at the
peak strain of the concrete, but is certainly smaller than the summation of the ulti-
mate resistances of the concrete and reinforcement (Eq. 8-13), i.e.

Np < Nu < fcAc þ fyAs: (8-16)

The accurate values of the ultimate strength and corresponding strain of the
column have to be calculated analytically or digitally.

FIG. 8-3 Stress and deformation of column under central compression (εy > εp): (a) seε

curves of materials, (b) axial force-deformation (strain), (c) stresses in reinforcement and

concrete
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The reinforcement is yielding (ε ¼ εy) after the peak value of compression
appeared, and the compression at its yielding is

Ny ¼ lεyE0Ac þ fyAs (8-17)

8.1.3.3 After yielding of reinforcement (ε > εy)
The stress of the reinforcement also remains constant while the residual strength of
the concrete (sc) decreases continuously within this stage, the relation between the
compression and strain of the column and the stress variations of the reinforcement
and concrete are similar to that of the previous column (when ε > εp).

Comparing the mechanical behaviors of the two columns described above
(Figs 8-2 and 8-3), even the simplest short column of reinforced concrete under cen-
tral compression, the Neε curve and the stresses of the reinforcement and concrete
are non-linear and vary considerably with the indices of both materials, and the
ultimate states and strengths of them are also different.

8.2 Tensile member
8.2.1 Basic equations for analysis
The shape and reinforcement of a tensile member of reinforced concrete is shown in
Fig. 8-4(a), and its stress and deformation under the action of central tension have to
be divided into stages and analyzed. The basic equations of the three categories are
slightly modified as below.

Geometrical (deformation) condition. The reinforcement is adhered well with
adjacent concrete before cracking, and the strains of both are equal:

ε ¼ εs ¼ εt: (8-18)

FIG. 8-4 Central tensile member: (a) shape and reinforcement, (b) complete stressestrain

curve of concrete under tension
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Physical (constitutive) relation. The constitutive relation of the reinforcement
can be found above (Eq. 8-2), and the complete stressestrain curve of concrete un-
der tension is shown in Fig. 8-4(b) and its expression is generally:

st ¼ lt E0εt; (8-19)

where E0 is the initial modulus of elasticity of concrete under tension. The experi-
mental result shows that its value approximates that under compression and is usu-
ally taken as the same value; lt is the plasticity coefficient of tensile strain of
concrete, which is defined as the ratio between the secant modulus of elasticity
(lt E0) and the initial modulus of elasticity. It can be calculated from the equation
of tensile stressestrain curves of concrete, e.g. Eq. (2-20).

Similarly, when the strains of the reinforcement and concrete are equal, the ratio
between the stresses of both is

ss

st
¼ n

lt
or ss ¼ n

lt
st; (8-20)

where the ratio of elasticity moduli (n) is the same as the compressed column
(Eq. 8-6).

Mechanical (equilibrium) equation is similar to that of a compressed
column

N ¼ Nt þ Ns ¼ st

�
Ac þ n

lt
As

	
¼ stA0 (8-21a)

8.2.2 Analyses of stress and deformation within every stage
The stress and deformation of the central tensile member vary with the tensile force
and are shown in Fig. 8-5.

FIG. 8-5 Stress and deformation of central tensile member: (a) axial force-deformation,

(b) stresses of reinforcement and concrete
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8.2.2.1 Before cracking of concrete (εt < εt,p)
The stress of the reinforcement increases proportionally to the strain (εs ¼ εt).
The plastic deformation of concrete appears slightly before cracking, and corre-
spondingly, the stress of concrete increases but at a reducing rate. The relation
between the tensile force and strain of the member can be obtained from
Eq. (8-21a), or

N ¼ ltεtE0A0 ¼ ltεtE0

�
Ac þ n

lt
As

	
: (8-21b)

Therefore, the Neε relation and the variations of stresses ss and st of the tensile
member are similar to that of the compressed column during the early stage.

8.2.2.2 After cracking of concrete but before yielding
of reinforcement (εt,p � εt < εy)

When the concrete reaches its tensile peak strain (εt,p), the stress of the reinforce-
ment is still low, i.e. about 20 N/mm2 << fy, and the central force then is

Np ¼ ftAc þ εt;pEsAs ¼ ft

�
Ac þ n

lt
As

	
(8-22a)

Afterwards, the stress of the reinforcement increases continuously, but the tensile
stress st and resistance Nt of the concrete decrease quickly as the strain increases
further, so a peak is formed on the tensile forceestrain diagram. The tangent of
the Neε curve at Np parallels to line Ns, i.e. the resistance of the reinforcement,
and the tangent at peak is horizontal. Consequently, the ultimate value Ncr is the
cracking force of the member and should be slightly greater than Np, however

NcrzNp (8-22b)

is generally taken.
The concrete is out of work (st ¼ 0) after cracking and the bond near the crack is

locally failed, the geometrical condition (Eq. 8-18) is not held anymore. Only the
reinforcement carries the central force on the cracked section, so

N ¼ εEsAs ¼ ssAs: (8-23)

The increment of central force (Ncr e Np) from concrete reaching the peak strain
(εt,p, ft) to being totally out of work is rather small, but the stress of the reinforcement
increases suddenly (Fig. 8-5(b)). The line OS in the figure shows the tensile stress of
the reinforcement if the concrete works together with, but it turns into another line
which shows the reinforcement works alone. The stress increment of the reinforce-
ment at this time is about:

Dss z
Ncr

As
� nNcr

ltA0
¼ Ncr

Ac

�
1

m
� 1

mþ ðlt=nÞ
	
; (8-24)

and its value is rather great because of lt/n >> m.
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8.2.2.3 After yielding of reinforcement (εt � εy)
When the reinforcement is yielding, the concrete (εy >> εt,p) has been cracked seri-
ously and can not carry any tensile force. Therefore, the force is totally carried by the
reinforcement and its yielding is defined as the ultimate state of the tensile member,
of which the strength is

Nu ¼ Ny ¼ fyAs; (8-25)

if the hardening zone of the reinforcement is not considered.
The discussion above is only for the cracked section of the tensile member, and the

analyses of the uncracked section and whole member can be seen in Section 8.2.4.

8.2.3 Minimum reinforcement rate
After a reinforced concrete member is cracked under central tension and the con-
crete is out of work, the reinforcement in it carries the entire tension. Although
the stress of the reinforcement suddenly increases during cracking of concrete but
is still smaller than its yield strength (Ncr < Ny), the tension can be increased further
until its yielding and the member is failed due to excessive deformation.

It is known from the above analysis that the cracking tension of the member (Ncr,
Eq. 8-22) depends mainly upon the resistance of the concrete (ftAc), while the quan-
tity of the reinforcement (As) has less influence on it. On the other hand, the ultimate
tension of the member (Nu ¼ Ny) depends entirely upon the resistance of the rein-
forcement (fyAs). Obviously, the relative ratio between both critical tensions varies
with the quantity of the reinforcement, or the reinforcement rate (m). When the rein-
forcement rate is reduced, the ultimate tension will proportionally reduce, but the
cracking tension is decreased limitedly. If the reinforcement rate is too small
(m < mmin), the calculated ultimate tension of the member would be smaller than
the cracking tension (fyAs < Ncr, Fig. 8-6). This kind of member is called less-
reinforced, and the threshold is called the minimum reinforcement rate (mmin).

There is no difference between the less-reinforced and normal reinforced mem-
bers and the concrete works together with the reinforcement under the central ten-
sion after loading but before cracking of the concrete. However, the reinforcement
in the less-reinforced member will yield or even break and the member fails quickly
soon after the concrete cracks because of excessive tension. Usually, this is not
allowed to happen in engineering practice because of safety of the structure.

In order to avoid this unfavorable situation, Nu � Ncr should be satisfied, i.e.

fyAs � ft

�
Ac þ n

lt
As

	
:

When As ¼ mminAc is substituted into it, the mmin is obtained after modification:

mmin ¼
ft

fy � n
lt
ft
¼

ft

.
fy

1� n
lt

ft
fy

: (8-26)
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This is the theoretical formula for calculating the minimum reinforcement rate of
a central tensile member of reinforced concrete. In practice, the scatter of concrete
property, the environmental situation, and the engineering experiences have to be
considered and the value is modified [2-1,2-12]. Besides, the minimum reinforce-
ment rate of flexural member can be found in Section 11.1.2.

8.2.4 Tension stiffening
After the concrete is cracked (N > Ncr) in a central tensile member of reinforced con-
crete, several cracks with approximate distance (lcr) are formed (Fig. 8-7(a)). The con-
crete on the cracked section is out of work (st ¼ 0), and the tension is entirely carried by
the reinforcement in it and its stress is ss. The bond between the reinforcement and con-
crete fails locally near the cracks and relative slip occurs between them, but the rein-
forcement and concrete on other parts of the member are still well adhered.
Therefore, the stress or strain of the reinforcement varies along its axis, and it can be
measured during testing (Fig. 7-6). Then, the average tensile stress of the concrete on
every uncracked section (st ¼ ðN � ssAsÞ=Ac) and the bond stress (s) can be calcu-
lated by the equilibrium equation only, and they vary along the axis as well (Fig. 8-7(b)).

The stress of the reinforcement (ss) has the maximum value at the cracked sec-
tions, and it reduces gradually at other sections and reaches the minimum value
(ss,min) at the middle section between two adjacent cracks. The strain of the rein-
forcement varies similarly. However, the tensile stress of the concrete (st) varies
in opposite way, i.e. zero stress (st ¼ 0) occurs near the cracked sections, and the
maximum stress appears at the middle section between two adjacent cracks but is
less than its tensile strength of the concrete (st;max � ft).

The total elongation of central tensile member is the summation of the reinforce-
ment strain along its axis:

D ¼
Z l

0

εsdx ¼
Z l

0

ss

Es
dx; (a)

FIG. 8-6 Relation between tension and strain of less-reinforced member
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and the average strain and corresponding stress are:

εs ¼ D

l
and ss ¼ εsEs: (b)

The reinforcement strain at the cracked section (εs) and the average strain be-
tween adjacent cracks (εs) increase with the central tension (N) and vary as shown
in Fig. 8-7(c). The ratio between both strains is called the non-uniformity coefficient
of reinforcement strain between cracked sections:

J ¼ εs

εs
¼ ss

ss
� 1 (8-27)

The reinforcement is well adhered with concrete and its stress is the same along
the whole length before cracking of the concrete (N � Ncr), so J ¼ 1. When the
concrete is just cracking (N ¼ Ncr), the reinforcement stress (ss) at cracking section
increases suddenly, but the damaged area of bond is rather small and the tensile
stress of the concrete between cracks is still high, so the minimum stress of the

FIG. 8-7 Analysis of tension stiffening: (a) crack and equilibrium, (b) stress distribution,

(c) variation of strain, (d) non-uniform coefficient of reinforcement strain

8.2 Tensile member 217



reinforcement (ss,min) is lower and the non-uniformity coefficient of strain is the
minimum, i.e. about J ¼ 0.10e0.25. The reinforcement stress (ss) increases grad-
ually with the central tension (N) and the bond is deteriorated more seriously, so the
stress difference of the reinforcement between the adjacent cracks reduces and the
value ofJ increases continuously. When the reinforcement is just yielding (εs¼ εy),
the value of J is still less than 1; when the central tension (Ny ¼ fyAs ¼ const.) is
maintained, the strain of the reinforcement increases further (εs > εy) and the value
of J ¼ 1 (Fig. 8-7(d)) is reached as the bond between the reinforcement and con-
crete is failed along the whole length.

After the concrete is cracked, it is not related again to the strength of tensile mem-
ber of reinforced concrete (Nu ¼ fyAs). However, the concrete still causes the stress
reduction of the reinforcement between cracks, so the average strain is surely smaller
than the strain at the cracked section (εs < εs) and the elongation of the member is
decreased (D ¼ εsl < εsl), or the stiffness of the member is increased. This is called
tension stiffening. It also happens in the tension zone of a flexural member of rein-
forced concrete and is important to increase the stiffness and to reduce the crack width
of the member, which will be discussed in detail in Chapters 12 and 13.

8.3 General regularity
According to the analysis of mechanical behaviors of the composite section of rein-
forcement and concrete under separate actions of central compression and tension,
the general regularities can be summarized as below.

1. The stress state on a section of reinforced concrete redistributes continuously
from start of loading until failure, and the non-linear process can be generally
divided into several stages: elastic deformation e plastic deformation of
concretee cracking of concretee yielding of reinforcemente ultimate statee
residual (post-peak) behavior.

2. The mechanical responses of reinforced concrete, including deformation,
cracking, yielding, ultimate strength, and failure pattern, vary considerably and
depend not only upon the constitutive relations of concrete and reinforcement,
but also upon the relative values of both materials, e.g. ratio of section areas (m),
ratio of elastic moduli (n), ratio of strengths (fc/fy, ft/fy), and the structural detail
of the reinforcement.

3. Generally, the reinforcement and concrete in a member will not simultaneously
reach their own strengths. Therefore, the strength of the member has to analyze
and calculate following the constitutive relation of the material and the
geometrical and equilibrium conditions of the member. If the ultimate re-
sistances of both materials are simply added, unsafe consequences will some-
times result.

4. It is demonstrated from many experiments that the whole section or a part of the
section under compression of a reinforced concrete member remains a plane
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from the start of loading until failure. On the other hand, after the whole section
or a part of the section of a reinforced concrete member is cracked under ten-
sion, the sections near the crack do not fit again the hypothesis of plane section,
and the strain distribution on every section is different from one another.
However, when the internal forces and deformation of a structure are analyzed
and the average deformation within a certain length (e.g. distance between
cracks lcr) is taken into account, the hypothesis of plane section can still be used
conditionally.

5. The stresses of the reinforcement and concrete distribute non-uniformly along
the axis after cracking of the concrete. The residual bond action and tensile
stress of the concrete causes the phenomenon of tension stiffening, so the
elongation of the reinforcement is reduced and this is favorable for increasing
the stiffness and decreasing the crack width of the member.

These characteristics result due to the composition of concrete and reinforcement
materials and are far more complicated than that of a single material. Therefore, the
mechanical behavior of a reinforced concrete structure and its members can be
comprehensively studied only when the loading history is divided into stages, the
actual constitutive relations of materials and structural detail are considered, and
the basic equations are used for analyzing. When a generalized reinforced concrete
composed of various replacing materials of concrete and reinforcement is con-
cerned, its mechanical behavior also follows the general regularity above and can
be analyzed using the same principle and method.
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There are two basic forms of reinforcement in concrete structures. When the rein-
forcement is set up longitudinally in the member and runs parallel to the direction
of its axial force or principal stresses, it is called directly reinforced. The longitudinal
reinforcement provides tensile resistance or enhances compressive resistance for the
member (see Chapter 8). When the separate ties or continuous spiral bar are set up
transversely in the member or are perpendicular to its axial compression or principal
compressive stress, it is called transversely or indirectly reinforced. The transverse
reinforcement confines the transverse expansive deformation of the concrete sur-
rounded by it and enhances the compressive strength in longitudinal (axial) direction.

Several kinds of transverse reinforcement, including continuous spiral (circle)
bar, rectangular tie, steel tube, welded mesh, etc., are used in concrete structures.
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The main function of them is to confine the transverse deformation of the concrete
surrounded by them. In addition, when a concentrated load is locally acted on a con-
crete structure, the concrete under the loading area is also confined by the surround-
ing concrete. Actually, the confined concrete is under the condition of a triaxial
compressive stress state, hence the strength and deformation ability of it is enhanced
greatly. This is an important measure in the engineering practice to improve the me-
chanical behavior of a compressive member or compressive part in a structure.

9.1 Column with spiral bar
9.1.1 Mechanical mechanism and failure process
When a continuous spiral bar or separate welded circle ties are reinforced in a
compressed member and the distance between the ties is small enough (s < 80
mm and < dcor/5), the core concrete surrounded by them is effectively confined
(Fig. 9-1) and its mechanical behavior is considerably improved and enhanced.

The compressionestrain curve and stress state on the section of a plain or an or-
dinary reinforced concrete column (εy < εp; see Chapter 8) under central compres-
sion are described above. Although the longitudinal reinforcement (As) in the
column enhances its compressive strength, it has less influence on the peak strain
and descending curve of it (Fig. 9-2).

The compressionestrain curve of the spiral column is shown in Fig. 9-2(a).
When the strain of the column is smaller than the peak strain of the plain concrete
(ε< εp), the transverse expansive deformation (or the Poisson’s ratio, Fig. 2-7) of the
concrete is rather small, so the tensile stress of the spiral bar is limited and it has less
influence on the concrete. Therefore, the compressionestrain curve is approaching
that of the tied column, and the compression of the spiral column at ε ¼ εp also ap-
proximates the ultimate strength of the tied column (Eq. 8-13).

When the strain of the column is increased again (ε > εp), the concrete cover
outside of the reinforcement (its area is Ac�Acor) enters the stress descending branch
and the longitudinal crack starts to appear and expand, so the cover spalls off
gradually and its resistance has to be reduced. In the meantime, the core concrete

FIG. 9-1 Detail and confined stress of column with spiral bar: (a) reinforcement and structural

detail, (b) confined stress
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(area Acor) expands outside because of an increase in the Poisson’s ratio, and it exerts
the radial compression (s2 in Fig. 9-1(b)) on the spiral bar. Correspondingly, the
reactive compression of the spiral bar applies on the core concrete and the stress
state of triaxial compression (s1 ¼ s2) is formed, so its longitudinal strength is
increased (jf3j > fc; see Chapter 5). Therefore, the total strength of the core and
cover concretes still increases gradually with the strain.

When the strain of the column is increased further, the transverse expansion of
the core concrete and the tensile stress of the spiral bar increase continuously.
When the tensile stress of the spiral bar reaches the yielding strength (fyt), the
confinement stress of it (s2) reaches the maximum value. At this time, the longitu-
dinal stress of the core concrete is still less than the triaxial compressive strength
(s3 < jf3j), so the central compression can be increased further. Afterwards, the ten-
sile stress of the spiral bar (fyt) keeps constant, and the core concrete expands contin-
uously under the constant confinement stress. Until the longitudinal stress of the core
concrete reaches the triaxial compressive strength (or compressive strength) of
confined concrete (fc;c ¼ jf3j), the column enters the ultimate state and its strength
is N2. The longitudinal strain of the column is rather large, possibly εp2 ¼ 10 �
10�3, during this time, and the residual compressive stress in the cover concrete
is low, even if it is not totally spalled off.

Finally, the core concrete is extruding and shifting under triaxial compression
(Section 5.3), its transverse expansion makes the column locally protrude, its longi-
tudinal strain accelerates and the column is obviously shortened, the spiral bar is
exposed or even broken, and a descending branch is formed on the N�ε curve of
the column.

The increase in ultimate strength and, especially, the improvement of the defor-
mation behavior are the main characteristics of the spiral column, and they are fully
utilized in the engineering practice.

FIG. 9-2 Comparison between three kinds of column: (a) N-ε curves, (b) stress states
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9.1.2 Ultimate strength
It is seen from the N�ε curve of the spiral column that there are two critical values to
control its ultimate strength:

1. Yielding of longitudinal compressive reinforcement and reaching compres-
sive prism strength of concrete on whole section (N1). The transverse strain
of the concrete is small and the confinement action of the spiral bar can be
neglected at this time, the calculation formula established is the same as
Eq. (8-13):

N1 ¼ fcAc þ fyAs (9-1)

where Ac is the total area of the section, including the core and cover.
2. Reaching the compressive strength of confined core concrete (fc,c) after yielding

of the spiral bar (N2). The cover concrete is already out of work as the strain of
the column is considerable, but the yield strength of the longitudinal rein-
forcement maintains constantly (Fig. 9-2(b)):

N2 ¼ fc;cAcor þ fyAs (9-2)

where fc,c is the compressive strength of confined concrete, i.e. the strength of
core concrete under triaxial compressive stress state (jf3j; s1 ¼ s2); Acor is the
area of core concrete which is calculated by the inside diameter of the spiral bar
(dcor).
If the volume rate of the transverse spiral bar is

mt ¼
p dcorAst
p
4 sd

2
cor

¼ 4Ast

sdcor
; (9-3)

and it is multiplied by ratio between the strengths of spiral bar and concrete and
the product obtained is:

lt ¼ mt
fyt
fc

¼ 4fytAst

fcsdcor
; (9-4)

which is defined as the confinement index or the characteristic value of trans-
verse reinforcement where: Ast, fyt are the section area and yield strength of
spiral bar, respectively; dcor, s are the inside diameter and longitudinal distance
of spiral bar, respectively.
Following the equilibrium condition (Fig. 9-1(b)), the maximum confined stress
of the core concrete at yielding of the spiral bar is:

s1 ¼ s2 ¼ 2fytAst

sdcor
¼ 1

2
lt fc: (9-5)
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If the triaxial compressive strength of concrete is approximately calculated by
the Richart formula (Fig. 5-7(a)):

fc;cz fc þ 4s2 ¼ ð1þ 2ltÞ fc; (9-6)

and it is substituted into Eq. (9-2), the calculation formula for the ultimate
strength is established:

N2 ¼ ð1þ 2ltÞfcAcor þ fyAs

¼ fcAcor þ 2fytmtAcor þ fyAs: (9-7)

Obviously, the second term in the right hand of Eq. (9-7) is the contribution of the
transverse spiral bar to the ultimate strength of the column. mtAcor of the term and As

of the third term represent respectively the converted longitudinal area of the spiral
bar and the section area of the longitudinal reinforcement, so the coefficient 2 of the
second term shows that the bearing efficiency of the former is double that of
the latter, if the same material (strength) and volume (area�s) are used for them.
The actual value of the coefficient measured from the experiment ranges from 1.7
to 2.9 [1-1], and its average value is about 2.0.

It should be noted that the spiral bar enhances the ultimate strength of the column
(N2, Eq. (9-7)) only when it is short enough (H/d �12, H and d are respectively the
height and depth of it) and is centrally compressed. The higher column will fail in
buckling and mainly depends upon the elasticity modulus or deformation of it. When
the column is eccentrically compressed, the compressive stress distributes non-
uniformly on its section, even it is failed in the tensile zone. Therefore, Eq. (9-7)
can not be used for these situations, because the confinement of the spiral bar is
limited and the enhanced strength is doubtful.

The difference between the two critical strengths (N2 � N1) of the spiral column
depends upon its confinement index (lt). If the spiral bar used is less and makes N2<
N1, it means that the strength enhanced by the confinement action of the spiral bar
does not fully compensate the strength lost due to loss of concrete cover, so the col-
umn will fail at N1 like an ordinary column. Therefore, when the spiral column is
designed, the situation of N2 � N1 should be satisfied. After Eqs. (9-1) and (9-7)
are substituted into it,

lt � Ac � Acor

2Acor
(9-8)

is obtained.
On the other hand, if the strength difference (N2 e N1) is too much, the concrete

cover may reach, even exceed, its peak strain (stress) and the longitudinal crack is
caused in it, even the cover spalls off under the service load. This does not satisfy
the requirement of serviceability. Generally, the limit N2 � 1.5N1 [2-1] is suggested
for the spiral column during design, so

lt � fcð3Ac � 2AcorÞ þ fytAs

4fcAcor
(9-9)

is obtained.
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Eqs. (9-9) and (9-8) are the theoretical upper and lower boundaries of the
confinement index for the spiral column. The boundaries given in the design codes
of different countries are different, for example, the lower boundaries are
separately:

China ½2-1� mtAcor � 0:25As (9-10a)

U:S:A: ½2-11� lt � 0:45

�
Ac

Acor
� 1

�
fc
fy

(9-10b)

9.2 Rectangular tied column
The applied scope of the spiral bar is limited, because its shape (circle) does not
fit the single and composite (e.g. T and I shapes) rectangular sections of the struc-
tural member which are used most widely in engineering practice. The tie is set
up parallel with the edges of a single rectangular section, while several ties are
set up parallel with every edge of a composite rectangular section. Therefore, the
rectangular tie is used most widely among the transverse bars.

The main functions of the tie reinforced in a column are: the longitudinal
reinforcement together with it forms a skeleton to keep the correct shape and
position during manufacturing; it carries the transverse stress, which is caused
due to the shrinkage of concrete and the variations of environmental temperature
and humidity, to prevent or reduce the developing of longitudinal crack during
the service period; it reduces the unsupported length of the longitudinal rein-
forcement, of which the strength can be fully utilized during failure of the col-
umn; and it is also helpful for shear strength of the column. Therefore, the tie
(transverse bar) is a composite portion necessary for a reinforced concrete
structure.

In addition, the existing experimental investigation and the engineering expe-
rience, especially the survey of damaged structure after earthquake, demonstrate
that more ties reinforced in the concrete member enhance the ductility and is
favorable for the aseismic behavior. Therefore, one of the most simple, econom-
ical, and effective measures for strengthening the aseismic behavior of a structure
is to increase properly and to improve the form of the tie in it.

9.2.1 Failure process
Many experimental and theoretical investigations [9-1e9-8] have been conducted
on the mechanical behavior of the concrete confined by a rectangular tie. The com-
plete compressive stressestrain curve of the confined concrete varies considerably
as the main influence factor (confinement index lt) increases, it changes from the
curve with an apparent single peak into the curve with a flatter top, as shown in
Fig. 9-3.
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Similarly, the confinement index for the rectangular tie in a member is also

lt ¼ mf
fyt
fc
;

where mt is the volume rate of the transverse tie, i.e. the volume of the tie contained
per volume of the confined concrete surrounded by the tie; fyt and fc are the tensile
(yield) strength of tie and (uni-axial) compressive strength of concrete, respectively.

When the confinement index of the confined concrete is less (lt � 0.3), its
stressestrain curve obviously has a peak and several characteristic points on it
show the different mechanical stages (Fig. 9-4).
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FIG. 9-3 Complete compressive stressestrain curves of concrete confined by rectangular tie:

(a) ordinary tie [9-6], (b) composite ties [9-7]
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The strain and stress of the specimen increase proportionally after loading. The
plastic deformation of the concrete appears and the curve is slightly convex after the
stress increases to �0.4fc,c (Point E). When the stress is approaching the compres-
sive strength of the plain concrete (fc and εp ¼ 1.5e 1.7 � 10�3), the strain of
the tie is only εst ¼ 0.4e 0.6�10�3 and its confinement action is limited, so the
ascending branch of the stressestrain curve of the confined concrete approximates
that of plain concrete. The peak (Point P) is reached as the stress increases slightly,
the strain of the tie increases as well and reaches εst ¼ 0.9e 1.2 � 10�3, but is not
yielded yet. Therefore, the strength of the confined concrete increases (>fc) with the
confinement level of the ties.

The first vertical crack is visible (Point C) along the outside of the longitudinal
reinforcement, as the stressestrain of the confined concrete is near the peak
(ε ¼ 0.85e 1.11εpc). Afterwards, the crack expands and new cracks appear succes-
sively, so the residual strength of the concrete cover reduces, and the transverse
strain of the confined concrete (ε0) and the strain of the tie (εst) accelerate at the
same time. After the longitudinal strain of the confined concrete reaches about
ε ¼ 3.0e 4.5�10�3 and the cracks run through the ties, some of them are yielding
(Point Y) while the stress in other ties starts to descend. Therefore, the confinement
of the tie on the confined concrete reaches the maximum at yielding of the tie, and
the stress difference between the confined and plain concretes also reaches the
maximum (Dsmax, Fig. 9-4).

When the strain of the confined concrete reaches ε ¼ 4e 6 � 10�3, the longitu-
dinal short cracks link together and form an inclined critical crack (Point T). The ties
passing through the critical crack are successively yielded, and their stresses keep

FIG. 9-4 Characteristic points on stressestrain curve of confined concrete (lt £ 0.3):

(a) stresses of specimen and tie, (b) cracks on four surfaces, (c) tie extruded, (d) equilibrium

condition
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constantly (fyt) while their strains increase further. Then, the core concrete protrudes
out and presses the ties to horizontally bend outside (Fig. 9-4(c)), and the concrete
cover starts to spall off and the longitudinal reinforcement and tie are exposed grad-
ually. The sliding component of the longitudinal stress (s) acted on the inclined
crack is resistant by the component of the confined force of the tie and the residual
shear strength of the concrete on the cracked plane (Fig. 9-4(d)), so a certain amount
of residual strength still remains in the confined concrete.

When the specimen finally fails, the ties are yielded along the whole length one
by one under the transverse compression of the core concrete, and some of them are
even broken with a neck; the concrete cover is seriously cracked and spalled off; the
longitudinal cracks distribute densely in the core concrete; and some pieces of
mortar can be found but the coarse aggregate will not, generally, be broken on the
critical inclined crack.

When the confined concrete is reinforced with more ties (lt ¼ 0.36e 0.85),
the shape of the stressestrain curve (Fig. 9-3(b)) and the mechanical characteris-
tics of it are different from that of the previous specimen with less tie (lt � 0.3).
The slope of its ascending branch, i.e. the modulus of elasticity, may be smaller
than that of the previous specimen, because the densely distributed ties may influ-
ence the casting quality of concrete cover and weaken the connection between the
core and cover concretes. More ties surely strengthen the confinement of the core
concrete, of which the triaxial compressive strength may be doubled and the peak
strain (εpc) may be increased by ten times, or even more. And, the stresse
strain curve of it ascends gradually, but has a flat terrace on the top instead of a
sharp peak.

In addition, the longitudinal strains of the confined concrete (lt � 0.36) corre-
sponding to the appearance of the first crack (Point C) and yielding of the tie (Point
Y) approximate to that of the confined concrete with lt < 0.3, but both are smaller
than the peak strain (ε � εpc), so both points are located on the ascending branch.
When the confined concrete is failed, no critical inclined crack appears apparently,
the longitudinal strain is considerable (>10e30 � 10�3) and the transverse defor-
mation increases sharply, the ties protrude out like a circle and are exposed and
few of them are broken, the longitudinal reinforcement is buckled and the concrete
cover is almost totally spalled off, so the core concrete deforms greatly and protrudes
locally. Therefore, the failure pattern of the concrete confined by the dense ties is
similar to that confined by the spiral bar.

9.2.2 Working mechanism of rectangular tie
When the column with rectangular tie is acted on by a central compression, the
straight part of the tie is bent horizontally (Fig. 9-5(a)) due to expansive deformation
of the core concrete. As the flexural stiffness of the tie is less, its reaction, i.e.
confined stress, on the core concrete is limited. On the other hand, the corner of
the tie is stiff and deforms less, the concentrated force in the diagonal direction
(45�) is composed of two tensions in perpendicular directions of the tie. Therefore,
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the core concrete is strongly confined by the concentrated compressions at its
corners and slightly confined by the distributed compression along its edges.

When the concrete column confined with rectangular (square) tie is loaded under
longitudinal compression and is analyzed by the non-linear finite element method
[9-8], the transverse stresses just before its failure distribute non-uniformly on the
section and are shown in Fig. 9-5(c). The arrows on the figure show the direction
and magnitude of the concrete stress of the section. The confined stresses are sx ¼
sy within the elements (1), (5), and (9) along the diagonal line, and they increase
as the element nears its corner. However, the confined stresses are sx s sy within
the other internal elements (2) and (4), but their magnitudes are approaching that
within the diagonal elements. When other elements having one or two edges exposed
to outside are concerned, the confined stress is mainly acted in the direction of the tie
in the element, e.g. sy within the elements (3) and (6) and sx within the elements (7)
and (8), but the confined stress in another direction is less. The analysis of the stress
distribution is consistent with the discussion above on the confinement of the tie.

The section of the column can be divided into three zones of different confine-
ment level: (a) cover concrete (outside of the tie), i.e. the zone of none confine-
ment; (b) middle part and the extensions towards the four corners, i.e. the zone
of strong confinement, which is under triaxial compressive stress state (sxzsy)
and this is the main factor causing an increase of strength of the confined concrete;
(c) other zone between zones (a) and (b), i.e. the zone of weak confinement, which
is located inside the straight parts of the tie and is basically under biaxial compres-
sive stress state, so the strength enhanced there is limited. The area division of the
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FIG. 9-5 Mechanical analysis of rectangular tie: (a) transverse, (b) longitudinal,

(c) distribution of confined stresses [9-8]
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three zones depends first upon the quantity (lt), size and structural detail of the tie,
and it also varies gradually as the central compression or deformation increases,
i.e. zone of strong confinement reduces while the zone of weak confinement
increases.

Usually, the ties are set up uniformly, i.e. with same distance (s), along the lon-
gitudinal axis of the column. The strongest confinement certainly occurs in the plane
of the tie and the zone area of strong confinement reaches the maximum; while the
weakest confinement occurs in the section between adjacent ties and the zone area of
strong confinement reaches the minimum (Fig. 9-5(b)). The confined area and stress
on other sections should be between the two sections. However, the ultimate strength
of the column is only controlled by the weakest section, so the critical section should
be the one between adjacent ties.

The strengthening of the rectangular ties on confined concrete varies with its
quantity and structural detail as below.

Confinement index (lt). When more ties are reinforced in the column, larger
confined stress is resulted in the core concrete and the compressive strength (fc,c)
and peak strain (εpc) of the confined concrete increases (Fig. 9-6). As introduced
above, when the confined concrete with less tie (lt � 0.3) reaches the ultimate
strength (fc,c), the tie in it does not yield yet (εst < εy); while the ties in it are yielded
already before the confined concrete with more ties (lt � 0.36) reaches the ultimate
strength (fc,c). Therefore, when the ultimate strength of confined concrete and the
yield strength of the tie reach simultaneously, the corresponding boundary of
confinement index should range between 0.3 to 0.36, and is about

lt z 0:32 (9-11)
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from the experimental results. It is seen obviously in Fig. 9-6 that different variation
rates are shown on both sides of lt ¼ 0.32, i.e. lt < 0.32 and lt > 0.32.

It should be noticed that the coefficient in front of lt in Eq. (9-6) is 2 for the
confined strength of the column with spiral bar, while the corresponding coefficient
is less than 2 (Fig. 9-6(a)) for the confined strength of the rectangular tied column. It
means that the confinement efficiency of the rectangular tie is far lower than that of
the spiral bar.

Space of ties (s). This has influences on the confined area and stress of the crit-
ical section, i.e. the middle section between two adjacent ties. It is demonstrated
experimentally [9-1,9-6] that the confinement is rather small if the space of ties is
s > 1.0e 1.5b (where b is the width of the section). It is generally considered
that the confinement is obvious only when s < b.

When the experimental results of two specimens with the same confinement in-
dex (lt) but different tie spaces (s and 2s) are compared [9-7], the ascending branch
of stressestrain curves, and compressive strengths (fc,c) and peak strains (εpc) of both
are less different, but the descending branch of the stressestrain curve of the spec-
imen with the ties of smaller space (s) is obviously higher than that with the ties of
larger space (2s). So, the ties with smaller space are favorable for ductility of the
column.

Structural detail and shape of tie. The ties bound in a column are anchored
well before failure of the column, and the confinement of it is not different obviously
from that of the column with welded tie [9-6] (Fig. 9-7(a)).

The column of larger section is generally reinforced with more longitudinal bars
and various composite ties are used (Fig. 9-7(b)). When the composite ties are hor-
izontally bent under the compression of core concrete, their free lengths are shorter
than that of the simple tie and the area of stronger confinement on the section is
increased. Therefore, the strength and peak strain of the concrete confined with com-
posite ties are slightly higher than that confined with the simple tie if the confine-
ment indexes (lt) of both are equal, and also the ascending branch of the
stressestrain curve of the former is flatter.

FIG. 9-7 Structural detail and shape of tie: (a) simple tie, (b) composite ties
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9.2.3 Equation for complete stressestrain curve
Several kinds of equations have been provided for the complete stressestrain curve
of confined concrete and they are established in different ways, e.g. theoretical deri-
vation, digital calculation, semi-theoretical and -empirical, and empirical ways.
Some of the typical models are introduced below.

9.2.3.1 Sargin model (Fig. 9-8)
(1) It is assumed that the confined force (f) of the tie after yielded acts uniformly on the
core concrete and its value is determined by the equilibrium condition. (2) The core
concrete is considered as a semi-infinite elastic material and is acted on by the
confined force (f) as a linear distributed load. The stresses in the concrete can be calcu-
lated by the Boussinesq equation, and the stress suu ¼ 2fu3/(p(z2 þ u2)2) among
them is the transverse confined stress for core concrete, which varies with longitudinal
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and transverse coordinates (z and u). (3) The minimum confined area Ac¼ (b0�2u0)
2 is

called the critical core area and is located in the middle section between adjacent ties,
in which the value of u0 is solved from the condition of extreme value. (4) The triaxial
compressive strength of the core concrete can be calculated by the Richart equation
according to the confined stress of critical core section, and then the compressive
strength of confined concrete is obtained:

fc;c ¼ fc þ 16:4

p
r00f 00y

x3�
1þ x2

�2 (9-12)

where r00 and f 00y are volumetric rate and yield strength of tie; x ¼ u0/z0 is influence
of tie space.

9.2.3.2 Sheikh model (Fig. 9-9)
(1) A section is divided into the effective confined core (area Aeff) and unconfined
zones. The minimum area of the effective confined core (Aec) appears on the middle
section between adjacent ties. The parameters g and q and the areas Aeff and Aec are
given after regression analysis of the experimental data. (2) The compressive
strength of the effective confined core concrete depends upon the volumetric rate
of the tie (rs) and its stress (f

0
s ) when the confined concrete reaches the ultimate state.

When square ties are used and set up uniformly, the increasing coefficient of
compressive strength of the core concrete is

fc;c
fc

¼ ks ¼ 1þ B2

140Poc

��
1� nc2

5:5B2

��
1� s

2B

�2	 ffiffiffiffiffiffiffiffi
rsf

0
s

p
; (9-13)

where B is the edge length of core area, n, c are the number and space of longitudinal
reinforcement, respectively, s is the space of ties, and Poc is the strength of core con-
crete if confinement is not taken into account.

(3) The complete stressestrain curve of confined concrete is given, and the
ascending branch (OA) is a parabolic curve of second order and others (AB, BCD,
and DE) are straight lines. The stress at point C is 0.85fc,c and the residual strength
is taken as 0.3fc,c, the strain values of the characteristic points (εs1, εs2, and εs3) are
the functions of fc, B, s, rs, and f

0
s , of which the calculation formulas can be found in

reference [9-11].
Both constitutive models introduced above for confined concrete are based on the

mechanical analysis and the main factors having influence on the confinement of tie
are included. However, they are not analyzed following loading history and the basic
assumption and mechanical model used are not totally reasonable. Therefore, they
are used limitedly.

9.2.3.3 Digital calculation following loading history (Fig. 9-10)
(1) According to the distribution of confined stress on the section obtained from the
non-linear finite element analysis (Fig. 9-5), the mechanical model for transverse
stress analysis and divisions of different confinement on the section are suggested,
the equilibrium condition of tie and confined concrete is derived, and the formula

9.2 Rectangular tied column 235



for calculation of confined zone is given. (2) The tri- and uniaxial compressive
stressestrain relations are determined respectively for the concretes in strong
confined zone and unconfined zone including weak confined zone and cover, and
the ratio between the transverse and longitudinal strains (ε2/ε) of confined concrete
is suggested. (3) The basic equations are established for the confined concrete:

Strain ε ¼ εc ¼ εn (9-14a)

Average stress s ¼ ðscAc þ snAnÞ
�
b2; (9-14b)

where εc, sc, Ac are the longitudinal strain, stress, and area of the concrete in
confined zone, respectively; εn, sn, An are corresponding values of the concrete in
unconfined zone; b is the edge length of column section.

(4) These formulas consider the non-linear strain of concrete and some of them
are coupled to one another, so the explicit solution of them is difficult to obtain.

Therefore, the digital calculation method is used and the computer program is
compiled. When a longitudinal strain (ε) is given, the iterations are conducted
following the predetermined flowchart [9-8] and all the equilibrium conditions,
deformation compatibility, and constitutive relations of the materials are simulta-
neously satisfied, then the average stress on the section (s), transverse strain (ε2),
stress of the tie (sst), confined stress of core concrete (s2), and other results are
output. As the values of the longitudinal strain are input successively, the complete
stressestrain curve and other physical quantities of the confined concrete are ob-
tained. There is an example shown in Fig. 9-10(b), and the theoretical stressestrain
curves agree well with the experimental ones.

9.2.3.4 Empirical formula
Several empirical stressestrain relations are suggested for the confined concrete,
based on the regression analysis of relevant experimental results. They are presented
in simple functions and are convenient for use in engineering practice.

The Kent-Park model is composed of an ascending curve and a descending
branch of broken line (Fig. 9-11(a)). The compressive strength and peak strain of

0.5

fc
'

fc
'

0.2 fc
'

0 2.0

σ σ

(ρs = 0)
Plain concrete Plain concrete

ε ε εcc cu0.5 ε(10–3) ε(10–3)

fc,c

fc,c

fc

0.85

0 2.0 3.5

(a) (b)
FIG. 9-11 Empirical constitutive models for confined concrete: (a) Kent-Part [9-12],

(b) CEB-FIP Model Code [2-12]
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the confined concrete are assumed to be the same as that of plain concrete
(fc;c ¼ f 0c; εpc ¼ εp). And, the ascending curve is also presented by the Hognestad
formula: y ¼ 2xex2 (Table 2-6), while the inclined line of the descending branch
is determined by the strain at s ¼ 0:5f 0c:

ε0:5 ¼
 
20:67þ 2f 0c
f 0c � 6:89

þ 3

4
rs

ffiffiffiffiffi
b00

s

r !
� 10�3 (9-15)

where f 0c is the compressive strength of cylinder concrete (N/mm2), rs is the volu-
metric rate of transverse ties to core concrete, which volume is calculated from
outside to outside of tie, b00 is the width of confined core measured from outside
to outside of tie, s is the longitudinal space of ties.

If rs¼ 0 is taken in Eq. (9-15), only the first term remains on the right side, which
is the corresponding strain in the descending branch of plain concrete (Fig. 2-14(c)).
The last part of the descending branch is a horizontal line of residual strength 0.2 f 0c.

The CEB-FIP Model Code model (Fig. 9-11(b)) includes an ascending branch
of parabolic curve of second order (Hognestad: y ¼ 2x�x2) and a horizontal line.
The compressive strength and corresponding strain of the confiner concrete are
calculated as below.

The confined stress of the tie acted on core concrete is (comparing with Eq. (9-5)):

s2 ¼ 1

2
anaslt fc: (9-16a)

Two coefficients in it consider respectively the influences of the free length of tie
or the number of longitudinal reinforcements (n) surrounded by tie and the distance
(s) between ties:

an ¼ 1� 8

3n
; as ¼ 1� s

2b0
: (9-16b)

when
s2 � 0:05 fc fc;c ¼ fc þ 5s2
s2 > 0:05 fc fc;c ¼ 1:125 fc þ 2:5s2

�

εcc ¼
�
fc;c
�
fc
�2 � 2� 10�3 (9-17)

εcu ¼ 0:2
s2

fc
þ 0:0035

The coefficient 0.85 in Fig 9-11(b) is introduced to consider the unfavorable
influence of long-time loading.

Reference [9-7] suggests two sets of equation (Table 9-1) respectively for the
stressestrain curve of confined concrete with different values of confinement index
(lt). The ascending and descending branches are continuous at the peak point, and
the values of the parameters in the equations are obtained from the experimental
data at home (Fig. 9-6).

It should be mentioned that most of the constitutive models introduced above
give only the stressestrain relation of confined core concrete surrounded by ties.
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When the average stressestrain relation of a column is concerned, the average stress
should be converted by Eq. (9-14), as the concrete outside of the tie, i.e. cover, is also
considered. When the column has small section and the area of cover concrete oc-
cupies a great fraction of total section area, or the column is reinforced with less tie
and the behaviors of the concretes within and outside of the tie are less different, the
influence of cover concrete is not negligible.

The experiments of tie confining concrete under repeated load show that the
deformation, cracking, and failure process of the specimen are similar to that under
monotonic load, and its compressive strength (fc,c) and peak strain (εpc) vary with the
confinement index (lt) and are not obviously different from that of the latter. In addi-
tion, the envelope of stressestrain curve and the loci of common and stability points
of the confined concrete are also similar to that under monotonic load, and the
average ratios of similarity are:

Locus of common point Kc ¼ 0:893;

Locus of stability point Ks ¼ 0:822: (9-18)

Comparing with the corresponding ratios for plain concrete (Eqs. (3-1) and
(3-2)), Ks of the confined concrete is slightly higher. The equations of stressestrain
curve for tie confining concrete under repeated load can be found in detail in refer-
ence [9-13].

9.3 Steel-tube-confined concrete
9.3.1 Mechanical characteristic and mechanism
If the spiral bar in a concrete column is very closely spaced, and it is combined with
the longitudinal reinforcement and the cover concrete is cancelled, the steel-tube-
confined concrete or the concrete-filled steel tube is then formed. This is a special
example of confined concrete.

Steel-tube-confined concrete has superior mechanical properties of high strength
and better ductility, and also has many engineering advantages, such as smaller

Table 9-1 Equations for Complete Stress–Strain Curve of Confined Concrete [9-7]

Confinement index lt � 0.32 lt > 0.32

Compressive strength fc,c ¼ (1 þ 0.5lt) fc fc,c ¼ (0.55þ1.9lt) fc
Peak strain εc ¼ (1 þ 2.5lt) εp εpc ¼ (�6.2þ 25lt) εp
Equations
x ¼ ε/εp, y ¼ s/fc,c

x � 1.0 y ¼ aa,cþ (3-2aa,c)x
2 þ (aa,c-2)x

3

x � 1.0 y ¼ x

ad;cðx � 1Þ2 þ x

y ¼ x0:68 � 0:12x

0:37þ 0:51x1:1

Note: aa;c ¼ ð1þ 1:8ltÞaa and ad;c ¼ ð1� 1:75l0:55t Þad when the concrete is C20–C30, and aa and ad
are the parameters for stress–strain curve of plain concrete (Table 2-7).
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sectional area, less weight (dead load), easy construction of structural joint, free of
mold, without processing of reinforcement, quickly manufacturing, and reducing
concrete quantity. Compared with steel structures, steel-tube-confined concrete
has obvious advantages, including less steel consumed, greater stiffness, and less
cost. Recently, steel-tube-confined concrete column is used widely in structural en-
gineering and is frequently applied for the column carrying large axial load, for
example, in high-rise buildings, single- and multi-storey workshops, frames of in-
dustrial equipment (e.g. iron-smelting furnaces, boilers for electrical power plants),
underground engineering (e.g. railways, markets), arched bridges, and defense
works. Better technical and economical benefits have been achieved so far.

Steel-tube-confined concrete member has been used in engineering practice for
several decades and many theoretical and experimental investigations have been re-
ported at home and abroad. [9-14e9-21] The typical mechanical behavior of short
column (L/D � 4) of steel-tube-confined concrete under central compression is
introduced below. The short column under eccentric compression, bending,
shearing, torsion, and composition of bending-shearing-torsion, steel tube of non-
circular section, and long column (L/D > 4) of steel-tube-confined concrete are
also investigated and can be found in relevant references.

The main parameter of steel-tube-confined concrete is also the confinement in-
dex used for spiral column (Eq. 9-4), but using different calculation formula:

lt ¼ mt
fy
fc
¼ As fy

Ac fc
z

4t fy
dc fc

(9-19)

where As, t are the sectional area and thickness of steel tube, respectively; Ac, dc are
the area and diameter of core concrete, respectively.

When dc >> t, mt approximates 4t/dc. Generally, the volumetric rate of steel tube
ranges from mt ¼ 0.04e 0.20, so lt ¼ 0.2e 4.0.

The typical axial force (average stress)estrain curve of short column of steel-
tube-confined concrete under central compression is shown in Fig. 9-12, on which
the mechanical characteristics of different stages are presented.

The specimen is within the elastic stage (s/fc,c �0.3e 0.5, segment OA on the
curve) after being loaded, and the longitudinal stresses of the steel-tube-filled con-
crete are not high. The radial expansion of the steel tube is slightly greater than that
of the filled concrete as the Poisson’s ratio of steel is greater than that of concrete, so
the latter is in radial tension if both are adhered well. At this time, the steel tube acts
together with the filled concrete like the longitudinal reinforcement.

The longitudinal stress of the steel-tube-confined concrete is increased further
and its strain accelerates as the load is increased, so the N�ε curve is slightly convex
then. When the radial deformation or Poisson’s ratio of the concrete is greater
than that of the steel tube, the concrete exerts the radial compressive stress (sr in
Fig. 9-13(a)) on the steel tube. Therefore, the steel tube also carries a uniform tensile
stress in tangent direction (st) besides the longitudinal compressive stress (sz). How-
ever, the radial compressive stress is limited comparing with the stresses in the other
two directions (sr << sz, st).
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When the steel tube is initially yielded under common actions of the longitudinal
and tangent stresses (Point B), the stress path experienced is AB in Fig. 9-13(b). Dur-
ing this, the core concrete is under a triaxial compression state but does not yet fail
(sr; sr; sc < jf3j). However, the yielding lines (or shear sliding lines in Fig. 9-12)
appear on the surface of the steel tube, but no other change is obviously found on
appearance of the specimen.

The steel tube enters the plastic stage (BC) afterwards (N/Nu � 0.6e0.8). The
longitudinal deformation of the specimen increases quickly and the stresses of the
steel tube move along the yield envelope (Von Mises criterion is generally taken,
Fig. 9-13(b)), as the axial force increases slowly. It means that the longitudinal
compressive stress (sz) reduces, while the tangent tensile stress (st) increases.
Although the longitudinal stress of the steel tube is reduced, the tangent stress en-
hances the confined stress (sr ¼ 2tst/dc) acted on the core concrete, of which the
triaxial compressive strength is, then, increased considerably. Therefore, the total
strength of the specimen increases further.

When the axial force acted on the steel-tube-confined concrete reaches the
maximum (Point C), the ultimate compression (strength Nu) is obtained. Then, the

FIG. 9-12 Axial forceestrain curve of steel-tube-confined concrete [9-18]

FIG. 9-13 Stress state and path of steel tube [9-18]: (a) stress state, (b) failure envelope and

stress path
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longitudinal stress of the core concrete exceeds the triaxial compressive strength and
reduces slowly, so the total strength of the specimen reduces gradually and a
descending branch of N�ε curve is formed. Finally, the specimen is failed appar-
ently in local buckling or convex (Point D in Fig. 9-12).

The axial force (stress)estrain curve and the peak strain of the steel-
tube-confined concrete vary with the confinement index (lt) and are shown in
Fig. 9-14. The higher the confinement index, the greater the plastic deformation
(BC) after initial yielding of the steel tube, and the smaller the slope of the curve.
The peak strain of steel-tube-confined concrete is so great and almost the same
order as that of mild steel (Fig. 6-4 and Table 6-1). It demonstrates that the ductility
of the steel-tube-confined concrete under compression is significant.

9.3.2 Calculation of ultimate strength
The ultimate compressive strength, i.e. average confined strength (fc,c), of steel-
tube-confined concrete increases with the confinement index and the relevant
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FIG. 9-14 Influence of confinement index on behavior of steel-tube-confined concrete [9-18]:
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experimental results are shown in Fig. 9-15. The basic calculation formula is theo-
retically established:

fc;c ¼ Nu

Ac
¼ 1

Ac

�
scpAc þ szpAs

�
; (9-20a)

where the sectional areas of the core concrete and steel tube are respectively:

Ac ¼ p

4
d2c

As ¼ p

4

�
D2 � d2c

�
zpdct ¼ mtAc

9>=
>; (9-21)

scp and szp are the longitudinal compressive stresses of core concrete and steel
tube under ultimate axial force (Nu), respectively.

The lateral confined compressive stress of the core concrete is sr ¼ 2tstp /dc ¼
mtstp/2, and its triaxial compressive strength is correspondingly presented as

scp ¼ fc½1þ cðsrÞ� ¼ fc

1þ c0

�
stp
��
; (9-22)

where c or c’ are the coefficient depending upon sr or stp and

cðsrÞ ¼ 1:5
ffiffiffiffiffiffiffiffiffiffi
sr=fc

p
þ 2sr

.
fc (9-23)

is suggested in reference [9-18], stp is the tangent tensile stress (strength) of steel
tube during Nu and the relation between stp and longitudinal compressive stress
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FIG. 9-15 Ultimate strength of steel-tube-confined concrete [9-20]
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(szp) following Von Mises criterion for steel under the biaxial stress state
(Fig. 9-13(b)):

s2tp þ s2zp þ
�
stp � szp

�2 ¼ 2f 2y : (9-24)

After these formulas are substituted into Eq. (9-20),

or
fc;c ¼ fc

h
1þ c0

�
stp

�
þ lt

szp

fy

#

fc;c ¼ fc½1þ alt�

9>=
>; (9-20b)

is obtained after being simplified.
There are two extreme conditions for steel-tube-confined concrete and the

extreme values of ultimate compressive strengths are as below.
(1) The steel tube and core concrete reach simultaneously their own uniaxial

compressive strengths in longitudinal direction, i.e. szp ¼ fy and scp ¼ fc, while
the tangent stress of the steel tube is stp ¼ 0 and, hence, the confined stress is
zero (sr ¼ 0). Therefore, the ultimate strength is:

fc; c ;1 ¼ fcð1þ ltÞ: (9-25a)

(2) When the tangent stress of the steel tube reaches yield strength (stp ¼ fy , but
szp ¼ 0), the confined stress of the core concrete is the maximum (sr,max ¼ mt fy /2).
Therefore, the ultimate strength is:

fc; c; 2 ¼ fcð1þ amaxltÞ: (9-25b)

If c(sr) in Eq. (9-22) is taken from the Richart formula (Eq.(9-6)), amax ¼ 2 is
derived.

The ultimate strength (Nu) of any steel-tube-confined concrete with a certain
confinement index (lt) should be between the two extreme values and the ultimate
stress state is also between the two extreme conditions. When Eq. (9-20b) is
differentiated with respect to szp or stp and let to be zero, the stresses of the steel
tube (szp and stp) under ultimate state are calculated (Fig. 9-16(a)). And, the param-
eter a varying with the confinement index (lt) is obtained (Fig. 9-16(b)):

a ¼ 1:1þ 1ffiffiffiffi
lt

p : (9-26a)

After the formula is substituted into Eq. (9-20b), the calculation formula of ulti-
mate strength is established for steel-tube-confined concrete:

fc;c ¼ fc

h
1þ

ffiffiffiffi
lt

p
þ 1:1 lt

i
: (9-26b)

The theoretical values and experimental data are compared in Fig. 9-15 and
Fig. 9-16(b).

The calculated results show that the tangent stress of the steel tube reaches uni-
axial tensile strength (stp ¼ fy) and the longitudinal stress of it is szp ¼ 0 under
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ultimate state, only when the confinement index of steel-tube-confined concrete is
rather small (lt < 0.28); the tangent stress (stp) of the steel tube decreases and
the longitudinal stress (szp) of it increases under ultimate state, as the confinement
index (lt) increases or the steel tube is strengthened. The convergent values of the
stresses of the steel tube are stp ¼ 0.651fy and szp ¼ 0.5fy, if the confinement index
(lt) increases infinitely.

When the complete axial force (stress)estrain process is needed, the digital
calculation should be conducted, or the general method of plasticity is used and
the multiaxial constitutive relations of the steel and core concrete are introduced.

9.4 Local compression
9.4.1 Mechanical characteristic and mechanism
When a compression is transferred from one member to another in a structural sys-
tem, the acted area of the concentrated load (Al) is frequently smaller than the end or
sectional area of the supporting member (Ab). There are many examples in engineer-
ing practice, e.g. a beam supported on top of a wall or column, a column supported
on a base, a bridge supported on a pier, an anchorage plate of a prestress tendon sup-
ported on the end of a member, even the compression zone of a cracking section of a
flexural member (Fig. 9-17(a)). These phenomena (Al < Ab) are called local
compression or bearing strength.

The shape of local area (Al) acted with concentrated load is, most likely, rectan-
gular or strip (its one side equals one edge of the supporting area). The local area
may be located on the center (symmetric), middle (eccentric), edge or corner of
the end surface of the supporting member (Fig. 9-17(b)). In addition, the end of
the supporting member may be reinforced with spiral bar or welded wires
(Fig. 9-17(c)) to strengthen the compressive strength of the confined concrete and
to limit the crack, which would occur there.
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When the concentrated load is transferred to the supporting member via the local
area (Al), the stress and the strain of the concrete underneath are greater, so it is
confined by the surrounding concrete within the area (Ab � Al), which does not
directly transfer the load. Therefore, the compressive strength of the local concrete
within Al is increased to some extent (fcb > fc). This phenomenon has been theoret-
ically and experimentally investigated for many years at home and abroad,
[9-22e9-29] and the research results have been adopted in the design codes of
various countries.

A square column under the action of local compression is used here as a typical
example to explain the mechanical characteristic and failure process (Fig. 9-18).
Assuming the edge length of its section is 2b and the compression is acted on the local
square area of edge length 2b’, the part of the column outside of�2b from the loaded
end can be considered being a uniform uniaxial compressive stress state, according to
the San Venient Principle. However, a complicated stress state should exist near the
loaded end within the range of H � 2b. The loci of principal stress obtained from
elastic analysis are shown in Fig. 9-18(a): the vertical compressive stress (sz)
decreases gradually along the central line from top to bottom; the horizontal stresses
(sx ¼ sy) are compressive on the upper part but change into tensile on the lower part,
and the maximum tensile stress appears at H ¼ (0.6e1.0)b (Fig. 9-18(b)).

The compressed end of the column can be divided into three zones of different
stress states: (1) Zone I is directly located under the loaded area (2b0�2b0), and the
concrete there is expanded horizontally under the longitudinal compression but is
confined by the surrounding concrete (zone II), so a triaxial compressive stress
state is formed; (2) Zone II is the concrete surrounding zone I and carries the
horizontal tensile stress due to the compression from zone I, so a bi- or triaxial

FIG. 9-17 Situations of local compression: (a) engineering example, (b) positions of

compressed area, (c) local reinforcement
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tensile-compressive stress state is formed; (3) Zone III is within the scope of
principal compressive stress loci and is of a triaxial tensile-tensile-compressive stress
state. The shape, size, and stress value of these zones depend upon the shape of the
column, area ratio (Al/Ab), and position of local compression, and they decide the
cracking, failure process, and local compressive strength (or bearing strength fcb).

When the height of the column (or specimen) is greater than twice the width of its
section (H� 2b), the local compressive strength of concrete and the subsiding defor-
mation (d) of the loaded surface increase monotonically with the area ratio (Ab/Al),
and three typical failure patterns may appear (Fig. 9-19) as follows.

1. Area ratio Ab/Al < 9. After the specimen is loaded, the first crack appears
vertically on the middle of the side surface and near the maximum tension in the
upper part of zone III. The ratio between the cracking and ultimate loads is
about 0.6e1.0 (see Fig. 9-22), and the greater the area ratio (Ab/Al), the later the
cracking. When the load is increased further, the crack widens and develops
both downwards and upwards. Finally, the crack passes through, and the
specimen is failed in splitting. However, the loaded area is not split as the
friction and confinement exist under the load plate. Usually, a reversed pyramid
is formed underneath the loaded area.

2. Area ratio 9 < Ab/Al < 30. After the specimen is loaded continuously, it is failed
suddenly and split into several pieces once a crack occurs. The cracking load
equals or is approaching the ultimate load (strength). When the test is observed
very carefully, the crack starts first on the loaded surface and extends quickly
downwards. It is seen that the failure of the specimen is controlled by the
horizontal tensile stress in zone II and is caused by the compression outside of
the concrete in zone I. However, the concrete underneath the loading plate is not
split, but a reversed pyramid is also formed there.

3. Area ratio Ab /Al > 30. The concrete volume (zone II) surrounding the loading
plate is great enough and will not be split, as only low tensile stress is caused

FIG. 9-18 Stress distribution on local compression end: (a) loci of principal stress and stress

zone, (b) stress distribution along central line, (c) forces on zones I and II
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there due to the local compression. The concrete underneath the loading plate
(zone I) carries large triaxial compressive stresses, it makes the loading plate
subside and the concrete shear off along the periphery of the plate, even some
coarse aggregates are compressed and pulverized. Sometimes, the concrete near
the loading plate is crushed and extruded out, just like the semi-infinite soil
loses stability under a foundation. If the area ratio (Ab/Al) is increased further,
the local compressive strength of concrete converges gradually (Fig. 9-19(a)).
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(a) ultimate strength [1-1], (b) deformation [9-29], (c) failure patterns (H ‡ 2b)
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Other factors having influences on the strength and failure pattern of concrete un-
der local compression include the heightewidth ratio (H/2b) of the specimen, posi-
tion and shape of loaded area, uniaxial compressive strength of concrete, size effect,
pad material at the bottom, and quantity and detail of local reinforcement. These are
discussed briefly below.

Generally, the height of the structural member under local compression is far
greater than the sectional width (H >> 2b) in engineering practice, while the height
of the specimen tested is usually smaller (H � 2b). When the heightewidth ratio of
the specimen is in the range ofH/2b¼ 1e 3, the stress distribution within the scope of
H¼ 2b varies less, and the local compressive strengthearea ratio (fcb e Ab/Al) curves
vary approximately (Fig. 9-20(a)). Therefore, the experimental results obtained from
the specimens can be used for the structural member of H/2b > 3.

However, when the height of the specimen is smaller than the width (H/2b < 1),
the reaction on its bottom is not uniformly distributed and the compressive stress in the
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specimen concentrates more near the central line, so the crack occurs first at the bot-
tom and develops upwards or the concrete surrounding the loading plate is split and
fails [9-23,9-29]. The mechanical characteristic and failure pattern of the specimen are
different from that under local compression introduced above, but are similar to the
punching of a thin slab (see Section 14.4). The ‘local compressive strength’ of the
specimens of Ab/Al > 10 decreases quickly with the height (or H/2b) of the specimen.

When a compression is acted locally on a strip area of a specimen (Fig. 9-20(b)),
a triaxial compressive stress state occurs only in a small area near the central part
under the loading plate, but most of the specimens are of biaxial stress state and
have less confinement on the loaded zone, comparing with the bidirectional confine-
ment of the rectangular loading area (Fig. 9-20(a)). Therefore, the local compressive
strength of the specimen increases with smaller amplitude. Generally, the specimen
is failed due to the vertical crack occurring on the side surface, and the number and
shape of the crack vary with the loading area (b’/b), which can be found in refer-
ences [9-29] and [9-30].

When the loading area is deviated from the central line, even near the edge or
corner, of the end surface of the supporting member (Fig. 9-17(b)), the stress distribu-
tion and confinement level of the concrete underneath are influenced and the local
compressive strength reduces to a certain extent. This can be approximately treated
during design: an effective supporting area (Ab) [9-31, 9-26] is taken based on the
local compressed area (Al), following the principles of concentricity and symmetry,
and then the local compressive strength is calculated considering the confinement.

When the concrete of higher strength grade is used, the plastic deformation
(Section 4.1) and relative value of triaxial strength (Section 5.2.3) reduce slightly,
hence the increasing amplitude of local compressive strength decreases gradually
(Fig. 9-20(c)) [9-32,9-33].

If the size of the specimen is increased but the shape and area ratio (Ab/Al) are kept
constant, the relative value of local compressive strength (fcb/fc) decreases [9-32].
This is consistent with the size effect for other mechanical behaviors of concrete.

When various transverse reinforcement (Fig. 9-17(c)) is set up within the con-
crete compressed locally, the development of internal crack is limited and the
confined stress of the core concrete is enhanced, so the local compressive strength
is obviously increased [9-26,9-34]. This is a major technical measure to improve
the behavior of local compression. The working mechanism is similar to the con-
crete confined by the spiral bar or rectangular tie, and the detail and calculation
method can be found in relevant references or design codes.

9.4.2 Calculation of strength
There are different ways to determine the local compressive strength of concrete. Of
course, when the non-linear finite element method is used for analysis of three-
dimensional structure following the loading history, the cracking load, development
of crack, failure pattern, and local compressive strength of concrete can be obtained
accurately. Generally, the local compressive strength of concrete does not need such
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complicated calculation, and an approximate calculation of the simple mechanical
model, even an empiric formula, is used for checking the calculation.

9.4.2.1 CEB-FIP model code model (Fig. 9-21)
Three possible failure patterns are separately checked as below.

1. Expanded splitting on top. The concrete under the loading plate is under triaxial
compressive stress state and expands outside, so tensile stress is caused in the
surrounding concrete (zone II). When the stress reaches the tensile strength of
concrete there, the maximum confined stress (sx) and the corresponding local
compressive strength (fcb) can be calculated.
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FIG. 9-21 Mechanical model for calculation of local compressive strength [2-12]:

(a) expanded splitting on top, (b) cracking at lower part of concrete, (c) crushing and losing

stability on top
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2. Cracking at lower part. The locus of the principal stress is simplified into a
broken line within the scope ofH¼ 2b from top, and the horizontal tensile force
Ft ¼ Ntanq/2 is obtained which is used to check the tensile strength of the
concrete or splitting of the specimen, or to calculate the transverse reinforce-
ment if necessary.

3. Crushing and losing stability. An empiric formula is suggested to prevent the
concrete under the loading plate being crushed or subsided too much, if the local
compressed area is too small.

After analyzing and simplifying, three calculation formulas are concluded and
should be satisfied simultaneously:

fcb ¼ fc
ffiffiffiffiffiffiffiffiffiffiffiffi
Ab=Al

p
fcb ¼ 1:92ft

��
b0

b

�
1� b0

b

�	

fcb ¼ 79
ffiffiffiffi
fc

p
� 5fc

9>>>>=
>>>>;

(9-27)

9.4.2.2 Hawkins model [9-27,9-28]
It is suggested that a wedged pyramid of concrete is formed under the loading plate
and moves downwards under the local compression during failure of the specimen,
so the surrounding concrete is compressed transversely and tensile stress is caused
along the ring direction which results in splitting of the specimen. The shear
sliding surface of the pyramid is calculated by the Coulomb criterion, and then
the calculation formula is established for the local compressive strength of
concrete.

9.4.2.3 Empiric formulas
In the 19th century, Bauschinger (Germany) had suggested the calculation formula
for the increasing coefficient of local compressive strength [1-1], basing on the
experimental results of the cubic specimen (edge length 100 mm) of natural sand-
stone under local compression:

b ¼ fcb
fc

¼
ffiffiffiffiffi
Ab

Al

3

r
: (9-28)

Many experiments have been conducted on local compressive strength of con-
crete at home and abroad since 1950 and they show that the theoretical value of
Eq. (9-28) is obviously lower than the experimental data (Fig. 9-19(a) and
Fig. 9-22). A calculation formula was derived based on the equilibrium condition
during ultimate state [9-26], and a similar formula was adopted in some design
code [9-35]:

b ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
Ab=Al

p
: (9-29)
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In addition, a lower calculation value is also suggested afterwards:

b ¼ 0:8
ffiffiffiffiffiffiffiffiffiffiffiffi
Ab=Al

p
þ 0:2 (9-30)

In reference [9-29], the calculation formulas of increasing coefficient of concrete
strength are also suggested for the structural member of square section (b�b) under
the central compression acted on different rectangular loading plates (a0�b0):

Rectangular loading plate (a0< b0):

b ¼ 0:42

�
b

a0
þ b

b0
þ 1

�
� 0:29

"�
b

a0
� b

b0

�2

þ 5:06

#1=2
; (9-31a)

Strip load (b’¼b):

b ¼ 0:42

�
b

a0
þ 2

�
� 0:29

"�
b

a0
� 1

�2

þ 5:06

#1=2
; (9-31b)

Square loading plate (a0¼b0):

b ¼ 0:84

�
b

b0

�
� 0:23: (9-31c)
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FIG. 9-22 Experimental results of local compression of concrete in China [9-31]

252 CHAPTER 9 Confined Concrete



Mechanical Response
of Deformation Difference 10
CHAPTER OUTLINE

10.1 Shrinkage of concrete .................................................................................... 254

10.1.1 General analysis method ............................................................. 254

10.1.2 Practical calculation method ....................................................... 256

Example 1. Calculating stress and cracking of symmetrically

reinforced concrete member during uniformly shrinking .................... 257

Example 2. Shrinkage difference of composite beam ......................... 258

10.2 Difference of thermal deformation ................................................................... 259

Example 3. Prestress analysis of aerated concrete slab after being

autoclaved, assuming the temperature is uniformly distributed........... 259

Example 4. Analysis of a section with non-uniform temperature field .. 261

10.3 Creep of concrete........................................................................................... 263

10.3.1 Stress redistribution on section under sustained load..................... 263

10.3.2 Stress state after unloaded.......................................................... 265

The major mechanical behaviors of steel reinforcement and concrete compensate each
other, as the reinforced concrete is used as a composite structural material. On the
other hand, the physical and mechanical behaviors of both materials are considerably
different, and they do not always compensate, they may even be contradictory when
they work together. For example, concrete will, but steel will not, expand or contract
when the environmental humidity changes; the deformations of both materials are
different when the environmental temperature changes; creep will occur in concrete
but not in steel when the stress acted is sustained, etc. Therefore, the deformation dif-
ferences between both materials in a structure are caused due to various reasons.

When the reinforcement and concrete are adhered well, the deformation differ-
ence between both certainly results in the redistribution of sectional stress and the
internal forces of a statically indeterminate structure, and also the deformation
and cracking under service load, even the ultimate strength, are influenced. Some-
times, an engineering accident may be caused. On the other hand, the deformation
difference is favorable for the structure in some other conditions, e.g. the creep
makes relaxation of thermal stress for massive concrete, a prestressed state may
be established in a structure, utilizing the difference of thermal deformation.

The necessary concept, principle and method of analysis, and explanation
of some important engineering phenomena are provided in this chapter for the
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mechanical responses of structural members caused by the deformation differences
between reinforcement and concrete.

10.1 Shrinkage of concrete
Water in concrete is lost during coagulating and shrinkage of concrete is the result.
In addition, the volume of hardened concrete shrinks or expands as the environ-
mental moisture changes (see Section 3.5). Therefore, the volume of structural con-
crete changes continuously during the service period.

The moisture exchanges between the concrete and the surrounding environment
via the surface of the structure, so the moistures on the surface and in the interior of
the structural concrete are different. Generally, a non-uniform moisture field and a
corresponding shrinkage field of two or three dimensions are then formed. The dif-
ferential equations can be established for moisture exchange between the concrete
and surrounding environment similar to the basic equations of heat conduction
(see Chapter 19). The moisture and, then, shrinkage of the concrete can be deter-
mined after the equations are solved or calculated by the finite element method.
The shrinkage of one dimension and corresponding mechanical behavior of the
structural member are introduced below.

10.1.1 General analysis method
If a concrete beam of rectangular section is reinforced asymmetrically, and the free
shrinkage of the concrete occurs at time t and distributes constantly along its width
but non-linearly along its depth (εsh(y), Fig. 10-1(a) (b)). The stress and strain on the
section is generally analyzed as below.

1. Geometrical (deformation) condition. If there is no confinement on the section,
the sectional deformation after concrete shrunk freely is non-linear (Fig. 10-1(c)).
When the reinforcement is adhered well with the surrounding concrete and no slip
occurs between them, the shrinkage deformation of the concrete is reduced due to
the confinement of the reinforcement. In addition, the adjacent materials along the

FIG. 10-1 Analysis of concrete shrinkage of structural member: (a) section, (b) free shrinkage,

(c) sectional strain, (d) stress distribution
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depth of the section are confined to each other and the ends of the beam are confined
by other members connected or the supports, so the original section keeps a plane
after concrete shrunk and the actual section at time t is an inclined plane.

As the shrinkage strains of the concrete at the top and bottom of the section
(εt and εb) are taken as two basic unknowns, the shrinkage strain at y from the
bottom is

εy ¼ y

h
εt þ h� y

h
εb: (a)

Therefore, the tensile strain of the concrete there after shrunk equals the free
shrinkage strain εsh(y) minus the strain εy:

εc ¼ εshðyÞ � εy ¼ εshðyÞ �
�
y

h
εt þ h� y

h
εb

�
; (10-1)

and the tensile strains of the concrete at top and bottom are respectively:

εshðhÞ � εt and εshð0Þ � εb:

In the meantime, the strains of the upper and lower reinforcements are
contractive:

ε
0
s ¼

h� a0

h
εt þ a0

h
εb

εs ¼ a

h
εt þ h� a

h
εt

9>>=
>>; (10-2)

2. Physical (constitutive) relation. When the non-linear constitutive relation of
concrete under uniaxial tension (e.g. Fig. 8-4) is taken, and the initial tangent elastic
modulus is E0 and the plasticity coefficient varying with the strain value is lt (�1.0),
the tensile stress of the concrete is then obtained:

sc ¼ ltεcE0: (10-3)

Usually, the compressive stresses of the reinforcements are far lower than their
yield strength, so

s0s ¼ ε
0
sEs and ss ¼ εsEs (10-4)

are obtained, in where E0 is elastic modulus of them.
3. Mechanical (equilibrium) equations. The stresses on the whole section have to

be in equilibrium themselves and the resultant of them should still be zero:

P
X ¼ 0

Zh
0

scbdy ¼ s0sA
0
s þ ssAs

X
M ¼ 0

Zh
0

scbydy ¼ s0s A
0
s

�
h� a0

�þ ssAsa

9>>>=
>>>;

(10-5)
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When the Equations (10-1) to (10-4) are substituted successively into Eq. (10-5),
only two basic unknowns (εt and εb ) exist for the shrinkage εsh(y) at any time t. After
Eq. (10-5) is solved, the stresses on the section, i.e. tensile stress in concrete but
compressive stress in the reinforcements, can be calculated easily (Fig. 10-1(d)).
The curvature of the section is then:

1

r
¼ εt � εb

h
; (10-6)

where r is the curvature radius of the section.
Afterwards, the deformations, i.e. deflection and angular rotation, of the struc-

tural member after shrinking can be calculated accordingly (see Chapter 13).
When the geometrical equation is established, two other physical quantities, e.g.

the strain at center (ε0) and curvature (1/r) of the section (similar to Fig. 10-7), can
also be taken as the unknowns. If the environmental humidity is variable, the non-
linear processes of stress and deformation of the member can be calculated gradu-
ally, as the shrinkage (εsh(y)) is given successively for every increment of time or
humidity. Generally, the digital method is used for analysis and is completed by
computer.

10.1.2 Practical calculation method
If the free shrinkage of concrete (εsh(y)) is linearly distributed along a section and
constant elastic modulus of the concrete is assumed for every point on the section
at same time, the practical calculation method based on the concept of prestressed
concrete can be applied. The shrinkage of concrete (εsh(y) ¼ const.) occurring uni-
formly in a reinforced concrete beam (Fig. 10-2) is an example used here for
explanation.

At first, it is assumed that the concrete shrinks freely and is not confined by the
reinforcement in the section, so the reinforcement is longer than the concrete after
shrinking and the difference between them is εsh per length. It is assumed again
that a prestressed compressive stress εshEs is acted on the reinforcement only, and
then the length of the reinforcements equal to the length of the concrete. The

FIG. 10-2 Practical calculation for shrinkage of concrete beam: (a) section, (b) free shrinkage

of concrete, (c) stress states at two stages, (d) stress distribution
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compressive force should be acted on the center of gravity of both upper and lower
reinforcements with the value of

N ¼ εshEs

�
A0
s þ As

�
; (10-7)

which is located at e0 from the neutral axis of the converted section (see Chapter 8).
However, the stress of the concrete is still zero at this time.

Secondly, an opposite force (tension) of same value is assumed to act at the same
position of the converted section, and then the stress distribution on the converted
section can be calculated easily. Afterwards, the stresses of the two stages on the sec-
tion are added, and the final stress state of the section after concrete is shrunk is ob-
tained (Fig. 10-2(d)).

Therefore, the values of tensile stresses of the concrete at top and bottom of the
section are respectively:

st ¼ N

A0
� Ne0yt

I0

sb ¼ N

A0
þ Ne0yb

I0

9>>=
>>;; (10-8)

and the compressive stresses of the upper and lower reinforcements are respectively:

s0s ¼ εshEs � ns0s1 ¼ εshEs � n

�
N

A0
� Ne0ðyt � a0Þ

I0

�
;

ss ¼ εshEs � nss1¼ εshEs � n

�
N

A0
þ Ne0ðyb � aÞ

I0

�
;

(10-9)

where A0, I0 are the area and moment of inertia of converted section, n is the ratio
between elastic moduli of reinforcement and concrete, and yt and yb are the distances
from top and bottom of section to neutral axis of converted section, respectively.

Example 1. Calculating stress and cracking of symmetrically reinforced
concrete member during uniformly shrinking
Solution. The section and reinforcement of the member is shown in Fig. 10-3. If the
free shrinkage strain of concrete (εsh) is uniformly distributed along its section, and

FIG. 10-3 Uniform shrinkage of symmetrically reinforced concrete member
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the contractive strain of the member (εs) is reduced due to the confinement of the
reinforcement.

When the contractive strain of the reinforcement (εs) is taken as the basic un-
known, the tensile strain of the concrete should be εc ¼ εsh � εs and the stresses of
both are respectively ss ¼ εsEs and sc ¼ l(εsh� εs)E0. The equilibrium equation is

εsEsAs ¼ lðεsh � εsÞE0ðbh� AsÞzlðεsh � εsÞE0bh;

and the solutions obtained of it are

εs¼ l

lþ nm
εsh and εc ¼ nm

lþ nm
εsh; (b)

where n ¼ Es/Ec is the ratio between elastic moduli of reinforcement and concrete,
m¼ As/bh is the reinforcement content of section, and l is the plasticity coefficient of
tensile strain of concrete under corresponding stress.

Therefore, the compressive stress of the reinforcement and the tensile stress of
the concrete are respectively:

ss ¼ l

lþ nm
εshEs and sc ¼ lnm

lþ nm
εshE0 (10-10)

Obviously, the results are consistent with that calculated from the concept of pre-
stressed concrete.

The higher the reinforcement content of the member, the stronger the confine-
ment of the reinforcement, the less the shrinkage strain (εs) appears, and the larger
the tensile stress (strain) of the concrete (sc, εc). If the reinforcement content of the
member exceeds a limit value, the concrete will crack as the tensile stress reaches the
tensile strength of the concrete (ft). Let sc � ft in Eq. (10-10), the limit value is
derived as below:

m � lft
nðlεshE0 � ftÞ (10-11)

Example 2. Shrinkage difference of composite beam
A beam of width (b) is composed of the lower part of precast concrete (height 0.6h)
and the upper part of concrete cast in situ (height 0.4h) (Fig. 10-4), if the

FIG. 10-4 Shrinkage difference of composite beam: (a) section, (b) shrinkage difference,

(c) calculation of stress, (d) stress distribution

258 CHAPTER 10 Mechanical Response of Deformation Difference



reinforcement is neglected. When the difference between free shrinkage strains of
the upper and lower concretes is εsh, the stress and deformation of the beam is
analyzed below.

Solution. It is assumed that the beam is separated into two parts and a tensile
force (N ¼ 0.4bhεshE0) is acted at the center of the upper concrete, and the tensile
stress (εshE0) is caused there only, while the stress is still zero on the lower concrete.
Afterwards, the two parts of same length are integrated together and a compressive
force of same value is acted at the same position, and it is e0 ¼ 0.3h (eccentricity)
away from the center of the whole section. The stresses at top, connected plane, and
bottom of the section are respectively calculated:

s1 ¼ �N

bh
� 0:5hNe0

I
¼ �1:12εshE0;

s2 ¼ �N

bh
� 0:1hNe0

I
¼ �0:544εshE0;

s3 ¼ �N

bh
þ 0:5hNe0

I
¼ þ0:32εshE0:

After the stress states of the two stages (Fig. 10-4(c)) are added, the final stress
distribution of the beam is obtained and shown in Fig. 10-4(d). In addition, the cur-
vature of the beam after concrete shrink is

1

r
¼ 1:12εsh þ 0:32εsh

h
¼ 1:44

εsh

h
:

10.2 Difference of thermal deformation
When the environmental temperature of a structure varies, especially if the structure
is exposed to high temperature (T >200�C; see Chapter 19), a non-uniform temper-
ature field with great gradient is formed on its section due to the thermal inertia of
concrete. In addition, the linear expansion coefficients of reinforcement and con-
crete are different under the same temperature. Therefore, the difference in thermal
deformations of them should appear considerably on its section.

The mechanical response of the deformation difference between the reinforce-
ment and concrete on a section caused by temperature variation is similar to that
caused by the shrinkage of concrete. The analytical concept and method of the latter
described above can also be used for the former, and two examples are explained
below.

Example 3. Prestress analysis of aerated concrete slab after being
autoclaved, assuming the temperature is uniformly distributed
Solution. When the reinforced aerated concrete slab is manufactured, the mortar is
mixed well and poured into the steel mold, and the strength of the aerated concrete
will be reached only after cured under high temperature and pressure (usually
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200�C, 15 atm., and about 24 hours) in the autoclave. When the slab is cooled down,
the prestress is established certainly on its section due to the difference in thermal
deformations between the reinforcement and aerated concrete, as the linear expan-
sion coefficients of both materials are unequal (Table 4-4). This is called self-
prestressing and is favorable for the cracking resistance of the slab, and an initial
camber is obviously formed (Fig. 10-5).

The reinforcement is freely elongated (without stress) during heating, as the
mortar of the aerated concrete is still a fluid. After the aerated concrete reaches a
certain strength under high temperature (T1), it is adhered well with the reinforce-
ment, but both are still free of stress. When the slab is cooled down from T1 to T2,
the contractive deformations of both are unequal and the difference between them is

DεT ¼ εsT � εcT ¼ ðas � acÞðT1 � T2Þ; (10-12)

where εsT; εcT are contractive strains of reinforcement and aerated concrete during
cooling, and as;ac are linear expansion coefficients of reinforcement and aerated
concrete.

FIG. 10-5 Prestress analysis of aerated concrete slab: (a) section and reinforcement,

(b) analysis of deformation, (c) stress distribution, (d) Initial camber
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At this time, the relative slip between the reinforcement and aerated concrete is
prevented due to the bond strength between them, so the reinforcement is tensed and
elongated, while the aerated concrete is compressed and contracted (Fig. 10-5(b)).
Comparing with Fig. 10-2(b) the deformation difference and the stress on the section
of the aerated concrete slab are similar but just opposite from that caused by
shrinkage of the concrete beam.

When the contractive strains at the top and bottom of the slab (εt and εb) are taken
as the basic unknowns, the strain at y from the bottom of the slab is:

εy ¼ y

h
εt þ h� y

h
εb; (c)

and the tensile strains of the upper and lower reinforcements are respectively:

ε
0
s ¼ DεT �

�
h� a0

h
εt þ a0

h
εb

�

εs ¼ DεT �
�
a

h
εt þ h� a

h
εb

�
9>>>=
>>>;
: (d)

After the constitutive relations of aerated concrete and reinforcement (similar to
Eqs (10-3) and (10-4)) are substituted into the equilibrium equations:

P
X ¼ 0 andP

M ¼ 0 (similar to Eq. (10-5)), εt and εb can be resolved. Then, the stress distribu-
tion on the section is calculated and shown in Fig. 10-5(c), and the curvature and
camber of the slab can be calculated by:

1

r
¼ εb � εt

h
and w0 ¼ l2

8r
: (10-13)

Generally, the aerated concrete is autoclaved under temperature T1 ¼ 200�C and
is cooled down to T2¼ 20�C after manufacture, and the linear expansion coefficients
of it and reinforcement are respectively ac ¼ 8�10�6/�C and as ¼ 12�10�6/�C, so
the strain difference between them after cooling is DεT ¼ 720�10�6 and, corre-
spondingly, the prestress of the reinforcement is 150 N/mm2 which is consistent
with the measured value during testing [4-10], The measured cambers are obviously
visible and are 3.7e4.0 mm and 8.7e9.7 mm respectively for the reinforced aerated
concrete slabs of span lengths 3.6 m and 6.0 m [4-10].

If the elastic modulus of the aerated concrete is considered as a constant, the
concept of prestressed concrete can also be used for easy calculation. However,
when the thermal stress of the structural member after autoclaving needs to be calcu-
lated accurately, it should be calculated and accumulated step by step following the
time or temperature increments and the elastic moduli or constitutive relations of the
aerated concrete and reinforcement varying with temperature have to be considered.

Example 4. Analysis of a section with non-uniform temperature field
Concrete is an inertia material of thermal conduction. When the environmental tem-
perature is varied suddenly, e.g. a fire accident occurs and the temperature increases
correspondingly, the temperature on the surface of the structure approaches that of
the environmental temperature, while the temperature in its interior is still lower.
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Therefore, a non-uniform temperature field is formed with severe variation on its
section (Figs. 10-6 and 19-4). The temperature field varies continuously with the
environmental temperature and time, and can be calculated by the method of heat
conduction (see Section 19.2.3).

After the temperature distribution T(y) on the section (Fig. 10-7(a)) is obtained,
the free expansive strain εth(y) of the concrete on the section can be calculated accord-
ingly (Chapter 19). When the strain at the geometrical center of the section (ε0) and
the angular rotation per unit length of the member (q ¼ 1/r) are taken as the basic
unknowns, the difference between the confined deformation and the free expansive
strain is

εc ¼ ε0 � qy� εth: (10-14)

Therefore, the concrete is tensed when εc > 0, otherwise it is compressed when
εc < 0.

When the constitutive relation of concrete under high temperature (Chapter 19):

sc ¼ f ðεc; T; tÞ (10-15)

is introduced and the equilibrium equations:

SX ¼ 0
Rh=2

�h=2

scbdy ¼ 0

SM ¼ 0
Rh=2

�h=2

scbydy ¼ 0

9>>>>=
>>>>;

(10-16)

are established, the basic unknowns ε0 and q can be solved and the stress distribution on
the section (Fig. 10-7(c)) and deformation of the structural member are then calculated.

FIG. 10-6 Temperature field (two-dimensional) on section: (a) column with four surfaces

exposed to fire, (b) beam with three surfaces exposed to fire

262 CHAPTER 10 Mechanical Response of Deformation Difference



When the member is reinforced, the area and constitutive relation of the rein-
forcement are introduced; when the member is acted with axial force (N) and
bending moment (M), the equilibrium equations are modified; when the temperature
field on the section is two-dimensional, the section is divided into networks, and the
temperature and strain of every network are determined and then solved from the
equilibrium equations.

10.3 Creep of concrete
Creep occurs in concrete under a sustained stress (Section 3.6), while it does
not occur in steel (reinforcement) under normal temperature when the sus-
tained stress is lower than its yield strength (ss < fy). When a reinforced con-
crete structural member is used in a long period of service stage, the stress on
its section will be redistributed and the additional deformation will be caused
due to creep of the concrete. A centrally compressed column is analyzed as an
example.

10.3.1 Stress redistribution on section under sustained load
The height, section area, and area of reinforcement of a reinforced concrete col-
umn are respectively l0, Ac, and As. If the initial stresses caused by creep of the
concrete and the difference between thermal deformations of two materials are
neglected, the stresses on the section should be zero before loading (age t < t0),
i.e. ss ¼ sc ¼ 0 (Fig. 10-8(a)).

When the column is loaded centrally (N) at age t ¼ t0, the strains of the concrete
and reinforcement are equal, εc0 ¼ εs0, if they are adhered well. The stresses of both
are respectively obtained from Eqs (8-7b) and (8-5):

sc0 ¼ N�
1þ nm

l

�
Ac

and ss0 ¼ n

l
sc0 ¼ n

lþ nm

N

Ac
; (10-17a)

FIG. 10-7 Analysis of non-uniform temperature field: (a) temperature distribution T(y),

(b) strains on section, (c) stress distribution
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and the strain of the column is also the strain of the concrete or reinforcement:

εc0 ¼ sc0

lE0
¼ ss0

Es
; (10-17b)

where n ¼ Es=E0; m ¼ As=Ac; and l is the plasticity coefficient of compressive
strain of concrete.

When the central load (N ¼ const.) is sustained later (t > t0), the creep occurs in
the concrete under compressive stress (sc0). Generally, the creep of plain concrete is
calculated by

εcr ¼ sc � Cðt; t0Þ; (e)

where C(t, t0) is the specific creep of the concrete (Eq. 3-23).
The creep of concrete (εcr) in the reinforced concrete column is confined by the

reinforcement and is reduced to bεcr (Fig. 10-8(c)). This is similar to the situation of
shrinkage strain of concrete discussed above (Example 1), and bεcr here is corre-
sponds to εs in Fig. 10-3, i.e. εs ¼ bεcr, so

b ¼ l

lþ nm
< 1:0 (f)

is obtained referring to formula (b).
At this time, the total strain of the reinforcement, also of the column, is

εct ¼ εc0 þ bεcr, so the stress of the reinforcement is increased to

sst ¼ ðεc0 þ bεcrÞEs: (10-18a)

Correspondingly, the stress of the concrete has to be reduced and can be calcu-
lated by the equilibrium condition:

sct ¼ N � sstAs

Ac
: (10-18b)

FIG. 10-8 Stress and deformation of a column under sustained load: (a) before loading (t < t0),

(b) after loading (t [ t0), (c) load sustaining (t > t0), (d) after unloading, (t > t1 > t0)
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It is seen that the creep of the concrete (εcr) gradually causes the increase in col-
umn deformation (εct) as the load is sustained, so the stresses on the section contin-
uously redistribute, i.e. the compressive stress of the reinforcement increases while
the compressive stress of the concrete decreases (or relaxes) (Fig. 10-9). Or, it is said
that the compression of the concrete transfers gradually to the reinforcement, and the
axial force carried by the reinforcement increases gradually.

10.3.2 Stress state after unloaded
When the central force (N¼ const.) is sustained until the age of t1 and then is
unloaded totally, the instantaneously recovered strain of the column is εe and the
residual strain (contraction, Fig. 10-8(d)) of it is

εr ¼ εct � εe: (g)

At this time, the external force is zero and the stresses on the section have to be in
self-equilibrium, so the residual compressive stress of the reinforcement should
cause tensile stress in the concrete.

The compressive stress of the concrete before unloading (sct) is turned into tensile
stress after unloading (scr), which is related to the recovered strain (εe) (Fig. 10-9(b)):

scr ¼ εelrE0 � sct: (h)

Then, the equilibrium equation is established:

ðεct � εeÞEsAs ¼ ðεelrE0 � sctÞAc;

FIG. 10-9 Stress redistribution of centrally compressed column due to creep of concrete:

(a) stress and strain varying with time, (b) stressestrain process of concrete
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and the recovered strain can be solved:

εe ¼ nmεct þ sct=E0

lr þ nm
(10-19a)

and the residual strain is calculated by

εr ¼ lrεct � sct=E0

lr þ nm
: (10-19b)

Therefore, the compressive stress of the reinforcement and the tensile stress of
the concrete soon after unloading are respectively:

sst ¼ εrEs

scr ¼ mεrEs

�
(10-20)

If the reinforcement content (m) is rather high and the sustaining time of the load
is very long, the creep of the concrete and the stress redistribution on the section of
the column develop considerably, the tensile stress of the concrete after unloading
may reach its tensile strength (scr ¼ ft) and the transverse crack will occur along
the periphery of its section. Therefore, it happens in engineering practice that
some reinforced concrete columns, e.g. under silos, are still safe under significant
axial forces even when sustained for a long period, but the tensile cracks appear
transversely soon after unloading.

After the column is unloaded (t > t1, N ¼ 0), the post elastic effect (Section 3.6)
and tensile creep of the concrete cause the residual strain (εr) to be decreased further,
so the compressive stress of the reinforcement and the tensile stress of the concrete
also reduce accordingly (Fig. 10-9).
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PART

Strength and
Deformation of
Structural Member 3
The reinforced concrete structure used most widely in engineering practice is
mainly composed of one-dimensional members, of which the internal forces
on the section are singly axial force, bending moment, shear force, or torque
and the composition of them. Even the two- and three-dimensional structures
are entirely or partly simplified and equivalent to a one-dimensional member.
For example, a shear wall of a tall building is considered as a cantilever of
narrow but deep section; a core tube of a high-rising building is considered as
an eccentrically compressed member with box section; a folded plate structure
is composed of eccentrically compressed plates; a diaphragm at the end of a
shell structure is simplified to an eccentrically tensed member, etc.

When the reinforced concrete structure works under normal conditions, the
strength, cracking, and deformation of its member, which carries different
internal forces or their composition, are introduced in this part. In addition, the
influences of main factors, principle of analysis, and calculation method of
them are provided as well.
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11.1 Mechanical process and failure pattern
11.1.1 Rectangular beam with tensile reinforcement only
A concrete beam of rectangular section is reinforced only on its tensile side, when it
carries bending moment only (shear force V ¼ 0). This is the most simple and basic
reinforced concrete member, of which the mechanical process and responses have
been tested and reported in detail. When the beam is simply supported on both
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ends and two concentrated loads are symmetrically acted on its span, the middle part
of the span is of pure bending and the main responses including distribution of
average strain, position of neutral axis, strain (stress) of reinforcement, and curva-
ture of the section are measured during testing. The typical results are shown in
Fig. 11-1.

The mechanical process of a reinforced concrete beam can be divided into three
stages from start of loading until failure, according to the deformation and cracking
of the specimen observed during testing and to the analysis of the experimental data.
The mechanical characteristics within each stage are individually presented below,
consulting Figs. 11-1 and 11-2.

1. Stage I Before cracking of concrete (M � Mcr). When the beam is initially
loaded and the bending moment is limited, the strain distributes linearly on the sec-
tion and the stress of the concrete is proportional to its strain (Fig. 11-2(a)). As the
reinforcement is located in the lower part of the section and its converted area is
nAs> As, the neutral axis is slightly lower down (dc> h/2). The beam is of the elastic
stage at this time, and the stresses of reinforcement and concrete and the curvature of
the beam increase proportionally with the bending moment.

FIG. 11-1 Experiment on singly reinforced concrete beam of rectangular section: (a) specimen

and loads, (b) strain distribution, (c) bending momentecurvature relation, (d) stresses of

reinforcement and concrete and position of neutral axis
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As the bending moment is increased, the plastic strain appears less in the con-
crete of tension zone of the beam, and a curved distribution of tensile stress is grad-
ually formed there. However, the stress in the concrete of compression zone of the
beam is far smaller than the compressive strength, so linear distribution of compres-
sive stress is kept. Therefore, the neutral axis has to move up slightly in order to
satisfy the equilibrium condition of horizontal forces on the section, and the curva-
ture increases more. When the maximum tensile strain of the concrete reaches its
ultimate value, the crack will appear soon on the beam, and a descending branch ap-
pears on the stress diagram of the tension zone (Fig. 11-2(b)). The bending moment
of the beam at cracking isMcrz0.2e0.3Mu, whereMu is the ultimate strength of the
beam.

2. Stage II Working with crack (Mcr < M < My). When the bending moment at
mid-span reaches and exceeds the cracking moment, a crack is visible at the weakest
section. The crack is fine and short and located near the bottoms of side surfaces and
perpendicular to the axis of the reinforcement. A part of the concrete of tension zone
on the cracked section is out of work then, so the tensile stress of the reinforcement is
suddenly increased but is still far lower than the yield strength (ss<< fy). Therefore,
the neutral axis moves up obviously, and the compressive stress of the concrete ac-
celerates and distributes non-linearly (Fig. 11-2(c)), as the bending moment in-
creases and the compressive area reduces.

The increment of bending moment within this stage, i.e. from cracking of the
concrete until yielding of the reinforcement (DM ¼ My � Mcr), is greater than
that of other stages. As the bending moment increases gradually within this stage,
the existing crack slowly expands and extends upward and new cracks appear suc-
cessively at a certain distance, the neutral axis moves up, and the stresses of the rein-
forcement and compressed concrete and the curvature increase continuously as well.
Generally, the bending moment of a structural member is about 0.5e0.6 Mu during
service period and is in the middle of this stage.

3. Stage III After yielding of reinforcement (M � My). When the tensile rein-
forcement just reaches the yield strength (fy, Fig. 11-2(d)), the corresponding
bending moment of the beam is Myz0.9e0.95Mu. The maximum stress of com-
pressed concrete in the cracked section is still lower than its strength (fc) during

FIG. 11-2 Developments of sectional stress and crack of beam: (a) before cracking, (b) just

cracking, (c) after cracking, (d) yielding of reinforcement, (e) after yield, (f) ultimate state, (g)

descending branch
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that time, and the most part of the concrete on tension zone of the section is cracked
and out of work, but a small part near the neutral axis is still tensed with little effect.
Afterwards, the stress of the reinforcement (fy) keeps constant, the increment of the
bending moment depends upon only the increase in the internal arm of the section.
As the strain of the reinforcement after yielding increases quickly and results in fail-
ure of the bond between the reinforcement and concrete near the cracked section,
and the crack widens and extends upward and the compressive area reduces,
so the internal arm is increased slightly. In the meantime, the compressive stress
of the concrete increases quickly and reaches the maximum value (fc) at the top
of the section (Fig. 11-2(e)), but the corresponding bending moment is still lower
than the ultimate value (Mu). When the bending moment is slightly increased further,
the stressestrain curve of the concrete near the top enters the descending branch and
the horizontal cracks appear nearby, and the ultimate bending moment of the beam
(Mu) is reached (Fig. 11-2(f)). At this time, the vertical crack expands widely in the
lower part and extends near the top of the section, and the compressed zone is
limited, so the internal arm reaches the maximum.

If the test lasts longer, the strain of the reinforcement is increased further with con-
stant stress, while the strain of the compressed concrete near the top is also increased
with reducing stress. Therefore, the maximum compressive stress on the cracked sec-
tion moves downwards and the internal arm reduces (Fig. 11-2(g)), and the bending
moment descends slowly. Finally, one of the vertical cracks widens suddenly and ex-
tends obviously upwards, and more horizontal cracks appear and develop in the
compression zone, then a triangular failure zone (similar to Fig. 3-6) is formed there
and the concrete is gradually crushed and spalled off, so the residual strength of the
beam decreases quickly and the beam is out of work soon.

11.1.2 Suitably, less-, and over-reinforced beams
The mechanical process of the concrete beam introduced above is of medium rein-
forced, and three characteristic points, i.e. cracking, yielding, and ultimate states are
experienced successively. However, the mechanical behavior, failure pattern, and
characteristic bending moments vary considerably with the reinforcement content
(m ¼ As/bh0) (Fig. 11-3), and the beam can be divided into three categories.

11.1.2.1 Less-reinforced beam (m < mmin)
The cracking moment of a reinforced concrete beam is slightly greater than that of a
plain concrete beam (m ¼ 0), because the stress of the tensile reinforcement is rather
low when the concrete in the tension zone is cracking. If the contribution of the rein-
forcement is neglected and the stress distribution on the section is simplified to a tri-
angle on the compression zone and a trapezoid on the tension zone (Fig. 11-4), the
cracking moment obtained (see Section 12.2) is

Mcr ¼ 0:256ftbh
2: (a)

On the other hand, it is assumed that the tensile concrete is totally out of work
when the tensile reinforcement is yielded, referring to Fig. 11-2, and the internal
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FIG. 11-3 Variations of mechanical behaviors of beams with different reinforcement contents:

(a) ultimate bending moment, (b) bending momentecurvature relation, (c) stress of

reinforcement, (d) position of neutral axis

FIG. 11-4 Less- and over-reinforced concrete beams: (a) m < mmin (Mcr > Mu), (b) m > mmax
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arm on the section is gh0 at the ultimate state, so the ultimate bending moment of the
beam is

Mu ¼ mbh0fygh0; (b)

which is represented by a continuous curve (OBCD), including two dashed lines on
both ends (Fig. 11-3(a)).

When the formulas (a) and (b) are substituted into Mu � Mcr, the reinforcement
content

m � 0:256
ft
fy

1

g

�
h

h0

�2

(11-1a)

is derived. It means that the tensile reinforcement (As ¼ mbh0) is yielded even
broken immediately after the cracking moment (Mcr) is reached, and the beam is
cracked and failed simultaneously, because the reinforcement alone is not enough
to resist the moment. This is the failure pattern of the less-reinforced concrete
beam.

The less-reinforced concrete beam fails suddenly without warning, as it is
controlled by tension of the concrete. The stress on the section, position of neutral
axis, and curvature of the beam before failure are approaching that of the plain con-
crete beam (curves A and B in Fig. 11-3). Generally, the less-reinforced concrete
beam should be avoided in engineering practice, so the minimum reinforcement
content (mmin, referring to Section 8.2.3) is provided for concrete beams in various
design codes. The minimum reinforcement content is calculated by a simplified
formula:

mmin ¼ 0:45
ft
fy

(11-1b)

in Chinese code [2-1], and the similar formula or certain value depending upon the
strengths of both materials is given in the codes of other countries.

If the reinforcement of a beam calculated by the ultimate bending moment (Mu)
is less than mminbh0 (or m< mmin), the beam is usually reinforced with mminbh0. How-
ever, less-reinforced concrete (m < mmin) is still used for some structures, e.g.
massive dams, in order to save steel, and so the safety of it has to be guaranteed
in other ways.

11.1.2.2 Over-reinforced beam (m > mmax)
When the beam is heavily reinforced, the neutral axis of the converted section before
cracking is located within the lower half and the compressive strain at the top is
surely greater than the tensile strain at the bottom, so the cracking moment (Mcr)
is increased but its relative value (Mcr/Mu) is decreased. After the tension zone of
the beam is cracked, the crack slowly expands and extends upwards as the bending
moment is increased. At this time, the neutral axis slightly moves upwards and the
stress of the reinforcement increases suddenly with less amplitude, and the curvature
is gradually increased without obvious turn (curves E in Fig. 11-3).
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When the bending moment is increased further and the failure of the beam is
approached, the concrete at the top reaches first the compressive strength and turns
soon into the descending branch of the stressestrain relation, a horizontal crack ap-
pears near the top and the peak stress on the section moves downwards, the neutral
axis moves downwards as well, but the stress of the reinforcement and the curvature
are accelerated. Finally, the concrete in the compression zone is crushed as more
cracks appear and develop, then the crushed zone is expanded downwards and a tri-
angle failure zone is formed, but the tensile reinforcement does not yield yet (ss< fy,
Fig. 11-4(b)). Therefore, the ultimate strength of the beam is reached and decreased
soon. This is the failure pattern of the over-reinforced concrete beam.

The failure of the over-reinforced beam is controlled by the compressed con-
crete, so the deformation (curvature) is small, the crack is not wide, and no warning
obviously appears before failure. In addition, the ultimate moment (Mu) increases
limitedly as even more reinforcements are put in the tension zone (Fig. 11-3(a)),
so the strength of the reinforcement can not be utilized fully. Generally, the over-
reinforced concrete beam is seldom used in engineering practice.

11.1.2.3 Suitably reinforced beam (mmin < m < mmax)
The mechanical process and failure pattern of the suitably reinforced beam have
been introduced above (Figs 11-1 and 11-2). The failure of the beam is controlled
by yielding of the tensile reinforcement, some warnings, including widening and
extending of the tensile cracks, increasing of deformation and visible deformation,
appear obviously from initially yielding of the reinforcement until final failure of the
beam. Most beams used in engineering practice are of this category.

The stress, deformation, crack, and failure process of the suitably reinforced
beam varies with the reinforcement content (e.g. curves B, C, and D in Fig. 11-3).
When the reinforcement content is decreased and increased considerably, the
beam is transferred respectively into the less- and over-reinforced ones. Therefore,
the lower and upper boundaries of the reinforcement content are mmin and mmax

respectively for the suitably reinforced beam, and mmin is derived from the cracking
moment (Mcr, Eq.11-1b) while mmax is determined by the boundary depth of the
compression zone (xb, see Section 11.3.1).

11.1.3 Eccentrically compressed column (and tensed member)
When a central force (N) and a bending moment (M) are acted together on section of
the structural member, only normal stress (s) is resulted in. The central force and
bending moment can be equivalent to an axial force (N) acted eccentrically (eccen-
tricity e0 ¼ M/N), and the central compression or tension (e0 ¼ 0) and pure flexure
(e0 ¼ N) are obviously the special cases. Then, the member may be called the
eccentrically compressed or tensed member, or the compressive- or tensile-
flexural member.

This kind of structural member is used most widely in engineering practice, and
many investigations have been conducted on it. The mechanical behavior of it varies
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considerably with the main factors, including eccentricity, reinforcement content,
and slenderness (l0/h). A short column of rectangular section reinforced symmetri-
cally (As ¼ As

0) is introduced below as an example to explain the behavior varying
with the eccentricity.

The stress and strain distributions and the failure pattern of the eccentrically
compressed column at ultimate state vary with the eccentricity as shown in
Fig. 11-5 and Fig. 11-6 respectively.

The mechanical process and failure pattern of a centrally compressed column
(e0 ¼ 0) is presented in detail in Section 8.1, the stress distributes uniformly on
the section during failure, several longitudinal cracks appear and the concrete cover
is spalled off into pieces, the reinforcements are yielded under compression and
some of them are buckled within the adjacent ties. When the column is compressed

FIG. 11-5 Ultimate states of eccentrically compressed columns: (a) e0 [ 0, (b) e0 < ecor,
(c) ecor < e < e0b, (d) e0 [ e0b, (e) e0 > e0b, (f) e0 [ N

FIG. 11-6 Failure patterns of eccentrically compressed and tensed members: (a) central

compression (e0 [ 0), (b) compression with smaller eccentricity (e0 < e0b), (c) compression

with larger eccentricity (e0 > e0b), (d) tension with larger eccentricity ( e0 > h
2La), (e) tension

with smaller eccentricity ( e0< h
2La)
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with small eccentricity (e0 < ecor, where ecor is the core distance of the section), the
compressive stress distributes non-uniformly on the whole section during failure, the
concrete on the nearer side of the compression reaches first the compressive strength
and the longitudinal cracks appear nearby, the reinforcement is yielded and buckled
there, the concrete cover is spalled off gradually and the cracked zone expands to-
wards the central line, and a triangle failure zone is finally formed. However, the
compressive stresses of the reinforcement and concrete on the other side of the sec-
tion are smaller than their strengths respectively, and no failure symptom is found
there. When the eccentricity of the compression is e0 > ecor but < e0b, a triangle
cracked zone of smaller area is also formed on the nearer side of the compression
during failure, but a tension zone exists on the other side, and the concrete there
is cracked and out of work and the tensile stress of the reinforcement is less than
the yield strength (ss < fy). In summary, the failure is controlled by compression
of the concrete when the eccentricity of a column is e0< e0b (boundary eccentricity),
and this is called a smaller eccentricity column or compression failed column.

When the column is compressed with larger eccentricity (e0 > e0b), the tension
zone of the section and the tensile strain of the concrete are increased, the transverse
crack appears first in the tension zone as the compression is increased, then the ten-
sile stress of the reinforcement there increases suddenly and the neutral axis on the
section moves towards the compression zone. Afterwards, the tensile reinforcement
yields first and its strain increases quickly, the compression zone is reduced and the
compressive stress of the concrete is increased and later reaches the required
strength, so the column finally fails. The failure process and pattern is similar to
that of a beam acted with bending moment only (Fig. 11-2), but the area of compres-
sion zone is larger due to the action of the compression, and the yielding moment
(My) is nearer to the ultimate bending moment (Mu). This kind of failure pattern
is controlled by yielding of tensile reinforcement, so it is called a larger eccentricity
column or tension failed column.

The two failure patterns of the column described above transfer each other as the
eccentricity changes gradually, and the boundary between them is found when the
yielding of tensile reinforcement and the failure of compressive concrete on the sec-
tion occur at the same time. The corresponding eccentricity (e0b) is called the bound-
ary eccentricity.

The ultimate axial force (Nu) and bending moment (Mu ¼ Nue0) of the columns
tested are plotted on a diagram and the envelope is obtained (Fig. 11-7(a)). The
segment AD shows that the failure of the column is controlled by the compressive
concrete, and the ultimate moment is certainly reduced as the axial compression in-
creases, and, of course, the axial compression is reduced as the bending moment in-
creases. On the other hand, the segment DF shows that the failure of the column is
controlled by the tensile reinforcement, and the ultimate bending moment reaches
the minimum when the axial compression is zero for a beam, but the ultimate
bending moment is increased with the axial compression. Therefore, the axial
compression is favorable for the ultimate strength of the column with larger
eccentricity.
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The compressed column with smaller eccentricity (e0 < e0b, e.g. curves C and D
in Fig. 11-7) has greater compression zone (or dc/h0) on the section during failure,
but the position of the neutral axis varies slightly as the compression increases dur-
ing testing. The bending momentecurvature curves (M-1/r) of them are similar to
the compressive stressestrain curve of plain concrete, the slope of the ascending
branch reduces gradually without sudden change and even the concrete in the ten-
sion zone is cracked (e0 > ecor), and the curve descends quickly after peak point
and poor ductility is shown. On the farther side apart from the compression on
the section, the reinforcement (As) may be compressive or tensile but will not reach
the yield strength under the ultimate state of the column.

When the column is compressed with larger eccentricity (e0> e0b, e.g. curve E in
Fig. 11-7), the variations of the neutral axis, reinforcement stress, and curvature of
the section vary similar to that of the suitably reinforced beam (Fig. 11-3) as the axial

FIG. 11-7 Comparison of ultimate strengths and mechanical behaviors of columns with

different eccentricities: (a) axial force-bending moment envelope, (b) bending

momentecurvature relation, (c) stresses of reinforcement and concrete, (d) position of neutral

axis
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compression (N) increases. The column is transferred into the beam if the eccentric-
ity increases infinitely.

When a central tension (N) and a bending moment (M) are acted together on a
section of the structural member, they are equivalent to an axial tension (N) acted
eccentrically (e0 ¼ M/N). The ultimate states of the member at failure (Fig. 11-8)
are transferred from the central tension (e0 ¼ 0) to flexure (e0 ¼ N) as the eccen-
tricity increases.

The mechanical process and failure pattern of the centrally tensed member have
been analyzed above already (see Section 8.2), the concrete is cracked along the
whole section and all the reinforcements are yielded (fy) during failure. When the
member is tensed with smaller eccentricity ( e0 <

h
2 � a) or the tension is acted be-

tween the upper and lower reinforcements, the crack occurs first at the tensile con-
crete with the maximum strain, which is located on the nearer side apart from the
tension, and then gradually extends and expands, and the reinforcement on the
same side (As) reaches the yield strength, as the tension is increased continuously.
The concrete and reinforcement ( A0

s) on the other side may be tensile (e0 < ecor)
or compressive (e0 > ecor) at the beginning of loading, the concrete there is also
cracked and the reinforcement is tensile but the stress is less than the yield strength
( s0s < fy) under the ultimate state. If the eccentricity of tension is e0 ¼ h

2 � a, the
stress of the reinforcement ( A0

s) should be zero ( s0s ¼ 0) at ultimate state. When
the member is tensed with larger eccentricity ( e0 >

h
2 � a) or the tension is acted

outside of both reinforcements, the concrete and reinforcement on the other side
should be compressive. The crack first occurs transversely and develops gradually
on the nearer side of the tension and the reinforcement there (As) reaches the yield
strength as the tension increases continuously. The compressed concrete on the other
side is failed under ultimate state, and the failure process and pattern of the member
are the same as that of the suitably reinforced beam (Fig. 11-2), but the compression
zone on the section is smaller due to the tension acted. Therefore, the failures of all
the centrally and eccentrically tensed members are controlled by yielding of the ten-
sile reinforcement.

FIG. 11-8 Ultimate states of eccentrically tensed member: (a) e0 [ 0, (b) e0 < h
2La, (c)

e0 > h
2La, (d) e0 [ N
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The ultimate axial forces (N) and bending moments (Mu ¼ Nueu) of the tensed
members tested are plotted in Fig. 11-7(a), the segment FI is obtained and composed
an integral envelope of axial force-bending moment (Nu�Mu) together with the seg-
ments DF and AD, which represent, respectively, the compressed members with
larger and smaller eccentricities.

It should be mentioned that the mechanical behavior and failure patterns of
the eccentrically compressed and tensed members described above are aimed
only at the member symmetrically reinforced (As ¼ A0

s). If the member is rein-
forced asymmetrically (AssA0

s) or the reinforcement content is too much or
less, the mechanical behavior and failure pattern will change significantly. This
has happened for the singly reinforced beam of rectangular section (A0

s ¼ 0,
N ¼ 0, see Section 11.1.2), the different failure patterns, including less-, suitably,
and over-reinforced, occur successively as the reinforcement content (or As) is
increased greatly. Similarly, if the column is compressed with larger eccentricity
(e0 > e0b) but the tensile reinforcement (As) is too much, it will not yield under
the ultimate state and the failure of the column will be controlled by the concrete
on the compression zone. In addition, the symmetrically reinforced member surely
has a closed envelope being symmetrical about the N axis, as the positive and nega-
tive bending moments are acted respectively. Of course, the envelope is also closed
but is asymmetrical about both the N and M axes, if the member is reinforced
asymmetrically.

Of course, other important factors, e.g. the concrete and reinforcement of
different kinds and strength grades, non-rectangular or asymmetrical section, long
column (greater slenderness), various details of reinforcement, and loading path,
also have certain influence on the mechanical behavior and failure pattern of the
structural member, which have to be investigated and analyzed individually. Some
of these problems will be discussed in Section 11.5.

11.2 Additional flexure of long column
When the ultimate state of the columns compressed with different eccentricities are
introduced above (Fig. 11-5), it is assumed that the eccentricity (e0 ¼ M/N) keeps
constantly from the start of loading until failure of the column, so the loading
path is represented by a straight line in the NeM envelope diagram (OA in
Fig. 11-9(a)). Obviously, this is an ideal situation and is only true for the very short
column. However, it is demonstrated experimentally that the loading path approxi-
mates a straight line, when the ratio between the height and sectional depth of the
specimen is l0/h � 8.

The actual column in engineering practice is rather high (l0/h> 8), and the trans-
verse deformation (deflection) should occur and increase gradually with the bending
moment and axial force acted together [11-1,11-2]. When the column reaches the
ultimate state (Nu), the deflection at the critical section (f in Fig. 11-9(b)) is called
additional eccentricity, besides the initial eccentricity. The bending moment there
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is actually Nu(e0 þ f), and the additional bending moment caused by the axial force
(Nuf) is also called the secondary bending moment or the secondary effect.

The loading path of a long column is a curve (OB) on the NeM envelope dia-
gram, and the point of intersection (B) on the envelope corresponds to its ultimate
state (Fig. 11-5). Compared with the short column, the ultimate bending moment
is increased while the ultimate axial force is decreased for the longer column. Of
course, the higher the column, the greater the additional eccentricity and the bending
moment. Therefore, different loading paths (OB1, OB2, .) and corresponding fail-
ure patterns are formed for the column of different height.

If the column is very high, the corresponding loading path deviates even farther
from the lineOA. When the axial force reaches the peak value (Nmax) and, then, turns
into the descending branch, the loading path is still within the envelope, so the con-
crete and reinforcement do not reach their strengths yet and no failure symptom can
be found. However, the bending moment is increased continuously with the defor-
mation (deflection), although the axial force is decreased gradually. Finally, the
loading path intersects the envelope at point B3 (Fig. 11-9(a)), and the column rea-
ches the ultimate state. The column, of which the ultimate axial force is less than the
maximum one experienced in the loading process (Nu < Nmax), is called a slender
column. It happened only in the experiments when l0/h ¼ 30e40 for the column
of rectangular section (b�h), but is seldom found in engineering practice.

Therefore, when the ultimate state and strength of a long column is discussed, the
additional eccentricity and bending moment have to be considered. The appearance
and increase of the additional eccentricity is the result of lateral deformation (deflec-
tion), so all the factors causing the deformation of the column have influences on the
additional bending moment and ultimate strength. The factors mainly include: slen-
derness (l0/h) and initial eccentricity; support condition and confinement level at

FIG. 11-9 Loading path and additional bending moment of long column: (a) NeM envelope,

(b) additional bending moment of column supported by hinges
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ends, i.e. displacement (D1, D2), distribution
1 of bending moment of both positive

and negative signs or single sign [11-1] (Fig. 11-10); constitutive relation of the ma-
terials and detail of reinforcement; initial eccentricity caused by non-uniformity of
material and construction error; creep of concrete under sustained stress; etc.

The ultimate strength of the eccentrically compressed column can be accurately
calculated only by non-linear analysis along the loading history. According to the
mechanical conditions at both ends and the constitutive relations of the materials
of the column, the sectional curvature (1/r) and deformation (f) are calculated first
and the distributions of the internal forces are determined by digital iteration
for every increment of axial force or deformation, then the complete curve of
M e N � f is obtained successively. This calculation needs many parameters and
is time-consuming, so it is only used for some especially important or slender col-
umns. The columns used generally in engineering practice can be calculated easily
by the method with sufficient accuracy based on the experimental results [11-3].

When a column of height l0 is support by two hinges at both ends and the cur-
vature of the section at mid-height is (1/r)u under the ultimate state, the maximum
deflection should be

f ¼
�
1

r

�
u

l20
b
; (11-2a)

where the parameter b depends upon the distribution of the curvature along the
height. For example, the parameter is b ¼ 8, 9.6, and p2 (z10) respectively for
the rectangular (M ¼ const.), parabolic, and sine distributions, and the experimental
datum is about 10.

FIG. 11-10 Influence of support and confinement conditions at ends of column on additional

bending moment: (a) hinged column, (b) cantilever column, (c) framed column

1It should be noted that the critical section of the column may be moved after the additional bending
moment occurs.
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The curvature at ultimate state is approximately taken as the boundary value be-
tween the failure patterns of the larger and smaller eccentricities (1/r)b and modified
with two coefficients: �

1

r

�
u

¼
�
1

r

�
b

2122: (11-3)

If the ultimate strain of the compressive concrete is εu¼ 0.0033 and amplified by
a factor 1.25 considering creep effect and the yielding strain of the tensile reinforce-
ment is taken as εy ¼ fy /Es ¼ 0.0017, the ultimate curvature (1/r)b is calculated and
substituted successively into the two formulas above, the maximum deflection at
mid-height of the column is derived as

f ¼
�
1:25� 0:0033þ fy=Es

h0

�
l20
10

2122; (11-2b)

where the influence coefficients of slenderness and eccentricity are taken respec-
tively from the experiment results:

22 ¼ 1:15� 0:01
l0
h
� 1:0

and 21 ¼ 0:2þ 2:7
e0
h
� 1:0; (11-4)

or 21 ¼ 0:5fc
bh

N
� 1:0 (11-4a)

for the symmetrically reinforced member.
The total eccentricity of the column at ultimate state is eu ¼ e0 þ f ¼ he0, so the

amplifying coefficient of the eccentricity [2-1] is:

h ¼ e0 þ f

e0
z1þ 1

1400 e0
h

�
l0
h

�2

2122; (11-5)

where h/h0 ¼ 1.1 is taken.
The additional bending moment or eccentricity and ultimate strength of the

eccentrically compressed long column have been investigated experimentally and
theoretically in many countries, and various calculation methods, e.g. those listed
in Table 11-1, are suggested already. However, the calculation principle and influ-
encing factors considered for these methods are different significantly and can be
found in the relevant design codes [2-11,2-12] and references [11-1,11-3].

11.3 General method for sectional analysis
When the section of a reinforced concrete member acted together with an axial force
and bending moment is analyzed along the loading path, the basic assumptions used
are as below.

1. A plane section of the member remains a plane from start of loading until failure.
It is demonstrated experimentally that this assumption is accurately followed for
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Table 11-1 Additional Bending Moment (Eccentricity) of Eccentrically

Compressed Long Column

Reference Calculation Formulas Notes

U.K.
CP110
[11-3]

�
1

r

�
u

¼ 1

175h

�
1� 0:0035

l0
h

�
k1

k1 ¼ N0 � N

N0 � Nb
� 1:0

N0 ultimate strength under
central compression,
Nb ultimate strength at
boundary failure

Germany
DIN 1045
[11-3]

f ¼ h
l� 20

100

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:1þ e0

h

r
when

e0
h

� 0:3;

f ¼ h
l� 20

160
� 0 when 0:3 � e0

h
� 2:5

f ¼ h
l� 20

160

�
3:5� e0

h

�
when 2:5� e0

h
� 3:5

l ¼ l0
r � 70

r sectional radius of

gyration.

Russia
CH jP I I
[11-3]

h ¼ 1

1� N

Nb

Nb ¼ 6:4E0
l20

"
J

K1

 
0:11

0:1þ 1

Kp

þ 1

!
þ nJs

#
Nb critical central force,
E0 initial modulus of
elasticity of concrete,
J inertia modulus of
elasticity of concrete,
Js inertia moment of
reinforcement area against
centre,
K1 coefficient for influence
of sustained load,
K2 coefficient for influence
of presstressing on
stiffness.

U.S.A
ACI 318-95
[2-11]

Increasing bending moment for design

Mc ¼ dbM2b þ dsM2s

db ¼ cm

1� N

4Nb

� 1:0, ds ¼ 1

1�
P

N

4
P

Nb

� 1:0

Nb ¼ p2EI

ðl0Þ2
;

cm ¼ 0:6þ 0:4
M1b

M2b
:

when
l0
r
< 34� 12

M1b

M2b
or < 22,the

slenderness

needs not to be considered;

when
l0
r
> 100; P � D analysis needs

to be

conducted along loading path.

M2b,M1b absolute values of
bending moments at both
ends of the column
(M2b � M1b) caused by
load, which does not cause
lateral displacement
(Fig. 11-10(c)),
M2s (M1s) similar to M2b

(M1b) caused by load which
apparently causes lateral
displacement,P

N summation of axial
forces of all columns in
same storey,
Nb critical axial force of a
single column,P

Nb summation of critical
axial forces of all columns in
same storey,
f-reducing coefficient for
ultimate strength.
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the section without tension zone, but the section with tension zone only remains
a plane before cracking of the concrete. After the concrete is cracked, the
relative slip occurs and develops between the reinforcement and surrounding
concrete nearby on both sides of the crack, so the plane section does not remain.
However, from the point of view of engineering application, the assumption is
still approximately satisfied, if the average strain within a length of the member
along its axis, e.g. half of the sectional depth or the distance of the adjacent
cracks, is considered.

2. The constitutive (stressestrain) relations of concrete and reinforcement
measured from the standard tests are applicable for the structural member.
Although the strain gradient, reciprocal influence between both materials,
confinement of stirrups, size effect, different loading velocity, and sus-
taining time usually occur in the member, they are not considered during
analyzing. It is also demonstrated experimentally that this simplification
causes only a small error for the member of ordinary material and rein-
forcement detail.

3. Generally, the effects of time (or age of concrete) and environmental temperature
and humidity on the member are not considered, so the internal stress and
deformation states caused by shrinkage and creep of the concrete and variations
of temperature and humidity are neglected.

4. The deformation of the member is small enough even under the ultimate states,
and has no obvious influence on its calculation model and internal forces.

Geometrical (deformation) condition. When the section is loaded until the
crack appears and develops, the neutral axis (oeo) moves gradually towards the
same side of the compression and the compressive depth of the section (kh0) is
reduced. The concrete in tension zone is out of work after cracking except a small

Table 11-1 Additional Bending Moment (Eccentricity) of Eccentrically Compressed

Long Columndcont’d

Reference Calculation Formulas Notes

Europe
CEB FIP
MC90
[2-12]

Arbitrary column: e ¼ e01 þ f

e01 ¼ e0 þ ea ¼ M
N þ ea

f ¼ 0:1k1l
2

�
4

re
þ 1

r1

�

k1 ¼ 2

�
l

l1
� 1

�
when l1 � l � 1:5l1

k1 ¼ 1 when l>1.5l1
Farmed column: calculated separately,

considering the mechanical situation of the

frame and confinement condition at supports.

ea initial eccentricity caused
by default of the member,
re, r1 curvatures
correspond respectively to
eccentricities e and e01,
l1 boundary slenderness.
Secondary effect can be
neglected when l � l1.
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part underneath the neutral axis (y ¼ 0 e yt). The angular rotation within a unit
length of the member (4), i.e. the curvature of the section (1/r) is

4 ¼ 1

r
¼ εc þ εs

h0
¼ εc

kh0
: (11-6)

The strain at yi from the neutral axis is

εi ¼ 4 yi; (11-7a)

so the concrete is compressive for yi> 0 or tensile for yi< 0. The compressive strain
of the concrete at top of the section is

εc ¼ 4 kh0; (11-7b)

and the compressive strain of upper reinforcement and tensile strain of lower rein-
forcement are respectively:

ε
0
s ¼ 4ðkh0 � aÞ and ε

0
s ¼ 4ð1� kÞh0: (11-7c)

Physical (constitutive) relation. Different stressestrain relations are, respec-
tively, for the concrete under compression and tension (Chapter 2), and the stresse
strain relation of tensile and compressive reinforcement depend upon the category
and strength grade (Chapter 6):

Concrete scðεiÞ; stðεiÞ (11-8a)

Reinforcement s0s
�
ε
0
s

�
; ssðεsÞ (11-8b)

Mechanical (equilibrium) equations. The equilibrium equations for axial
forces and the moments against the center of tensile reinforcement are, respectively:

SX ¼ 0

Zkh0
0

sc
�
εi

�
b
�
y
�
dy�

Zyt
0

st
�
εi

�
b
�
y
�
dyþ s0sA

0
s � ssAs ¼ N

SM ¼ 0

Zkh0
0

sc
�
εi

�
b
�
y
��
h0 � kh0 þ y

�
dy�

Zyt
0

st
�
εi

�
b
�
y
��
h0 � kh0 þ y

�
dy

þs0sA
0
s

�
h0 � a0

� ¼ N
�
e0 þ ya

�

9>>>>>=
>>>>>;

(11-9)

After equations (11-6) to (11-8a, -8b) are substituted into equation (11-9), only
two unknowns (4, k) are contained. Of course, two other unknowns, e.g. εc and εs or
εc and k, may also be used.

After 4 and k are solved from Eq. (11-9) and substituted into relevant formulas,
the stress and strain distributions and curvature of the section are obtained. Then, the
mechanical state and stage (Fig. 11-2) of the section can be judged and the crack and
deformation can be calculated accordingly (Chapters 12 and 13). However, the
explicit solution of Eq. (11-9) is hardly found because of the non-linear constitutive
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relations of both materials and the cracks exist and develop. Generally, the equations
are solved by digital method and the member is calculated along the loading path by
computer.

Various calculation methods and different variations [11-4,11-5] are used for
compiling computer programs. Among them the method, which assumes first a
strain and then calculates the internal forces and curvature correspondingly, is
easily and quickly conducted, and the complete curve, including descending branch
of the bending moment-curvature relation of the section, can be directly obtained
(Fig. 11-11).

The shape, size, and reinforcements of the section, the constitutive relations of
concrete and reinforcement, and the axial force (N) and eccentricity (e0 ¼ M/N)
are known in advance. The section is divided into narrow strips perpendicular to
the symmetrical axis, and the stress and strain are assumed to be distributed uni-
formly within each strip. The compressive concrete strain (εc) of the top strip is
selected as the basic variation, and is given successively following the equal or var-
iable increment (Dεc). The position of neutral axis or relative depth of compression
zone (k) is taken as the iteration variation, the internal forces (Ni and Mi) are then
calculated after iteration and output, when the allowable error is satisfied. The
flow chart of the calculation is shown in Fig. 11-12.

In addition, the increment of compressive strain of concrete (Dεc) may
be adjusted to save the calculating time or to increase the calculation accu-
racy; the value of the allowable error ([D]) is determined by the accuracy need-
ed; the maximum compressive strain of concrete should be greater than the peak
strain (εmax > εp) to obtain the descending branch of M e 1/r curve and the ulti-
mate strength (Nu, Mu); the output results and plotted curves are provided for
necessary.

The general method described above can be used for analyzing any reinforced
concrete member with various shape and reinforcement of the section and different
constitutive relations of the materials used, and the mechanical behaviors and
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FIG. 11-11 Calculation model for symmetrical section: (a) section, (b) strain distribution,

(c) stress distribution
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characteristic values along the complete loading history, including elastic stage, start
and development of crack, yielding of reinforcement, ultimate state, and descending
branch of the strength, are provided successively.

The sectional analysis along loading history is necessary only for the analysis
along loading history of the structure, e.g. aseismic one, and numerous calculation
works have to be conducted. Usually, only some characteristic values of the structure
or its member, e.g. ultimate strength (Nu,Mu), crack width and the maximum deflec-
tion under service load, sectional stiffness used for analysis of statically indetermi-
nate structure, are needed to be determined in engineering practice. Therefore, the
practical methods used easily and directly should be provided, besides the general
method.

Increasing εci and comparing
ε εci + Δ c ≥ εmax

Judging the characteristic values
Ncr, Mcr, Ny, My, Nu, Mu

Typing calculated results and
plotting stress and strain distributions on section

and complete curves of M–1/ρ, M–σ, M–σc

Giving εci

Assuming or modifying ki

No

No

Yes

Yes

Ni and Mi calculated by Eg. (11-9)

Calculating and comparing allowable error
Mi
Ni

– e0 ≤ [Δ] 
|
|
|

|
|
|

—

Initial data : b(y), h, a, a', As, As',
σc(ε i ε i), σ t( ), σs(εs), σs'(εs'), e0 = M/N

εc, εs', σc, σs, σs',
and 1/ρ, Ni, Mi calculated by

εci and ki, and memorized

FIG. 11-12 Flow chart for sectional analysis
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11.4 Ultimate strength
11.4.1 Calculation formulas
The ultimate strength of an eccentrically compressed member of reinforced concrete
is taken as the axial force (Nu) and bending moment (hNue0) at failures of both ten-
sile reinforcement and compressed concrete (larger eccentricity) or at failure of
compressed concrete only (smaller eccentricity), and the basic calculation formulas
are established based on the assumptions below.

1. The strains of the concrete and reinforcement on the section, including
compression and tension zones, distribute linearly;

2. The tensile action of the concrete is neglected at the ultimate state, as the force
and lever arm of the tensile concrete existing only underneath the neutral axis is
limited;

3. The constitutive (stressestrain) relations of concrete and reinforcement
measured from the standard tests are used for the analysis of structural member;

4. The internal stress and strain states caused by time (age) and environmental
temperature and humidity are not considered.

Therefore, the strain and stress distributions on the rectangular section of an
asymmetrically reinforced member at ultimate state are presented in Fig. 11-13(b)
and (c). The maximum stress (strength) of the concrete in compression zone is gfc, in
which the value of g is slightly greater than 1.0 (see Section 3.2), as the strain
gradient exists on the section. Two important concepts are introduced in advance
before the calculation formulas of ultimate strength are established.

11.4.1.1 Equivalent rectangular stress diagram
If the compressive depth is xu and the strain at the top is εu on the section at
ultimate state, the strain of compressed concrete apart y from the neutral axis
should be

εc ¼ εu

xu
y: (c)

FIG. 11-13 Ultimate state and equivalent rectangular stress: (a) section, (b) strain

distribution, (c) stress distribution, (d) equivalent stress
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After it is substituted into the constitutive relation of concrete, the compressive
stress sc

	
εu

xu
y



is obtained. Correspondingly, the volume of compressive stress
block, i.e. total compressive force, on the compression zone is

Dc ¼
Zxu
0

sc

�
εu

xu
y

�
bdy; (d)

and the distance between the acting point of the force and top of the section isR xu
0 sc

	
εu

xu
y


bðxu � yÞdy

Dc
: (e)

In order to simplify the calculation, the curved stress diagram on compression
zone is transferred to a rectangular one (Fig. 11-13(d)). When the volume (or
area) and the gravity center, i.e. the total compression and its acting point, of the
former coincide with that of the latter, both diagrams are totally equivalent. If the
compressive depth of the rectangular stress diagram is bxu and the uniform stress
(strength) is agfc, the condition of equivalent should be as below:

1. The distance between the center of the rectangular diagram and top of the sec-
tion (bxu/2) is equal to the value calculated by formula (e), so

b ¼
2
R xu
0 sc

	
εu

xu
y


bðxu � yÞdy

Dcxu
(11-10a)

is obtained.
2. The areas of both stress diagrams are equal:

Dc ¼ bbxu,agfc;

r a ¼ Dc

bgbxufc
: (11-10b)

There are three characteristic parameters (a, b, and g) for the equivalent rectan-
gular stress diagram. Among them a and b are the parameters obtained only from the
transformation of the geometrical diagrams but are independent of the strength (gfc).
They mainly depend upon the shape of the complete stressestrain curve and the ul-
timate strain (εu) of the compressed concrete, and also vary with the sectional shape
of the member, reinforcement content or compressive depth, confinements of longi-
tudinal reinforcement and ties. Various provisions are provided in the design codes
of different countries, and, in China [2-1] the values of these parameters are taken as
below [11-6].

After several stressestrain curves of compressed concrete are selected and
compared, the parabola of second order-horizontal model (Rüsch, Table 2-6) is
taken as the stress diagram in compression zone (Fig. 11-14(a)), as it is used simply
and the calculated results fit well with the measured strength of relevant specimens.
The values of the characteristic parameters a and b are calculated according to the
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principle of equivalence, and they vary with the ultimate strain (εu) taken
(Fig. 11-14(b)). If a very small value (εu / 0) is taken, the compressed concrete
would be of elastic stage and the stress diagram would approach a triangle, so
bmin ¼ 2/3 and a ¼ 0 are obtained; while a very large value (εu / N) is taken,
the stress diagram would approximate a rectangle, so the values of both b and a

approach 1.0.
The ultimate compressive strain of concrete is εu ¼ 3e4 �10�3 for the flexural

member of concrete grade C20eC50 and general reinforcement content, according
to many experimental results [11-7]. The ultimate strain is slightly reduced for the
eccentrically compressed member, as the compressive depth (xu/h0) is increased or
the strain gradient is decreased. It is seen from Fig. 11-14(b) that the values of a and
b do not vary much when εu > 3.0 �10�3. When the eccentricity of the compressed
member is near the boundary between the larger and smaller ones, the relative depth
of the compression zone on the section ranges from 0.4 to 0.7 and the average strain
is about εu ¼ 3.3 �10�6 at ultimate state. The values of the parameters are
correspondingly

a ¼ 0:969 and b ¼ 0:824; (11-11a)

and they are rounded off to

ag ¼ 1:0 and b¼ 0:8; (11-11b)

after the value of g is introduced. The calculated strength based on these values
agrees well, with limited error, with the ultimate strength of the member tested of
concrete grade � C50.

Alternately, the parameters are taken as

agfc ¼ 0:85f 0c
b ¼ 0:85� 0:008

�
f 0c � 30

�� (11-12)

FIG. 11-14 Characteristic parameters for equivalent rectangular stress diagram: (a)

equivalent of stress diagram, (b) values of a and b [11-6]
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for the equivalent rectangular stress diagram in American code [2-11], in which f 0c is
the compressive strength of concrete cylinder (N/mm2), and the b value should range
from 0.65 to 0.85.

11.4.1.2 Boundary of compressive depth
The failure patterns of eccentrically compressed members are transferred to each
other as the eccentricity increases or decreases gradually. When the ultimate strain
of the compressed concrete (εu) and the yielding strain of the tensile reinforcement
(εy) of the member reach simultaneously at the ultimate state, this is the boundary of
two failure patterns. Correspondingly, the compressive depth of the section can be
calculated according to the assumption of the plane section (Fig. 11-15):

x0b ¼ εu

εu þ εy
h0: (f)

The compressive depth is reduced to xb¼ bxub and the relative value is xb¼ bxub/
h0, after the curved stress diagram is transferred to the rectangular one. After εu ¼
0.0033, εy¼ fy /Es, and b¼ 0.8 are substituted, the boundary of relative compressive
depth is obtained

xb ¼
xb
h0

¼ bεu

εu þ εy
¼ 0:00264

0:0033 þ fy

.
Es

: (11-13)

Therefore, when the equivalent rectangular stress diagram is used for calculation
of the ultimate strength, the tensile reinforcement was yielded in advance and the
compressive concrete fails later at ultimate state if x � xb or x � xb ¼ 0.8xub, so
it should be a suitable-reinforced beam or a compressed member with larger eccen-
tricity; while the compressive concrete fails first but the tensile reinforcement will

FIG. 11-15 Boundary depth of compressive zone: (a) position of neutral axis, (b) equivalent

stress diagram
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not yield (ss < fy) at the ultimate state if x > xb or x > xb, it should be an over-
reinforced beam or a compressed member with smaller eccentricity.

The methods used to determine the boundary depth of compressive zone are
similar in other countries [2-11,2-12], but the values taken for the ultimate strain
of the concrete are slightly different and more safety is reserved.

11.4.1.3 Calculation formulas
After the equivalent rectangular stress diagram on the compression zone is deter-
mined, two equilibrium equations are easily established for the eccentrically com-
pressed member of rectangular section at ultimate state (Fig. 11-16):

SX ¼ 0 Nu ¼ fcbxþ s0sA0
s � ssAs

SM ¼ 0 Nu

�
he0 þ h

2
� a

�
¼ fcbx

�
h0 � x

2

�
þ s0sA

0
s

�
h0 � a

�
9>=
>;: (11-14)

The unknowns x and Nu can be solved for an eccentricity (e0) given, and
Mu ¼ hNue0 is then calculated and the ultimate axial force-bending moment enve-
lope can be plotted correspondingly (Fig. 11-7(a)).

The values of the strength or stress of the materials in Eq. (11-14) are taken as
below.

1. The compressive strength and strain of the concrete at the section edge near the
compression reach respectively fc (i.e. ag ¼ 1) and εu > 3 �10�3 at ultimate state
regardless of different failure patterns and eccentricities.

2. The stress of the reinforcement in compression zone ( s0s) is calculated from
the corresponding strain ( ε0s), which follows the assumption of plane section:

s0s ¼ ε
0
sEs ¼ 1:25x� a0

1:25x
εuEs: (11-15)

FIG. 11-16 Calculation of eccentrically compressed member of rectangular section: (a)

rectangular section, (b) strain distribution, (c) stress state, (d) approximate stresses of

reinforcements
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When x� 2a0 and εu> 3�10�3, ε0s � 1:8� 10�3 is obtained, and the strain will
be increased as creep of the concrete there is considered. Generally, the reinforce-
ment in compression zone reaches the yield strength at ultimate state of the
member, so

s0s ¼ fy (11-16)

is used for calculation when x � 2a0.
3. The stress of tensile reinforcement (ss) should be calculated individually for

different failure patterns of the member, which are distinguished by the boundary
depth of the compression zone (xub or xb):

When xu � xub or x � xb, the failure of the member is controlled by yielding of
the tensile reinforcement, so

ss ¼ fy; (11-17)

when xu > xub or x > xb, the failure of the member is controlled by the compressed
concrete, while the stress of the tensile reinforcement does not yield (ss < fy). How-
ever, the strain of the reinforcement also follows the assumption of plane section,
and the stress is calculated by

ss ¼ εsEs ¼ h0 � 1:25x

1:25x
εuEs ¼

�
0:8

h0
x
� 1

�
εuEs: (11-18a)

When it is substituted into Eq. (11-14), an equation of third order of the unknown
(x) is established, but it is solved with difficulty. Alternatively, the stress of the ten-
sile reinforcement at ultimate state is calculated approximately. The strain distribu-
tions on the section are respectively A’OA for the member at the boundary of two
failure patterns and A’O’B for the member with xu > xub (Fig. 11-16(d)). The stress
(or strain εs) calculated by Eq. (11-18a) corresponds to the later situation. If the line
O’C is drawn and parallel to the line OA via point O’, the approximate value (εs1) is
obtained from

εs1

εy
¼ h0 � 1:25x

h0 � 1:25xb
:

Correspondingly, the stress of the reinforcement is

ss ¼ h0 � 1:25x

h0 � 1:25xb
fy ¼ 0:8� x

0:8� xb
fy: (11-18b)

Obviously, ss¼ fy when x¼ xb, ss¼ 0 when x¼ 0.8, and ss< 0, i.e. compressive
stress, when x > 0.8. Eq. (11-18b) can still be used for the last situation (smaller
eccentricity).

11.4.1.4 Eccentrically tensed member
The initial eccentricity of an eccentrically tensed member of long length will not in-
crease with the tension, even the eccentricity at ultimate state is less than the initial
one (h < 1), so the ultimate bending moment is slightly smaller than the original
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one. Therefore, the eccentricity of a tensed member is usually considered as a con-
stant during loading (h¼ 1). According to the position or eccentricity of the tension,
both the stress diagram at ultimate state and the failure pattern of the member are
divided into two categories, and then calculated separately.

Tension with smaller eccentricity ( e0 <
h
2 � a). The whole section is cracked and

the concrete is out of work at the ultimate state (Fig. 11-8(b)). Only if the tension is
exactly acted at the resultant (or area) center of the upper and lower reinforcements,
both reach the yield strength at the ultimate state. Otherwise, only the reinforcement
on the tension side is yielded, while the reinforcement on other side is not yielded yet
at the ultimate state. The calculation formulas are generally

Nu

�
h

2
� a0 þ e0

�
¼ ssAs

�
h0 � a0

�

Nu

�
h

2
� a� e0

�
¼ s0sAs

�
h0 � a0

�
9>>>=
>>>;

(11-19)

Tension with larger eccentricity ( e0 >
h
2 � a). A compression zone should exist

on the section of the member at ultimate state (Fig. 11-8(c)), and the stress distribu-
tion is similar to that of the eccentrically compressed member with larger eccentric-
ity (Fig. 11-5(e)). The equilibrium equations established below are similar to
Eq. (11-14), except the direction and position of axial force (Nu):

Nu ¼ �fcbx� s0sA0
s þ ssAs

Nu

�
e0 � h

2
þ a

�
¼ fcbx

�
h0 � x

2

�
þ s0sA

0
s

�
h0 � a0

�
9>=
>;: (11-20)

The calculation of the eccentrically tensed member compensates the lower half
of the ultimate axial force-bending moment envelope (curve FI in Fig. 11-7(a)).

11.4.2 Member under biaxial bending
When an axial (N) and two bending moments in the perpendicular directions
(Mx andMy) are acted together on a column, the eccentricities should be correspond-
ingly e0x¼Mx /N and e0y¼My /N in both directions (Fig. 11-17(a)). This happens in
engineering practice, e.g. the column at the corner of a building, the frame column
supporting a water tower or pipeline, power transmission pole. This kind of struc-
tural member has been investigated experimentally and theoretically in many coun-
tries [11-8e11-12] and corresponding calculation and design methods are provided
in various design codes.

It is demonstrated that the failure process of a compressed member with biaxial
bending is similar to that with single bending. However, the neutral axis of the sec-
tion (oeo) is not perpendicular to the acting plane of the compression with biaxial
eccentricities (NC) (a þ q s90�), and the resultant of the deflections in two direc-
tions (wx þ wy ¼ w) is not placed in the plane NC (bsa). When eccentric compres-
sion is increased, the transverse crack appears in the tension zone of the section, and
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the neutral axis moves up and rotates ( Dq) and the compression zone on the section
is reduced gradually. Finally, the failure pattern of larger eccentricity occurs when
the tensile reinforcement is yielded first and the compressive concrete fails later;
or the failure pattern of smaller eccentricity occurs when the compressive concrete
fails but the tensile reinforcement does not yet yield. The strain distribution under
ultimate state also follows the assumption of plane section. When the general anal-
ysis method (Section 11.3) is used, the equilibrium equations

P
N ¼ 0,

P
Mx ¼ 0,

and
P

My ¼ 0 should be established referring to Fig. 11-17, and the unknowns Nu,
xu, and qu are solved after knowing the eccentricities e0x and e0y. Usually, the itera-
tive calculation is needed and completed by computer.

When the section size and materials used for a reinforced concrete column are
given, the ultimate strength (Nu, Mx, and My) with different eccentricities (e0x and
e0y) can be measured during testing and the envelope is plotted correspondingly as
shown in Fig. 11-18(a). The envelope intersects respectively with three coordinates
at N0 (strength of centrally compressed member), and Mx0 and My0 (respective ulti-
mate bending moments in X and Y directions of the flexural member (N ¼ 0)). In
addition, the envelope intersects with two vertical coordinate planes, and two inter-
section curves show respectively the ultimate envelopes of axial force-bending
moment in X and Y directions alone (N0�Mx0 and N0�My0, similar to Fig. 11-
7(a)). The points (Mxb, Nb) and (Myb, Nb) on the curves represent respectively the
members with boundary eccentricities in X and Y directions. The envelope also in-
tersects with the horizontal coordinate plane, and the intersection curve (Mx0�My0)
shows the envelope of the member under biaxial bending without axial force (N¼ 0).

The intersections between the envelope and the horizontal planes of different
axial forces (Nu) are curves of a family. The curves should be the circles of different
diameters for a column of circular section, i.e. the envelope is a rotating surface

FIG. 11-17 Compressed member with biaxial bending: (a) axial force with biaxial

eccentricities, (b) neutral axis, (c) strain distribution, (d) stress distribution
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around the Nu axis. When the column of non-circular section, e.g. a rectangular one,
is concerned, these curves are different to one another (Fig. 11-18(b)). However, if
the relative values Mx/Mxu and My/Myu are used for the co-ordinate, the curves ob-
tained should intersect at 1 with the coordinate axes (Fig. 11-18(c)). Based on the
experimental data the general expression [11-8] for these curves is�

Mx

Mxu

�a

þ
�
My

Myu

�a

¼ 1; (11-21)

in which Mxu and Myu are respectively the ultimate bending moments when the axial
force (Nu) is acted with eccentricity in X or Y direction alone, and a is a coefficient
depending upon Nu/N0, b/h of the section, content and position of the reinforcement,
strengths and constitutive relations of the concrete and reinforcement. A certain calcu-
lation method [11-9] is suggested for a, and some constants between a¼ 1.15 to 1.55
are given [11-8,11-10]. Nevertheless, the value of a is surely less than 2, which
corresponds to a circle.

Eq. (11-21) can be used for checking the ultimate strength of compressed member
with biaxial bending. However, if the biaxial eccentricities hxe0x and hye0y are known
in advance, a simpler formula would rather be used in some design codes [2-1,2-11]:

1

Nu
¼ 1

Nux
þ 1

Nuy
� 1

Nu0
; (11-22)

where Nu0 is the ultimate strength of the column, if it is compressed centrally, Nux

(Nuy) is the ultimate strength of the column, if it is compressed with the eccentricity
hxe0x (hye0y) alone.

FIG. 11-18 Ultimate axial force-bending moment envelope for compressed member with

biaxial bending (a) Spatial envelope (b) Mx, L My curves under constant axial force (c)
Mx

Mxu
L

My

Myu
curves
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Eq. (11-22) is the same formula used for calculation of a member of elastic ma-
terial acted with N, Mx, andMy together [11-11]. The calculated results approximate
to the relevant experimental data of reinforced concrete columns and on the safe side.

The tensed member with biaxial eccentricities is less investigated, and the calcu-
lation method can be found in some references, e.g. [11-13].

11.5 Members of various materials and structural details
Various concretes and reinforcements of different kinds and strength grades, variety
of sectional shapes, and different forms and details of the reinforcement are used for
the members of reinforced concrete structures, and the mechanical behaviors and ul-
timate strengths of them vary significantly. Some situations happen frequently in en-
gineering practice and are discussed briefly below.

11.5.1 High-strength concrete
The high-strength concrete (fcu � 50 N/mm2) is more brittle and of sharp stresse
strain curve under compression, and fails suddenly (see Section 4.1), compared
with ordinary concrete. Comparing with the member of same section and reinforce-
ment but different concrete of lower or medium strength, the characteristics of the
flexural member of high-strength concrete are as below (Fig. 11-19). The stiffness
before cracking of concrete and the bending moment at cracking (Mcr) are increased
obviously; the stiffness of the section and the distance between cracks after
cracking of both members are approached gradually; the bending moment at
yielding of the tensile reinforcement (My) and the ultimate strength (Mu) are
increased slightly; the ultimate compressive strain of high-strength concrete is
slightly reduced (εu ¼ 2:93� 10�3w3:28� 10�3), but the ultimate curvature
(ð1=rÞu ¼ εu=xu;Fig. 11-13(b)) is increased as the depth of compression zone is
decreased. However, when the post-yield resistance descends suddenly (point 4
in Fig. 11-19), the corresponding deflection, i.e. ductility of the member, is

FIG. 11-19 Deflection of beam of high-strength concrete [4-1]
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decreased obviously. If no longitudinal and transverse reinforcement is set up in the
compression zone of the member, the high-strength concrete there is crushed sud-
denly with noise and the broken pieces are splashed down, and the residual strength
descends sharply. Therefore, a certain amount of reinforcement should be set up in
the compression zone, when the flexural member of high-strength concrete is
designed.

The ultimate strength of the member of high-strength concrete can be calculated
following the method and formulas introduced above, and the stress diagram on the
compression zone of the section may be simplified to various diagrams [11-14], or
uses the equivalent rectangular diagram. The parameters of equivalent rectangular
diagram suggested in reference [4-2] are

agfc ¼ fc
b ¼ 0:8� 0:005ðfcu � 50Þ

�
; (11-23)

and the relative depth of boundary compression zone is also determined by Eq. (11-13)
but εu ¼ 0.003 is used. Alternatively, these values are taken as:

C50wC80 ag ¼ 1� 0:002ðfcu � 50Þ
b ¼ 0:8� 0:002ðfcu � 50Þ
εu ¼ 0:0033� �fcu � 50

�� 10�5

ε0 ¼ 0:002þ 0:5
�
fcu � 50

�� 10�5

9>>=
>>; (11-24)

in Chinese code [2-1].

11.5.2 Light-weight concrete
Light-weight (aggregate) concrete (r � 1900 kg/m3) is of smaller modulus of
elasticity, sharp stressestrain curve, and fails suddenly (see Section 4.2). The
mechanical behavior of the reinforced beam of light-weight concrete is similar to
that of ordinary concrete, but shows larger deflection, wider crack, and quicker failure.

When the ultimate strengths of the flexural and eccentrically compressed mem-
bers are calculated, the stressestrain curve of light-weight concrete is suggested as:

0 � ε � ε0
s

su
¼ 1:5

 
ε

ε0

!
� 0:5

�
ε

ε0

�2

ε0 � ε � εu s ¼ su

9>=
>; (11-25)

in Chinese code [4-13] (Fig. 11-20). The parameters of equivalent rectangular stress
diagram b ¼ 0.769 and a ¼ 0.94 are calculated accordingly, and then they are
rounded off as

b ¼ 0:75; asu ¼ 1:1fc: (11-26)

Afterwards, the equilibrium equations are established following Fig. 11-13(d),
and the relative depth of the boundary compression zone (xb) is also determined
by Eq. (11-13) and εu ¼ 0.0033 is used.
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11.5.3 Reinforcements with different strengths
Sometimes, the reinforcements of different kinds and strength grades are set up in
one structural member. If the reinforcements of two kinds, of which the yield
strengths are fy1 < fy2, are used in a beam, the mechanical process is shown in
Fig. 11-21. The stresses of both reinforcements are approximately equal and vary
similarly after loading and cracking of concrete, because the moduli of elasticity
of the steels of various kinds are different slightly. Therefore, the stress in concrete,
the curvature (1/r) and neutral axis (dc/h0) of the section also approximate to that of
the beam reinforced with the same reinforcement.

After the reinforcement of lower strength (As1) is yielded first (ss1 ¼ fy1 at My1),
the yield strength of it keeps constant and the stress of another reinforcement (As2)
accelerates, so the curvature and neutral axis vary rapidly. However, the deformation
and crack of the beam increase stably, because the later reinforcement is not yielded
yet (ss2 < fy2). When all the reinforcements are yielded (ss2 ¼ fy2 atMy2), the defor-
mation increases quickly and the tensile crack widens and extends towards the

FIG. 11-20 Equivalent rectangular stress diagram for light-weight concrete

FIG. 11-21 Beam reinforced with reinforcements of different strengths: (a) section, (b) stress

distribution, (c) stress of reinforcement, (d) curvature and neutral axis
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compression zone. Afterwards, the bending moment increases slightly with the in-
ternal lever arm, although the total tensile force of the reinforcements in tension
zone keeps constantly (As1fy1þ As2fy2). Finally, the ultimate strength (Mu) is reached
when the concrete in the compression zone is crushed.

Generally, the failure pattern and ultimate strength of the beam reinforced with
different reinforcements are controlled by the total tensile force on the section, and
the calculation formula is similar to Eq. (11-14).

11.5.4 Reinforcement without yielding plateau
Usually, the carbon steel wires of high-strength, steel strand, cold-drawn wire of
low-carbon steel are used only in prestressed concrete structures. The stressestrain
curves of them do not obviously show any yielding plateau (e.g. Fig. 6-7), and the
nominal yield strength of them (f0.2) is defined as the stress corresponding to the
strain ε0.2 ¼ 0.002 þ (f0.2/Es). When a beam is reinforced with these kinds of rein-
forcements, the curvature and neutral axis of the section and cracks vary gradually
without sudden turn, after the tensile reinforcement reaches the nominal yield
strength. Afterwards, the stress of the tensile reinforcement increases continuously
with the bending moment (ss > f0.2). Finally, the ultimate bending moment of the
beam (Mu) is reached when the concrete in compression zone is crushed (εu), but
the tensile reinforcement does not necessarily reach the ultimate strength (ss < fb).

When the ultimate strength (Mu) of the beam is calculated using the equivalent
rectangular stress diagram [11-15], the boundary depth of compression zone on the
section (referring to Fig. 10-15) should be

xub
h0

¼ εu

εu þ ε0:2
¼ 0:0033

0:0033þ
	
0:002þ f0:2

Es


; (11-27a)

or xb ¼ 0:8
xub
h0

¼ 0:8

1:6þ f0:2
0:0033Es

: (11-27b)

When the stress of tensile reinforcement at ultimate state is taken as ss¼ mf0.2 for
a suitably reinforced beam, the amplifying coefficient suggested in reference [6-7] is

m ¼ ss

f0:2
¼ 1:25� 0:25

xu
xub

; (11-28a)

where xu is the calculated depth of compression zone at ultimate state
(Fig. 11-13(d)). However, the coefficient used in Chinese code [2-1] is reduced to

m ¼ 1:1� 0:1
xu
xub

: (11-28b)

11.5.5 Reinforcements distributed along sectional depth
The concrete member with high depth, e.g. shear wall in building, folded plate
structure, box girder (Fig. 11-22), is reinforced with the reinforcements not only
near top and bottom of its section ( A0

sand As) but also distributed uniformly or
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non-uniformly along its depth. The members of circular and ring sections are gener-
ally reinforced with the longitudinal reinforcements distributed uniformly along its
periphery. The web of steel shapes within a composite concrete structure are rein-
forced continuously. When these members are loaded, the stresses (strains) of the
reinforcements and web depend upon the distances apart from the neutral axis on
the section. Therefore, they will not simultaneously, i.e. parts of them will but
others will not, reach the yield strengths of their own under ultimate state of the
member.

The reinforcements distributed separately along the sectional depth can be
transferred into a continuous steel plate (web) with the same height and area
(hw and Aw ¼ hwt, Fig. 11-23(a)) during calculation. Correspondingly, the rein-
forcements distributed along a circle for the circular or ring section are transferred
into a thin steel tube with the same diameter and area. The strain and stress on the
section of the member at ultimate state are distributed as shown in Fig. 11-23(b) and
(c), and the stress of the steel web or tube within hxu on both sides of the neutral axis

FIG. 11-22 Various members reinforced with reinforcements distributed along sectional depth

FIG. 11-23 Calculation for member with reinforcement distributed continuously: (a) section,

(b) strain distribution, (c) stress distribution of reinforcement, (d) simplified stress diagram for

reinforcements
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is less than the yield strength (ss < fyw). The value of h is determined by the
assumption of plane section:

h ¼ fyw
εuEs

; (11-29)

where fyw is the yield strength of the reinforcement or steel web or tube, and εu is the
ultimate strain of compressed concrete and 0.0033 is usually taken.

The ultimate strength of the member can be calculated by the equilibrium equa-
tions similar to Eq. (11-14). The equivalent rectangular stress diagram of concrete on
the compression zone can also be used with the parameters b¼ 0.8 and ag¼ 1. The
stresses of the reinforcements near the top and bottom of the section ( A0

sand As) are
calculated by Eqs (11-15) to (11-18). However, the maximum strain of the tensile
reinforcement at ultimate state should be limited to, e.g.,

εsmax � 10� 10�3; (11-30)

in order to prevent too much high stress of the reinforcement and wide cracks
of concrete occurring during the service period of the member. The calculation
formulas derived for different sections are provided in detail in references
[11-16,1-2].

If the reinforcements within hxu on both sides of the neutral axis are neglected
(Fig. 11-23(d)), the calculation formulas established are even more simple and the
induced error of the ultimate strength calculated is generally less than 2.5%.

11.5.6 Non-rectangular sections
The reinforced member of the rectangular section is manufactured most simply.
However, various shapes of non-rectangular section, e.g. sharps of T, I, channel,
box, trapezoid, triangle, circle, and ring, are designed in engineering practice to
reduce the dead load (self weight of the structure) or to satisfy the special require-
ments of some functions. The mechanical behavior and failure process of the mem-
bers of these sections are not obviously different from that of the rectangular one
described above, and they can also be calculated using the general method for
sectional analysis along the loading history (see Section 11.3).

Although the ultimate strength of the member of non-rectangular section can also
be calculated using the same equivalent rectangular stress diagram on compression
zone, the corresponding parameters of it (a, b, g) should be changed with the vari-
ation of the sectional width (bsconst.). For example, the strain distribution on the
compression zone of the member of triangle section at ultimate state is shown in
Fig. 11-24(b); the parameters calculated considering the variable width are:

a ¼ 0:922; b ¼ 0:845; and agz1; (11-31)

when the method introduced in Section 11.4.1 and the same compressive stresse
strain relation of concrete (Fig. 11-14(a)) are used. Obviously, these parameters
are different from those for rectangular section (Eq. (11-11a)).
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The characteristic parameters of the rectangular stress diagram for other shapes
of section may be approximately estimated referring to the parameters for rectan-
gular and triangle sections, or accurately calculated using the same method (Section
11.4.1) after introducing the variation of sectional width.

FIG. 11-24 Equivalent rectangular stress diagram for triangle section: (a) section, (b) strain

distribution, (c) stress distribution, (d) equivalent stress diagram
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12.1 Cause and limitation of crack
The tensile strength of concrete is rather low, and the concrete will be cracked in a
structure when a small tensile strain (e.g. 100�10�6) occurs. Therefore, the visible
crack may appear on the surface of a concrete structure during construction and ser-
vice periods, because of different reasons, e.g. quality of material, construction tech-
nology, environmental condition, action of load. When a reinforced concrete
structure (without prestressing) is designed, it is known in advance that the structure
will work with cracks in it under normal conditions, so the concrete cracks should be
checked and limited properly. This is a special problem which will not happen for
the structures of other materials, including steel, timber, and masonry.

Varieties of crack patterns of reinforced concrete are found in engineering prac-
tice, and the main reasons for these cracks can be divided into two categories.

12.1.1 Action of load
When a reinforced concrete structure is acted with load, one-dimensional tensile
stress results on the transverse section of a member acted with bending moment
or axial (tensile) force, and the principal tensile stress is formed in a member acted
with shear force or torque or in two- and three-dimensional structures. Therefore, the
cracks may occur perpendicular to the direction of principal tensile stress in these
members (Fig. 12-1(a) and (b)). Usually, the cracks pass through the width of the
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section, and different patterns and variable width of the cracks are presented on the
surface of the member, if it is observed carefully. For example, short and more fine
cracks are found near the position of reinforcement, besides the wider crack passing
through the whole section for a tensed member with larger section; the width of a
vertical crack in a deeper beam is variable, and it is narrower near the position of
reinforcement but is wider on the web; the inclined crack near the end of a beam
is also variable, and the maximum width appears near the middle of the section,
but smaller width for other parts of the crack; etc.

A reinforced concrete structure and member can also be cracked under compres-
sive load or stress. For example, the horizontal cracks occur in the compression zone
of a beam under bending (Fig. 11-2); the inclined compressive cracks occur near the
end of a beam between the concentrated load and the support (reaction); the longi-
tudinal cracks appear outside of the spiral bars of the column; the cracks appear
locally near the anchorage of prestressing tendon or concentrated compression
(Fig. 12-1(c)). When the concrete is cracked under compression, the strain is gener-
ally greater than the peak strain (εp) of it, so it should be avoided during service
period of a structure.

12.1.2 Non-loading factors
If the cement mixed in concrete has some deficiency in quality, e.g. stability, or the
concrete is not cured properly or dries too quickly, many irregular cracks may appear
on the surface of the structural member. If the concrete covers outside the longitu-
dinal and transverse reinforcements are not thick enough, the cracks may form along
the axes of the reinforcements (Fig. 12-2). Generally, these cracks caused by
shrinkage of the concrete are of small width (0.05e0.1 mm) and shallow, and do
not necessarily reach periphery of the reinforcement.

When the environmental temperature changes, the corresponding deformation
of concrete is confined by the surrounding structure, and when the foundation of

FIG. 12-1 Cracks on surface of structural member under action of internal force or load:

(a) axial tension and bending moment, (b) shear force and torque, (c) compression
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a structure is settled non-uniformly, the additional stress or redistribution of internal
forces should occur and then the cracks may form in the structure. When a structure
is exposed to high temperature, e.g. fire accident, and then cooled down, or when an
outdoor structure experiences alternately summer and winter for many years, the
irregular cracks may appear on the surface of them. In addition, after the reinforce-
ment of an outdoor structure is corroded, a crack in the concrete may form along
its axis.

Therefore, the concrete of a structure may crack due to different reasons, e.g.
those listed above, and sometimes it is unavoidable. After the crack is formed and
developed in the structural concrete, the behavior during the service period and dura-
bility of the structure may be influenced unfavorably as below.

1. Corrosion of reinforcement and reduction of durability of the structure (see
Chapter 20). After the crack in the concrete is formed and developed, the part
of reinforcement in the structure directly in contact with the environment for
an outdoor structure, the surface layer of the reinforcement will be oxidized
and corroded gradually and develops inside. The volume of the reinforcement
is then increased and expands outside, so the concrete cover will be cracked,
even spalled off, and a longitudinal crack is formed along its axis. Then, the
corrosion of the reinforcement is accelerated. Therefore, the effective area of
the reinforcement is reduced, the bond between it and concrete is deterio-
rated, and the ultimate strength and safety of the structure is finally
decreased.

2. Permeability of the concrete structure is damaged and leakage of liquid or gas is
caused. The service function of the hydraulic and container structures will be
seriously deteriorated.

3. The deformation of a structure is increased as the stiffness reduces. The service
function and appearance of some architectural details and members are influ-
enced, e.g. opening of a door or a window is obstructed, the partition wall and
finishing materials are deformed or even cracked.

FIG. 12-2 Cracks caused by shrinkage of concrete: (a) on surface of slab, (b) outside of

reinforcements
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4. Appearance and development of cracks in the structural concrete and local
damage of other materials in a building may cause a sense of psychological
unsafety for people. Sometimes, this is the main reason for strengthening or
treating, although the structure is not necessarily unsafe.

Therefore, the cracks of structural concrete that appear possibly within the ser-
vice period should be controlled in different ways. Many experimental and theoret-
ical investigations have been conducted and corresponding results are reported in
various countries, including surveys and statistics of cracks in existing structures,
calculation of internal forces at cracking, development and mechanism of cracking,
distance and width of the crack, development and influence of corroded reinforce-
ment, influence of cracks on structural behavior. The calculation methods are sug-
gested and the reinforcements for controlling cracks are given correspondingly.
However, the calculation methods are mature only for the tensile and flexural mem-
bers (Fig. 12-1(a)), which will be introduced below. The crack possibly caused by
manufacturing or structural default and environmental condition is considered and
treated during designing and manufacturing periods. The compressive cracks
(Fig. 12-1(c)) should be avoided within service period, so this ought to be taken
into account during design and calculation.

When a reinforced concrete structure member is designed following the Chinese
code [2-1], the crack of the concrete should be limited separately in three levels [12-1]
to fit the different requirements of service function.

Level I. The crack is not allowed strictly in the member, and tensile stress will
not occur on its section under total design load, i.e.

ssc � 0: (12-1a)

Level II. The crack will not appear, in the general case, in the member, and the
tensile stress of concrete on the section is less than a fraction of the tensile strength
under total load acted in short time and will not occur under the sustained load, i.e.

Short time load ssc � act gft; (12-1b)

Sustained load stc � 0; (12-1c)

where act is the coefficient for limiting tensile stress, ranges from 0.3 to 1.0 and de-
pends upon the working condition and environmental humidity of the member [2-1],
and g is the plasticity-dependent coefficient of concrete on tension zone (Eq. (3-7)
and Eq. (12-6)).

Level III. The crack is allowed, sometimes it is unavoidable, for the member, but
the maximum width calculated (Eq. (12-23)) should be limited:

wmax � wlim: (12-1d)

The allowable width of crack (wlim) is generally taken as 0.2e0.4 mm and
depends upon the category of the working environment (see Table 20-4), load con-
dition (static or vibrated), and kind of reinforcement used [2-1].
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Of course, levels I and II are rarely achieved for an ordinary reinforced concrete
member, as too much costs will be paid even if they are reluctantly achieved. Gener-
ally, prestressed concrete should be used for the member of levels I and II, while
reinforced concrete is used only for the member of level III.

The crack limitation of structural concrete is similar in design codes of other coun-
tries. For example, the environmental condition is divided into five exposure grades in
the CEB-FIP Mode Code [2-12], and tensile stress on the section is not allowed or the
maximum crack width calculated is limited, generally wlim ¼ 0.2e0.3 mm. In ACI
Code [2-11], the limits of the maximum crack width calculated are 0.4 mm and
0.33 mm respectively for the indoor and outdoor members. In some other countries,
the limit of the maximum crack width is even wider (0.4e0.5 mm [1-1]).

12.2 Internal force at cracking
When the appearance of a concrete crack is checked or the distance and width of the
crack are calculated for a concrete member, it is necessary to determine in advance
the internal force, i.e. axial force and bending moment, at cracking, after the size and
materials of the section are known.

The examples of centrally tensed members appearing in engineering practice
are tensile members of a truss, circle water-pool, water pipe. Generally, these mem-
bers are reinforced symmetrically, and the axial force at cracking of concrete is
(Eq. 8-22):

Ncr ¼ ft

�
Ac þ n

lt
As

�
¼ ftA0; (12-2)

where ft is the tensile strength of concrete, A0 is the converted sectional area of sec-
tion, others are the same as in Eq. (8-22).

When the appearance of crack is limited following Eq. (12-1b), the tensile stress
of concrete under axial force is calculated by

ssc ¼ N

A0
: (12-3)

The bending moment at cracking of concrete for a flexural member (Mcr) can be
obtained accurately by the general method described in Section 11.3. However,
many other factors have influence on cracking of concrete and the tensile strength
of concrete scatters considerably, so an approximate method with sufficient accu-
racy is acceptable for calculation of the cracking moment in the engineering
application.

The cracking moment of a beam of plain concrete (Fig. 12-3) is discussed first.
The section of the beam keeps a plane before cracking of concrete. It is assumed that
the maximum tensile strain at the bottom of the section reaches twice peak strain of
concrete under uniform tension (2εt,p), when the beam is just cracking. At this time,
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the stress distribution is curved on the tension zone but it is a triangle on the
compression zone, because the compressive stress is far smaller than the strength
(s0 << fc). When the stress diagram on tension zone is simplified into a trapezoid
model (Fig. 2-27(a)) and the maximum tensile stress is taken as ft, the maximum
stress on compression zone of triangle diagram should be x

h�x 2ft. Then, the equilib-
rium equation is established for the horizontal forces:

1

2
bx

x

h� x
2ft ¼ 3

4
bðh� xÞft;

and the solution of it is the compressive depth x ¼ 0.464h. Correspondingly, the
maximum compressive stress of concrete at the top of the section is 1.731ft and
the bending moment at cracking of the concrete of the beam is

Mcr ¼ 0:256 ftbh
2: (12-4)

If the beam is considered as an elastic material one and the stress distributes lin-
early on the section (Fig. 12-3(e)), the nominal flexural tensile strength, or modulus
of rupture, of the concrete at cracking of the beam should be

ft;f ¼ Mcr

bh2=6
z1:536 ft: (12-5)

The ratio between ft,f and tensile strength (ft) is called the plasticity-dependent
coefficient of section modulus (g). The value of the coefficient depends upon
not only the stress distribution on the section but also shape, reinforcement content,
strain gradient of the section, and the basic value for a rectangular section is
taken as

gm ¼ ft;f
ft

¼ 1:55 (12-6)

in Chinese code [2-1]. The values of coefficient for the sections other than the rect-
angular one, e.g. T, I, circular, ring shapes, range from 1.25 to 2.0 [12-3], because of
different position of neutral axis and shapes of compression and tension zones.

FIG. 12-3 Before cracking of plain concrete beam: (a) section, (b) strain distribution,

(c) stress distribution, (d) stress distribution for calculation, (e) elastic stress diagram
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The strain gradient on the section at cracking of concrete (3.73εt,p/h) reduces as
depth (h) is increased, and the plasticity-dependent coefficient is also reduced. On
the contrary, the coefficient increases as depth of the section is decreased, e.g. for
a slab [12-4]. Reference [12-2] and Chinese code [2-1] suggest that the coefficient
varies with the depth (h, mm) as below:

g ¼
�
0:7þ 120

h

�
gm; (12-7)

and the depth value of the member (h) is taken 400 if h < 400 mm or 1600 if
h > 1600 mm.

When a reinforced concrete beam is nearly cracking, the strain of concrete on the
section is low and the stress distributes linearly on the compression zone. The
bending moment at cracking of concrete can be calculated by the method of con-
verted section, when the nominal strength ft,f is used for the tensile concrete and
the tensile and compressive reinforcements are converted respectively into equiva-
lent areas nAs and nA0

s, using the ratio between the moduli of elasticity n ¼ Es/E0

(Eq. (8-6)). Then, the position of neutral axis or the compressive depth (x), the
moment of inertia (I0), and the modulus of section against the tensile edge (W0 ¼
I0/(h� x)) are calculated for the converted area (A0, Eq. (8-9)) of homogeneous
elastic material. When the section is acted together with bending moment (M) and
axial force (N, positive for tension and negative for compression), the stress at
edge of tension zone on the section is calculated by:

sc ¼ M

W0
þ N

A0
; (12-8a)

which can be used in Eq. (12-1a, b, c) for checking the appearance of cracking. Let
sc ¼ ft,f ¼ gmft (Eq. (12-6)) in the formula, the internal forces at cracking (Mcr and
Ncr) are determined. For example, the bending moment at cracking of a flexural
member (N ¼ 0) is

Mcr ¼ gm ftw0: (12-8b)

Similar methods are used in different design codes of other countries, in order to
limit the tensile stress of concrete [12-2] under load or to calculate the internal forces
at cracking when a reinforced member is designed.

12.3 Mechanism of cracking
After the tensile crack appears in a reinforced concrete structural member (N > Ncr,
M > Mcr), its number increases and width widens gradually, and the distance be-
tween cracks reduces, as the load is increased. However, the cracks develop
randomly to a certain extent, because the concrete is inhomogeneous and its
behavior scatters considerably, and so many factors have influences on it. Therefore,
the appearance of the crack on the surface of the member varies significantly and is
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difficult to explain and analyze accurately, so various points of view and correspond-
ing calculation methods are suggested so far.

12.3.1 Bond-and-slip method
At first, the bond-and-slip method [12-5] is suggested based on the experimental re-
sults of centrally tensed member of reinforced concrete. Afterwards, the complements
and modifications are provided in later researches [12-6e12-11] following the basic
concept.

When a tensed member is loaded and a crack nearly appears in the concrete
(N zNcr), the strains of the concrete and reinforcement in it are equal, while the
stresses on them are respectively sczft and sszn ft /lt. And, both stresses distribute
uniformly along the axis of the member. Therefore, the bond stress between them
should be s¼ 0 (dash-dot line in Fig. 12-4(b)), and no slip will occur until then.

After the first crack appears at the weakest section ((1) in Fig. 12-4(a)), the con-
crete on the cracked section is out of work (sc ¼ 0), the reinforcement there carries
totally the axial force and its stress is increased suddenly to ss¼ Ncr/As, and the con-
cretes on both sides of the crack are slipped locally. Therefore, the stresses of the
concrete and reinforcement vary along the longitudinal axis of the member, and
the bond stress on the boundary of both distributes corresponding as shown by the
solid line (1) in Fig. 12-4(b).

It is seen (Fig. 12-4(b)) that the stress of the concrete at a distance (lmin) away
from crack (1) keeps sc ¼ ft and the stress of the reinforcement and the bond stress
(s¼ 0) there are the same as that before cracking of concrete. This distance is called
bonded length or transmitting length of bond stress and can be calculated by the
equilibrium equation (Fig. 12-4(c)):

lmin ¼ ftAc

smpd
¼ d

4m

ft
sm

; (12-9)

FIG. 12-4 Cracking and stress distribution of tensed member: (a) cracks, (b) stress

distribution, (c) equilibrium condition
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where sm is the average bond stress between reinforcement and concrete, ft is the
tensile strength of concrete, d, m ¼ As/Ac are the diameter and content of reinforce-
ment on section, respectively.

The tensile stress of the concrete is sc < ft within the distance lmin on both sides
of crack (1), and generally, no crack will occur there. However, the cracks of the
second batch (2) may occur at any section outside of the range, and usually also
occur at the weaker section. After crack (2) appears, the variations of the stresses
of the concrete and reinforcement and the bond stress along the axis are shown as
the dotted curve (2) in Fig. 12-4(b), which is similar to the curve (1) after appear-
ance of crack (1). If the space between two adjacent cracks is less than 2lmin, the
tensile stress of the concrete there should be sc < ft , and no crack will appear
again. Therefore, the minimum and the maximum spaces between any two adja-
cent cracks should be lmin and 2lmin respectively. The actual space between cracks
found in the experiments scatters considerably, and the average value of the space
is about

lmz1:5 lmin: (12-10)

The space between the tensile cracks of concrete depends mainly upon the ten-
sile strength of the concrete, content and diameter of the reinforcement, and the
average bond strength between both materials. It is also found experimentally that
the ratio ft/sm varies less for the concretes of different strength grades; the space be-
tween the cracks tends to a constant when the reinforcement content (m) is rather
large, i.e. the ratio d/m is rather small; the average space between the cracks is
reduced by about 30%, comparing the deformed reinforcement with the plain
one, as the former has higher bond strength. Then, the average space between the
tensile cracks can be calculated by

lm ¼
�
k1 þ k2

d

m

�
y; (12-11)

where k1, k2 are parameters obtained from regression analysis of the experimental
data, k1 ¼ 70 mm and k2 ¼ 1.6 are suggested in reference [12-11], n is the parameter
taking 1.0 for deformed reinforcement but 0.7 for a plain one.

The same method can be used to derive the calculation formula for the tensile
cracks of flexural concrete member. The average space of the cracks can also be
calculated by Eq. (12-11) but with different parameter values obtained from corre-
sponding regression analysis. For example, k1 ¼ 60 mm and k2 ¼ 0.6 are suggested
in reference [12-10], while k1 ¼ 60 mm and k2 ¼ 2ftsm are suggested in reference
[12-7].

According to the bond-and-slip method, the crack that appears is assumed to pass
through the whole section with the same width, i.e. the crack widths near the bound-
ary of the reinforcement and on the surface of the member are equal (Fig. 12-4(a)).
Therefore, the crack width should be the difference between the elongations of the
reinforcement and concrete within the space between adjacent cracks. Both strains
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(stresses) of the reinforcement and concrete distribute non-uniformly along the
length, and the average width of the crack is

wm ¼ ðεs � εcÞlm; (12-12)

where εs and εc are respectively the average strains of both materials.
The average strain of the reinforcement between cracks (εs) is certainly smaller

than the strain of the reinforcement at cracked section (εs ¼ ss/Es), and the ratio be-
tween them is called the non-uniformity coefficient of tensile reinforcement strain:

j ¼ εs

εs
¼ εsEs

ss
� 1:0: (12-13)

Generally, the average strain of the concrete is far less than the tensile strain of
the reinforcement (εc << εs) and can be neglected during calculation. Therefore,
the average width of the crack can be calculated simply by

wm ¼ j
ss

Es
lm; (12-14)

12.3.2 Non-slip method
According to the bond-and-slip method, the space and width of the tensile crack
depend mainly upon the ratio (d/m) and average bond stress (sm), and equal width
of the crack is assumed along the whole section. As the average bond strength of
the deformed reinforcement is about four times that of the plain one (su in Chapter 7),
this would have significant influence on the crack. These conclusions and assump-
tions are obviously discrepant with the experimental results below.

Two series of the specimens of three beams each are reinforced respectively with
the plain and deformed reinforcements (Fig. 12-5(a)). These beams are of rectan-
gular section with the same size and approximate reinforcement content, but the
diameters of the reinforcements used are considerably different (31.8 mm/
12.7 mm ¼ 2.5). The crack widths on surfaces of the beams at position of gravity
center of the reinforcement are measured under the same bending moment, and
the differences between them are rather small, e.g. 0.208 mm/0.191 mm ¼ 1.089
and 0.223 mm/0.191 mm ¼ 1.168, are much smaller than the ratio between the

FIG. 12-5 Demonstration experiments and comparisons between crack width: (a) beam

specimen [12-12], (b) central tensed specimen [12-14]
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bond strengths of both reinforcements. These results show significant error for the
conclusions of the bond-and-slip method.

Another series of specimens include four tensile members of same sectional area
(b�h) and reinforcements (4F12.7), but with different shapes (b/h) and concrete
covers [12-14e12-16] (Fig. 12-5(b)). The crack widths of the specimens are
measured at similar places on the surface under same axial tension, but they are
considerably different, e.g. 0.239 mm/0.094 mm ¼ 2.54.

In addition, various effective methods are designed and conducted by the re-
searches to measure accurately the configuration of the tensile concrete crack during
testing. For example, some resin [12-17] or red ink [12-18] is poured with pressure
into the tensile specimen to measure the deformation and relative displacement of
the cracked surfaces [12-19]. Therefore, the deformations of the tensile crack are ob-
tained in detail from these experiments (Fig. 12-6), including the variation of crack
width along the section, the distribution of relative slip between the reinforcement
and concrete, visible cracks on the surface and fine cracks in the interior. Some
important conclusions about the crack pattern are then derived:

1. The cracked surface (section) is regularly curved and the crack width varies
apparently along the section, i.e. the minimum width occurs at the periphery of
the reinforcement while the maximum width appears on the surface of the
member (Fig. 12-6(c)), and the latter is usually 3 or 7 times the former.
Therefore, the experimental results deny the relevant assumptions of the

FIG. 12-6 External and internal cracks and deformation of tensile member: (a) deformation and

relative slip of reinforcement and concrete [1-1], (b) internal and external cracks [12-18], (c)

variation of crack width [12-18], (d) width of internal crack [12-14]
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bond-and-slip method: the section after being cracked is separated into two
parallel planes with equal crack width (Fig.12-4(a)).

2. The width of the crack at the periphery of the reinforcement is rather small, so the
relative slip between the reinforcement and concrete should be small too, even
for the plain reinforcement.

3. Besides the main cracks appearing on the surface of the member with greater
space and width and being perpendicular to the reinforcement, many internal
inclined cracks, or secondary cracks, still occur near ribs of the reinforcement
and extend outside (Fig. 12-6(b) and Fig. 7-9(a)). These cracks appear first near
the cracked section and develop gradually inside as the tensile stress of the
reinforcement is increased. The internal cracks are closely spaced and extend
outside but do not reach the surface.

4. The deformation of the concrete surrounding reinforcement is complicated. The
concrete inside and near the reinforcement carries tensile stress, which dis-
tributes longitudinally as consistent with sc in Fig. 12-4(b), if the local influence
of internal cracks is not considered. However, the concrete near the surface of
the specimen carries compressive stress on the sections near the crack, but
carries tensile stress on the middle sections between two adjacent cracks (see
Fig. 12-8(d)). The difference between the deformations of the concrete on
surface layer and inside is the basic reason for the crack of the concrete being
wider outside but narrower inside.

Many experimental results introduced above and others [1-1] query the validity
of the bond-and-slip method, and are composed of the basis for the non-slip method.
It is considered that the reinforcement content of the section (m) and diameter of the
reinforcement (d) have less influence on the space and width of the tensile crack.
And, it is assumed that relative slip between the reinforcement and surrounding con-
crete at the cracked section is neglected, i.e. the width of the crack there is zero. The
width of the crack on the surface of a member is proportional to the distance from
there to the surface of the reinforcement, or the thickness of the concrete cover.

Analyzing the experimental data of tensile member and flexural beams of
different sectional shapes (Fig. 12-7(a)), the calculation formulas are suggested in
reference [12-16]:

average space between cracks lm ¼ 2t

average width of cracks on surface wm ¼ lmε ¼ 2tε (12-15)

the maximum width of cracks wmax ¼ 2wm ¼ 4tε;

where t is the distance from position of the crack on surface to center of the nearest
reinforcement, ε is the average strain.

Many experiments of beam specimens are conducted and the crack widths on
their surfaces are measured as shown in Fig. 12-7(b), and the calculation formulas
are suggested for the maximum and average widths [12-12, 2-13]:

deformed reinforcement wm ¼ 1:67cε; wmax ¼ 3:3cε; (12-16a)
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plain reinforcement wm ¼ 1:89cε; wmax ¼ 3:75cε; (12-16b)

where c is the distance from the position of the crack on the surface of the member to
the periphery of the nearest reinforcement, ε is the average strain calculated on the
surface of the member, wmax is the maximum crack width that appeared in 1% prob-
ability and about twice average width.

These two series of formulas Eqs. (12-15) and (12-16) show the same concept
and qualitative conclusion but with different empirical parameters.

The distance from the surface of the member to the reinforcement inside (t or c)
is considered as the most important factor having influence on space and width of the
crack and is uniquely introduced into the calculation formulas for the non-slip
method. More experiments [1-1] demonstrate that the conclusion fits well with
the cracks when c ¼15e80 mm, and explains well the phenomenon that narrower
cracks appear near the reinforcement and wider cracks appear on further places,

FIG. 12-7 Average space and width of concrete crack: (a) average space of crack [12-16],

(b) average width of crack [12-12]
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e.g. on web of the beam (Fig. 12-1(a), Fig. 12-9(c)). However, the crack width calcu-
lated by Eq. (12-15) or Eq. (12-16) is smaller by about 50% than the experimental
one when c < 15 mm, and the calculated width is mostly larger than the experi-
mental one when c > 80 mm, and larger error for larger value of c.

12.3.3 Comprehensive analysis
Micro- and fine-phenomena of the tensile crack of the reinforced concrete member are
very complicated: the local stress distributed near the crack varies significantly; the
bond stress and relative slip between the reinforcement and concrete are difficult to
be determined accurately; so many factors have great influence on the crack; the for-
mation, development, and extension of the crack are random to a certain extent and are
controlled by non-homogeneity of the concrete material. Therefore, the space and
width of the cracks measured both during testing and in the engineering practice
deviate considerably. In addition, the difficulty of the experimental measurement
and inadequate data collected cause more difficulty for theoretical analysis of the
crack.

FIG. 12-8 Comprehensive analysis for crack of central tensed member: (a) deformation of

concrete after cracking, (b) without bond, (c) stress (strain) distribution of reinforcement,

(d) stress (strain) distribution of concrete
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Both the bond-and-slip method and non-slip method contribute to reveal the reg-
ularity of the crack of tensile concrete. However, they emphasize differently the
main influence factors, based on their own experiments. In addition, the formulas
and results of their calculations are considerably different, and neither can
completely explain all the experimental phenomena and data. Further researches
combine reasonably both methods, not only the great influence of the distance be-
tween the reinforcement and surface crack (t or c) is considered, but also the assump-
tion of the latter method, i.e. the relative slip and crack width at the boundary of the
reinforcement are zero, is modified and the influence of bond-slip (d/m) is intro-
duced. Therefore, the general formula is given below for calculating the average
space of tensile cracks:

lm ¼ k1cþ k2
d

m
; (12-17)

where the parameters k1 and k2 are calibrated differently based on various experi-
ments [12-13,12-21,12-22,12-23].

The mechanism of cracking of tensile concrete can be generalized based on all
the research results and a central tensed member is explained below as an example
(Fig. 12-8).

The member is cracked under central tension (N > Ncr), and the crack width
increases gradually with the tension. The number of cracks increases first but keeps
constant later, so the space between the cracks tends to be stable. The average space
between the cracks is lm ¼ l0ð1þ εsÞ which is slightly longer than the original
length (lm). The deformation of a cracked section, the variation of crack width along
depth of the section (h or c), and the space and distribution of the internal cracks are
shown schematically together in Fig. 12-8(a).

The stress of the concrete at the cracked section should be sc ¼ 0 and the stress
and strain of the reinforcement there are respectively ss¼ N/As and εs¼ ss/Es. If it is
assumed that no bond exists between the reinforcement and surrounding concrete
(s ¼ 0), both can freely deform and the relative slip between them occurs. At this
time, the concrete contracts freely after cracking and its length between two cracks
recovers to l0, while the reinforcement is elongated uniformly along the axis and its
total length between two cracks becomes l0(1þ εs) (Fig. 12-8(b)). Therefore, the
crack width of concrete would be a constant along depth of the section:

wc0 ¼ εslm ¼ Nlm
AsEs

; (12-18)

which is called the crack width at non-bonded condition and is also the upper bound
of the crack width.

It is demonstrated experimentally that the relative slip between the reinforcement
and surrounding concrete occurs only on the local zone near the cracked section,
while most of the reinforcement is bonded well with the surrounding concrete.
Therefore, the stress of the reinforcement is decreased from the maximum value
at the cracked section to the minimum value at the middle section between adjacent
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cracks (Fig. 12-8(c)), as the bond stress of the concrete (s) acts on its periphery. The
average stress and strain of the reinforcement are, then, respectively:

ss ¼ jss εs ¼ jεs; (12-19)

where j is the non-uniformity coefficient of the reinforcement strain between
cracks.

Similarly, the bond stress of the reinforcement reacts on the surrounding concrete
and confines free contraction of the concrete between cracks, so a complicated stress
state is induced (Fig. 12-8(d)). The total tension or average tensile stress is zero at
the cracked section, it increases with the distance from the cracked section to the
section considered, and it reaches the maximum value at the middle section between
adjacent cracks. In addition, the stress of the concrete on the whole cracked section
is zero; on the section near the crack, it is tensile near the reinforcement and changes
gradually into a compressive one near the surface; on the section far away from the
crack, the tension zone near the reinforcement extends while the compression zone
near the surface reduces; on the middle section between adjacent cracks, the con-
crete is generally tensile over the whole section with approximate stress (sc < ft).
Therefore, the surface layer of the member contracts greatly in longitudinal direction
and wider crack (wc) is formed there, while the concrete near the reinforcement con-
tracts and the crack formed there is narrower (ws << wc), although local slip occurs.
The difference between the crack widths (wc � ws) is compensated by the internal
cracks near the reinforcement. The surface of the concrete is also flexed longitudi-
nally, because the cracked section and crack width are curved along depth of the
section.

Supposing the bond between the reinforcement and concrete are still well
even after cracking, the relative slip would not occur (ws ¼ 0) and the crack width
on the surface (wc) would be the minimum, or the lower bound. Generally, the rela-
tive slip between the reinforcement and surrounding concrete occurs locally only
near both sides of the crack, but does not occur on the most part along the longi-
tudinal axis, so the actual crack width should be in between the upper and lower
bounds.

It is verified that the reinforcement confines the development of the concrete
crack due to the effect of the existent bond. The nearer the distance to reinforcement,
the greater the confinement and the smaller the crack width. The crack width in-
creases with the distance to the reinforcement (c or t, Fig. 12-7), as the confinement
is weakened gradually. When the concrete is far away from the reinforcement, e.g.
c > 80e100 mm, and is out of the effective scope of confinement, the crack width
there will not vary again. The confinement of the reinforcement depends mainly
upon its diameter and space and the bond condition with surrounding concrete.
The mechanism analysis can be used to explain various phenomena of cracking pre-
sented above, e.g. Fig. 12-1(a) and Fig. 12-5.

The crack of a flexural concrete member can also be analyzed, using the same
concept and method (Fig. 12-9). When the beam is cracked under the bending
moment (M > Mcr), the compression and tension depths are respectively x and
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(hex) and the average space of the cracks is lm. At first, no bond is assumed between
the reinforcement and surrounding concrete (s ¼ 0) and the concrete in the tension
zone contracts freely after cracking, the crack width of the tensile concrete should be
proportional to the distance to the neutral axis (y) or the average tensile strain calcu-
lated (εy):

wy ¼ εylm ¼ y

x
εclm; (12-20a)

and the maximum crack width appears at edge of the tension zone:

wc0 ¼ h� x

x
εclm: (12-20b)

Afterwards, the effect of the bond stress between the reinforcement and sur-
rounding concrete is considered. The confinement of the reinforcement causes a
considerable reduction of the crack width at its periphery (ws) and the crack width
at other positions reduces correspondingly, because the confinement of the rein-
forcement weakens gradually as the distance increases. The final crack width varies
as shown in Fig. 11-9(b), which is consistent with the measured results
(Fig. 12-9(c)).

Therefore, the longitudinal reinforcements reinforced in web of the beam with
larger depth are favorable to confine the development of crack there, and this is
demonstrated by the experiments [12-24].

FIG. 12-9 Analysis of crack in a beam: (a) no bond at all (s [ 0), (b) confinement of

reinforcement, (c) crack measured in T beam
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12.4 Calculation of crack width
Based on the available experimental results and analyses, various calculation
methods are provided for the crack width of tensile and flexural concrete members
under service load. Although the main factors used in these methods are consistent,
the mathematical expressions and calculated results are different.

1. The calculation method and formulas [12-25,12-26] suggested in the Chinese
design code [2-1] are as below. After the concrete in a member is cracked under
load, the average space of the cracks within service stage is taken as (similar to
Eq. (12-17)):

lm¼ cf

�
1:9cþ 0:08

deq
rte

�
; (12-21)

where cf is the coefficient depending upon the internal force of a member
(Table 12-1); c is the distance from the bottom of tension zone on the section to
the outer edge of the reinforcement of out layer; deq is the equivalent diameter of
tensile reinforcements of different diameters:

deq ¼ Snid
2
i

Syinid
2
i

; (12-22)

ni and di are the number and diameter of the i-th kind of reinforcement respectively;
ni is the relative coefficient of bond characteristics for the i-th kind of reinforcement,
and 1.0 and 0.7 for deformed and plain reinforcements respectively; rte is the rein-
forcement content (As/Ate) calculated by the effective area of tension zone (Ate, Table
12-1), and rte ¼ 0.01 if rte < 0.01 is calculated.

The maximum crack width on surface of a member under sustained load is
(similar to Eq. (12-12)):

wmax ¼ cpctðεs � εcÞlm ¼ cpctccεslm:

Table 12-1 Parameters and Coefficients for Calculation of Crack Width [12-25]

Internal
Force

Central
Tension

Eccentric
Tension

Bending or
Eccentric
Compression Notes

cf 1.1 1.0 1.0 cc ¼ 1� εc

εs
¼ 0:85

ct ¼ 1.5cp 1.9 1.9 1.66

acr 2.7 2.4 2.1

Ate Bh 0.5bh 0.5bh For rectangular
section

ss N/As N(e0� a’þ h/2)/
As(h0� a’)

M/(0.87Ash0)*

*Eccentrically compressed member has to be calculated in an another way.

322 CHAPTER 12 Tensile Crack



After Eqs. (12-19) and (12-21) are substituted into it,

wmax ¼ acrj
ss

Es

�
1:9cþ 0:08

deq
rte

�
(12-23)

is obtained, where acr ¼ cp ct cc cf is the coefficient of mechanical characteristic for
the member; cp ¼ wmax/wm is the ratio between the maximum and average crack
widths, considering the deviations of crack space and width. The statistic value
with 95% probability is shown in Table 12-1; ct is the magnified coefficient of crack
width under sustained load, due to shrinkage of the concrete and the creep of relative
slip between reinforcement and concrete, and ct¼1.5 is taken from the experimental
data. cc ¼ ðεs � εcÞ=εs is the coefficient considering the influence of tensile strain of
the concrete between adjacent cracks. cc ¼ 0.85 is taken from the experimental data.
j ¼ εs=εs is the non-uniformity coefficient of tensile strain of the reinforcement be-
tween adjacent cracks.

The value of coefficient j measured from the experiments of flexural member
varies with bending moment as shown in Fig. 12-10. The value is the minimum
when the member is just cracked (Mcr/M ¼ 1), it increases gradually with the
bending moment (M) or as the ratio Mcr/M decreases, and it tends to be 1.0 after
the tensile reinforcement is yielded. The empiric formula after regression analysis is

j ¼ 1:1

�
1�Mcr

M

�
: (12-24a)

when the cracking moment (Mcr) is expressed in the tensile strength of concrete (ft)
and the bending moment (M), at which the crack width is calculated, is expressed in
the content (rte) and stress (ss) of the tensile reinforcement, the formula is simplified
properly and becomes [12-25]

j ¼ 1:1� 0:65 ft
rtess

; (12-24b)

where rte (¼ As/Ate) and ss can be calculated following Table 12-1.

FIG. 12-10 Non-uniformity coefficient of tensile reinforcement strain [12-25]

12.4 Calculation of crack width 323



It is experimentally demonstrated that Eq. (12-24b) can also be used for the cen-
trally tensed and eccentrically tensed and compressed members.

2. In CEB-FIP Model Code [2-12], the tensile crack of a concrete member is
calculated mainly based on the bond-and-slip method, and the formula is given for
the crack width of concrete within effective confinement area of the reinforcement.

When the reinforcement content of a tensed concrete member is rte ¼ As/Ate and
the ratio between the elastic moduli of reinforcement and concrete is n ¼ Es/Ec, the
axial forces carried respectively by the reinforcement and concrete just before
cracking (N z Ncr) are (see Section 8.2):

Ns ¼ nrte
1þ nrte

Ncr and Nc ¼ 1

1þ nrte
Ncr: (a)

The strains of both should be equal, i.e. εsr1 ¼ εcr1, where

εsr1 ¼ Ns

EsAs
; εcr1 ¼ Nc

EcAte
; (b)

and Ate is the effective area of tensile concrete (see Fig. 12-12).
Soon after the first crack appears (N ¼ Ncr), the stress (strain) of concrete on the

cracked section is zero, while the axial force is totally carried by the reinforcement
and its stress and strain are respectively (Fig. 12-11(a)):

ssr2 ¼ Ncr

As
and εsr2 ¼ ssr2

Es
(c)

FIG. 12-11 Strain distributions for calculation of crack of tensile member [2-12]: (a)

appearance of the first crack (N [ Ncr), (b) crack developed stably (N > Ncr)

324 CHAPTER 12 Tensile Crack



However, the stresses (strains) of the reinforcement and concrete out of the
bonded length (ls) on both sides of the cracked section are still the same as that
before cracking. The stress difference of the reinforcement within the bonded length
(ls) is in equilibrium with the bond force, which is expressed as the average bond
stress (sm):

pdlssm ¼ ðssr2 � ssr1ÞAs ¼ ssr2As

1þ nrte
: (d)

Therefore,

ls ¼ d

4

ssr2

sm

1

1þ nrte
z

d

4

ssr2

sm
(12-25)

is obtained, where ssr2 is the stress of the reinforcement on cracked section when the
member is just cracked.

The strain difference of the reinforcement within the bonded length (ls) is
Dεsr ¼ εsr2 � εsr1. The average strains of the reinforcement and concrete there are
respectively:

εs ¼ εsr2 � bDεsr and εc ¼ bεsr1; (e)

and the difference between them is

εs � εc ¼ ð1� bÞεsr2: (12-26)

The coefficient in these formulas is taken as

b ¼ 0:6: (12-27)

When the axial force is increased further (N > Ncr), the space of the cracks
tends gradually to be stable and the maximum space is about 2ls (Fig. 12-11(b)). At
this time, the stress and strain of the reinforcement on the cracked section becomes:

ss2 ¼ N

As
and εs2 ¼ ss2

Es
: (f)

FIG. 12-12 Effective area of tensile concrete on section [2-12]: (a) tensed member, (b) flexural

member

12.4 Calculation of crack width 325



If the stress (strain) of the concrete between adjacent cracks distributes the same
as that just cracking (N ¼ Ncr), the average strain of the concrete there is still
εc2 ¼ εc, and the stress (strain) of the reinforcement there distributes parallel with
that just cracking and the maximum difference of the strain there is also Dεsr. How-
ever, the average strain of the reinforcement and the difference between it and the
concrete are respectively:

εs2 ¼ εs2 � bDεcr

and εs2 � εc2 ¼ εs2 � bεsr2: (12-28)

Therefore, the maximum width of concrete crack can be calculated and
compared with the allowable value (wlim):

wmax ¼ 2lsðεs2 � bεsr2Þ � wlim; (12-29)

where εs2 and εsr2 are the strains of the reinforcement on the cracked section under
axial forces N and Ncr and calculated by Eqs. (f) and (c) respectively.

The crack width of the flexural member can also be calculated by the above
formulas, except the effective area of tensile concrete on section is taken differently
(Fig. 12-12).

3. Simple and direct calculation is used in the U.S. code [2-12] to control the
crack width of a flexural member. Basing on the statistic of many experimental
data [12-27], the regression formula is given for the maximum width of concrete
crack on bottom of a beam:

wmax ¼ 11bss
ffiffiffiffiffiffiffi
tbA

3
p

� 10�6 ðmmÞ (12-30)

where ss is the stress of tensile reinforcement on cracked section or 0.6fy (in N/mm2);
b ¼ h� x

h0� x 1.2 or 1.35 is taken respectively for a beam or slab; tb is the distance from
the center of the reinforcements of lowest layer to bottom of the section (in mm);

A ¼ Ate=n

FIG. 12-13 Calculation parameters for crack width [2-11]
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Ate is the area of concrete on the section, of which the gravity center coincides
with the gravity center of tensile reinforcements (in mm, Fig. 12-13); n is the number
of tensile reinforcements on the section.

The thickness of concrete cover near the bottom (tb) and the average confinement
area for every tensile reinforcement (A) are introduced into Eq. (12-30), so actually it
is similar to the conclusions of the non-slip method.

However, a different parameter (z) is introduced in the relevant provision of the
code [2-11] to substitute Eq. (12-30):

z ¼ ss
ffiffiffiffiffiffiffi
tbA

3
p

¼ wmax

11b
� 10�3 ðMN=mÞ: (12-31a)

The parameter should be limited for:

indoor member z ¼ ss
ffiffiffiffiffiffiffi
tbA

3
p

� 30 ðMN=mÞ; (12-31b)

outdoor member z ¼ ss
ffiffiffiffiffiffiffi
tbA

3
p

� 25 ðMN=mÞ; (12-31c)

which correspond respectively to limited crack width 0.4 mm and 0.33 mm.
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13.1 Deformation of member and its limitation
13.1.1 Influences of structural deformation
Various loads acted on a structure cause corresponding deformations during the ser-
vice period, e.g. deflection in mid-span of a beam or slab, angular rotation at the end
of a beam, lateral displacement of a column or wall. The majority of a reinforced
concrete structure is concrete, which has lower strength comparable with steel. Usu-
ally, the sectional size of a concrete structure is larger and the strain of concrete is
less during the service period. In addition, the intersecting members are connected
integrally in the structure. Therefore, the reinforced concrete structure generally has
more stiffness and less deformation. Excessive deformation is seldom found in the
structure and causes serious problems in engineering practice.

However, some situations appear to be accompanied by the development of a
reinforced concrete structure, for example: the concrete of higher and higher
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strength grade and the reinforcement of high strength are used in engineering prac-
tice, and their strains under service load are increased; the span of the beam or frame
and the height of the column or wall are increased gradually; various hollow, box,
and thin-wall sections are used widely for the structural member to reduce the
weight (dead load). The deformation of the structure under these situations may in-
crease considerably during the service period, especially after the concrete has
cracked and under sustained load, which causes creep of concrete. Then, the exces-
sive deformation of the structure causes deterioration of the service function, some-
times even the safety is affected.

The excessive deformation of a structure may cause unfavorable results as
below [13-1].

1. The internal forces and bearing capacity of the structure are changed. For
example: the additional eccentricity of a compressed member is increased, and
the strength of it is then reduced; the dynamic response of a structure is
intensified under the vibration of a machine or wind, or under the action of a
movable load.

2. The service function of a building is obstructed. For example: the excessive
deformation of the structure in a multi-storey industry building has obvious in-
fluence on the operation of precise machine, accuracy of machine-made detail, or
quality of color printing; the excessive deformation of a crane beam may have
influence on the movement of a crane or its usage life; the excessive deformation
of a roof structure may cause damage to the waterproofer and water leakage; .

3. The architectural details connected with the structure may be damaged. For
example: the ceiling of a room is deflected or cracked; the light-weight partition
supported on the structure is damaged locally; opening or closing of doors or
windows is obstructed; .

4. Psychological un-safety may be caused. For example: obvious deflection and
bending of a beam or slab, lateral inclination of a column or wall, and trembling
of a thin slab may cause psychological panic for people. Sometimes, this is the
dominant factor needing proper treatment, even if the safety and service
function of the structure are not really damaged.

Therefore, the maximum deformation of the member during the service period
has to be checked and limited within the allowable value, when a concrete structure
is designed. In Chinese Code [2-1], the allowable deformations are 1/200e1/300 l0
for the beam or slab of the general floor and roof and 1/500e1/600 l0 for the crane
beam, where l0 is the calculated span of the member. In USACode [2-11], the deflec-
tion of a member during service period is limited within 1/180e1/480 of its span or a
certain value, or the inclined angle (in radians) of a column or wall is limited,
according to different working conditions [13-1].

In addition, when the internal forces of a statically indeterminate structure are
mechanically analyzed, the stiffnesses of the members have to be known in advance
to satisfy the compatibility condition of deformation and to find the unknown redun-
dants. When the non-linear analysis of a concrete structure, e.g. aseismic one, is
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conducted along the loading history, the stiffness or curvature of every section of all
the members and its variation are the premise and have to be known in advance.
Therefore, the stiffness or bending momentecurvature relation of a section of the
member has direct influence on the internal forces and their distribution of the
structure.

13.1.2 Stiffness of section and deformation of member
The sectional stiffness and its variation of a reinforced concrete member can be
determined directly and accurately from the bending momentecurvature curve
measured during the corresponding test. The specimen is usually designed as a sim-
ply supported beam and two concentrated loads are acted symmetrically on its span,
and the segment between the two loads is of pure bending (without shear force,
V ¼ 0). The beam is flexed, and the crack is formed and developed gradually in ten-
sion zone as the loads are increased. The section near the crack will not follow the
hypothesis of the plane section. However, when the average strain of concrete
measured within a certain distance, e.g. the space between adjacent cracks, is
considered, the hypothesis is still fitted (Fig. 13-1). This will lead to only a small
error for the calculations of stiffness and deformation of a structural member.

The strain transducers or gauges are set up on the middle segment with pure
bending, the average compressive strain of concrete at the top of the section (εc)
and the average strain of tensile reinforcement (εs) are measured separately during
testing, then the average curvature of the section is calculated by

1

r
¼ εc þ εs

h0
; (13-1)

FIG. 13-1 Bending momentecurvature relation of beam: (a) specimen and measuring

instruments, (b) average strain and curvature, (c) variations of curvature and stiffness
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where r is the average radius of curvature and h0 is the effective depth of the section.
Of course, the average curvature can also be measured by other instruments, e.g.

the curvature transducer (1/r ¼ 8f /s2) or a pair of angular transducers (1/r ¼ (q1 þ
q2)/s).

The typical relation between the bending moment and average curvature (1/r) of
a suitably reinforced concrete beam is shown in Fig. 13-1(c) (similar to Fig. 11-1).
The variation of the curve (M�1/r) represents the mechanical characteristics of the
beam in different stages, which have been introduced above (Section 11-1). Two
geometrical contraflexure points can be found on the curve. Soon after the beam
is cracked (M > Mcr), the curvature increases and the slope of the curve decreases
suddenly, and the curve turns obviously. Afterwards, the crack develops stably as
the bending moment increases, and the curvature increases slower and the slope
of the curve increases again, so the contraflexure point (1) appears. When the tensile
reinforcement is approaching yielding, the curvature accelerates and the slope of the
curve decreases quickly again, so the contraflexure point (2) is formed.

The deflection at mid-span of the beam is also measured during testing, the
bending moment (or load)edeflection (M�w) curve plotted is similar to the bending
momentecurvature (M�1/r) curve, but the slope of the former varies less and the
former turns less near the cracking and yielding moments (Mcr, My).

According to The Strength of Materials, the relation between curvature and
bending moment of a section of a structural member is derived:

1

r
¼ M

EI
¼ M

B
(13-2)

where B ¼ EI is the flexural stiffness of a section of elastic material, E is the elastic
modulus of the material, and I is the inertia moment of the section.

The bending momentecurvature relation of a reinforced concrete member is
non-linear, and the secant and tangent values of average flexural stiffness can be
calculated separately from the Me1/r curve:

Bs ¼ M

1=r
and Bt ¼ dM

dð1=rÞ: (13-3)

They vary with the bending moment as shown in Fig. 13-1(c).
Before cracking of concrete, the whole section of the reinforced concrete mem-

ber works with small stress (strain), similar to an elastic material. The flexural stiff-
ness of the section is B0 ¼ EcI0, where Ec is the elastic modulus of concrete and I0 is
the inertia moment of the converted section.

The secant stiffness of a member is Bs ¼ B0 before cracking of concrete, and
it reduces monotonically after concrete cracks as the bending moment is increased.
The secant stiffness reduces quickly when the cracking and yielding moments
(Mcr,My) are just reached, i.e. the concrete is cracking and the tensile reinforcement
is yielding respectively, but it is relatively stable between the two bending moments
(Mcr/My). The secant stiffness is rather low after the reinforcement is yielded
(>My) and reduces continuously when the bending moment reaches the
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ultimate value (Mu) and enters into the descending branch, although it is always
greater than zero.

The tangent stiffness of a member is also Bt ¼ B0 before cracking of concrete but
reduces sharply after concrete has cracked. There are two extreme values between
the cracking and yielding moments (Mcr/My), and they respectively correspond
to the two contraflexure points on the Me1/r curve. The tangent stiffness reduces
quickly again after yielding of the reinforcement and reaches Bt ¼ 0 at the ultimate
moment (Mu), and it becomes a negative value when the bending moment enters into
the descending branch. In all situations, Bt � Bs is always held.

The bending moment at a different section of a reinforced concrete beam under
load is variable, and the stiffness or curvature at the section varies correspondingly
(Fig. 13-2). As the bending moment at the section increases with the load, the stiffness
of the section and, then, its distribution along the span vary as well. Therefore, if the
deformation of the beam is to be calculated accurately, non-linear distribution of the
stiffness and its variation have to be considered. The general method for it is as below.

If the flexural curve of a beam is w(x), the mathematical expression of the
curvature is approximately: �

1

r

�
x

z
d2wðxÞ
dx2

; (13-4a)

FIG. 13-2 Flexural curve and stiffness distribution of a beam
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according to its definition. After Eq. (13-2) is substituted, the first and second order
of integration of the equation give the deformations, i.e. angular rotation and deflec-
tion respectively, of the beam:

q ¼ dw

dx
¼
Z �

1

r

�
x

dx ¼
Z

Mx

Bx
dx (13-4b)

w ¼
ZZ �

1

r

�
x

dx2 ¼
ZZ

Mx

Bx
dx2: (13-4c)

When the load and support conditions of a beam and the shape and material
behavior of its section are known, the variations of the bending moment (Mx) and
stiffness of the section (Bs) can be determined correspondingly, the deformation
values can be obtained after integration of the equation. Generally, the beam is
divided into several elements and the digital integration is conducted, because the
stiffness of the section varies non-linearly.

13.2 Calculation of sectional stiffness
When the shape, size, and reinforcement of the section and the stressestrain rela-
tions of the concrete and reinforcement are known in advance, the complete bending
momentecurvature curve can be calculated by the general analysis method (see
Section 11.3) then the variable regularity of the sectional stiffness is known completely.
The calculated result is accurate but has to be achieved through computing, so the
method is usually used only for the structural analysis along the loading history.

The relevant problems that happen frequently in engineering practice are: e.g.
checking the deflectionof amemberunder service load, providing the sectional stiffness
of the members for mechanical analysis of a statically indeterminate structure. Gener-
ally, the stiffness and deformation of the structuralmember are not necessary to analyze
along the loading history, but only a simple calculation is needed for these situations.

The characteristics of the calculation are: the concrete crack exists in tension
zone but the tensile reinforcement is not yielded yet, i.e. Mcr < M < My; the rein-
forcement and surrounding concrete between adjacent cracks are bonded locally,
and tension stiffening results; the hypothesis of plane section is used for the average
strain of the material on section. However, various methods suggested show different
ways and formulas for calculation.

13.2.1 Effective moment of inertia
In the early stage of the application of a reinforced concrete structure, the mature
method and formulas for homogeneous elastic material were used for design and
calculation of the strength and deformation (stiffness) of it. In principle, the reinforce-
ment on the section is converted into the concrete on the same section, based on the
ratio between the elastic moduli of both materials. Then, an equivalent section of ho-
mogeneous material (concrete) is obtained, and the calculation formulas are easily

334 CHAPTER 13 Flexural Stiffness and Deformation



established for various purposes. This principle and method are still used now for
some situations of calculation or design of concrete structure, e.g. before cracking
of a prestressed concrete structure, stiffness analysis, checking fatigue strength [2-1].

The converted sections before and after appearance of the concrete crack on ten-
sion zone of the flexural or eccentrically compressed (tensed) member are obviously
different (Fig. 13-3) and should be calculated separately.

13.2.1.1 Inertia moment of converted section before cracking of concrete
The concrete of a whole section works in compression or tension before cracking of
the member. If the area of the tensile reinforcement is As, its converted area is nAs

and n is the ratio between the elastic moduli of both materials (n¼ Es/E0, Eq. (8-6)).
Therefore, an additional area (n� 1) As should be attached to the section at the same
depth of the reinforcement, besides its initial area (As). The stress on the converted
area of the reinforcement is the same as the stress of the concrete at the same depth
(εsE0). Then, the converted section of unique concrete is mechanically equivalent to
the original section of reinforced concrete.

The total area of the converted section is then

A0 ¼ bhþ ðn� 1ÞAs: (13-5)

The compressive depth (x0) is determined by the condition of equality in area
moments of compression and tension zones against the neutral axis:

1

2
bx20 ¼

1

2
bðh� x0Þ2 þ ðn� 1ÞAsðh0 � xÞ;

and x0 ¼
1
2 bh

2 þ ðn� 1ÞAsh0

bhþ ðn� 1ÞAs
(13-6)

is obtained. The inertia moment of the converted section is

I0 ¼ b

3

h
x30 þ ðh� x0Þ3

i
þ ðn� 1ÞAsðh0 � x0Þ2 (13-7)

and the stiffness of the section before cracking of concrete is

B0 ¼ E0I0: (13-8)

FIG. 13-3 Converted sections before and after cracking of concrete: (a) initial section,

(b) before cracking, (c) after cracking
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These geometrical characteristics of the converted section (A0, x0, I0) can be used
not only for the calculations of stiffness and deformation of the member, but also for
checking the cracking (e.g. Eq. 12-8) and fatigue strength (see Section 17.4) of the
member.

13.2.1.2 Inertia moment of converted cracked section
The concrete on the tension zone of the cracked section is assumed to be totally out
of work and only the reinforcement there carries tensile force on the section, after
the member is cracked. When the converted area of the reinforcement (nAs) is
placed on the same depth (h0), the converted section of unique concrete is obtained
(Fig. 13-3(c)).

The compressive depth of the converted cracked section can be determined
similarly:

1

2
bx2cr ¼ nAsðh0 � xcrÞ;

and xcr ¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n2m2 þ 2nm
p

� nm
�
h0 (13-9)

is solved, where n ¼ Es/E0 and m ¼ As/bh0.
Then, the inertia moment1 and stiffness of the cracked section are respectively:

Icr ¼ 1

3
bx3cr þ nAsðh0 � xcrÞ2 (13-10)

and Bcr ¼ E0Icr: (13-11)

Obviously, they are the minimum values of the section among all the sections of
the beam, and also the minimum values of the cracked section before yielding of the
reinforcement (Mcr < M < My).

13.2.1.3 Effective inertia moment
The sectional stiffness and inertia moment of a reinforced concrete beam reduce as
the bending moment increases. The stiffness before cracking of concrete (E0I0) is the
upper bound, and the lower bound appears after the reinforcement yielded and the

1In the early application of reinforced concrete structure, its member is designed following the concept
of allowable stress of the material. The allowable stresses for tensile reinforcement and compressive
concrete are respectively [fy/ks] and [fc/kc], where ks and kc are correspondingly the safety factors for
the strengths of both materials. In order to guarantee safety of the structure, the formulas fitting for
elastic material are used to calculate the stresses on its section, which are compared with the allow-
able stresses separately:

ss ¼ nMðh0 � xcrÞ
Icr

�
�
fy
ks

�
and sc ¼ Mxcr

Icr
�
�
fc
ks

�
:
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tensile concrete being totally out of work. The bending momentecurvature relation
is relatively stable and the stiffness value (Bs, Fig. 13-1(c)) varies less during the ser-
vice stage (M/Mu ¼ 0.5e0.7), so they may be calculated approximately in the engi-
neering application.

The simplest way used widely in the past is that the average stiffness of section of
a structural member is taken as a constant, e.g.

B ¼ 0:625 E0I0: (13-12)

This is also used now for analysis of the internal forces of a statically indetermi-
nate structure.

When the deflection of a structural member (M > Mcr) is calculated, the design
code of the USA [2-11,13-2] suggests that the effective inertia moment of its section
is interpolated between I0 and Icr:

Ieff ¼
�
Mcr

M

�3

I0 þ
"
1�

�
Mcr

M

�3
#
Icr � I0: (13-13)

In the formula, I0 can also be calculated by the gross section of the concrete
without considering the area of the reinforcement in it. The effective inertia moment
calculated varies with the bending moment as shown in Fig. 13-4.

13.2.2 Analytical method for stiffness
After the segment of pure bending (without shear force) of a reinforced concrete
beam is cracked and enters into the stably developing stage of crack under
bending moment, the spaces between the cracks tend to be approximately uni-
form. The actual strains of every section distribute non-linearly and the neutral

FIG. 13-4 Effective inertia moment calculated
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axis is waved due to the influence of the cracks (Fig. 13-5(a)), and the minimum
of the compressive depth (xcr) appears at the cracked section. Therefore, the distri-
butions of the compressive strain of the concrete at the top and the tensile strain of
the reinforcement are also waved (Fig. 13-5(b)), and the average strains are εc and
εs respectively and the maximum strains of them (εc and εs) appear at the cracked
section as well.

The calculation formula for the average sectional stiffness of a structural member
can be derived following the procedures below [12-6,12-10,13-3]:

1. Geometrical (deformation) condition. It is demonstrated experimentally that
the average strain on the section still agrees with linear distribution (Fig. 13-5(c)),
the distance from the corresponding neutral axis to the top is x and the average cur-
vature of it can be calculated by Eq. (13-1). In the equation, the average strain of the
concrete can be approximately taken as εc ¼ εc because the compressive strain of
the concrete varies less in the longitudinal direction, while the average strain
of the tensile reinforcement is taken as

εs ¼ jεs; (a)

where j is the non-uniformity coefficient of tensile strain of the reinforcement
between adjacent cracks and can be calculated by Eq. (12-24b).

2. Physical (constitutive) relations. The stress distribution on the cracked section
during the service stage of the member is shown in Fig. 13-5(d), and the compressive

FIG. 13-5 Calculation of average stiffness of section: (a) cracks and neutral axis,

(b) longitudinal distributions of strains, (c) average strains, (d) stresses on cracked section,

(e) composite coefficient for average strain of compressive concrete [13-3]
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stress of the concrete at the top and the tensile stress of the reinforcement can be
calculated separately by Eqs (8-3) and (8-2):

8<
:

sc ¼ εclE0zεclE0

ss ¼ εsEs ¼ εs

j
Es

or

8>><
>>:

εc ¼ sc

lE0

εs ¼ jss

Es

(b)

3. Mechanical (equilibrium) equations. Neglecting the stress of the concrete on
the tension zone, the equilibrium equation is then established for the cracked
section:

M ¼ uscbxcrhh0 sc ¼ M

uhxcrbh0

M ¼ ssAshh0 ss ¼ M

hAsh0

9>>=
>>;; (c)

where u is the integrality coefficient of stress block on compression zone, and h is
the coefficient for lever arm on cracked section.

After Eqs (b) and (c) are substituted successively into Eq. (13-1), the average cur-
vature of the section is obtained:

1

r
¼ jM

hEsAsh
2
0

þ M

luhxcrE0bh
2
0

¼ M

EsAsh
2
0

2
4j
h
þ nm

luh
�
xcr
h0

�
3
5: (13-14a)

Therefore, the average stiffness (secant value) of the section is then

B ¼ M

1=r
¼ EsAsh

2
0

j
h
þ nm

luhðxcr=h0Þ
; (13-14b)

where As, Es, h0, m ¼ As/bh0, and n ¼ Es/E0 are definite values for a known member.
However, the values of other parameters, including j, h, l, u, and xcr/h0, vary with
the bending moment and have to be determined in some other ways.

The coefficient j among them can be calculated by Eq. (12-24b).
As the level of bending moment of a member is about M/Mu ¼ 0.5e0.7 and

the crack develops relatively stably under service load, the coefficient for the lever
arm on the cracked section varies less and usually ranges between h ¼ 0.83e0.93.
And, the larger the reinforcement content, the smaller the coefficient value, the
average of it is taken approximately for calculation of the sectional stiffness of
the member:

h ¼ 0:87: (13-15)

Other parameters are gathered up (luh(xcr/h0)) in Eq. (13-14) and do not appear
independently, which is called the composite coefficient for the average strain of
compressive concrete. Its value decreases as the bending moment increases, but is
relatively stable under service load (M/Mu ¼ 0.5e0.7). According to the experimental
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results (Fig. 13-5(e)), it depends mainly upon the reinforcement content and the
regression formula obtained is

nm

luhðxcr=h0Þ ¼ 0:2þ 6nm (13-16)

for the beam of rectangular section. And, the right side of the equation should be 0.2þ
6nm/(1 þ 3.5g1) for the beams of doubly reinforced (where g1 ¼ ðn� 1ÞA0

s=bh0
and A0

s being the area of the compressive reinforcement) and T or I shape sections
(where g1 ¼ (bf � b)hf/bh, and bf and hf being the width and thickness respectively
of the compressive flange).

After Eqs (13-15) and (13-16) are substituted into Eq. (13-14(b)), the calculation
formula for the average sectional stiffness of a beam is finally:

B ¼ EsAsh
2
0

1:15jþ 0:2þ 6nm
: (13-17)

WhenM ¼Mcr is taken, j ¼ 0 is obtained from Eq. (12-24a), and the maximum
value of the average stiffness should be

B0 ¼ EsAsh
2
0

0:2þ 6nm
: (13-18)

Therefore, the relative stiffness (B/B0) varies with the bending moment or j and
the theoretical curve is shown in Fig. 13-6.

13.2.3 Modification of tension stiffening
The constitutive model of bending momentecurvature of a structural member
(Fig. 13-7) is directly given in the CEB-FIP Model Code [2-12], and three basic
stiffnesses are separately introduced:

FIG 13-6 Sectional stiffness varying with bending moment
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1. Before cracking of concrete in tension zone (M � Mcr)

M

1=r1
¼ B1 ¼ EI0; (13-19a)

2. After tensile concrete is cracked and out of work (M � My)

M

1=r2
¼ B2 ¼ EIcr; (13-19b)

3. After yielding of tensile reinforcement (My < M � Mu)

B3 ¼ Mu �My

1
	
ru � 1

	
ry
; (13-19c)

where I0 and Icr are calculated respectively by Eqs (13-7) and (13-10) and the cur-
vatures at yielding of the tensile reinforcement and ultimate bending moment are
separately:

1

ry
¼ εy

h0 � xy
and

1

ru
¼ εc

xu
; (13-20)

where εy is the strain of tensile reinforcement at yielding, εc is the the maximum
strain of compressive concrete at the ultimate state of the member, and xy, xu are
the depths of compression zones at yielding and ultimate moments.

Considering the influences of shrinkage and creep of the concrete, non-uniform
bond condition along the reinforcement, and variations of the loads, the cracking
moment of the member is possibly lower than the calculated value (Mcr) and a modi-
fying factor (

ffiffiffiffiffi
bb

p
) is introduced: ffiffiffiffiffi

bb
p

¼
ffiffiffiffiffiffiffiffiffiffi
b1b2

p
; (13-21)

FIG. 13-7 Constitutive model for bending momentecurvature [2-12]
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where b1 ¼ 1.0 or 0.5 respectively for the deformed or plain reinforcement, b2 ¼ 0.8
or 0.5 respectively for the situation of the first loading or for the repeated loading or
sustained load.

The average sectional curvature of a structural member is shown as a solid curve
in Fig. 13-7, considering the effect of the tension stiffening of concrete (see Section
8.2.4). When the bending moment is divided into three stages, the average curvature
can be calculated separately:

1. When M <
ffiffiffiffiffi
bb

p
Mcr (before cracking of concrete)

1

r
¼ 1

r1
¼ M

EI0
(13-22a)

2. When
ffiffiffiffiffi
bb

p
Mcr � M < My (after cracking of concrete but before yielding of

reinforcement)

1

r
¼ 1

r2
� 1

rts
; (13-22b)

where 1
rts

modification of curvature after considering the effect of tension stiffening:

1

rts
¼ bb

�
1

r2r
� 1

r1r

�
Mcr

M
: (13-23)

In the equation, the curvatures just before and after cracking of concrete (M ¼
Mcr) are separately:

1

r1r
¼ Mcr

EI0
and

1

r2r
¼ Mcr

EIcr
: (13-24)

After Eq. (13-24) is substituted into Eq. (13-23), Eq. (13-22b) becomes as below:

1

r
¼ M

EIcr
� bb

�
Mcr

EIcr
�Mcr

EI0

�
Mcr

M
: (13-22b)

3. WhenMy �M �Mu (after yielding of reinforcement but before ultimate state):

1

r
¼ 1

ry
� bb

�
Mcr

EIcr
�Mcr

EI0

�
Mcr

M
þ 1

2

M �My

Mu �My

 
1

ru
� 1

ry

!
: (13-22c)

13.3 Calculation of deformation
13.3.1 General method
After the relation between bending moment and average curvature (Me1/r) or the
variation regularity of average stiffness (B) of the section is obtained by various
methods, the non-linear deformation of the structural member with variable stiffness
can be calculated by Eq. (13-4). Usually, the calculation based on the principle of
virtual work is rather simple.
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When the deformation of a beam (Fig. 13-8(a)) is needed, the internal forces on
every section under the loads, including bending moment (Mp), axial force (Np), and
shear force (Vp), are calculated first, and then the corresponding sectional deforma-
tions, i.e. curvature (1/rp ¼Mp/B), axial strain (εp ¼ Np/EA), and shear strain (angle
gp ¼ k Vp/GA), are easily obtained.

It is assumed that a unit virtual load is acted at the place, where the deformation
of the beam is wanted. For example, a unit concentrated load (P¼ 1) or a unit couple
of forces (M¼ 1) is used respectively to find the deflection or angular rotation of the
beam (Fig. 13-8(b)). Afterwards, the internal forces under the virtual load (M; N;
and V) are calculated correspondingly.

According to the principle of virtual work, the work done by the virtual load on the
deformation of the beam should be equal to the total work done by the virtual internal
forces on the corresponding sectional deformations of the beam. Therefore, the for-
mula is established for calculation of the deflection at the mid-span of the beam:

1$wc ¼ S

Z
MMp

B
dxþ S

Z
NNp

EA
dxþ S

Z
kVVp

GA
dx; (13-25a)

or wc ¼ S

Z
M

 
1

rp

!
dxþ S

Z
N


εp

�
dxþ S

Z
V


gp

�
dx: (13-25b)

The second and third items on the right side of the formula show respectively the
deflections caused by the axial force and shear force. Generally, the sectional curva-
ture and deflection of the beam is decreased when the axial compression is acted

FIG. 13-8 Deformation calculation based on the principle of virtual work: (a) bending moment

and curvature, (b) unit virtual load and bending moment
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(Fig. 11-7(b)); the deflection caused by the shear force is negligible before cracking
of the beam; the deflection at mid-span is increased after the inclined crack occurs
near the end of the beam, and it reaches about 30% of the total deflection at ultimate
state. Usually, the deflection of the beam caused by the axial and shear forces during
the service period is possessed of a small fraction of the total deflection and may be
neglected during calculation, so the formula is simplified into:

wcz

Z
M

 
1

rp

!
dx; (13-25c)

where 1/rp is the average curvature of the beam section under load, varying with
bending moment (Mp) diagram, M is the bending moment under unit virtual load
(P ¼ 1).

As two concentrated loads are acted on the beam, the bending moment dia-
gram of the beam is a fold line (Fig. 13-8a). Then, the curvature distribution is
composed of three segments, which are taken correspondingly from the bending
momentecurvature relation (or Me1/r diagram). Because, the bending moment
diagram (M) caused by the virtual load is a straight or folded line (Fig. 13-8(b)),
Eq. (13-25c) can be calculated easily by the multiply method of diagrams as below.
For example, the curvature diagram (1/rp) along the beam is divided into four parts
and the area (Ui) and the position of geometric centre (xi) of every part are deter-
mined in advance, the value of bending moment (yi) at same position (xi) is found
on the bending moment diagram (M) under the virtual load, then Eq. (13-25c) is
equivalent to:

wc ¼
X4
i¼1

Uiyi: (13-26a)

When the angular rotation at support of the beam is calculated, the virtual load
acted there should be a couple of forces and a bending moment diagram of triangle is
obtained (Fig. 13-8(b)). Then, the angular rotation can be calculated similarly by the
same method:

qA ¼
X4
i¼1

Uizi: (13-26b)

If the bending momentecurvature relation of the section is simplified into a fold
line of several segments, the curvature diagram along the beam under the load (1/rp)
is also composed of various fold lines. Then, the multiply method of diagrams is
convenient and the calculation formula can be directly derived.

13.3.2 Practical methods
If it is only checked whether or not the deformation of a structural member is allow-
able, an even simpler method may be used.
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13.3.2.1 Distribution of sectional stiffness
The bending moment of a structural member under load varies along its axis, and the
average curvature or stiffness of the section varies correspondingly and even more
complicatedly (Fig. 13-8(a)). This is the main difficulty for accurate calculation
of deformation of a reinforced concrete member. If the sectional stiffness of a struc-
tural member is taken as a constant, e.g. the minimum stiffness at the section with
the maximum bending moment (Bx ¼ Bmin ¼ const.), the curvature distribution of
the member (1/rp ¼ Mp/Bmin) is certainly similar to the bending moment diagram,
then the deformation of the member can be calculated easily by the principle of vir-
tual work or multiply method of diagrams. Sometimes, the existing formulas for
calculation of elastic deformation of the member with constant section can be
used directly, e.g. the deflection at the center of a simply supported beam under

uniformly distributed load (q N/m) is wc ¼ 5ql4

384Bmin
: This simplification makes the

calculated deformation somewhat larger, but usually no more than 10%, and is
accepted in many design codes [2-1,2-11,2-12].

Generally, positive and negative bending moments exist together within the span
of a continuous beam or frame beam (Fig. 13-9(a)), and various simplifications are
used in different design codes. For example, the beam is divided into several
segments with the same sign of bending moment [2-1], and the sectional stiffness
in every segment is taken as a constant (Fig. 13-9(b)) and usually the minimum stiff-
ness at the section with the maximum bending moment within each segment is used.
Or, the sectional stiffness is taken as a constant within the whole span (Fig. 13-9(c))
[2-11], and the effective inertia moments (Ie1eff ; I

c
eff ; I

e2
eff ) at the section with the

FIG. 13-9 Calculation value for sectional stiffness of continuous member: (a) bending moment

diagram, (b) divisional stiffness, (c) average stiffness
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maximum bending moment within the three segments of same sign are calculated
separately (Eq. (13-13)) first and the average value (Iav) is then used.

If the inertia moments of the sections within position and negative bending
moment segments are considerably different, e.g. a continuous member with T sec-
tion, it is still suggested [13-4] that the sectional stiffness is taken as a constant
within the whole span, but the weighted average of effective inertia moment should
be used and calculated as below:

Iav ¼ Ic

"
1�

�
Me1 þMe2

2M0

�2
#
þ Ie1 þ Ie2

2

�
Me1 þMe2

2M0

�2

; (13-27)

where Me1, Me2 are the bending moments at both ends of the member, M0 is
the bending moment at the center of the member as if it is simply supported
(Fig. 13-9(a)), and Ic, Ie1, Ie2 are the effective inertia moments calculated respec-
tively at the sections of the center and both ends of the member.

13.3.2.2 Deformation under sustained load
Besides the deformation of a structural member occurs instantaneously under action
of the load, it increases gradually as the load is sustained. It is demonstrated exper-
imentally [12-19] that the deflection at the center of a beam increases continuously
under the constant load sustained after six years, although the increasing rate is
limited (Fig. 13-10). It is generally considered that the deflection of a concrete mem-
ber tends to be stable after the load is sustained three years later.

When the load is acted continuously on a structural member, the concrete in the
compression zone creeps, the crack of concrete in the tension zone extends and ex-
pands and more concrete there is out of work, the slip between the reinforcement and
surrounding concrete develops, and the average strain of the tensile reinforcement is
increased. These are the main reasons causing the increase in deformation under sus-
tained load. In addition, the variation of environmental condition and the shrinkage
of concrete also have certain influences. Therefore, the factors determining these
conditions should have influences on the long-term deformation of the member,
such as the raw materials, mixture, and curing of the concrete, concrete age at
loading, reinforcement (especially compressive reinforcement) content, environ-
mental temperature and relative humidity, sectional shape and size.

Many experimental data have been reported at home and abroad for the deflec-
tion of reinforced concrete beam (slab) under sustained load [12-10,13-5,13-6].
However, these data are deviated to a certain extent because of the differences of
the specimens used and the experimental conditions.

If the deflection of a structural member occurring instantaneously under load is
ws and the deflection increases gradually but tends to be stable (wl) as the load is sus-
tained for a long time, the ratio between them is called a magnifying coefficient of
deflection under sustained load:

q ¼ wl

ws
: (13-28)
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The relevant experimental results obtained in China are listed in Table 13-1, and
the values of the coefficient given in the Chinese Code [2-1] are also listed. Gener-
ally, the coefficient is taken as q¼2 for the singly reinforced (As only) beam of rect-
angular section. When the beam is doubly reinforced (As and A

0
s) or there is a flange

in the compression zone, the long-term deflection is decreased because of a reduc-
tion in concrete creep. By contrast, the deflection of the beam with a flange in the
tension zone (section of reversed T shape) is slightly larger under sustained load.

The long-term loading tests of reinforced concrete member are also conducted
abroad, and similar results are reported [13-5e13-8] and the average value give
ranges q ¼ 1.85e2.01. However, a higher reduction rate (Table 13-2) is suggested
for the influence of the compressive reinforcement. In the USA Design Code

FIG. 13-10 Variation of deflection at center of beam under sustained load [12-10]

Table 13-1 Magnifying Coefficient for Deflection Under Sustained Load [12-10]

Sectional
Shape

Singly
Reinforced
Rectangular
Section

Doubly
Reinforced,
Rectangular
Section T Section

Reversed
T Section

Tianjin
University

1.51–1.891

(1.67)2
1.51–1.743 1.70–2.15 1.86–2.40

Southeast
University

1.84–2.20
(2.03)2

1.913 1.89–1.94 2.41–2.65

Design
code [2-1]

2.0 1.64 2.0 1.2 � (value listed
on left side)

Note:
1 age at loading: 168 days,
2 average value,
3 m0/m ¼ 0.44 – 1.0,
4 used for m0/m ¼ 1 only, or the interpolation should be used and w ¼ 2.0 is taken for m0 ¼ 0.
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[2-11], the ratio between the deflections after five years under sustained load and
occurring instantaneously is suggested as

q ¼ 2:4

1þ 0:5p0
; (13-29)

where p0 ¼ A0
s=bh0 is the area ratio of compressive reinforcement.

Besides the practical calculation methods introduced above, the maximum
spanedepth ratio (l0/h) [2-1,13-1] or the minimum sectional depth (h) [2-11] of
the structural member, for which the stiffness (or deformation) requirement of the
member is satisfied without checking calculation, is generally provided in the design
code.

Table 13-2 Reduction of Magnifying Coefficient of Deflection for Compressive

Reinforcement [13-8]

m0/m 0 0.5 1.0

Reference [13-5] 1 0.64–0.76 (0.69) 0.47–0.76 (0.56)

Reference [13-6] 1 0.77–0.82 (0.80) 0.71–0.81 (0.78)

All experimental data 1 0.64–0.82 (0.72) 0.47–0.81 (0.64)

Note: the figures in the parentheses show the average value.
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14.1 Failure pattern and strength of beam without web
reinforcement

Beam and column are used most widely in engineering practice and the main inter-
nal forces in them are axial force (N) and bending moment (M), which dominate the
strength, deformation, cracking of concrete, and section size of them (Chapters
10e12). In addition, shear force is another important internal force and always exists
together with bending moment (V ¼ dM/dx) in the member. Generally, shear
strength of the member is checked or the web reinforcement is designed only after
the section is known in advance. However, shear force may be the dominant factor
for sectional design in some situations, e.g. beam with smaller span-depth ratio,
beam with thin web, shear wall in a tall building.

When a member is shear dominated, the stress state and mechanical behavior of
it are more complicated than that of the flexural and compressive members and show
some characteristics as below.

1. There is no member with pure shear (M ¼ 0) alone, although few sections with
pure shear (Vs 0 butM¼ 0) may be found in the member, e.g. the section near
support of a simply supported beam, the section at turning point between positive
and negative bending moments of a continuous beam. When the segment of a
member is of constant shear, the bending moment there should vary linearly. If
the member is mainly failed due to the inclined crack, this should be influenced
by the bending moment. Therefore, the shear strength of a member is essentially
the strength under shear force and bending moment together.

2. The shear stresses at any position always occur in pairs in two perpendicular
directions, and then a two-dimensional stress state is formed in a member with
shear force.

3. The hypothesis of plane section is not held anymore, even for the member of
elastic material.

4. The stress of the member redistributes obviously and continuously after cracking
of concrete until failure (see Fig. 14-2) and does not fit again the stress distri-
bution of a beam.

5. Usually, the member fails suddenly and is brittle with less ductility.

The mechanical behavior of the reinforced concrete member under the united ac-
tion of shear force and other internal forces has been investigated experimentally and
theoretically for many years at home and abroad [14-1e14-5]. Many results and con-
clusions are achieved and accepted in the relevant design codes, which are used
widely in engineering practice. However, the mechanism and calculation accuracy
of the shear resistance is still not perfect, because of the complicated stress state.

14.1.1 Typical failure pattern (shear-compression)
At first, the typical failure process under the joint action of shear force and bending
moment is carefully examined for a simply supported beam of rectangular section
reinforced with tensile reinforcement only (without web reinforcement) (Fig. 14-1).
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As two concentrated loads are symmetrically acted on the beam, the shear force at
any section between the support and load is a constant (V ¼ const.) and the bending
moment there varies linearly. This segment is called a shear-bending one, and its
length is called shear-span (a) and the ratio between the shear span and the effective
depth of the section is called the shearespan ratio (l ¼ a/h0).

According to The Strength of Materials, the two-dimensional stress state existing
in the shear-bending segment (Fig. 14-1(b)) can be calculated simply as below: the
horizontal normal stress distributes linearly on the vertical section and its value
(sx ¼ My/I) depends upon the bending moment and the distance to the neutral
axis; the shear stress on the vertical section (s ¼ VS/bI) distributes as a parabolic
curve of second order. Of course, this is the simplified analyses for a beam of elastic
material, and also fits the reinforced concrete beam before cracking. In addition,
vertical normal stresses (sy), generally compressive stress, are formed locally and
non-uniformly under the concentrated loads and near the supports.

Knowing the stress distributions (sx, sy, s) within the shear-bending segment,
the values and directions of the principal stresses (s1, s3) at any point there can be
easily calculated, e.g. by the Mohr circle method, and their loci are then
plotted (Fig. 14-1(c), (d)). If the load position or the shearespan (a), i.e. the ratio
between bending moment and shear force (M/V ¼ a), is changed, the relative
values between the stresses sx, sy, and s within the shear-bending segment varies

FIG. 14-1 Stress distribution on shear-bending segment: (a) specimen and internal forces, (b)

sectional stress distribution (elasticity), (c) stress states and principal stresses, (d) loci of

principal stresses
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correspondingly, and various failure patterns with different ultimate strength will
appear successively.

When a beam of medium shear-span (l ¼ a/h0 ¼ 1e3) is loaded continuously,
the characteristics of stress state, deformation, cracking, and failure of the beam un-
der shear force and bending moment are shown apparently (Fig. 14-2). In the early
stage of loading, the stress in the beam is rather low and no crack appears in the con-
crete, the strain distribution on sections IeI and IIeII approximates to the hypoth-
esis of the plane section and the stress state in the beam approximates to that
obtained from elastic analysis, and the tensile stress of the reinforcement on the sec-
tion varies proportionally with the bending moment diagram.

The tensile crack appears first on the middle part, i.e. the pure bending segment
(shear force V ¼ 0), of the beam when the load reaches P1. The bending moment in
the shear-bending segment increases with the load, the flexural (tensile) crack ap-
pears there near the bottom and is perpendicular to the beam axis when the load rea-
ches P2. The crack gradually extends upwards with reducing slope as the load
increases, and it is approximate to the locus of the principal compressive stress or
is perpendicular to the direction of the principal tensile stress. This kind of crack

FIG. 14-2 Strain and stress distributions within shear-bending segment [14-6,1-1]: (a)

development of crack, (b) distributions of normal strain on sections, (c) distribution of tensile

stress in longitudinal reinforcement
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is called a flexural-shear crack. However, the strain distributions on the sections IeI
and IIeII are still approximate to the hypothesis of plane section.

When the load is increased to P3 and P4 successively, the new flexural-shear
crack occurs while the existing crack extends upwards with reducing slope, and
some cracks may pass through section IIeII. In the meantime, an inclined crack
of about 45� appears on the middle depth and about h0 apart from the support,
and it is called shear crack in web. At this time, the strain of concrete in the lower
part of section IIeII turns from tensile to a compressive one and the whole section is
totally compressive, but the maximum compressive stress still exists at the top. Rela-
tive slip between the reinforcement and surrounding concrete occurs locally after the
flexural-shear crack passes through, so the tensile stress of the reinforcement there is
increased suddenly and is approaching that in the pure bending segment. Therefore,
the longitudinal distribution of the reinforcement stress within the shear-bending
segment turns from a triangle, which is similar to the bending moment diagram
there, to a trapezoid, which is not again the stress state of a beam analyzed
elastically.

When the load is increased further to P5 and P6, the flexural crack in the pure
bending segment is stagnated, while the flexural-shear crack in the shear-bending
segment extends continuously upwards with reducing slope and the shear crack in
web develops both upwards with reducing slope and downwards with increasing
slope. When the upper end of the shear crack reaches underneath the loading plate
and the lower end of it intersects perpendicularly with the tensile reinforcement, the
critical inclined crack is then formed. The shape of these inclined cracks is consis-
tent with the locus of principal compressive stress of the beam. At this time, the
maximum compressive stress on sections IeI and IIeII moves downwards, and
the compressive stress at the top decreases obviously and even turns into a tensile
one. The tensile stress of the longitudinal reinforcement is still low within a small
length near the support, but the stress in another part of the shear-bending segment
is approaching that in the pure bending segment with the maximum bending
moment, and the stress of the reinforcement at the intersection between it and the
critical inclined crack is even higher. It demonstrates that the load on the beam is
transferred to the support via the curved compression lines, and the mechanical con-
dition of the beam changes into several tied arches with variable section (Fig. 14-3).

When the load is increased further, the widths of these cracks are increased
continuously but their number and shape do not change again. Finally, the compres-
sion zone near the loading plate and sectional top is reduced seriously, the concrete
there reaches its biaxial compressive strength and then fails under the together action
of normal (sx, sy) and shear (s) stresses, and the horizontal cracks and failure zone
are formed there. The lower end of the critical inclined crack near the reinforcement
widens suddenly, and the horizontal tearing crack appears on the upper surface of the
reinforcement. This kind of typical failure pattern is called a shear-compression one.

This kind of failure pattern of a beam can be simulated as a set of tied arches of
variable section (Fig. 14-3(a)). The compression transferring lines of the main and
secondary arches are consistent with the loci of principal compressive stress, and
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the stress of the tensile tie is divisionally uniform. The main arch should include the
end of the beam, and the cracks may occur near the upper corner at the ultimate state
due to the tensile stress caused by the inclined compression and corresponding ec-
centricity (Fig. 14-3(b)).

According to the equilibrium condition of the main arch at ultimate state, the
main components of the shear strength (Vu), i.e. ultimate reaction at the support,
of a reinforced concrete beam without web reinforcement are: shear resistance of
the concrete above the upper end of the critical inclined crack (Vc), interaction be-
tween the aggregates on both sides of the crack (Vi), and the transverse resistance or
dowel action of the longitudinal reinforcement (Vd). These three components share
the total ultimate strength and are about 20e40%, 33e50%, and 15e25% respec-
tively for a beam of rectangular section [13-2].

14.1.2 Failure patterns of inclined compression and tension
When the load position or shear span (a) is changed, different failure patterns
(Fig. 14-4) will appear for the beam of the same size and materials. It means that
the failure pattern on the end part of the beam depends mainly upon the relative
value between the shear force and bending moment (a ¼ M/V).

14.1.2.1 Failure pattern of inclined compression (short strut)
If the shear span of the beam is small enough or the concentrated load is closed to the
support, e.g. a/h0 < 1, the normal stress in vertical direction (sy) within the inclined
strip between the loading and supporting plates is far greater than the horizontal
normal stress (sx) and shear stress (s) there. And, the direction of the principal
compressive stress there parallels approximately to the linking line between the
concentrated load and reaction at the support. When the load is increased gradually,
an inclined crack appears first on the middle depth of the web and parallels the link-
ing line. Afterwards, the crack extents both upwards and downwards along the same
direction, and some other inclined cracks appear successively nearby. Finally, the
middle part of the web is failed compressively in the inclined direction, and the fail-
ure pattern and mechanical model are consistent with that of an inclined short strut
under the action of axial compression.

FIG. 14-3 Mechanical characteristics of shear-bending segment near support: (a) arch action,

(b) main arch and shear components, (c) secondary arch
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14.1.2.2 Failure pattern of inclined tension
When the shear span of a beam is long enough (3 < a/h0 < 5e6) and the concen-
trated load is far away from the support, the normal stress in the vertical direction
(sy) there has a slight influence on the web. After the beam is loaded, the tensile
crack appears first on the lower part of the pure bending segment, i.e. the middle
part of the beam, and extents vertically. After the inclined shear crack of 45� slope
occurred on the web of the shear-bending segment near the support, it extents
quickly both upwards with reducing slope until shearing off the beam top and down-
wards with increasing slope until the tensile reinforcement and beam bottom. As the
part of the beam beneath the inclined crack, together with the reinforcement, moves
downwards under action of the load, the concrete cover near the beam end is torn
away along the upper surface of the reinforcement (Fig. 14-4(c)). The inclined crack
is dominated by the principal tensile stress of the beam and causes breaking in ten-
sion of concrete (see Section 5-3) and final beam failure.

The failure patterns of a reinforced concrete beam under shear force and bending
moment transit successively from the inclined compression, and shear-compression
to inclined tension as the shear span is increased. However, if the shear span is even
longer, e.g. l > 6, the failure of the beam is dominated by the bending moment only
and the flexural failure pattern (Fig. 11-2) is formed in the pure bending segment,
although the flexural-shear crack and shear crack in the web still occur in the
shear-bending segment (shear span).

In addition, other failure patterns will occur in some special situations, for
example: bond failure occurs near the end of the tensile reinforcement because of
bond or anchorage default and excessive stress in the reinforcement caused after
appearance of the inclined crack (Fig. 14-2(c)); local compressive failure occurs

FIG. 14-4 Main failure patterns on beam end under shear force and bending moment: (a)

inclined compression, (b) shearecompression, (c) inclined tension
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in concrete near an extremely small area of the loading or supporting plate; splitting
failure occurs in the shear span of very small length. These failure patterns are un-
usual for the beam under shear force and bending moment, and they should be
avoided in engineering practice by taking proper measures.

The measured shear force (load)edeflection curves of the beams are shown in
Fig. 14-5. The beam with small shearespan ratio fails suddenly in the failure pattern
of inclined compression, its ultimate shear force (Vu) is rather high but with small
deformation, so the curve has a sharp peak. The beam with medium shearespan ratio
fails gradually and experiences successively the cracking of concrete, formation of
critical inclined crack, and crushing of concrete near the top, so the deformation at
ultimate state is relatively great. The beam with larger shearespan ratio fails sud-
denly without warning although the deflection at mid-span is not small due to longer
flexural span, because the failure is controlled by the tensile strength of the concrete.

14.1.3 Ultimate shear strength
When a reinforced concrete beam without web reinforcement is acted under the
concentrated load, its ultimate strength under shear force and bending moment de-
pends upon many factors, among them the main ones are the shearespan ratio,
strength of concrete, and content of longitudinal reinforcement.

14.1.3.1 Shear-span ratio (l ¼ a/ h0)
It is explained above that the shearespan ratio of a beam represents the stress state
and relative values between various stresses on the failure zone, i.e. the shear-
bending segment, near the end of the beam. When the shearespan ratio is increased,
the ultimate strength (Vu/bh0) reduces quickly (Fig. 14-6), as the failure pattern turns

FIG. 14-5 Shear forceedeflection curves [1-1]
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gradually from the inclined compression one under the control of compressive
strength of the concrete to the shearecompression one under the control of compres-
sion on the top zone and aggregate interaction along the inclined crack. When the
shearespan is increased further, the failure pattern turns again to the inclined tension
one under the control of the tensile strength of the concrete, so the ultimate strength
is rather low and varies slightly.

If the shearespan ratio of the beam is even greater, the beam will fail in the flex-
ural pattern in the middle part of the span, while the end part or the shear-bending
segment will not fail again. When the ultimate bending moment of the beam is Mu

(Chapter 11), the corresponding reaction at support, i.e. shear force at the section
near the support, depends upon the shear span (a):

Vm ¼ Mu

a
:

This can be modified into:

Vm

fcbh0
$
a

h0
¼ Mu

fcbh
2
0

¼ const:; (14-1)

and is shown as a hyperbola (dashed curve) in Fig. 14-6. The hyperbola intersects
with the solid curve, which represents the failure under shear force and bending
moment together, at the point of boundary of the shearespan ratio (Vu ¼ Vm):

lb ¼ Mu

Vuh0
; (14-2)

where Vu is the ultimate strength under shear force , e.g. Eq. (14-5). Therefore the
beam fails under shear force if l < lb, while the beam fails under bending moment
if l � lb.

FIG. 14-6 Influence of shearespan ratio on ultimate strength: (a) reference [1-1], (b)

reference [14-7]
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14.1.3.2 Strength of concrete
The final failure of a beam under shear force is dominated by crushing or breaking of
the concrete, so the ultimate strength varies certainly with the strength of the con-
crete. As the beam with different shearespan ratios fails in different patterns, its
strength depends respectively upon compressive or tensile strength of the concrete,
and the increasing rate of the strength (slope of the lines in Fig. 14-7) are obviously
different, when the strength grade of the concrete (fcu) used is increased.

The beam with smaller shearespan ratio (l < 1) fails in the pattern of inclined
compression which depends upon the compressive strength of concrete (fc), so its
ultimate strength (Vu) increases proportionally with the cubic strength of concrete
(fcu). The beam with larger shearespan ratio (l > 3) fails in the pattern of inclined
tension which depends upon the tensile strength of concrete (ft), so its ultimate
strength (Vu) increases slowly with the cubic strength of concrete. The beam with
medium shearespan ratio (l ¼ 1e3) fails in the pattern of shearecompression
which depends upon both the compressive strength of the concrete near the beam
top and the aggregate interaction, being nearly the shear or tensile strength of con-
crete, along the critical inclined crack, so the increasing rate of its ultimate strength
is in between the above two.

14.1.3.3 Content of longitudinal reinforcement (m, %)
Beside the transverse fore or dowel action (Vd, Fig. 14-3) is the direct shear resis-
tance of the longitudinal reinforcement, the depth or area of the compression zone
near beam top is increased with content (or area) of the reinforcement, so the ulti-
mate strength of the beam under shear force is elevated indirectly (Fig. 14-8). How-
ever, the dowel action of the reinforcement is limited after the concrete cover near
the beam end is torn off, and the reinforcement has less effect on the beam failed in

FIG. 14-7 Influence of concrete strength on ultimate shear strength [14-5]
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the pattern of inclined tension. Therefore, increasing reinforcement is not an effec-
tive measure for enhancing the ultimate shear strength of the beam.

Moreover, some other experiments show that the average ultimate shear stress
(Vu/bh0) reduces by 21e37% [14-2] when sectional depth of the beam is increased
by 2 or 4 times but with other factors unchanged. The reason for this is that the aggre-
gate interaction along the inclined crack is obviously reduced (see Eq. (14-9)),
because the width of the crack at ultimate state increases with depth of the beam
section.

The discussion and conclusion above are obtained based only on the experi-
mental results of the simply supported beam acted with concentrated load. However,
the beam acted with uniformly distributed load is widely used in engineering prac-
tice, and the mechanical state formed is certainly different: the shear force reaches
the maximum while the bending moment is zero at the section near support of the
beam, and the shear force reduces gradually to zero while the bending moment in-
creases gradually to the maximum, as the section moves to the mid-span. Compared
with the beam acted with concentrated load, the beam acted with uniformly distrib-
uted load does not have a shear-bending segment with constant shear force (shear
span a), and the maximum shear force and the maximum bending moment will
not happen together at any section. Therefore, the generalized shearespan ratio
(l ¼ Mmax/Vmaxh0 ¼ l/4h0) or the spanedepth ratio (l/h0) is used for the beam to
reflect the relative value between shear force and bending moment.

A series of beams with the same section but different spans are tested under uni-
formly distributed load and also failed respectively in the typical patterns of inclined
compression (l/h0 < 4), shearecompression (l/h0 ¼ 4w9), and inclined tension
(l/h0 ¼ 9w20) (Fig. 14-9(a)). Although the cracking and failure characteristics of
these beams are consistent with that of the beam with concentrated load, the shear
force on the section at the top of the critical inclined crack is not the maximum but

V ¼ Vmax � qs; (14-3)

FIG. 14-8 Influence of reinforcement content on ultimate shear strength [1-2]
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where Vmax is the maximum shear force on the section near support, q is the uni-
formly distributed load, and s is the distance from support to the top of the critical
inclined crack.

The ultimate strength under shear force of the beam acted with uniformly distrib-
uted load (Vu / fcbh0) decreases as the spanedepth ratio increases (Fig. 14-9(b)), and
the ultimate strength decreases quickly when l/h0 < 10 but slowly when l/h0 > 10.
However, the beam of spanedepth ratio l/h0 > 20 will fail in the flexural pattern,
which is controlled by bending moment only.

Other factors, such as position of load, sectional shape, and axial force, also have
important influence on the ultimate shear strength of the beam and they will be dis-
cussed in detail later (Section 14.4).

14.2 Effect of web reinforcement and components of shear
resistance

14.2.1 Effect of web reinforcement
If the ultimate strength of a beam without web reinforcement is not strong enough to
resist the shear force and bending moment caused by the load acted, the transverse
stirrups set in the web are rather effective. In addition, the web reinforcement is
necessary to fix tightly the longitudinal reinforcement during manufacturing of the
member, and it is also helpful to carry the thermal stress and to reduce the crack width
during the long service period. Therefore, the web reinforcement is an essential part
and occupies (15e25)% of the total steel used in the reinforced concrete member.

When the beam reinforced with web reinforcement is tested, the stress in the web
reinforcement is rather low before cracking of concrete, so the web reinforcement

FIG. 14-9 Failure patterns and ultimate shear strength of beams acted with uniformly

distributed load [14-5]: (a) failure patterns, (b) ultimate shear strength
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has less help to elevate the cracking load of the beam. When the beam is approaching
the ultimate state, the stress distribution of every stirrup within the shear span is
measured as shown in Fig. 14-10.

The vertical cracks appear first in the tension zone on the middle of the beam
with larger bending moment as the load is increased, and they parallel with the
web reinforcement and have little influence on its stress. When the load is increased,
the tensile crack extends upwards with reducing slope and the flexuraleshear crack
is then formed in the shear span, and the shear crack in web occurs on the middle
depth near the support and extents both upwards and downwards. After these in-
clined cracks intersect with the web reinforcement, the tensile stress of it increases
suddenly. As the load is increased continuously, the inclined cracks widen and
extend further and new cracks appear there, so the stress in web reinforcement varies
correspondingly. Therefore, the tensile stress distributes non-uniformly in each web
reinforcement, and the stress distribution and value of every web reinforcement in
shear span are different from one another, because the stress at any point depends
upon the position and width of the inclined crack nearby. In addition, the web rein-
forcement near the support possibly carries compressive stress due to the effect of
the reaction there.

The web reinforcement is yielded first at the widest of the inclined crack and it
can not obstruct any more the development of the inclined crack, although its yield
strength (fy) is maintained before failure of the beam. Afterwards, the web reinforce-
ments nearby are yielded successively, and the inclined crack widens along its length
and the aggregate interaction is weakened gradually. Finally, the concrete on the up-
per end of the critical inclined crack is crushed under the compressive and shear
stresses together, and the failure pattern of shearecompression is formed similarly.
Some of the web reinforcement is broken in tension with an obvious neck, which is
found at the widest part of the inclined crack on the failed beam.

FIG. 14-10 Stress (strain) distribution of web reinforcements in shear span [14-8]
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More longitudinal reinforcements are needed to resist the bending moment in
mid-span of the beams of larger span and section, but only part of them has to be
extended into the beam end and well anchored there, so others may be bent up or
cut off appropriately, according to the bending moment diagram. Sometimes, the
bent-up reinforcement enters the upper part of the section and passes through the
support area, and can be used to resist the negative bending moment of a continuous
beam. When the bent-up part of the reinforcement is set up properly and intersects
with the inclined crack, the ultimate shear strength of the beam can be elevated
considerably, because of not only the effect of the bent-up reinforcement itself but
also development of the inclined crack being delayed and confined.

The bent-up reinforcement is also a kind of web reinforcement and acts similarly
with the stirrups. It has less influence on appearance of the inclined crack, and its
stress increases suddenly and distributes non-uniformly along the length, when
the inclined crack passes through. The bent-up reinforcement intersected with the
critical inclined crack may or may not reach the yielding strength depending upon
the position and width of the crack.

Generally, the stirrups are set up perpendicularly with the longitudinal axis and
reinforcement of the member for convenience of its manufacture. However, it can
also be inclined and intersects at an angle of 30e45� with the longitudinal axis,
which is approaching the direction of the principal tensile stress there, so it confines
effectively development of the inclined crack [14-9]. Of course, all the stirrups
should be anchored reliably in the concrete to ensure its strength is being used fully.

The shear resistance of the web reinforcements including stirrups and bent-up
reinforcement is composed of two parts, i.e. shear force carried directly (Vs and
Vb in Fig. 14-11) and the indirect effects as below. They confine the development

FIG. 14-11 Shear resistance of beam with web reinforcements
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of the crack width, and the aggregate interaction (Vi) on the web is strengthened;
they also confine the concrete cover near the beam end being torn off, and the dowel
action (Vd) of the longitudinal reinforcement is increased; both web and longitudinal
reinforcements compose a skeleton and confine the concrete inside. These are favor-
able for increasing the ultimate strength of the beam under shear force.

However, it should be clear that not all the stirrups and bent-up reinforcements
near the beam end or in the shear span reach the yield strength at the ultimate state
of the beam. Actually, the stress of every web reinforcement depends, to a great
extent, upon position, width, and intersecting angle of the inclined crack intersected.
In addition, it is also related to the failure pattern of the beam. For example, the stir-
rup near the support has less influence on the ultimate strength of the beam, if the
pattern of inclined compression has occurred.

14.2.2 Composition of ultimate shear strength
The main components of ultimate strength of the beam under shear force (Fig. 14-11)
are: shear resistance of compressive concrete on the upper end of the critical inclined
crack (Vc), aggregate interaction of the concrete along the crack (Vi), transverse resis-
tance (dowel action) of the longitudinal reinforcement (Vd), and tensile stresses, i.e.
shear resistances, of the stirrup and bent-up reinforcements (Vs, Vb). The values and
relative ratios of these components vary continuously within different stages (Fig. 14-
12) when the load is increased and the cracks are formed and developed. The ultimate
shear strength of the beam is the summation of them:

Vu ¼ Vc þ Vi þ Vd þ Vs þ Vb: (14-4)

FIG. 14-12 Composition of ultimate strength [14-2,1-1]
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The concrete carries almost all the internal forces and the stresses in the longi-
tudinal and web reinforcements are rather low before cracking of the beam (OA in
Fig. 14-12). After the flexural crack appears (V � VA) and then the flexuraleshear
crack is formed (AB), the aggregate interaction of the concrete and the dowel action
of the longitudinal reinforcement on the inclined crack take part in action as well.
When the shearing crack appears on the web and develops, and then passes succes-
sively through the stirrup (�VB) and bent-up reinforcement (�VC), both web rein-
forcements start to work and undertake gradually more shear forces, as the
inclined crack is effectively confined.

When the inclined crack develops continuously as the load is increased, one of
the stirrups there yields first (�VD) and others nearby may yield successively. The
shear resistance of yielded stirrups keep constantly, and also the bent-up reinforce-
ment keeps constant resistance after yielding (�VE). In the meantime, the aggregate
interaction of the concrete reduces as the inclined crack expands widely, but the
dowel action of the longitudinal reinforcement and the shear resistance of the con-
crete on the upper end of the crack increase slightly. Finally, the beam is failed (Vu)
when the concrete on the upper end of the crack reaches its biaxial strength under
compressive and shear stresses together, and the dowel action of the longitudinal
reinforcement acts downwards and tears off the concrete cover near the beam end.

The five components of the beam with web reinforcements share different ratios
of shear resistance, which vary continuously during loading stages and depend upon
strength of the concrete, numbers and positions of the longitudinal and web rein-
forcements. In addition, the position of load (shearespan ratio) or the failure pat-
terns of the beam also have important influence. For example, the beam of longer
shearespan shows longer inclined crack and more stirrups may be passed through,
so they share more the ultimate shear of the beam.

14.3 Calculation of ultimate shear strength
14.3.1 About finite element method
The general method for the sectional analysis (Section 11.3), based on the hypoth-
esis of plane section and uniaxial stressestrain relation of concrete, can not be used
for the beam under the joint actions of shear force and bending moment, because the
biaxial stress state exists especially near the beam end (shear span). In addition, the
theoretical analysis of shear resistance is even more difficult because of various rea-
sons, such as the variety of failure patterns, variations of position and shape of the
inclined crack, variable direction and value of the aggregate interaction of the con-
crete along the inclined crack, complicated bondeslip relationship between longitu-
dinal and web reinforcements and surrounding concrete, variable dowel action of
longitudinal reinforcement, local stresses including vertical normal stress occurring
near support and load.

In principle, non-linear finite element analysis of two dimensions can be used to
analyze and predict accurately the whole process of a reinforced concrete beam
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under shear force and bending moment, including stress distribution, deformation,
appearance and development of crack, failure pattern, and ultimate strength. Actu-
ally, many theoretical analyses and calculation methods have been researched at
home and abroad since the 1960s [14-10,1-3].

Generally, the procedure of finite element analysis includes: type selection of
element, division of element (discretization), determination of constitutive relation
for structural material, establishment of basic equation, and solution of equation se-
ries. When a reinforced concrete structure under shear force and bending moment is
analyzed, some special problems [1-3], which have direct influence on the calculated
accuracy, have to be considered and solved:

1. Bi- or triaxial failure criterion and constitutive relation of concrete (see Chapter
5); failure criterion of reinforcement under axial and transverse (dowel action)
stresses together;

2. Treatment of concrete crack: e.g. single or smeared (uniformly distributed) crack
occurring in an element; re-division element or not after concrete cracks; value
and constitutive relation of aggregate interaction along inclined crack; principle
and calculation of stress release during cracking and crack expending of
concrete;

3. Bond and slip between reinforcement and surrounding concrete: a special
bond element without any volume is usually inserted in between the rein-
forcement element and surrounding concrete, and the physical models, e.g.
springs in bi-directions, inclined springs, or others, and corresponding
bondeslip relations (see Chapter 7) in longitudinal and normal directions,
have to be given.

Various measures and methods are provided for these problems now, and the
theoretical calculation is basically consistent with the experimental result for
some reinforced concrete members. However, the generalized finite element pro-
gram is not available for analysis of any reinforced concrete member with sufficient
accuracy, because of so many influencing factors, complicated stress state, undefined
crack, and variety of failure pattern. Therefore, various constitutive relations and
calculation methods need to be complemented and improved.

Alternately, other methods based on the empiric statistics or simple mechanical
model are used widely in the engineering practice in many countries, as the gener-
alized calculation is rather complicated and not satisfied yet. These methods are
easily used and the safety of the structure calculated is ensured, although the mech-
anism analysis, application scope, and calculation accuracy of them are somewhat
inadequate.

14.3.2 Empirical regression
According to the statistic of 293 specimens of simply supported beam without web
reinforcement tested under concentrated load at home and abroad [14-5], the
ultimate shear strength (Vu) varies mainly with three factors, i.e. shearespan ratio
(l ¼ a/h0), compressive strength of concrete (fc in N/mm2), and content of
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longitudinal reinforcement (m ¼ As/bh0), and the calculation formula obtained from
the regression analysis is

Vu

fcbh0
¼ 0:08

l� 0:3
þ 100m

lfc
: (14-5)

The average ratio between the experimental and calculated values is 1.033 with
the deviation coefficient cv ¼ 0.13.

If these experimental data are presented only as the relation between the ultimate
shear strength and single factor, i.e. shearespan ratio, Fig. 14-13 is plotted and the
expressions of their upper and lower founds are approximately:

Vu;max

fcbh0
¼ 0:5

l

Vu;min

fcbh0
¼ 0:12

l� 0:3

�
> 0:044

�
9>>>=
>>>;
: (14-6)

Considering the beam failing suddenly under shear force and bending moment
together and considerable scatter of the experimental data, the beam should be
designed with more safety than the beam failing under bending moment only, i.e.
shear resistance is stronger than bending resistance. In addition, some unfavorable
conditions, e.g. continuous beam and load acted on web (see Section 14.4), happen
frequently in the engineering practice. Therefore, a formula giving lower ultimate
shear strength is suggested:

Vc

fcbh0
¼ 0:175

lþ 1
: (14-7a)

FIG. 14-13 Ultimate shear strength and its upper and lower bounds [14-5]
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The formula is derived from the experimental results of the beam of lower
strength grade of concrete (�C50). However, the increasing rate of the ultimate
shear strength of the beam is less than that of compressive strength for the higher
grade concrete (C50eC80), but the ultimate strength is approximately proportional
to the tensile strength of the concrete. Therefore, ft ¼ 0.1fc is used and substituted
into the formula, and

Vc ¼ 1:75

lþ 1
ftbh0 (14-7b)

is obtained and introduced into the Chinese Code [2-1] with two limits: when l<1.5,
1.5 is used in the formula and the maximum value of the coefficient in right hand is
0.7; l>3.0, 3.0 is used and the minimum value of the coefficient is 0.44.

As far as the beam without web reinforcement but acted with uniformly distrib-
uted load is concerned, the lower bound of the ultimate shear strength measured in
the experiments (Fig. 14-9(b)) is

Vc

fcbh0
¼ 0:07: (14-8a)

Similarly, fc in the formula is replaced by ft, and the influence coefficient of the
sectional depth (in mm)

bh ¼
�
800

h0

�1=4

(14-9)

is introduced, the formula becomes

Vc ¼ 0:7bhftbh0: (14-8b)

In Eq. (14-9), h0¼ 800 mm or 2000 mm is used respectively if h0 < 800 mm or
>2000mm.

It is also demonstrated experimentally [14-4] that the inclined crack will not
appear generally on the beam without web reinforcement under the service load,
if the ultimate shear strength of it is calculated by Eq. (14-7) or Eq. (14-8).

The shear resistance of web reinforcement should be added to for the beam with
it, which is used more widely in engineering practice. If the area of each stirrup is Asv

with space s (Fig. 14-14) and its tensile strength is fyv, the shear resistance per unit

FIG. 14-14 Calculation of ultimate shear strength of beam with web reinforcement
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length should be Vs/s ¼ Asvfyv/s. And if the area of one bent-up reinforcement is Asb

of tensile strength fy and its bent-up angle is a, the vertical component of its tensile
resistance, i.e. shear resistance, should be Vb ¼ Asbfy sina. Therefore, the total ulti-
mate shear strength of the beam can be calculated separately for different loads:

concentrated load Vcs ¼ 1:75

lþ 1
ftbh0 þ h0

s
Asvfyv þ 0:8Asbfysina; (14-10a)

uniformly distributes load Vcs ¼ 0:7ftbh0 þ 1:25
h0
s
Asvfyv þ 0:8Asbfysina:

(14-10b)

The coefficient 1.25 in the formula is introduced because of not only the
direct shear resistance of the stirrups within projective length of inclined crack
but also the indirect shear resistance due to confinement of the crack width.
The reducing coefficient 0.8 in the formula is considered that the bent-up rein-
forcement does not necessarily reach the yield strength at ultimate state of the
beam, because the inclined crack may intersect it at a different position. Gener-
ally, the ultimate shear strength calculated by these formulas is less than the
experimental one [14-5].

The safety of the beam is ensured after calculation above, if the failure pattern of
shearecompression or inclined tension would occur. However, if the failure pattern
of inclined compression occurs on the web of the beam with a small shearespan ra-
tio (l) or spanedepth ratio (l/h0), the web reinforcement in the beam is not helpful.
In order to increase the inclined compressive strength of the beam, a higher strength
grade of concrete or larger sectional area should be used. Therefore, the minimum
section of the beam has to be satisfied, e.g.

hw � 4b Vu � 0:25fcbh0 or bh0 � Vu

0:25fc

hw � 6b Vu � 0:20fcbh0 bh0 � Vu

0:20fc

9>>>=
>>>;

(14-11)

is suggested in the Chinese code [2-1], where hw is the depth of web on section or
effective depth of rectangular section (h0).

When these formulas are used for the beam of high-strength concrete, another
coefficient (bc) should be introduced in right side of Eq. (14-11). The coefficient
is taken as 1.0 and 0.8 respectively for concretes of grade �C50 and C80, and
the linear interpolation can be used for concrete of grade C50eC80 in the Chinese
Code.

In some other countries, the ultimate shear strength of a reinforced concrete
beam is also calculated based on the regression analysis, but the statistical data, cri-
terion of strength, and expression and parameters of calculation formula used are
different considerably. For example, the shear force corresponding to formation of
the critical inclined crack is used as the failure criterion in the USA Code [2-11],
which is obviously lower than the ultimate strength or the maximum shear force
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at failure of the beam. And, two components, i.e. concrete and web reinforcement, of
shear resistance are also used:

Vu ¼ vðVc þ VsÞ; (14-12)

where v ¼ 0.85 is a reducing factor considering the influences of variations of ma-
terial strength and sectional size and inaccuracy of calculation.

The first component of shear resistance depends upon three main factors in-
cluding

ffiffiffiffi
fc

p
; l; and m, among them cylinder compressive strength (

ffiffiffiffi
fc

p
) repre-

sents the tensile strength of concrete and the others are the same as above:

l ¼ Mu

Vuh0
but � 1:

Then,

Vc ¼ 1

7

� ffiffiffiffi
fc

p þ 120m

l

�
bh0; but � 0:3

ffiffiffiffi
fc

p
bh0 (14-13)

is given for the beams both with and without web reinforcement.
The component of shear resistance contributed by the stirrups and bent-up rein-

forcement is calculated by

Vs ¼ Asvfyvh0
s

þ Asbfysina but � 1

1:5

ffiffiffiffi
fc

p
bh0; (14-14)

in which the symbols used are the same as above.

14.3.3 Simplified mechanical models
14.3.3.1 Beam model
The shear resistance of the reinforced concrete beam was investigated first in Ger-
many (Mörsch [14-1]) in the early 20th century, and the calculation formula was
derived for the nominal shear stress (n) based on the elastic method. The main
concept and design method based on it are still used in some countries. For example,
the main concept is partly reserved in current Chinese Code [2-1], when the fatigue
strength of the beam under shear force is checked.

The mechanical model for calculation is shown in Fig. 14-15. A short piece (length
dx) of the beam is taken into account and bending moments acted on both sides areM
and MþdM, respectively. It is assumed that the normal stress distributes triangularly
on the compression zone of the section, and the normal stress of concrete is neglected
and only the reinforcement is acted on the tension zone. Then, the nominal shear stress
of the concrete on the neutral axis can be obtained from the equilibrium condition

vb dx ¼ ðC þ dCÞ � C ¼ dM

z
;

so v ¼ dM

bz dx
¼ V

bz
(14-15)

where V is the shear force on section, b is the breadth of beam section, and z is the
internal lever arm on section, taking approximately 0.875h0 [2-11].

14.3 Calculation of ultimate shear strength 369



The shear stress at another position can be calculated similarly, and then its dis-
tribution on the section is obtained (Fig. 14-15(b)), i.e. a parabola of second order on
compression zone and constant on tension zone or below neutral axis. Therefore,
both the principal tensile and compressive stresses of concrete below the neutral
axis equal the shear stress but with opposite sign (s1 ¼ n, s3 ¼ -n), and they act
in the directions of �45� respectively with the neutral axis.

The calculation formula can also be derived for the shear resistance of stirrups in
the beam, based on the equilibrium condition (which is similar to that of Eq. (14-17)
but q ¼ 45� and a ¼ 90� are used):

V

bz
¼ Asvfyv

bs
or V ¼ z

s
Asvfyv: (14-16)

Although the formula is similar to the corresponding items in Eqs (14-10) and
(14-17) and the difference between them is the coefficient only, it is unreasonable
however that the shear resistance of concrete is not taken into account again in
this model.

14.3.3.2 Truss model
By end of the 19th century, Ritter (Germany) suggested first the truss model of par-
allel chords for calculation of shear strength of the beam with web reinforcement.
Various modifications [1-1,14-1], e.g. the compressed upper chord being inclined,
the inclination of compressed web bar being adjustable, are provided afterwards.
This kind model is used now in many countries [2-12] because of its advantages:
clear and simple mechanical concept and easy calculation.

The calculation principle of the truss model is shown in Fig. 14-16. It is assumed
that all the bars of the truss are jointed with hinges, the compression zone of concrete
on the top part and the longitudinal tensile reinforcement of the beam are considered
respectively as the upper and lower chords, and the internal level arm is the vertical
distance between both chords. The stirrups and bent-up reinforcements are considered
as the tensed web bars with inclination a and the concrete on web is considered as the
compressed web bars with inclination q, which ranges generally from 18.4� to 45�.

When the internal force in the web reinforcement is calculated, an inclined
section (ab) is assumed to be parallel with the compressed web bar of concrete

FIG. 14-15 Beam model: (a) calculation model, (b) distribution of shear stress on section
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(Fig. 14-16(b)), so the total tensile force (T) of the web reinforcements intersected
acts only on the section and the vertical component is in equilibrium with the reac-
tion at the support, i.e. shear force on the section.

Consequently, the angle between the inclined section and normal plane of the
web reinforcement is

b ¼ qþ a� 90� (a)

and the action length of the web reinforcements is

ac ¼ z

sin q
$cos b ¼ z

sinðaþ qÞ
sin q

; (b)

so the total tensile force of the web reinforcements on the section is

T ¼ Asvfyv
s$sin a

$z
sinðaþ qÞ

sin q
¼ Asvfyvz

s
ðcot qþ cot aÞ: (c)

FIG. 14-16 Calculation of truss model: (a) mechanical model, (b) checking web

reinforcements, (c) checking compressive web bar of concrete
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According to the equilibrium condition of vertical forces,

V ¼ T sin a ¼ Asvfyvz

s
sin aðcot qþ cot aÞ (14-17)

is established and is then converted to a formula for calculation of area of the web
reinforcement needed:

Asv ¼ Vs

fyvz

1

sin aðcot qþ cot aÞ: (14-18a)

If the inclination of the compressed web bar of concrete is taken as q ¼ 45�, the
formula is simplified as

Asv ¼ Vs

fyvz

1

ðsin aþ cos aÞ: (14-18b)

The symbols used in these formulas are the same as above.
Similarly, when the compressive force in the web bar of concrete is calculat-

ed, an inclined section is assumed to be parallel with the web reinforcement
(Fig. 14-16(c)), and

b ¼ aþ q� 90� (d)

and

ac ¼ z

sin a
cos b ¼ z

sinðaþ qÞ
sin a

(e)

are obtained successively. Then, the total compressive force of the concrete web is

C ¼ scwbz
sinðaþ qÞ

sin a
¼ scwbz sin qðcot aþ cot qÞ; (f)

and the equilibrium equation is established

V ¼ C sin q ¼ scwbz sin
2 qðcot aþ cot qÞ: (14-19)

Consequently, the average compressive stress of the concrete web is calculated
and the strength of the concrete is checked as below

scw ¼ V

bz

1

sin2 qðcot aþ cot qÞ � fcd2: (14-20)

However, the compressive strength used for web concrete is reduced, e.g.

fcd2 ¼ 0:6

�
1� fc

250

�
fc (14-21)

is suggested in Reference [2-12], because the stress state there is of biaxial
tensionecompression.

In the truss model above, the upper chord of concrete is assumed to carry compres-
sive force only without shear force, the lower chord of reinforcement is assumed to
carry longitudinal tensile force only without transverse force (dowel action), and
the aggregate interaction is not taken into account. Obviously, these are not satisfied.
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14.4 Various members and mechanical conditions
The structural members in engineering practice are not necessarily like the beams
tested above, which is of rectangular section, simply supported, and acted only
with shear force and bending moment. The experimental results, research conclu-
sions, and calculation methods presented above do not fit other situations, such as
non-rectangular or variable section, load acted not on top of the member, axial force
also acted on the section, both positive and negative bending moments existing
within the shear span. These situations have to be investigated separately and treated
properly, because the stress state is more complicated and no unified theory or
method can be used universally.

14.4.1 Load acted on beam web
Many reinforced concrete beams in various structural systems are actually loaded on
its web at an even lower part (Fig. 14-17) rather than on top like the beam tested
above. For example, the precast slab and the load on it are acting on protruding
flange of the precast beam; the secondary beam in a monolithic structure and the
load on it are transferred to the girder mainly via the uncracked concrete or compres-
sion zone of the section at the end of the secondary beam; the horizontal seismic and
wind loads acted on a shear wall are transferred from top to bottom via the shear
forces distributed continuously along every floor, which corresponds to the depth
of a (cantilever) beam.

When the load is acted on the web or lower part of the beam, tensile normal stress
occurs in a vertical direction (sy > 0) on the concrete higher than the loading posi-
tion (Fig. 14-18(a)). This is just opposite to the situation that the compressive stress
(sy < 0) occurs there, when the load is acted on top of the beam. As the vertical
normal stress changes from a compressive to tensile one, the failure pattern of the
beam is possibly alternated and its ultimate shear strength is reduced correspond-
ingly [14-11,14-12], although other stresses (sx and s) vary slightly.

FIG. 14-17 Examples for beam loaded on web

14.4 Various members and mechanical conditions 373



After a reinforced concrete beam without web reinforcement is loaded on a web
with the shearespan ratio l � 3, the inclined shear crack is formed on the web and
then extends quickly through the loading section and beam top, so the beam is
sheared off as a typical failure pattern of inclined tension. The ultimate load is about
the same as the cracking load of the beam and is far smaller than that of the beam
with the same shearespan ratio but loaded on top, because of changes of the vertical
normal stress (sy) and principal tensile stress (s1). However, it is also demonstrated
experimentally that the beams loaded on both web and top fail in inclined tension
pattern and their ultimate shear strengths are less different if the shearespan ratio
l > 3 (Fig. 14-18(b)).

When the beam with web reinforcement is also loaded on a web or lower part,
most stirrups within the whole span are tensed. The inclined cracks closely distribute
before failure, the tensile stress (strain) of the stirrup distributes rather uniformly
along its length, and the maximum stresses of the stirrups are approaching [14-8]
(comparing with Fig. 14-10). Nevertheless, its ultimate shear strength is also less
than that of the beam loaded on top, and the stirrups should be placed uniformly
along the whole span during design.

14.4.2 Beam of T section
The beam of T section is used widely in the structural engineering. The stress dis-
tribution within its shear-bending segment varies with the ratio between the breadth
of the flange and the thickness of the web (bf /b) when other parameters are un-
changed, and then the ultimate shear strength is influenced, even the failure pattern
is changed. This is explained by two series of experiments below.

The first series of beams are of the same web thickness (b ¼ const.) but with
different flange breadth, and the maximum ratio between them is bf /b ¼ 7. If the
ultimate shear strength of the beam of rectangular section (bf /b ¼ 1) is taken as
1, the strengths of other beams are shown in Fig. 14-19(a). It is seen that the strength
of the beam of bf /b ¼ 2 is increased by about 20%, but the strength of the beam of

FIG. 14-18 Comparison between beams loaded on top and web: (a) stress state and failure

pattern, (b) ultimate shear strength [14-11]
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even wider flange (bf/b> 2) is hardly increased. This series of beams is tested under
larger shearespan ratio (l ¼ 5.1e5.4) and fails in the pattern of inclined tension, so
the ultimate shear strength of the beam is greater slightly than the shear force at
cracking of concrete. According to elastic analysis, the inclined crack appears on
web when the shear force reaches Vcr ¼ ftbI/Smax, in which I is the inertia moment
of its section and Smax is the moment of sectional area on one side of the neutral axis
about the axis. However, the ratio I/Smax increases limitedly with the flange breadth.
In addition, it is also demonstrated that only part, near the web, of the flange is fully
acted together with the web, so the effective I/Smax is even lower. Therefore, an
increasing flange breadth of beam helps limitedly for the cracking shear force and
ultimate shear strength.

Another series of beams with web reinforcement (stirrups) are of the same flange
breadth (bf) but with different web thicknesses (b ¼ 50e300 mm), and the maximum
ratio between them is bf/b ¼ 6. These beams are tested separately under concentrated
load with a shearespan ratio of about 3.0 and uniformly distributed load, and the ul-
timate shear strengths measured are shown in Fig. 14-19(b). The strength of the beam
of rectangular section (b¼ 300 mm) is about 40e50% higher than that of the beam of
thinnest web (b¼ 50 mm). The beams of thicker web (b� 150 mm) fail in the pattern
of shearecompression with approximate ultimate strengths, because the area and
strength of the concrete on the upper end of the inclined crack and the resistance of
the stirrups at the ultimate state are less different for both beams, although the aggre-
gate interaction along the inclined crack on web varies with its thickness. The beams
of thinner web (b � 100mm) fail in the pattern of inclined compression and their ul-
timate shear strengths vary with the web thickness, because the principal compressive
stress on web reaches the biaxial tensionecompression strength of concrete which is
lower than the uniaxial compressive strength of concrete, although the stirrups there
are capable of carrying tensile force after the appearance of an inclined crack.

Accordingly, the ultimate shear strength of the beam of T section depends upon
the shape and size of the section, longitudinal and web reinforcements, shearespan

FIG. 14-19 Ultimate shear strength of T sectional beam: (a) influence of flange breadth

(b [ const.) [14-13], (b) influence of web thickness (bf [ Const.) [14-14]
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ratio, transferring of failure pattern, etc. Generally, it should be safe if the ultimate
shear strength of the beam of T section is calculated as that of a rectangular section
only and the flange is neglected.

14.4.3 Beam with variable section (depth)
Various beams of variable section (Fig. 14-20) are used in structural engineering for
different reasons, for example: increasing section (depth) at mid-span for higher
strength or decreasing section near the end for less weight; making a slope on a
roof for water drainage; a haunched beam for higher stiffness and strength. The fail-
ure patterns of inclined compression, shearecompression, and inclined tension will
also occur successively for these beams, as the spanedepth ratio of the beam or the
shearespan ratio of concentrated load increases [14-15,1-1]. In addition, the exper-
imental conclusion and calculation principle introduced above for the beam of con-
stant section can also be used for them.

If the inclination of the top surface of the beam (a) is less, the critical inclined
crack extends upwards and its upper end approaches to the section under the concen-
trated load at ultimate state, so the effective depth there is about h0 and the ultimate
shear strength also approximates to that of the beam of constant section and effective
depth h0. However, if the beam with larger inclination (a) on the top surface is con-
cerned, the upper end of the critical inclined crack will not reach the section near the
concentrated load at ultimate state, so the effective depth there is less (< h0) and the
ultimate shear strength is reduced as well.

The critical inclined crack of the beam with inclined bottom generally passes
through the section of the minimum depth (h0) at the turning point of depth, and
its failure pattern is shown in Fig. 14-20(b). The ultimate shear strength approxi-
mates that of the beam with constant section and effective depth h0. However, the
vertical component of the longitudinal reinforcement (Asfy sinb) is an additional
component for shear strength of the beam and should be taken into account [14-15].

As the end part of a haunched beam is strengthened for both flexural and shear
resistance, the critical inclined crack generally appears within the segment of con-
stant section (effective depth h0) at ultimate state and the ultimate shear strength
of the beam can be calculated based on the depth h0.

FIG. 14-20 Beams with variable section: (a) inclined top surface, (b) inclined bottom surface,

(c) haunched beam
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14.4.4 Influence of axial force
When the axial force, either compression or tension, is acted together with shear
force and bending moment on a structural member, the longitudinal stress (sx) varies
significantly, which causes changes of failure pattern and ultimate strength. The
typical envelope of shear force (bending moment)eaxial force obtained from the
relevant tests is shown in Fig. 14-21 [14-5]. The axial force (N) is acted first on
the member and maintained constantly during testing, then the transverse load is
acted and causes corresponding shear force and bending moment until failure of
the member.

When the member is acted only with axial force, the failure pattern of axial
compression or tension will occur and the ultimate strength is easily determined.
As the axial force is acted together with shear force and bending moment and varies
from compression to tension, various failure patterns will appear successively. Usu-
ally, the pattern of shearecompression will occur in the shear-bending segment of
the beam if axial force N ¼ 0.

After the axial tension is acted first on the member, tensile cracks appear perpen-
dicularly. Afterwards, the transverse load is acted and the bending moment is
increased gradually, the crack on the top part of the member is closed and tensile
stress of the reinforcement there (A0

s) is reduced and even turns into a compressive
one, while the crack on the bottom part is widened and the tensile stress of the rein-
forcement there (As) is increased. In the meantime, the shear force is increased
simultaneously and causes the existing crack to extend towards an inclined direction
or the appearance of a new inclined crack. As the ratio between axial and shear
forces (N/V) reduces, the inclination between the critical crack and member axis
is decreased gradually, and two typical failure patterns, i.e. eccentric tension
(Fig. 11-8(b)) and inclined tension (Fig. 14-4(c)), appear successively and can be
distinguished clearly. The transverse load, also shear force (Vu) and bending
moment, at the ultimate state of the member increase as the axial tension (Nu) is
reduced.

FIG. 14-21 Envelope of shear forceeaxial force and failure patterns
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When axial compression is acted first on the member, the depth of the compres-
sion zone is increased while the tensile stress of reinforcement (As) is reduced under
the bending moment caused by the transverse load. Therefore, appearance of the
transverse tensile crack is delayed and the crack width is deduced. If the compres-
sionestrength ratio of the member (N/fcbh0) is larger enough, the flexuraleshear
crack and shear crack on web will not occur again, but the principal compressive
stress increases considerably and the failure pattern of inclined compression will
be formed. In addition, the ultimate strength (Vu) of the member is greater than
that of the member without axial compression, and the maximum ultimate strength
is found in the range of N/fcbh0 ¼ 0.3e0.5. If the ratio (N/fcbh0) is even larger, the
most part or the whole section of the member are compressed at the ultimate state
and the failure pattern will be of smaller eccentricity (Fig. 11-5(c) or (b)), and the
ultimate strength is decreased gradually.

The ultimate envelope of the axial force-bending moment (Nu�Mu, Fig. 11-7(a))
of a member can be converted into that of axial forceeshear force (Nu � Vu, where
Vu ¼ Mu/a), which is shown as a dashed curve in Fig. 14-21. Both end parts of the
envelopes coincide and represent respectively the failure patterns of eccentric ten-
sion and compression. However, the middle part of the solid envelope is lower
than that of the dashed one, so the ultimate strength (Vu, Mu) is reduced, because
the failure pattern is dominated by shear force rather than bending moment. On
the other hand, if the member is strengthened to prevent the failure under shear
force, it will fail in the pattern of larger eccentricity tension or compression depend-
ing upon axial force and bending moment, then the dash envelope is still valid.

An important conclusion is derived based on the experimental results and discus-
sions above that the ultimate shear strength of a beam is increased when axial
compression, including prestressing of tendons, is acted together, but is decreased
when axial tension is acted together. This conclusion is introduced in various
ways into the design codes of different countries. For example, the right side of
calculation formula (Eq. 14-10) used in the Chinese Code [2-1] is added by an addi-
tional item, i.e. þ0.07N or e0.2N respectively for the member with axial compres-
sion or tension, in where N is the axial force occurring simultaneously with the shear
force. In the USA Code [2-11], the value of parameter l in Eq. (14-13) is changed to

l ¼ Mu � Nuð4h�h0Þ
8

Vuh0

14.4.5 Both positive and negative bending moments exist
within shear span

When concentrated and uniformly distributed loads are acted on a simply supported
beam, the bending moment of the same sign, either positive or negative, occurs in the
whole span including the failure zone at the ultimate state. However, when some
other members, e.g. continuous beam, beam with a cantilever, frame beam and
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column, are loaded until failure, both positive and negative bending moments exist
together within each member. Usually, the negative bending moment at the support
section turns gradually into a positive one at mid-span, and the maximum shear force
and absolute value of bending moment happen together at the section near support.

The experiment of the beam with two cantilevers is introduced (Fig. 14-22) as an
example. After the specimen is loaded, the tensile cracks appear first at the sections
near support and mid-span with the maximum negative and positive bending mo-
ments respectively, and the stress distributions of the reinforcements near the top
(A0

s) and bottom (As) are consistent with the diagram of sectional bending moment.
Afterwards, the flexuraleshear cracks and shear cracks on the web appear and
extend gradually in both zones of negative and positive bending moments, as the
load is increased. When these inclined cracks intersect with the longitudinal rein-
forcements, their tensile stresses increase suddenly and many short cracks appear
along them due to bond damage. At this time, the stress distributions of the rein-
forcements do not fit again the diagram of bending moment, and the tensile zones
of both reinforcements (A0

s and As) are expanded significantly and the stresses of
them at section withM¼ 0 are obviously tensile. Therefore, this is not a beam model
again, but the specimen works like a truss or the composition of normal and reverse
arches with tensile ties.

The mechanical behavior of a member of this kind depends mainly upon the
generalized shearespan ratio, i.e. the ratio between the bending moment and
corresponding shear force at the section near support (M �=Vh0 ¼ a�=h0) or
concentrated load (Mþ=Vh0 ¼ aþ=h0). The failure patterns of inclined compression,
shearecompression, and inclined tension also occur successively at ultimate state
and the corresponding ultimate strength reduces gradually, as the generalized
shearespan ratio of the beam is increased. When the beams have the same value

FIG. 14-22 Shear resistance of beam with two cantilevers
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as the generalized shearespan ratio (aþ/h0) only in the shear span (a) (Fig. 14-23(a)),
the tensile stress of upper reinforcement (A0

s) increases with the negative bending
moment or ratio

��M�=Mþ��, so the bond between reinforcement and concrete there
is damaged seriously and the ultimate strength is decreased. However, the member
with the generalized shearespan ratioMþ/Vh0� 4 fails in the pattern of inclined ten-
sion, and the influence of negative bending moment on ultimate strength is limited.

There is another situation. If the shear span of a beam is a constant (aeþaþ ¼
a¼ const., Fig. 14-23(b)), the summation of bending moments at sections near sup-

port and under concentrated load should be a constant too, i.e.
��M���þMþ ¼ Va ¼

const: The bending moment at mid-span (Mþ) reduces as that near support (
��M���)

is increased. Therefore, the shear span (a) of the beam can be divided into two seg-

ments of different shearespan ratios (ae/h0 and aþ/h0). If
��M�=Mþ�� < 1, the

shearespan ratio on the positive bending moment side is greater than that on the
negative one, i.e. aþ/h0 > ae/h0, so the ultimate strength is lower and failure of
the beam occurs in the segment of positive bending moment. Contrariwise, the fail-

ure of the beam occurs in the segment of negative bending moment if
��M�=Mþ�� >

1 or ae>aþ. Obviously, both shearespan ratios are equal when
��M�=Mþ�� ¼ 1, and

the maximum ultimate shear strength is found. Nevertheless, the ultimate strength
of the beam under both situations is greater than that of the simply supported beam
(Me¼ 0 and aþ reaches the maximum).

14.4.6 Bracket
The bracket is a protruding part of a structural member and used widely in the en-
gineering practice to support another member placed on it. For example, the bracket
of the column in an industrial workshop is used to support the roof girder or truss,
and crane beam, even some equipment; the bracket of the wall or girder in a building
is used to support the slab or beam. The bracket mainly carries the vertical load, and
sometimes it also carries the horizontal load, e.g. wind and seismic ones, braking
force of crane, shrinkage of concrete.

FIG. 14-23 Ultimate strength of beams with both positive and negative bending moments [1-2]:

(a) equal generalized shearespan ratio (aD/h0), (b) Constant shear span length (aeDaD[a)
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The tensile reinforcement near the top and horizontal stirrups is normally set up
in the bracket, and sometimes bent-up reinforcement is also used (Fig. 14-24(a)).
The bracket works mechanically like a short cantilever or a simple triangle truss
composed of an inclined compression bar and a horizontal tie. If the distance be-
tween the vertical load and column surface is greater than the effective depth of
the bracket (a > h0), the bracket can be calculated and designed as a cantilever
(beam) of same shearespan ratio (a/h0). However, when the distance is smaller
than the depth (a � h0), its behavior and calculation are introduced briefly below.

The existing experiments [14-17e14-19] demonstrate that the protruding length
of the bracket (a/h0) dominates the internal stress state and, then, cracking of con-
crete and different failure patterns (Fig. 14-24(b)) as below.

Direct shear failure (a � 0.1h0). Several inclined short cracks appear along the
root of the bracket, and finally the bracket moves vertically downwards and fails,
which is similar to that of the specimen under direct shear (Fig. 2-28(a)).

Inclined compression failure (a ¼ 0.1h0e0.75h0). The vertical tensile crack ap-
pears first on top of the bracket and extends slightly downwards, when the load rea-
ches 20e40% of the ultimate one. Then, the inclined crack occurs under the inside
edge of the loading plate and develops downwards at about 40e60% of the ultimate
load. As the load reaches 70e80% of the ultimate one, many short cracks occur par-
allel, near the inclined crack and extend and are connected gradually. Finally, the
bracket fails like an inclined short strut under the loading plate. Actually, most
brackets in engineering practice are of this kind.

Flexuralecompression failure (a ¼ 0.75h0eh0). After the load on the bracket is
increased, the vertical tensile crack appears first on top near its root, and then the
inclined crack occurs under the inside edge of the loading plate and extends towards
lower part of its root. The upper reinforcement is yielded under tension at about 80%
of the ultimate load, and the vertical crack expands and extends quickly and the
compression zone on the section of bracket root is decreased continuously. Finally,
the bracket fails when the concrete there is crushed.

Besides the shearespan ratio (a/h0), other factors, including strength of concrete,
contents of stirrup and tensile reinforcement, and size of loading plate, also have an
important influence on mechanical behavior of the bracket. In addition, the bent-up

FIG. 14-24 Detail and failure patterns of bracket: (a) general detail, (b) failure patterns [14-18]
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reinforcement can limit the width of the inclined crack and cause an increase in the
ultimate strength of the bracket, although it has less influence on the cracking strength.

The load or shear force corresponding to appearance of the inclined crack (Vcr)
on the bracket reduces as the shearespan ratio (a/h0) increases; the ultimate load or
shear force of the bracket (Vu) also reduces as the shearespan ratio increases, but
increases with the content of tensile reinforcement (m) (Fig. 14-25). Usually when
a bracket is designed, the sectional size is determined by the condition of cracking
resistance or prevention of direct shear failure, and the tensile reinforcement and
stirrups needed are calculated to satisfy the requirement of the ultimate strength.

14.4.7 Punching of slab
It frequently happens in engineering practice that a concentrated load is acted only
on a small area of a reinforced concrete slab, for example: truck wheel on bridge
slab, equipment on building floor, structural system of slab-column, and arbitrary
foundation under column (Fig. 14-26). These slabs may fail locally under the
concentrated load, i.e. a concrete pyramid together with the load or column is
punched out from the slab. The mechanical characteristic and failure pattern of these
slabs is like a multidirectional shearing. However, the load or reaction exists on the
punching pyramid of the slab, which is similar to the beam acted with uniformly
distributed load and failed under shear force, while no load exists on the failure
zone of a beam acted with concentrated load.

The reinforced concrete slabs tested under one concentrated load have been con-
ducted at home and abroad [14-20e14-23], and the process and pattern of punching
failure are revealed in detail. Fig. 14-27 shows a square column and its foundation
slab, which is supported elastically by many springs to simulate the soil base. The

FIG. 14-25 Shear force at cracking and ultimate strength of bracket [14-18]: (a) shear force at

appearance of inclined crack, (b) ultimate strength
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foundation slab deforms less at an earlier stage of loading. When the load reaches
30e50% of the ultimate value, the flexural (tensile) cracks occur on the slab bottom
along two perpendicular directions and extend outside from the middle part, and the
deflection of the slab accelerates. As the load reaches 75e90% of the ultimate value,
several cracks are visible on the side surfaces of the slab and slowly extend upwards
from the bottom. The specimen fails suddenly at ultimate state, the column obvi-
ously settles down and four corners of the column bottom are slightly spalled off,
and the concrete on the slab top surrounding the column bottom cracks and the mid-
dle part of the slab goes out (downwards) and is surrounded with punching cracks.
Even the failure pyramid together with the column punches totally apart from the
foundation slab, and some broken pieces of concrete are found on the inclined fail-
ure surfaces. The inclination between the punching surface (inclined crack) and slab
plane is generally 40�e48�. In addition, wider cracks possibly occur along the diag-
onal lines of the slab, while fine cracks appear on side surfaces (Fig. 14-27).

FIG. 14-26 Punching of slab: (a) concentrated load on slab, (b) continuously distributed load

or reaction

FIG. 14-27 Punching of elastically supported slab [14-23]: (a) specimen (M89), (b) cracks on

bottom surface
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The ultimate punching strength of a slab depends mainly upon its shape (flat,
step, or trapezoid) and thickness, strength of concrete (ft), and content of longitudi-
nal reinforcement (m). It should be noticed that the slab will fail in the flexural
pattern under the load due to lack of longitudinal reinforcement.

When the slab is acted with a concentrated load and fails in the punching pattern,
the stress state of concrete surrounding the load or column is even more complicated
than that in shear span of a simple beam. Some solutions based on plastic limit anal-
ysis are explored in the references, but the practical method of accurate analysis is
not currently available. Therefore, the relevant calculation formulas suggested in
various design codes are empirical and mainly based on the experimental results.

The simplest formula [2-1] for calculation of the ultimate punching strength of a
slab is

Pu ¼ bumh0ft (14-22)

where um is the periphery length apart h0/2 from the periphery of area acted with
concentrated or local load on slab, h0 is the effective depth of slab, ft is the tensile
strength of concrete, and b is the coefficient considering influences of shape
(ht/bt) and position (in middle, by side, or at corner) of area acted with load on slab.

Other empirical formulas including more parameters are suggested in some ref-
erences, for example

½2� 11� Pu ¼ 0:167

�
1þ 2

ht=bt

� ffiffiffiffi
f 0c

p
umh0

½2� 12� Pu ¼ 0:12
�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
200=h0

p 	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
100mfc

3
p

umh0

½14� 23� Pu ¼
�
Aþ B

h0
b

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
100mft

p
umh0

9>>>>>>>=
>>>>>>>;
; (14-23)

where ht, bt are the longer and shorter lengths of area acted with local load on slab, b
is the shorter length (span) of slab, and A, B are empirical coefficients. Other sym-
bols are the same as above.
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In most structural systems of one-dimensional members, the section of the member
is symmetrical about its vertical center axis and all the loads and reactions are acted
within this symmetrical plane. Therefore, uni- or biaxial stress state is formed in the
member, as the internal forces including axial and shear forces and bending moment
are caused on its sections. However, if the axis of the member, loads, and reactions
are not placed within the same (symmetrical) plane, another internal force, i.e. tor-
sion, is certainly caused and the member should be of a triaxial stress state.

The torsional members that appear frequently in structural engineering are
curved bridges, curved beam under balconies of theaters and stadiums, curved or
spiral stairs, unsymmetrical sections, e.g. reversed L shapes, crane beam acting
with braking force, etc. However, the member carried with torsion only is rare,
but most members carry simultaneously with shear force and bending moment be-
sides torsion and its sectional size and reinforcement mainly depend upon the
former. In addition, the torsion should be avoided or reduced if possible during
design of the structure.

The torsional member is of triaxial stress state and is acted together with other
internal forces, so its mechanical behavior is even more complicated. Many
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experimental and theoretical investigations have been conducted on this at home and
abroad and corresponding results [15-1e15-8] are obtained, but the mechanism and
calculation are still not perfect.

15.1 Elasticity and plasticity solutions
The simplest stress state is found for the torsional member when a torsion (Te),
without other internal force, is acted on an elastic member of circle section. It is
demonstrated both experimentally and theoretically that the sectional plane of the
member before loading maintains a plane after torsion acted, and the normal stress
(s) is zero and the shear stress (s) distributes linearly along its radius (Fig. 15-1(a)):

s ¼ Ter

I0
; (15-1a)

where I0 ¼ pR4/2 is the inertia moment about sectional pole (center), R is the radius
of section, and r is the distance from any point on section to the center.

The maximum shear stress occurs at r ¼ R:

smax ¼ 2Te
pR3

; (15-1b)

or

Te ¼ p

2
R3smax ¼ Wtesmax; (15-1c)

FIG. 15-1 Stress distribution of elastic member under torsion only: (a) circle section,

(b) rectangular section (h ‡ b)
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where

Wte ¼ p

2
R3 (15-2)

is the elastic section modulus of a member with circle section under torsion.
However, when the member of rectangular section is acted with torsion only, its

section is twisted and can not maintain again a plane, and the normal stress occurs
correspondingly when the member is confined. In addition, the shear stress distrib-
utes non-uniformly on the section, and it is zero at the center and four corners
and the maximum one occurs at the center of the longer edge of the section
(Fig. 15-1(b)), which is obtained from the analytical solution of elasticity theory:

smax ¼ Te
aeb2h

¼ Te
Wte

; (15-3a)

or

Te ¼ aeb
2hsmax ¼ Wtesmax; (15-3b)

where the elastic section modulus of a member with rectangular section under tor-
sion is

Wte ¼ aeb
2h (15-4)

and the coefficient ae depends upon the ratio between sectional edge lengths (h/b,
h > b) [15-9] and is listed in Table 15-1.

If a member of an ideal plastic material is concerned, the ultimate torsion (Tp)
will reach only when shear stress at every point in it reaches the strength of the ma-
terial (smax). For example, the distributions of shear stress on the circle and rectan-
gular sections at ultimate state are shown in Fig. 15-2, and their ultimate torsions are
derived respectively based on the equilibrium condition:

Circle section Tp ¼ 2

3
pR3smax (15-5a)

with plastic section modulus under torsion

Wtp ¼ 2

3
pR3; (15-5b)

Table 15-1 Coefficient for Section Modulus of Rectangular Section Under Torsion

h/b 1.0 1.2 1.5 2.0 2.5 3.0 4.0 6.0 10.0 N

ae 0.208 0.219 0.231 0.246 0.258 0.267 0.282 0.299 0.312 0.333

ap 0.333 0.361 0.389 0.417 0.433 0.444 0.458 0.472 0.483 0.500

ae/ap 0.624 0.606 0.594 0.590 0.595 0.601 0.615 0.633 0.648 0.667

ap/ae 1.603 1.649 1.684 1.694 1.680 1.655 1.625 1.579 1.544 1.500
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Rectangular section Tp ¼ 1

6
b2ð3h� bÞsmax (15-6a)

with plastic section modulus under torsion

Wtp ¼ 1

6
b2ð3h� bÞ ¼ apb

2h; (15-6b)

in which ap ¼ 3�ðb=hÞ
6 is the coefficient for rectangular section and listed in Table

15-1 as well.
The ratio between the ultimate torsions or section moduli obtained from elastic

and plastic calculations is Te/Tp ¼Wte/Wtp ¼ ae/ap, which is 0.75 for a circle section
but variable for a rectangular section ranging from the minimum (about 0.590) to the
maximum (2/3). Consequently, its reciprocal (Tp/Te ¼Wtp/Wte ¼ ap/ae) ranges from
1.5 to 1.694, and it is equivalent, in physical meaning, to the plasticity-dependent
coefficient of section modulus for flexural member (see Section 12.2).

The analytical solution is given in the Theory of Plasticity for the torsional mem-
ber of a non-circle section, and a practical analogue method of sand pile is also sug-
gested to find the ultimate torsion [15-10] and is conducted as below. A plane of the
same shape is manufactured to simulate a section of the member, then dry and loose
sand is uniformly spread on it, until the sand pile does not elevate again and spare
sand rolls down from it. If the slope of the sand pile formed is taken as the plastic
ultimate stress (tan q¼ smax) of the material, the plastic ultimate torsion of the mem-
ber is double the volume of the sand pile, i.e.

Tp ¼ 2V: (15-7)

Similarly, Eqs. (15-5) and (15-6) are easily derived.

FIG. 15-2 Distribution of shear stress at ultimate state for ideal plastic member under torsion:

(a) circle section, (b) rectangular section (h ‡ b)
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Of course, the analogue method of sand pile can also be used to calculate the
plastic ultimate torsion for the composite rectangular sections, e.g. T, I, and reversed
L shapes, used widely in structural engineering. For example, the shape of a sand
pile for the member of T section is shown in Fig. 15-3(a), and its volume can be
calculated by geometrical method and then the plastic ultimate torsion (Tp) is
obtained.

Furthermore, the approximate calculation is also possible during engineering
design. Usually, the composite section of a member is divided into several rectangles
(bi� hi, Fig. 15-3(b)), then the plastic section modulus of each one (Wtpi, Eq. (15-6))
is calculated separately and added together, so the approximate value of total plastic
section modulus of the composite section under torsion is obtained

Wtp ¼
X
i

aptb
2
i hi: (15-8)

Comparing the shapes and volumes of both sand piles in Fig. 15-3(a) and (b), the
difference between the accurate and approximate calculations is caused only at local
parts near connections between rectangles divided. In addition, the volume calcu-
lated approximately is always smaller than that calculated accurately. Therefore,
the ultimate torsion calculated approximately is on the safe side, and the same
conclusion can also be drawn from comparison of shear flow diagrams.

The composite rectangular section can be divided into the compositions of
different rectangles, e.g. Fig. 15-3(c), and the plastic section moduli and ultimate
torsions obtained correspondingly should be different as well. Of course, the compo-
sition corresponding to the maximum value of ultimate torsion is selected. Gener-
ally, the rectangle with wider breath on the section keeps integral first (e.g.
Fig. 15-3(b)).

When the section of a member is of a closed box (Fig. 15-4(a)), the moment of
shear stress at any point under action of torsion against the sectional center is of the
same sign, i.e. either clockwise or anti-clockwise, so the plastic section modulus
should be considerable. However, if it is calculated approximately and the section
is divided into four rectangles (Fig. 15-4(b)), the shear stress flow will be limited
within each rectangle and the direction of the shear stress near inside walls is

FIG. 15-3 Shape of sand pile (plastic ultimate torsion) for T section: (a) accurate calculation,

(b) approximate calculation, (c) another approximate calculation
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opposite that near outer surfaces, so the total plastic section modulus obtained from
Eq. (15-8) is far smaller than that should be. Therefore, the approximate method
introduced above or Eq. (15-8) is unreasonable and can not be used for the member
with a closed box section.

The existing experiments (see Fig. 15-7) show that the plastic section modulus and
ultimate torsion of a member with box section can be calculated like that of a solid
section, if its wall thickness is t � b/4. Because the area, shear stress, and lever
arm in the middle of a solid section are relatively small, the torsion resistance there
is limited and negligible. On the other hand, if the box wall is not thick enough
(t � b/10), it can not prevent from buckling at the ultimate state, so it is not normally
used in engineering practice. Then, the plastic section modulus under torsion of the
box section with wall thickness t ¼ �

1
10w

1
4

�
b can be calculated by interpolation,

i.e.Wtp ¼ apb
2h(4t/b), which is still on the safe side [2-11] compared with the exper-

imental data. Alternately, the Chinese Code [2-1] suggests that the plastic section
modulus under torsion of a box section is taken as the difference between that of
the solid section (b � h) and hollow area (bn � hn) calculated by Eq. (15-6), i.e.
Wtp ¼ apb

2h� apnb
2
nhn.

15.2 Ultimate strength of member under torsion alone
15.2.1 Member without web reinforcement
When a plain concrete member of rectangular section is acted with torsion only
(Fig. 15-5), the shear stress on the section distributes consistently with that obtained
from the elastic analysis at the early loading stage, and the maximum shear stress
appears at the center of the longer edge (mid-depth). In addition, the maximum prin-
cipal tensile stress is s1 ¼ smax and occurs at the same point but with an inclination
of 45�, because the shear stresses exist in pairs and the normal stress is neglected.

FIG. 15-4 Shear stress flow on box section: (a) integral section, (b) dividing into rectangles
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The shear stress of the member increases with the torsion acted, and the plastic
strain of concrete occurs slightly and the diagram of shear stress on the section
(Fig. 15-1(b)) tends to plump up. When the maximum principal tensile stress of
the concrete reaches the tensile strength, the inclined crack appears first on the mid-
dle of the side surface (longer edge of the section) and is perpendicular to the prin-
cipal tensile stress. Afterwards, the inclined crack extends both upwards and
downwards along the inclination of about 45� and then turns on the top and bottom
surfaces (short edges of the section). After the three surfaces are cracked, the mem-
ber is torn in two pieces along the fourth surface (longer edge of the section) with a
twist failure surface (Fig. 15-5), but no crack is usually found on the other place. The
appearance of the broken surface is consistent with the failure characteristics of con-
crete under tension (Table 2-8). Generally, the ultimate torsion is slightly greater, but
by no more than 10%, than the cracking torsion of the member.

According to the statistic of experimental data at home and abroad, the ultimate
torsion of a plain concrete beam of rectangular section ranges from

Tu ¼ ð0:7w 0:8ÞWtpft: (15-9)

This is obviously greater than the theoretical value based on elasticity calculation
(Te ¼ (0.590e0.667) Wtp ft, Table 15-1), but it is smaller than the theoretical value
based on plasticity analysis (Tp ¼ Wtpft). Therefore, Tu/Te ¼ 1.1e1.3 but < Tp/Te ¼
ap/ae ¼ 1.5e1.694 (Table 15-1) is obtained. This means that the plastic strain of the
concrete develops to a certain extent but not fully before failure of the beam under
torsion. In addition, the concrete in the member is of a biaxial tensileecompressive
stress state, and the corresponding tensile strength is slightly smaller than the
strength of concrete under uniaxial tension.

The experiments also show that the coefficient in Eq. (15-9) is slightly greater for
the beam of lower strength of concrete (fcu). To the contrary, the beam of higher-
strength concrete has a slightly smaller coefficient and sharper inclination of the

FIG. 15-5 Member of plain concrete under torsion only
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critical crack at failure, because the plastic strain develops differently before failure
for the concrete of different strengths.

15.2.2 Member with web reinforcement
In order to increase the shear resistance of a concrete member, both longitudinal re-
inforcements and transverse stirrups have to set up uniformly along the sectional pe-
riphery and member axis, respectively. The characteristics of deformation, cracking,
and failure process of this kind of member under torsion are briefly presented below
(Fig. 15-6).

After the torsion is acted and increased on the member, the stress distribution
agrees well with that of elasticity analysis and the twisted angle increases propor-
tionally but slowly before cracking of the concrete. When the principal tensile stress
at mid-depth of lateral surface (longer edge of the section) reaches the biaxial tensile
strength of the concrete, an inclined crack of 45� appears there and the stresses of the
stirrup and longitudinal reinforcement intersected increase suddenly, and the twisted
angle of the member increases quickly and the torsion-twisted angle (Teq) curve
turns correspondingly, and a terrace may be formed there (Fig. 15-6(b)).

As the torsion is increased further, more inclined cracks appear parallel with the
approximate distance and they expand gradually and extend to all four surfaces of
the member, then multiple spiral cracks are formed on the surfaces. In the meantime,
the cracks also extend inside from the surface and the concrete of the outer layer is
gradually out of work, so the stirrup and longitudinal reinforcements share more por-
tions of the torsion acted. Therefore, their stresses and the twisted angle of the member
increase quickly, and the torsional stiffness of the member decreases correspondingly.

When some of the stirrups and longitudinal reinforcements intersected with the
inclined cracks reach their yield strengths, the cracks widen more quickly and other

FIG. 15-6 Beam with web reinforcement under torsion: (a) cracks and failure surface,

(b) torsion-twisted angle relation
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stirrups and longitudinal reinforcements nearby reach the yield strength as well, and
more concrete of the outer layer is out of work and the twisted angle accelerates, so
the Teq curve tends gradually to flatten and the torsional stiffness of the member re-
duces correspondingly. Once one of the inclined cracks expands wider than others
and the stirrups and longitudinal reinforcements intersected with it are yielded suc-
cessively, it becomes the critical one and the torsion can not be increased again.
Therefore, the Teq curve turns horizontally and the ultimate torsion (Tu) is obtained.
Afterwards, the critical inclined crack develops even wider and more concrete of the
outer layer is out of work, then a descending branch of the Teq curve is formed.

The final failure pattern of a reinforced concrete member under torsion only is an
inclined twisted surface including the tensile cracks on three surfaces and a
compressive strip near another surface (longer edge of the section) (Fig. 15-6(a)).
It should be noticed that the spiral tensile cracks on the front and back surfaces
are intersected normally (90�) from the front view, and the front crack (bc) on the
failure surface is tensile, while the strip near the back on the failure surface (ad)
is surely compressive.

15.2.3 Influence of contents of reinforcement and stirrup
When the member under torsion is reinforced properly with the stirrups and longi-
tudinal reinforcements, the typical failure process described above will appear and
the member is called one that is suitably reinforced. As the contents of both rein-
forcements are increased, the ultimate torsion (Tu) and torsional stiffness of the
member will increase obviously (Fig. 15-7 and Fig. 15-6(b)). However, both

FIG. 15-7 Contents of reinforcements and ultimate torsion [15-11]
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reinforcements contribute less for the torsion at cracking of the concrete, mainly
because of smaller strains (stresses) of the concrete and reinforcements then. Never-
theless, the development of the inclined cracks is delayed and the twisted angle is
reduced after cracking of the concrete, and the terrace on Teq curve is shortened.

If the stirrups and longitudinal reinforcements are reinforced unsuitably in the
member, some unfavorable situations will occur:

1. Less-reinforced. If the contents of both stirrup and longitudinal reinforcement in
the member are too low and the torsion resistance carried by them is smaller than
that of the plain concrete (Tcr) alone, the concrete is out of work soon after the
inclined crack is formed under torsion, and the member fails quickly in a brittle
twist. This is called the failure of less-reinforced. Generally, the minimum
contents are given in various design codes [2-1,2-11] for both reinforcements to
prevent the failure of this kind.

2. Over-reinforced. If the contents of both stirrup and longitudinal reinforcement in
the member are too much, the stresses in them are rather lower after cracking of
the concrete, and the inclined cracks develop and the stresses increase slowly
with the torsion afterwards. Finally, the member fails quickly soon after the
principal compressive stress of the concrete reaches the corresponding strength,
while the stresses of both reinforcements are still lower than the yield strength.
This is called the failure of over-reinforced. Therefore, the sectional size or
concrete strength of the member should be elevated during design to prevent an
unfavorable failure of this kind.

3. Partly over-reinforced. The principal tensile stress caused in the member under
torsion has to be carried together by the stirrups and longitudinal reinforcements
(Fig. 15-8), but can not be carried alone by either of them. The ratio between the
strengths per unit length of them is

z ¼ Asfy=ucor
Astfyt=s

¼ Asfys

Astfytucor
; (15-10)

where As, fy are the total area of longitudinal reinforcements set up along sectional
periphery and their yield strength, Ast, fyt are the total area of torsional stirrups in one

FIG. 15-8 Strengths per unit length of stirrups and longitudinal reinforcements
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section and their yield strength, s is the distance of stirrups, ucor ¼ 2(bcor þ hcor) is
the peripheral length of sectional core, in which bcor and hcor are taken as the net dis-
tances between internal surfaces of stirrup in the Chinese Code [2-1].

It is demonstrated experimentally that the member fails under torsion in the
pattern of suitable reinforced and both stirrups and longitudinal reinforcements
are yielded already at ultimate state, when the ratio (z) ranges from 0.6 to 1.7. How-
ever, the stirrups in the member do not reach the yield strength at ultimate state and
can not be utilized fully, if the longitudinal reinforcements is too low (z < 0.6);
while the longitudinal reinforcement can not be utilized fully if the stirrup is too
low (z > 1.7). Some experiments show that the ultimate torsion of a member rein-
forced with much longitudinal reinforcements but without stirrups is greater, by
<15% only, than that of a plain concrete member. Both situations are called the fail-
ure of partly over-reinforced.

Therefore, not only shape and size of the section and total content of both stirrup
and longitudinal reinforcement, but also the ratio between the contents of both
should be determined properly, when the member under torsion is designed.

15.3 Members with composite internal forces
15.3.1 Member with axial force and torsion
As the member is acted with an axial compression or is prestressed by the tendons,
the principal tensile stress of the concrete and tensile stress of the longitudinal rein-
forcement caused by the torsion should be reduced, so the cracking and ultimate tor-
sions (Tcr, Tu) of the member is certainly increased. Contrary, both critical torsions of
the member with axial tension and torsion together are certainly decreased.

Consequently, the influence of axial force on torsional strength of the member is
considered in various design codes, but usually in an easy way, e.g. adding an extra
resistance [2-1] or a modification coefficient [2-11].

15.3.2 Member with shear force and torsion
When shear force and torsion are acted separately on a member, the shear stress (sv
or sT) is mainly caused on the section but with different distributions, which is
shown in Fig. 15-9(a) based on elastic calculation. When shear force and torsion
are acted together on a member, the composition of both shear stresses on the section
is rather complicated. As the shear stress caused by shear force is zero (sv¼ 0) at the
top and bottom of the section, the shear stress there is dominated by torsion only (s¼
sT); the shear stresses caused by shear force and torsion respectively can be added
algebraically (s ¼ sv þ sT), if they act in the same direction, e.g. along lines IeI,
IIeII and IIIeIII on the section; otherwise, both shear stresses should be added
geometrically ( s!¼ s!v þ s!T ) and both direction and value of the composed shear
stress are changed, if they do not act in the same direction, e.g. along line IVeIVand
other positions on the section.
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In any case, the joint action of shear force and torsion always causes an incre-
ment in shear stress, and then principal tensile stress, of concrete on one of the
side surfaces, so the torsion of the member at cracking (Tcr) is certainly reduced.
In addition, the inclined cracks develop differently on both opposite surfaces after
concrete cracks, and the ultimate torsion (Tu) of the member is also reduced. As
the relative value between torsion and shear force acted (T/Vb) on the member
varies, the composition of shear stress is different correspondingly and several fail-
ure patterns will appear successively (Fig. 15-9(b)).

1. Larger torsioneshear force ratio (T/Vb> 0.6). The inclined crack appears first on
the side surface (longer edge of the section) of the member with the maximum
shear stress, e.g. IIeII in Fig. 15-9(a), as the principal tensile stress there rea-
ches the tensile strength of the concrete. The inclined cracks extend to both top
and bottom surfaces and a spiral crack is formed afterwards. When three sides

FIG. 15-9 Joint action of shear force and torsion: (a) distribution and summation of shear

stresses, (b) failure patterns and envelope (member without web reinforcement)
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of the critical inclined crack are of tensile and another side (IIIeIII) is torn
away, the member fails and is broken into two pieces. The compression-zone on
the twisted failure surface is trapezoid with wider top and narrower bottom as
shown by the shadow in Fig. 15-9(b), while it is rectangular for the member
acted with torsion only.

2. Smaller torsioneshear force ratio (T/Vb < 0.3). The tensile crack dominated by
bending moment appears first on the bottom of the member and then extends
upwards with different inclinations on both side surfaces and the flexuraleshear
cracks are then formed. Finally, the member fails in the pattern of
shearecompression (see Section 14.1.1), but the compression zone on the
section is a trapezoid near the top (Fig. 15-9(b)). However, the critical inclined
cracks on both side surfaces are asymmetrical, and the crack extends higher and
the compression depth is smaller for the side surface with larger shear stress,
e.g. IIeII.

3. Medium torsioneshear force ratio (T/Vb ¼ 0.3e0.6). The cracks and failure
pattern of this kind of member are in between the two situations introduced
above and are transferred gradually. Generally, the inclined crack appears first
on web of the side surface (IIeII) with larger shear stress and, then, extends both
upwards and downwards, even reaching the lower part of other side surface
(IIIeIII). Finally, the compression zone of a triangle is formed near the side
surface (IIIeIII) as the member fails. This is called torsioneshear failure.

The failure envelope of the member without web reinforcement under actions
of shear force and torsion together approximates a circle (Fig. 15-9(b)) and is
expressed as �

T

T0

�2

þ
�
V

V0

�2

¼ 1; (15-11)

where T0 is the ultimate strength of the member under torsion only (shear force
V¼ 0), V0 is the ultimate strength of member under shear force and bending moment
but without torsion (T ¼ 0) (see Chapter 14).

15.3.3 Member with bending moment and torsion
When a reinforced concrete member is acted with torsion only, all the longitudinal
reinforcements, regardless of being placed near the bottom, top, or lateral surfaces of
the section, are tensile. However, the reinforcements are either tensile or compres-
sive, depending upon their position on the section, in a member under bending
moment only. When the member is acted with torsion and bending moment (e.g.
positive one) together, tensile stress of the reinforcement (As) placed on flexural ten-
sion zone is increased while that of the reinforcement (A0

s) placed on flexural
compression zone is decreased even turns in compressive stress, compared with
the member under torsion only. Therefore, both reinforcements (As andA

0
s) do not

necessarily reach their yield strength (fy and f 0y) at failure of the member.

15.3 Members with composite internal forces 397



Let the ratio between the ultimate strengths of both reinforcements on
flexuralecompression and etension zones be

g ¼ A0
sf

0
s

Asfs
: (15-12)

The ultimate envelope of bending momentetorsion for a symmetrically rein-
forced member (g ¼ 1) obtained from the relevant experiments is shown in
Fig. 15-10(a), and it is composed of two parabolas being symmetrical about the
T/T0 axis and can be expressed by the regression formula�

T

T0

�2

þ M

M0
¼ 1; (15-13)

where M0 is the ultimate bending moment dominated by tensile reinforcement (As)
when torsion T ¼ 0.

The stresses of reinforcements on flexuraletension and ecompression zones
(ss; s0s) at ultimate state vary with the relative values of bending moment and tor-
sion (Fig. 15-10(b)). Both of them reach tensile yield strength at ultimate state only
when the torsion is acted alone, i.e. without bending moment (M ¼ 0). When pos-
itive bending moment (M> 0) is acted as well, the reinforcement near the bottom of
the section (As) certainly reaches the tensile yield strength (ss ¼ fy) at the ultimate
state. However, the stress of the reinforcement near the top (A0

s) also reaches the ten-
sile yield strength (þfy) under torsion only (M ¼ 0), but reduces gradually to zero
and turns to a compressive one, even yield strength (s0s ¼ �f 0y), as the bending
moment is increased. Alternately, when a negative bending moment (M< 0) is acted
together with torsion, the stress state at ultimate state changes correspondingly and
the reinforcement near the top (A0

s) is always tensile and reaches yield strength.

FIG. 15-10 Together actions of bending moment and torsion: (a) ultimate envelope, (b) stress

of reinforcement at ultimate state
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Therefore, the right half of the T-M envelope represents failure of the member domi-
nated by the reinforcement near the bottom (As), while the left half represents failure
of the member dominated by the reinforcement near the top (A0

s).
As far as an asymmetrically reinforced member (g < 1) is concerned, the posi-

tive and negative ultimate bending moments (M0 and egM0) should be different,
when no torsion is acted. If the member is acted with torsion only (T0 s 0, M ¼
0), the reinforcement near the top of the section (A0

s) reaches, but the reinforcement
near bottom (As) will not reach the yield strength at ultimate state. When a positive
bending moment (M > 0) is added later, the stress of the reinforcement near the top
(A0

s) is reduced while the stress of the reinforcement near the bottom (As) is
increased, so more torsion can be acted further. Therefore, the ultimate torsion of
the member increases with the bending moment acted, and its maximum value
should appear together with a certain amount of bending moment (Fig. 15-10(a)).
However, if an excessive bending moment (þM) is acted together with the torsion,
the reinforcement near the top (A0

s) will not yield tensely, even be compressive, when
the reinforcement near the bottom (As) is tensely yielded already at ultimate state.
Consequently, the ultimate bending momentetorsion envelope of the member is
surely asymmetrical, and its peak point corresponding to the maximum of ultimate
torsion is located on the positive side (M> 0) and the deviation of the peak increases
as the ratio between both reinforcements (g) decreases.

The two parabolas located on the right and left sides of the peak point on T-M
envelope are respectively dominated by the tensile yield of the reinforcements
near the bottom (As) and top (A

0
s), and their calculation formulas are separately given

from the experimental investigation: [15-12]

right parabola dominated by As g

�
T

T0

�2

þ M

M0
¼ 1; (15-14a)

left parabola dominated by A0
s

�
T

T0

�2

� M

gM0
¼ 1: (15-14b)

The extension of the right parabola intersects with the ordinate at T
T0
¼

ffiffiffi
1
g

q
.

In addition, intersection between both parabolas is also the peak point, at which

M

M0
¼ 1� g

2
and

Tmax

T0
¼

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ g

2g

s
> 1 (15-15)

are obtained. It is clear that the maximum value of ultimate torsion of the member
acted together with bending moment is greater than the ultimate value of the member
acted with torsion only (Tmax > T0).

If section of the member is narrow, i.e. ratio h0/b is large, or the longitudinal re-
inforcements near lateral surface (longer edge of the section) (A0

s ) is too low, some
of the reinforcements there reach first the yield strength when the member is acted
together with torsion and bending moment. Usually, this leads to the torsional failure
of the member. This kind of ultimate state can be approximated as a horizontal line
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and three segments are then formed on the envelope of bending momentetorsion
(Fig. 15-11, left).

However, if the reinforcement there (A0
s ) is strong enough, the corresponding ul-

timate torsion would be greater than the maximum ultimate torsion dominated by the
reinforcements near the top and bottom surfaces (Fig. 15-11 right), and the envelope
will not be changed.

15.3.4 Member with bending moment, shear force and torsion
together

The spatial ultimate envelope of a reinforced concrete member acting together with
bending moment (M), shear force (V), and torsion (T) is shown in Fig. 15-12. The
envelopes on the TeM plane are composed of two parabolas dominated respectively
by the reinforcements near the bottom and top of the section, and the envelopes on
the TeV plane are circular or elliptical, as introduced above. The simple expression
for the spatial envelope is

FIG. 15-11 Influence of longitudinal reinforcement near lateral surface on TeM envelope

FIG. 15-12 Bending momenteshear forceetorsion envelope [15-13]
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�
T

T0

�2

þ
�
V

V0

�2

þ M

M0
¼ 1: (15-16)

If the member is of narrow section or is reinforced less near side surfaces (longer
edges), the peak part of its envelope should be cut off [15-13] because of a reduction
in the ultimate torsion strength.

15.4 Calculation of ultimate strength
It is mentioned above that the stress state is triaxial and the hypothesis of the plane
section is not held for the member acted with torsion, so an accurate calculation of
the member is rather difficult, especially as concrete is a non-elastic material and is
easily cracked. Although the analysis method of finite element is well developed and
the corresponding computer program is available, the calculated result is satisfied
only for the member of elastic material. Therefore, the reinforced concrete member
acted with torsion is designed in engineering practice mainly using the empiric for-
mula based on the experimental results or the approximate calculation based on a
simplified mechanical model.

15.4.1 Empirical formulas
Based on the experimental results of reinforced concrete members acted with torsion
only, the empirical formula of ultimate strength (Tu) [15-6] is obtained regressively
in China (Fig. 15-13)

Tu
Wtpft

¼ 0:43þ 1:002
ffiffiffi
z

p Ast1fytAcor

Wtpfts
þ 0:5

ffiffiffi
z

p Ast2fytAcor

Wtpfts
: (15-17a)

FIG. 15-13 Ultimate strength of member acted with torsion [15-6]
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Or, the formula is simplified into two terms

Tu
Wtpft

¼ 0:35þ 1:2
ffiffiffi
z

p AstfytAcor

Wtpfts
; (15-17b)

where Ast1 þ Ast2 ¼ Ast, Ast1 is total area of stirrups, within suitable reinforcement,
of one section, Ast2 is the corresponding area of stirrups, beyond suitable reinforce-
ment, of one section, Acor ¼ bcor � hcor. Other symbols are the same as above.

The intersection between two theoretical lines in Fig. 15-13 indicates the bound-
ary between suitably and partly over-reinforced stirrups of the member.

Basing on this, the calculation and design methods are established correspond-
ingly in the Chinese Code [2-1]. For example, the ultimate strengths of the member
with rectangular section and acted together with shear force and torsion can be
checked separately by the formulas below

T � 0:35btWtpft þ 1:2
ffiffiffi
z

p Astfyt þ Acor

s
(15-18a)

V � 0:7ð1:5� btÞftbh0 þ 1:25
Astfyth0

s
; (15-18b)

where bt is the coefficient of reducing strength for the member acted together with
shear force and torsion

bt ¼
1:5

1þ 0:5
VWtp

Tbh0

; (15-19)

and it takes bt ¼ 0.5 if bt < 0.5 is calculated, while bt ¼ 1 is taken if b > 1.0 is cal-
culated. When the member is acted with tension only (V ¼ 0), Bt ¼ 1.0 is obtained,
so Eq. (15-18a) and Eq. (15-17b) are identical.

In addition; if
T

Wtp
þ V

bh0
� 0:7ft (15-20)

is obtained, the concrete of the member will not crack under joint actions of shear
force (V) and torsion (T), so the minimum longitudinal reinforcement and stirrup
listed in the code are needed only. On the other hand, if

T

0:8Wtp
þ V

bh0
> 0:25fc for hw � 4b (15-21a)

or
T

0:8Wtp
þ V

bh0
> 0:20fc for hw � 6b (15-21b)

is obtained, the principal compressive stress in the member will cause failure of the
concrete, so the size of the section or compressive strength of the concrete should be
increased.

When the member under torsion is designed with a non-rectangular section,
e.g. T or I shape, the section is divided first into a composition of several rectangles
like Fig. 15-3. The plastic section modulus of every rectangle (Wtp, Eq. (15-6b)) is

402 CHAPTER 15 Strength of Member Under Torsion



calculated separately and the torsion acted on the member is distributed to every
rectangular sub-section following the ratio between the modulus of each one and
the total modulus of the section (Eq. (15-8)), then each rectangle is calculated and
reinforced correspondingly.

Similar calculation based on experimental data is also suggested in the code of
the USA [2-11]. The maximum shear stress, i.e. principal tensile stress, in the mem-
ber of plain concrete acted with torsion only is taken as smax ¼ s1 ¼

ffiffiffiffi
f 0c

p
=2 at its

failure, where f 0c is the compressive strength of the concrete cylinder in N/mm2. In
addition, the coefficients in Eqs (15-4), (15-6), and (15-8) are taken uniformly as
ae ¼ ap ¼ api ¼ 1/3, so the section modulus of a composite rectangular section
is approximately

Pðb2i hi=3Þ and the ultimate torsion of the member of plain con-
crete should be

Tcr ¼ 1

6

ffiffiffiffi
f 0c

p X�
b2i hi

�
: (15-22)

And, the basic formula for calculation of torsion resistance of a reinforced con-
crete member is

Tu ¼ Tc þ Ts ¼
ffiffiffiffi
f 0c

p P�
1
15b

2
i hi

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�
0:4V
CtT

�2
r þ atAstfytbcorhcor

s
; (15-23)

where Tc is the component of concrete for torsion resistance, and the numerator
taking as 0.4Tcr (see Eq. (15-22)) and the denominator considering discount as shear
force acted together, with Ct ¼ bh0=

Pðb2i hiÞ and bh0 being the area of the web, Ts
is the component of torsion resistance for stirrups, where at ¼ (2 þ hi/bi)/3.

After the stirrup needed for a member under torsion is calculated from Eq.
(15-23), the longitudinal reinforcement needed for the same member can be calcu-
lated below, based on the principle of equal volume:

As ¼ 2Ast
bi þ hi

s
: (15-24)

In addition, it is also provided in the code of the USA that the torsion acted on a
member can be neglected if Tu � Tcr=4 ¼ ffiffiffiffi

f 0c
p Pðb2i hiÞ=24, or the section of

the member should be increased to prevent the compressive failure of concrete if
Ts > 4Tc.

15.4.2 Truss model
The truss model for analyzing the reinforced concrete member under torsion was
suggested first by Rausch (Germany) as early as 1928, and it was improved and com-
plemented later on and can be used for the member acted together with bending
moment, shear force, and torsion [15-13e15-16]. However, some assumptions
and simplifications introduced during establishment of the model are considerably
different from real behavior of the member. The basic concept and calculation pro-
cedure of the model [15-13] are presented briefly as below.
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When a reinforced concrete member of rectangular section is acted with torsion
only, the section may be simplified into a box with four walls along which the shear
stress flow per unit length is q, if the core in the middle of the section is neglected as
it is of less torsion resistance. After the inclined spiral cracks occur parallel on the
periphery, the member is simulated as a spatial truss (Fig. 15-14(a)), in which the
longitudinal reinforcements are simulated as the tensile chords, the stirrups are
simulated as tensile web bars, and the concrete belts between inclined cracks are
simulated as compressive web bars. The internal forces of these bars are axial
ones and respectively P, Q, and R, and P is in equilibrium with the component of
R in direction Z and Q is in equilibrium with the component of R in direction X
or Y at a joint (Fig. 15-14(b)).

The torsion resistance of the shear stress flow (q) on the section can be derived as

T ¼ qhcorbcor þ qbcorhcor ¼ 2qAcor: (a)

If a triangle including an inclined crack is taken into account (Fig. 15-14(c)),

Q ¼ qhcor ¼ Astssthcor cot q

s

or

q ¼ Astsst

s
cot q (b)

is found. According to the equilibrium condition (Fig. 15-14(b)),

P ¼ Q cot w;

i:e: Asss
hcor
ucor

¼ qhcor cot q

FIG. 15-14 Truss model for member under torsion: (a) calculation model, (b) equilibrium

condition at a joint, (c) local equilibrium
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is derived and

cot q ¼ Asss

qucor
(c)

is obtained. After formula (c) is substituted into formula (b),

q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Astfst
s

Asss

ucor

r
(d)

is found and substituted again into formula (a),

T ¼ 2Acor

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Astfst
s

$
Asss

ucor

r

or

T ¼ 2
ffiffiffi
z

p ffiffiffiffiffiffiffiffiffiffi
sstss

fytfy

r
Astfyt
s

Acor (15-25)

is established, in which sst and ss are stresses of the stirrup and longitudinal rein-
forcement respectively at ultimate state and they are not necessarily reaching sepa-
rately their yield strength (�fyt, �ft). Other symbols in these formulas are the same
as above.

The term
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sstss=fytfy

p
in the right side of Eq. (15-25) is equivalent to a coeffi-

cient in Eq. (15-18a). If the torsion resistance (Tc) of the core concrete and the inter-
action of aggregate along the inclined crack are added as well, the final formula is
similar to Eq. (15-18a). Of course, various truss models have different assumptions
and simplifications and a variety of expressions are suggested.

15.4.3 Ultimate equilibrium of inclined twisted surface
Russian researchers established first (1958) the equilibrium equations for the rein-
forced concrete member under torsion at ultimate state based on analysis of the
failure characteristics. In addition, the calculation formula [15-17] was derived
correspondingly and was then improved later on [15-18,15-13].

Experiencing successively appearance and development of concrete cracks and
yielding of reinforcement, the reinforced concrete member of rectangular section
under torsion fails finally and a twisted failure surface is formed and includes a ten-
sile crack continuing spirally on three surfaces and a compressive strip along the
fourth surface (longer edge of the section) (Fig. 15-6). There are several forces
acting on the inclined twisted failure surface (Fig. 15-15(a)), and they include the
tensile forces and transverse dowel actions of longitudinal reinforcement and stirrup,
the normal and shear stresses (s, s) of concrete on the compressive strip, the aggre-
gate interaction of concrete along the inclined cracked surface, and the shear stress
flow of concrete within the uncracked core of the section.

The actions of normal and shear stresses on the compressive strip can be resolved
into two perpendicular forces acting in the directions Z and Y, and one of them (Nz) is
in equilibrium with the tensile force of the longitudinal reinforcements (

P
Z ¼ 0)

and the other one (Ny) is composed of a couple of torsion resistance together with
tensile forces of the stirrups near opposite lateral surface. In addition, other couples
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of torsion resistance on the inclined twisted surface are: tensile forces of the stirrups
near top and bottom, dowel actions of both longitudinal reinforcements and stirrups,
and shear stress flow of core concrete (Fig. 15-15(b)). After some assumptions or
simplifications are properly made, the formulas for calculation of torsion resistance
are derived based on the equilibrium equations and the parameters included can be
calibrated from the relevant experimental data. The member acted together with
bending moment and torsion is used here as an example.

When a reinforced concrete member is acted together with bending moment and
torsion, various failure patterns, i.e. compression zone locating by top, bottom, right
or left side of the section at ultimate state (Fig. 15-10, 15-11), may occur and each of
them should be calculated separately.

The assumptions or simplifications used to establish the basic formulas are
usually:

1. All inclinations of the spiral crack on three surfaces are 45�,
2. The stresses of all the longitudinal reinforcements and stirrups passing through

the inclined twisted surface reach the yield strength,
3. The compression zone at ultimate state is a narrow strip paralleling the nearer

surface and the distance from its center to the stirrup on the opposite side is bcor
or hcor,

4. The torsion resistances of the dowel actions of longitudinal reinforcement and
stirrup and the shear stress flow of concrete are neglected.

Assuming the compression zone being resulted by top of the member at ultimate
state, the calculation model is taken as shown in Fig. 15-16 and two equilibrium con-
ditions of the moments respectively against two axes, i.e. Z and X, at the center of
the inclined twisted surface are then established:X

M2 ¼ 0 T ¼ Astfyt
hcor
s

bcor þ Astfyt
bcor
s

hcor

FIG. 15-15 Forces acted on inclined twisted failure surface: (a) forces acted,

(b) composition of torsional couples
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¼ 2Astfyt
bcorhcor

s
(e)

X
MX ¼ 0 M ¼ Asfyhcor � Astfyt

hcor
s

ðbcor þ hcorÞ; (f)

where As is the area of tensile reinforcement near bottom of the section, and the other
symbols are same as above.

Substituting Eq. (e) into Eq. (f),

M ¼ Asfyhcor � T

2bcor
ðbcor þ hcorÞ (15-26a)

is obtained and it is shown as an inclined line on the ultimate bending
momentetorsion envelope (Fig. 15-16(b)), of which two intersections on the
abscissa and ordinate are separately:

M0 ¼ Asfyhcor and T0 ¼ 2Asfybcorhcor
bcor þ hcor

: (15-26b)

Similarly, when the negative bending moment and torsion act together on the
member, the compression zone will result by bottom of the section at ultimate state,
and the equilibrium formulas established correspondingly should be Eq. (e) and

M ¼ Astfyt
hcor
s

ðbcor þ hcorÞ � A0
sf

0
yhcor: (g)

Therefore,

M ¼ T

2bcor
ðbcor þ hcorÞ � A0

sf
0
yhcor (15-27)

is obtained and it is another inclined line on the ultimate bending momentetorsion
envelope.

FIG. 15-16 Equilibrium analysis of inclined twisted surface of flexuraletorsional member

at ultimate state: (a) calculation model (compression zone on top part), (b) ultimate TeM

envelope
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If the compression zone on an inclined twisted surface of the member at ultimate
state is located by side surface of the section, the ultimate torsion is not related to the
bending moment, i.e. Eq. (e), and is shown as a horizontal line on the envelope of
bending momentetorsion.

The calculated ultimate envelope of bending momentetorsion (Fig. 15-16(b)) is
presented apparently as a folded line, which is controlled respectively by three for-
mulas or failure patterns. The shape and size of the envelope calculated are different
to a certain extent from that obtained from the experiments (Fig. 15-11), although
they are macroscopically similar. Obviously, this is caused due to the errors of the
assumption and simplification and the neglect of other components of torsion
resistance.
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PART

Special Behaviors
of Structural
Members 4
The mechanical behaviors of the material and basic members presented
in the previous chapters mainly deal with the normally working conditions
of the reinforced concrete structure, which means that a static load acts
monotonically on a specimen within a short time, e.g. several hours, under
room temperature. Although these mechanical behaviors represent the main
characteristics and generality of the structure, they do not fit well with the
structure in engineering practice under various complicated environments
and occasional conditions, for example:

• Non-statically loading vibrations of bridge and industrial building vibration under

earthquake, instantaneous action of high-speed load, e.g. explosion, impact of heavy

substance, .

• Non-monotonically loading fatigue caused under repeated load, load sustained for a long

time (years), .

• Non-room temperature chimney and workshop sustaining high temperature (200e500�C),
structure under fire accident, container for extra-low temperature, e.g. e80�C for storage

temperature of liquefied petroleum gas, thermal stress caused by hydration heat of cement

for a massive concrete structure, ..



Because the mechanical behaviors and constitutive relations of concrete
material vary considerably under these unusual conditions, the special
responses of the structure and its member appear differently and should be
investigated separately. Only the seismic, fatigue, explosion, and fire
resistances of reinforced concrete will be discussed in the following chapters,
as space in this book is limited.

In addition, concrete structure has to work continuously for many years
under the natural environment and service conditions after being built. As the
temperature and humidity change alternately and the harmful environmental
media cause physical and chemical erosions, various deterioration, damage,
cracks and breaks of the materials will occur on the exterior and interior of the
structure, and even its strength reduced. Then, the structure can not be used
normally and safely within the predetermined service life, and this is called the
failure of durability. This is another special and important problem in
engineering practice and will be discussed briefly in the last chapter.
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Seismic Resistance 16
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16.1 Characteristics of structural behavior under
earthquake

If enormous deformable energy accumulated within a long time in rock stratum of the
earth crust releases suddenly, strong vertical and horizontal movements of the local
ground are caused, this is an earthquake. The reason for the earthquake may be volca-
nic eruption, faulting of rock stratum, or ground depression. Usually, each earthquake
lasts only a short period, e.g. several seconds or minutes. When the earthquake wave
propagates quickly from its focus, of which the position on the ground is the earth-
quake center, to the surrounding via rock and ground, the foundations and super-
structures of buildings there will shake irregularly and deform sharply.

The movement of a structure during earthquake is called seismic response, which
includes displacement, velocity, and acceleration. In the meantime, the internal
forces (stresses) and deformations result significantly and dynamically in the interior
of the structure. When they reach or even exceed the corresponding limit of the
structural member or its materials, various failure phenomena will appear to a
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certain extent, e.g. cracking of concrete, yielding of reinforcement, obvious residual
deformation, local damage, falling down of a member or its pieces, inclination or
even collapse of the whole structure.

The ground near the earthquake center shakes violently with high frequency in
vertical direction, but relatively weakly in the horizontal direction. Nevertheless,
the vertical shake of the ground away from the earthquake center declines quickly
and the peak value of vertical acceleration is only about 1/3e2/3 of that of horizontal
acceleration there. Therefore, the horizontal shake is the main factor causing strong
responses and failure of structures for most buildings in the seismic area.

When a reinforced concrete structure experiences a strong earthquake, whether
or not failure and the damage level of it depend mainly upon the earthquake param-
eters, including magnitude, intensity of the place located, sustaining period, the dis-
tance away from the earthquake center, kind of the ground, and velocity, acceleration
(peak value), and characteristic of frequency spectrum of the ground movement, and
they also depend upon the structural parameters, including the seismic resistance
system, dynamic parameters, self weight, ductilities of the materials and members,
detailing of the members and joints, etc.

According to the survey and statistics of damage conditions of concrete
structures after earthquakes and the results of various experimental investigations
[16-1e16-3,2-23], the main characteristics of the structure under earthquake are
as below.

1. Seismic resistance and safety of the structure depend upon not only the static
strength of it and its member, but also, to a greater extent, their deformable
abilities and dynamic responses The ‘load’ acted on a structure during an
earthquake has not a definite value like a static one, but is a dynamic inertia
action depending upon its acceleration response and its mass. When the
structure is deformable and of better ductility, more seismic energy is dissipated
and its response or ‘load’ is obviously reduced during the earthquake, so it is
more safe and only slight damage is caused. On the contrary, when a structure is
of greater stiffness, strength, and then, self-weight, serious damage or even
failure may be caused during earthquakes because of poorer ductility. There-
fore, the ductile structure of better seismic resistance is prior designed for the
building within earthquake areas.

2. Working after yielding of reinforcement. When the intensity of an earthquake
reaches or exceeds slightly that predicted, various damages of different levels
will occur but collapse will not happen for the reinforced concrete structure
designed following the principle and method of the Chinese Code [16-1]. The
damage appearing includes wider cracks of concrete appearing on the critical
parts of the members and their joints, part of the reinforcements being yielded,
residual deformation of the member being obvious, surface layer of the member
locally breaking and spalling off. Therefore, the ‘normal’ work condition of the
structure is in its latter mechanical state, and even enters the descending branch
of its strength, when the predicted earthquake occurs.
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3. Seismic load acts reversely. The structure shakes reversely in the horizontal
direction during an earthquake, and it is equivalent to the horizontal load acting
alternately in positive and negative directions. Generally, the seismic load
acting on a structure is reversed only several decade times (low cycles) because
of the short periods of earthquakes and the damper of the structure itself. Then,
the internal forces of the structure, mainly bending moment and shear force and
sometimes also axial force and torsion, alternate positively and negatively
during earthquakes. Therefore, the hysteretic characteristic of the reinforced
concrete member under reversed load has to be investigated properly, and the
corresponding model is important for analysis of the structure along the process
of an earthquake.

4. Considerable deformation. The considerable deformation, e.g. lateral displace-
ment of a column or wall, of the structure may be induced under an earthquake.
This causes unfavorable effects on the structure itself, e.g. secondary (PeD)
effect and increase in additional bending moment, buckling under compression,
overturning, impact between the members on both sides of a construction gap.
In addition, the architectural and other non-structural members in the building,
e.g. partition wall, decoration, ceiling, glass curtain wall, and elevator track,
may also be damaged or failed, and their service functions are lost. Therefore,
the total deformation and the relative displacement between adjacent storeys of
a structure under an earthquake should be controlled during its designing.

16.2 Ductility under monotonic load
16.2.1 Concept and expression of ductility
Various mechanical responses of the structure and its members and materials appear
successively during different loading stages, such as elastic deformation, initiation
and development of plastic strain, appearing and spreading of concrete crack,
yielding and entering hardening zone of reinforcement, neutral axis drifting on sec-
tion, crushing and spalling off of concrete. When the generalized forceedeformation
(FeD) relations of them are plotted out, e.g. seε curve in Fig. 2-7 andMe1/r curve
in Fig. 11-1, the geometrical characteristics corresponding to these responses should
be formed on the curves. Therefore, the shape and variation of the forceedeformation
curve shows apparently the macroscopic behavior of the structure or its material.

The generalized forceedeformation (FeD) relation has a particular physical
concept and corresponding curve shape for different objects discussed, for example:

• Materials: stressestrain (seε) curves of concrete under compression (Fig. 2-7)
and tension (Fig. 2-22), tensile curve of reinforcement (Fig. 6-4), bondeslip
(ses) curve between reinforcement and concrete (Fig. 7-7 and 7-8);

• Sections of structural member: bending momentecurvature (Me1/r) curve of
flexural member (Fig. 11-1), torsionetwisted angle (Teq) of torsional member
(Fig. 15-6);
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• Structural members: loadedeflection at mid-span (Pew) of beam, loadeangular
rotation (Peq) at support, axial forceedeformation (Ned) of column, axial
forceelateral displacement at mid-height (New) of column under eccentric
compression, shear forceedeflection at mid-span (Vew) of beam;

• Structures: horizontal loadelateral displacement at top floor (PeD) and hori-
zontal loaderelative displacement between adjacent storeys (Ped) of shear-
wall or frame structure.

All of these forceedeformation (FeD) curves may be generalized into two kinds
of typical shapes (Fig. 16-1). One of them shows apparently a peak at the maximum
strength and descends suddenly afterwards, while another one shows a long plateau
near the maximum strength which does not reduce sharply, even experiencing a
considerable deformation. Generally, they are called, respectively, brittle and ductile
ones.

The ductile structure used in engineering practice has important advantages:

1. The ductile structure fails slowly with obvious presages, so it works more reli-
ably and safely.

2. When an unpredictable load or situation occurs, e.g. occasional overload,
load acting reversely, environmental temperature elevated suddenly, settle-
ment of foundation, and the additional internal forces are induced corre-
spondingly, the ductile structure presents strong bearing ability and
resistance.

3. The ductile structure is favorable to achieve fully the redistribution of internal
forces for a statically indeterminate structure, so its ultimate strength is
increased and the materials used are utilized fully.

4. When a dynamic load, e.g. vibration, earthquake, or explosion, is acted, the
ductile structure carries less inertia force and absorbs more dynamic energy, so
it damages less and is repaired easier.

Consequently, it is very important to judge if the structure is brittle or ductile. In
order to measure and compare the ductility of a structure or material, a quantitative
index should be determined. Generally, the ductility or ductility ratio is used
and defined as the ratio between the ultimate (Du) and initially yielding (Dy)

FIG. 16-1 Two kinds of typical forceedeformation curves

414 CHAPTER 16 Seismic Resistance



deformations when the ultimate strength of the structure or material is basically
maintained, i.e.

bD ¼ Du

Dy
: (16-1a)

When the generalized deformation (D) is determined as a particular one, the cor-
responding ductility ratio is obtained, such as ductility ratio of sectional curvature
(b1/r), ductility ratio of structural deflection (displacement) (bw), ductility ratio of
angular rotation (bq), ., i.e.

b1=r ¼
ð1=rÞu
ð1=rÞy

; bw ¼ wu

wy
; bq ¼

qu

qy
;/ (16-1b)

It is generally considered that the required ductility ratio is b ¼ 3e 4 for the
aseismic structures of reinforced concrete.

The characteristic points (YandU) are determined easily and their values (Dy and
Du) are obtained definitely for an ideal FeD curve (Fig. 16-2(a)), but there is no
authentic point for Y and U on a general FeD curve of reinforced concrete. For
example, the bending momentecurvature relation of a flexural member is a contin-
uous curve (Fig. 16-2(b)), as it experiences successively elastic stage, cracking of
concrete (cr), initial yielding of tensile reinforcement (Y), the maximum strength
(highest point M), descending branch, crush and spall off of concrete (U). It is
seen that the segment from point Y to M and U is continuous with less variation

FIG. 16-2 Determinations of initially yielding (Y ) and ultimate (U ) points: (a) ideal curve,

(b) general curve (e.g. M e 1/r), (c) equal energy, (d) geometrical method
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of basic strength, but there is no exact turning point for Y and U. If the values of Dy

and Du are determined by naked eye within certain ranges (dashed lines in the
figure), the ductility ratio (bD) obtained may be rather different.

There is no unified method to determine exactly the initial yielding (Y) and ulti-
mate (U) points on an arbitrary curve till now. The methods used more for determi-
nation of the initially yielding point are: (1) equal energy method (Fig. 16-2(c))
drawing a broken line OYeYU to replace the original FeD curve and let total areas
under both be equal to each other or area OAB equals area YUB; (2) geometrical
method (Fig. 16-2(d)) drawing successively the horizontal line passing through U,
tangent line OA from O, vertical line AB, straight line OBC, and vertical line CY,
and Y is assumed to be the initially yielding point and Dy is obtained then.

The methods used more for determination of the ultimate point are: (1) the point
corresponding to be maximum strength reduced by 15%, or Fu ¼ 0.85FM on the
descending branch; (2) the point at which compressive strain of the concrete reaches
the ultimate value, e.g. εu ¼ 3�10�3e4�10�3.

Other methods are also used for determination of the characteristic points (Y and
U) or values (Dy and Du), for example: examining the shape of the FeD curve and
estimating by the naked eye; calculating increasing rate of the deformation incre-
ment (DD) for constant force increment (DF) and deciding. However, it should be
noticed that various methods used for determinations of Dy and Du for the same
FeD curve certainly give different values of ductility ratio.

16.2.2 Calculation method
The ductility ratio has to be tested and measured particularly for a complicated struc-
ture or special member, while it can be calculated following the method and formula
demonstrated for a simple beam or column used widely.

When the section and reinforcements of an eccentrically compressed member are
known in advance, the strain distributions on the section at initial yielding of the ten-
sile reinforcement (εy) and at ultimate strain of compressed concrete (εu) can be
calculated following the general method for sectional analysis (see Section 11.3)
and shown in Fig. 16-3. The sectional curvatures are respectively�

1

r

�
y

¼ εy

h0 � xy
¼ fy

Esh0
�
1� xy

�
�
1

r

�
u

¼ εu

xu
¼ εu

xuh0
;

and the ductility ratio is

bð1=rÞ ¼
�
1� xy

xu

�
εuEs

fy
; (16-2)

where xy and xu are the relative depths of compression zones on section, respectively,
at initial yielding of reinforcement and ultimate strain of compressive concrete,
following the basic assumptions and formulas introduced in Section 11.3.
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Determining load and internal forces of a structural member and bending
momentecurvature (Me1/r) relation of its section, the deformations at initial yielding
of reinforcement and ultimate state, e.g. deflections wy and wu, angular rotation qy and
qu, can be calculated based on the principle of virtual work (see Section 13.3.1), and
the corresponding ductility ratios (bw, bq) are obtained easily (Eq. (16-1).)

The ductilities of various reinforced concrete members have been experimentally
investigated in China [16-4e16-6] since the 1970s. The main results including main
parameters of wide range: compressive strength of concrete fc ¼ 16 e 130 N/mm2,
strength grades of reinforcement I, II, III, and IV, content of reinforcement
m ¼ 0.48 e 4.84%, and relative compressive depth of section x ¼ 0.03e1.133,
are given in reference [16-4]. In addition, the empirical formulas related are sug-
gested there.

If the ultimate deformation (Du) of a structural member is taken as that at
the maximum strength (DM), the sectional curvatures at initially yielding (Y)
and ultimate (U) points can be calculated separately by the regression formulas
below: �

h0
r

�
y

¼ εy þ ð0:45þ 2:1xÞ � 10�3 (16-3)

�
h0
r

�
u

¼ εu þ 1

35þ 600x
ðx < 0:5Þ (16-4a)

or ¼ εu þ 2:7� 10�3; ð0:5 � x < 1:2Þ (16-4b)

in which the maximum strain of concrete on compression zone at the ultimate state is

εu ¼
�
4:2� 1:6x

�� 10�3 (16-5)

and x is the relative depth of compression zone at ultimate state, assuming rectan-
gular stress block there (bxu/h0 in Fig. 11-13(d)).

FIG. 16-3 Calculation of sectional ductility ratio for an eccentrically compressed member:

(a) section and reinforcements, (b) load and stress distribution, (c) strain distribution at

yielding of reinforcement, (d) strain distribution at ultimate strain of concrete
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Correspondingly, the regression formulas suggested for calculations of ductility
ratios of sectional curvature and deflection and angular rotation of a member are
respectively:

bð1=rÞ ¼
1

0:04þ x
ðx � 0:8Þ (16-6)

and bw ¼ bq ¼
1

0:045þ 1:75x
ðx � 0:5Þ (16-7a)

or ¼ 1:1ðx > 0:5Þ: (16-7b)

Obviously, the ductility ratios of the deflection and angular rotation are smaller
than those of sectional curvature of the same structural member, i.e. bw z bq < b(1/r).

Based on the experimental results and calculation model (Fig. 16-4) and
formulas presented above, the influences of main factors on the ductility ratio of
structural member may be concluded below. (1) When the content of tensile rein-
forcement (m ¼ As/bh0) and the axial compression or compressionestrength ratio
(N/fcA) are increased, the ductility ratio decreases as the relative compressive depth
at ultimate state (x) is increased; (2) When the reinforcement in compression zone
(or m0 ¼ A0

s=bh0) and the strength of concrete (fc) are increased, the ductility ratio
increases as the relative compressive depth at ultimate state is reduced; (3) When
the yield strength of tensile reinforcement (fy) is increased, the yield curvature�
1
r

�
y
is increased as well but the ductility ratio (Eq. 16-1b) is reduced. In addition,

if the stirrups are set up closely and the confined concrete is formed in a structural
member, the ductility ratio may increase considerably with the ultimate strain of
compressed concrete (εu).

A series of measures of calculation and detailing are provided in the Chinese
Code [2-1,16-1] to satisfy the necessary ductility for reinforced concrete member
of an aseismic structure [16-7,16-8], although no definite value of ductility ratio
required is assigned. For example, ‘column being stronger than beam’, ‘shear resis-
tance being higher than bending resistance’, and ‘joint being stronger than member’
are desired in principle during design, and brittle failure should be avoided during
earthquake; the compressive depth on section at ultimate state (x), compressione-
strength ratio (N/fcA), content of reinforcement (m), and reinforcement of high-
strength should be limited in a certain range; the minimum content of reinforcement
(min) should be increased, the anchorage length of reinforcement should be extended,
and more stirrups should be set up, etc.

16.2.3 Angular rotation of plastic region
When a reinforced concrete beam is acted with load and the maximum bending
moment caused is greater than the yield one but is less than the ultimate one
(My � M < Mu), the tensile reinforcement reaches or keeps the yield strength and
a plastic region is formed within the length of (lpl þ lpr) on both sides of the
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maximum bending moment (Fig. 16-5). The sectional curvature in this region is far
greater than that of the other section and a local angular rotation should appear there
(qp ¼qc). This is also called the angular rotation of a plastic region (or hinge).

The length and angular rotation of the plastic region surely increase with the load
and corresponding maximum bending moment. When the ultimate load or bending
moment (Mu) of the member is reached, the ultimate (qu) is obtained.

After the plastic rotation is formed in a reinforced concrete structure of
one-dimensional members, the deformation is significantly increased as a direct
consequence. For example, a rotated displacement occurs at the top of a cantilever
member (qpl, Fig. 16-5(b)); the total displacement and relative displacement be-
tween adjacent floors of a frame structure are induced after plastic rotations appear
on bottom of the columns. These additional displacements may cause serious PeD

FIG. 16-4 Experimental results for ductility of an eccentrically compressed member [16-4]:

(a) curvature at yielding of reinforcement, (b) ultimate curvature, (c) ductility ratio of

curvature, (d) ductility ratio of displacement
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effect for column and wall, and the ultimate strength of the structure is reduced
considerably. On the contrary, appearance and development of the plastic rotation
advance favorably redistribution of internal forces for a statically indeterminate
structure, and the ultimate angular rotation is necessary for checking calculation
of whether the internal forces are fully redistributed.

The angular rotation of plastic region (qp) and ultimate angular rotation (qu) of a
member can be calculated as below based on the principle of virtual work (see Sec-
tion 13.3). A pair of couple of forces (M ¼ �1) are assumed to be acted oppositely
on both sides of the plastic region (Fig. 16-5), the area of curvature diagram (1/r)
within the plastic region (Up) is the plastic angular rotation:

qp ¼ Up; (16-8)

according to the basic equation (Eq. (13-26)) established. However, the bending
moment (M), length of plastic region (lp), and bending momentecurvature relation
(M -1/r) of the member have to be known in advance. Similarly, the ultimate angular
rotation (qu) is also obtained from the corresponding bending moment diagram and
others at ultimate state.

The length of plastic region (lp) of a member depends mainly upon the shape of
the bending moment diagram and the value of the maximum bending moment
(M >My) acted. If the lengths of the plastic region on the left and right sides of
the section with the maximum bending moment are respectively lpl and lpr, and
the nearby slipping regions (Dlp) of the reinforcement caused after yielded should
be added, so the total length of plastic region is

lp ¼ lpl þ lpr þ Dlpl þ Dlpr: (16-9)

FIG. 16-5 Region of plastic deformation and angular rotation: (a) fixed-end beam acted

with distributed load, (b) cantilever acted with concentrated loads
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Generally, the concept of equivalent length of the plastic region (or hinge) is used
for simplifying calculation, and the sectional curvature (1/r) within the length is
assumed to be a constant and is determined by the maximum bending moment there
(M > My). When the equivalent length on each side of the maximum bending
moment is lp, the plastic angular rotation of the member will be:

at mid� span or middle support qp ¼ 2lp
r
; (16-10a)

at fixed end qp ¼ lp
r
: (16-10b)

Similarly, the ultimate rotation should be correspondingly

qu ¼ 2lp
ru

or
lp
ru
: (16-11)

According to the statistics of experimental data of China [16-4], the equivalent
length of plastic region (hinge) ranges

lp ¼ ð0:2w0:5Þ h0 (16-12)

and the average value is about lp ¼ h0/3. Various empirical formulas are also sug-
gested by the researchers abroad, for example:

Corley ½16�9� lp ¼ 0:5h0 þ 0:2
zffiffiffiffiffi
h0

p ; (16-13a)

Mattock ½16�10� lp ¼ 0:5h0 þ 0:05z; (16-13b)

Sawyer ½2�22� lp ¼ 0:25h0 þ 0:075z; (16-13c)

where z is the distance from the section with the maximum bending moment to that
with zero or support.

In addition, the empirical formula of the ultimate angular rotation (in radian) is
also suggested in reference [16-4] (Fig. 16-6):

qu ¼ 1

65þ 1000x
ðx � 0:5Þ; (16-14)

where x is the same as in Eq. (16-5).

16.3 Hysteretic characteristic under reversed load
of low cycles

16.3.1 General characteristics of hysteretic curves
When the structure works under the seismic load during an earthquake, the internal
forces also alternate positively and negatively (Fig. 16-7(a)), so the mechanical
behavior should be investigated from the corresponding experiment under reversed
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FIG. 16-6 Ultimate angular rotation [16-4]

FIG. 16-7 Test of specimen under reversed load of low cycles: (a) load and internal force

of frame structure, (b) tests of structural members and joints, (c) loading procedure
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load of low cycles [16-11,16-12]. The model of the whole structure may be tested on
a shaking table fed with various seismic waves, or the pseudo-dynamic test
controlled by computer or on-line computer test is conducted on it to simulate the
process of an earthquake. However, more frequently only the critical part of the
structure, e.g. a column, a beam, a joint, or a part of rigid frame or shear-wall
(Fig. 16-7(b)) is tested, and the prototype or its model on a certain scale is used
and manufactured. Usually, the specimen is loaded statically but the internal forces
are similar to that happening during an earthquake. For example, the axial force (N)
is loaded first on the specimen and keeps constantly; the transverse loads are then
acted reversely with equal increments (DP); after the reinforcement is yielded, the
transverse loads are controlled by equal increments of displacement (DD) until
failure of the specimen (Fig. 16-7(c)).

A hysteretic curve (PeD) measured from the test of reinforced concrete member
under compression and bending is typically shown in Fig. 16-8, and the orders of
positively (þP) and negatively (eP) loadings are represented respectively by the
odd and even numbers. The shape of the hysteretic curve shows the aseismic char-
acteristics of the member as below.

Although the cracks of tensile concrete and the plastic strain of compressive con-
crete of the member appear already before yielding of the tensile reinforcement, the
deformation (D) is limited and the slope of PeD curve varies slightly in this stage, so
the residual deformation after each unloading is less and the hysteretic loop
composed after each positively-and-negatively loading cycle does not reveal obvi-
ously. However, the mechanical behavior at this stage is not the key characteristic
for an aseismic structure.

As the reversed load is acted continuously after yielding of the reinforcement, the
tensile cracks of concrete expand and extend gradually and tensile strain of the

FIG. 16-8 Hysteretic curve of member under compression and bending [16-11]
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reinforcement and compressive strain of the concrete increase and accumulate after
each loading cycle, so the total deformation (D) increases considerably but the
strength (P) changes less. In addition, some features are presented on the loading
and unloading curves as below.

Loading curve. The slope decreases gradually as the load (P) increases within each
loading curve; the slop of the loading curve is less than that of the previous one in the
same direction, i.e. positively or negatively loading, and this shows the stiffness
degradation of the member after reverse loading; a contra flexure appears on the
loading curve after the load is reversed several times, and this is called the pinch ef-
fect (Fig. 16-9), of which the level gets more serious after successively loading.

Unloading curve. The unloading curve is rather sharp and the recovered defor-
mation (D) of the member is less at the beginning; the recovered deformation
increases gradually as the load is deceased, and this is called the delay of recovered
deformation; the slope of the unloading curve decreases as the reversely loading
cycle increases, and this also shows the stiffness degradation of the member under
reverse unloading; the residual deformation exists obviously after totally unloading
(P ¼ 0) and accumulates successively after every loadingeunloading cycle.

The hysteretic loop of loadedeformation (PeD) of a structure or its member ob-
tained after each cycle of positively and negatively loading-and-unloading shows
different shapes (Fig. 16-9), including (1) a closed diamond with parallel sides for
the member of an ideal elasto-plastic material and (2) a convex curve for loading
but a straight line for unloading for the Bauschinger material. However, the hysteretic
loop is generally an olive (3) or pinch (4) for the reinforced concrete structure and its
members, and its plentiful or pinch level depends mainly upon different internal
forces, materials used, content of reinforcement, and cycles of load reversed.

The pinch effect appears frequently on the hysteretic loops of reinforced concrete
structures, especially after total deformation occurs considerably at a later stage.

FIG. 16-9 Shapes of hysteretic loop and pinch effect: (a) shapes of hysteretic loop,

(1) diamond, (2) Bauschinger, (3) olive, (4) pinch, (b) stress state, deformation, and crack
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A reinforced concrete member acted with axial compression and bending moment
(Fig. 16-9(b)) is used as an example to explain the pinch effect. When the maximum
bending moment in the positive direction (þMmax>My) is reached, i.e. at point A on
the hysteretic loop, the tensile reinforcement near the bottom (As) is yielded already
and the plastic strain appears considerable, so the crack in the concrete there expands
widely and the bond nearby fails and relative slip occurs between the reinforcement
and adjacent concrete; after the load (P) is totally released (M ¼ 0) but the axial
compression (N) is maintained, i.e. at point B on the hysteretic loop, the residual
deformation (DB > 0) exists and the crack does not close yet, and the residual stress
is compressive (ss< 0) but the residual strain is tensile for the reinforcement near the
bottom (As), while both residual stress and strain are compressive for the concrete on
the upper part of the section; when the load (eP) is acted in a negative direction
(M < 0), the concrete and reinforcement (A0

s) on the upper part of the section turn
gradually to tension from compression while the reinforcement near the bottom
(As) is yielded with no concrete there, carries compression, so the deformation of
the member (D) increases quickly and the PeD curve is flattened; when the rein-
forcement near the bottom (A0

s) is yielded compressively and the crack there is closed
gradually, so the concrete there starts to be compressed and the increasing rate of the
deformation (D) is slowed down or the slope of the PeD curve is increased, then a
contra flexure, i.e. point C, is formed on the curve; when the negative load is
increased further, the plastic strain of concrete (on the lower part of the section) under
compression is increased while the reinforcement on upper part of the section (A0

s) is
yielded tensely and the concrete there is cracked, so the stiffness of the member is
reduced again and the deformation (D) turns to a negative one from a positive one;
as the bending moment reaches the minimum (or eMmax, at point D), the tensile
crack expands widely and the reinforcement (A0

s) is yielded with considerable slip
on the upper part of the section. This is, in brief, the process of a pinch effect for a
reinforced concrete member.

Accordingly, the level of pinch effect of hysteretic curve for a reinforced con-
crete member depends mainly upon the crack width expanded of the tensile con-
crete, elongated strain of reinforcement, relative slip between reinforcement and
adjacent concrete, accumulation of residual (plastic) strain of compressed concrete,
and variation of neutral axis on section. The slope of the diagonal line (line AD or
from þMmax to eMmax) represents the total stiffness of the member, and the area
surrounded with the hysteretic loop shows the energy dissipation by the member
experiencing one cycle of positive and negative loading-and-unloading. Apparently,
the hysteretic loop of more fullness is favorable for the aseismic structure.

If the peak points of all cycles of reversed loading-and-unloading are linked suc-
cessively, the corresponding skeleton curve is obtained (Fig. 16-8). When the skel-
eton curve is compared with the loadedeformation (PeD) curve measured from the
monotonically loading test of the specimen with similar parameters [16-11], both
shapes are similar to each other and the variation regularities of various indices of
them are also similar but with different values (Fig. 16-10): the maximum
(ultimate) strength reduces by no more than 10%, the yielding and ultimate
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curvatures ((1/r)y and (1/r)u) increase greatly but the ductility ratios of curvature and
displacement (b(1/r) and bD) increase slightly, and the ultimate (plastic) angular rota-
tion (qu) increases obviously. These differences result due to the reasons, such as:
alternative changes of tensile and compressive stresses in concrete and reinforce-
ment, alternative opening and closing of concrete cracks, alternative changes of
the direction of bond stress between reinforcement and adjacent concrete, and
bond failure and residual deformation accumulated continuously, as the member
is acted with reversely loading-and-unloading many times.

16.3.2 Hysteretic curves under various conditions
The hysteretic curve of reinforced concrete members or joints under action of
various load or internal forces varies with its section, materials, reinforcements,
and detailing, and some examples are introduced below.

FIG. 16-10 Comparison of behavior indices between skeleton curve under reversely loading

and loadedeformation curve under monotonic loading: (a) yielding curvature, (b) ultimate

curvature, (c) ductility ratio of curvature, (d) ductility ratio of displacement, (e) ultimate

angular rotation
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16.3.2.1 Content of reinforcement
The hysteretic curve shown in Fig. 16-8 is measured from the test of a symmetrically
reinforced concrete member with contents of the reinforcements (m ¼ m0¼ 1.54%),
whereas the hysteretic curves measured from the members with different contents of
reinforcements (m ¼ m0 ¼ 0.467% and 2.54%) are respectively shown in Fig. 16-11.
It is easily seen that the hysteretic characteristic and ductility of the member is appar-
ently improved for the member with greater content of reinforcement (m ¼ m0). For
example, the area surrounded by each hysteretic loop, i.e. the capacity of energy
dissipation, is increased, the pinch effect is released, and the stiffness is increased.
Of course, these are favorable for seismic resistance of the structure.

16.3.2.2 Compressionestrength ratio
The compressionestrength ratio of the member shown in Fig. 16-8 is n ¼ N/fcbh0 ¼
0.201, and the hysteretic curves measured from the members with greater
(n¼ 0.367) and smaller (n¼ 0) compressionestrength ratios are shown respectively
in Fig. 16-12. As the specimen (L2-13) is a flexural member with zero compression
(N ¼ 0), its hysteretic curve is more plump and the skeleton curve does not descend
even after the concrete is failed locally under compressive stress caused by bending
moment, because the reinforcements on upper and lower parts (As ¼ A0

s) of the sec-
tion still sustain together the bending moment. So the ductility of the flexural mem-
ber is the best among these members. However, the specimen (L2-21) is tested under
higher compressiveestrength ratio, serious pinch effect appears on the hysteretic
curve after a few cycles of reversely loading and the skeleton curve descends
soon after the peak point, so it shows poor ductility.

16.3.2.3 Shearing of short column
When a short column is acted together with a shear force (V), axial force (N), and
bending moment (M) and the shearing failure (Chapter 14) is finally resulted, the

FIG. 16-11 Hysteretic curves of loadedeformation of a member with different contents

of reinforcement [16-11]: (a) m [m0[ 0.467%, (b) m[m0[ 2.54%
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typical hysteretic curve and skeleton curve of loadedeformation measured are
shown in Fig. 16-13. Actually, the yielding point, in physical meaning, does not exist
for this kind of failure of reinforced concrete member. However, the nominally
yielding point and corresponding values can still be determined (see Fig. 16-2) prop-
erly based on shape of the skeleton curve, and the ductility ratio is calculated
accordingly.

When the load (P), i.e. shear force and bending moment, is acted reversely and
increased successively after the axial compression (N) is acted in advance and keeps
constant, the cracks of X shape appear and develop on the member and the pinch
effect is presented much more obviously on the hysteretic curve. In addition, the
member fails and the skeleton curve drops suddenly with poor ductility ratio. Gener-
ally, the ultimate strength of the member under reversely loading is less by 10e15%
than that under monotonic loading. The hysteretic characteristic of the member is
even poorer, if the member is of smaller shearespan ratio (a/h0), greater
compressionestrength ratio (N/fcbh0), and less content of stirrup. On the contrary,
the hysteretic characteristic of the member gets to be improved.

16.3.2.4 Shear wall
A shear wall or coupled shear walls with many openings may not work differently
from a vertical cantilever (column). However, the sizes and positions of the openings
dominate the mechanical behavior and failure pattern of the coupling beams and
walls, and have considerable influence on the hysteretic curve. There are two exam-
ples in Fig. 16-14 showing the hysteretic curves of horizontal loadelateral

FIG. 16-12 Hysteretic curves of loadedeformation of members with different compressione

strength ratios [16-11]: (a) n [ N/fcbh0 [ 0 (x [ 0), (b) n [ N/fcbh0 [ 0.367 (x [ 0.419)
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displacement (PeD) for the shear wall with openings. The differences between the
hysteretic curves and skeleton curves of both shear walls are closely related to the
failure process and pattern.

The specimen S-9(2) is of shearespan ratio a/h0 ¼ 2.42 and is acted reversely
with a horizontal load (P) at the top besides the vertical compression (N ¼ const.).
A flexural crack appears first at the end of a coupling beam, and then several flexural
cracks occur horizontally and successively at the bottom and above on the wall.
When the tensile reinforcement of the wall is yielded and a plastic hinge is formed
at the bottom, the lateral displacement at the top (D) increases considerably but the
strength (or load) varies slightly, so the skeleton curve bends gently and better
ductility is presented apparently. Finally, the compressive concrete on the bottom
is crushed and the wall fails in flexural pattern, as the plastic hinge there deforms
reversely under positive and negative bending moments.

Another shear wall (S-1D) is acted reversely with three horizontal loads on
one side distributed like a reversed triangle, and the generalized shearespan ratio
is only 1.38. As the loads (P) are increased after each cycle, a flexural crack
appears horizontally first on the bottom of the wall and then the tensile reinforce-
ment there is yielded. Afterwards, an inclined critical crack forms on the lower part
of the wall and the wall fails suddenly in shear pattern near the first floor, so
the strength reduces, or the skeleton curve descends, immediately with poor
ductility.

FIG. 16-13 Hysteretic curve of short column under shear failure [16-12]
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16.3.2.5 Bond-slip between reinforcement and concrete
When a reinforced concrete member is acted reversely with positive and negative
bending moments during an earthquake, the longitudinal reinforcement in it
certainly sustains reversed compression and tension. The hysteretic curve of bond
stresseslip (ses) shown in Fig. 16-15(a) is measured from the test of a bonded

FIG. 16-14 Hysteretic curves of loadedisplacement at the top of shear walls with

openings [16-13]: (a) flexural failure, (b) shearingeflexural failure
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reinforcement under reverse loadings of tension and compression. The skeleton
curve obtained is similar to the ses curve measured from the test of monotonically
loading (Fig. 7-10), but the average bond strength (su) of a deformed reinforcement
obtained is reduced by about 14%. In addition, the bond strength of a plain reinforce-
ment is reduced seriously under reversely loading, so the plain reinforcement is not
recommended to be used in an aseismic structure.

The pinch effect found on the hysteretic curve of bond stresseslip (ses) between
reinforcement and concrete is more serious than that appearing for a general struc-
tural member (e.g. Figs 16-11e16-14): the unloading line of every cycle almost runs
parallel with the ordinate and the recovered slip is few even the bond stress is totally
released (s¼ 0); when the specimen is loaded oppositely and the bond stress reaches

FIG. 16-15 Hysteretic curve of bond stresseslip: (a) hysteretic curve [16-14], (b) deformation

and crack of concrete near transverse rib on surface of reinforcement [1-1], (c) cracks and

distribution of bond stress [1-1]
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about s ¼ 0.2smax, the residual slip recovers totally and the opposite slip then ap-
pears considerably, so a long plateau is presented obviously; afterwards, the slip in-
creases with the bond stress.

The formation of the slip plateau on the hysteretic curve is a successive process
(Fig. 16-15(b)): when the specimen is loaded positively, e.g. towards the right, until
the maximum bond stress (smax, point A) of one cycle, the concrete in front of the
transverse rib of the reinforcement is crushed locally and an inclined internal crack
appears and develops near the tip of the rib, while a gap exists behind the left side
of the rib (Fig. 7-9); when the specimen is unloaded (AB), an opposite friction is
acted on the reinforcement, so the reversed deformation is small and the inclined
crack will not change; when the specimen is loaded reversely, i.e. towards the
left, the deformation of concrete and the slip of the reinforcement are recovered
gradually (BC); after the friction on surface of the reinforcement (z0.2smax) is over-
come, the rib of the reinforcement moves towards the left and a slip plateau (CD)
appears gradually; when the rib of the reinforcement passes the gap and reaches
and compresses the concrete on the left side, the stress is increased (DE) and the in-
clined crack expands gradually near the left tip of the rib, while the inclined crack
near the right tip of the rib is closed. When the specimen is unloaded and reloaded
reversely again, the process is repeated similarly.

As a bonded reinforcement is acted reversely with tension and compression,
the transverse ribs on its surface move reversely and compress alternately the con-
crete on both sides, then the crushed areas and the inclined cracks develop grad-
ually. In the meantime, the damaged area extends inside from the loading end, or
the cracking section of a member, and the inclined cracks of X shape appear suc-
cessively in the interior of the member (Fig. 16-15(c)). In addition, the distribution
of bond stress on the surface of the reinforcement varies correspondingly, as the ten-
sile and compressive loads change alternately and the local damage is accumulated
continuously. Therefore, the bond behavior between reinforcement and adjacent
concrete in a structural member is obviously deteriorated under reversely loading.

16.3.2.6 Beamecolumn joint
The joint connecting beams and columns in a reinforced concrete frame structure is
an important part during an earthquake, because the maximum values of shear force
and bending moment happen together and the damage is easily resulted there under
seismic load, and additional damage or even collapse of the structure may be caused
after its failure. Therefore, the joint should be designed carefully, and the principle
of ‘joint being stronger than members’ is usually followed, according to the Chinese
design code [16-1]. There are various joints, including middle, side, and corner
joints, connected with different beams and columns in the frame, and they have to
be investigated separately under reversely loading of low cycles [16-15e16-19].
A hysteretic curve of loadedisplacement at the beam end measured from a middle
joint in a frame structure is shown in Fig. 16-16(a) as an example.

The core zone of a joint works under multi-axial stress state, as the axial forces,
bending moments, and shear forces are acted simultaneously at ends of the beams
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and columns connected (Fig. 16-16(b)). The stress of concrete there is approaching
that calculated elastically and the stress of stirrups there is rather low before cracking
of concrete. When the load is increased and 60e70% of the strength of the joint is
reached, a diagonal crack appears within the core zone and the stress of stirrups there
increases suddenly. As the load is increased further and acted reversely for several
times, two series of diagonal cracks crossing each other are formed and expand
continuously, and the stirrups there are yielded successively. In the meantime, the
longitudinal reinforcements in beams and columns are yielded tensely and the plas-
tic hinges are formed near their ends, and the slipping areas between the reinforce-
ments and concrete extend gradually into the interior of the joint, so the deformation
(D) of the joint increases quickly and its stiffness decreases. The concrete in the core
zone is acted with alternative tensile and compressive stresses in a diagonal

FIG. 16-16 Hysteretic curve and mechanical condition of beamecolumn joint: (a) hysteretic

curve [16-12], (b) mechanical condition of middle joint, (c) hysteretic curve of reinforcement

deformation on outer layer of joint [16-11]
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direction, the diagonal cracks open and close alternately and the pinch effect is
resulted seriously on the hysteretic curve (Fig. 16-16(a)). Finally, the concrete in
the core zone is crushed and spalled off and the strength reduces. The ultimate
strength and hysteretic behavior of a beamecolumn joint depend mainly upon the
ratio between internal forces of beams and columns connected, compressione
strength ratio of the column, content and anchorage of longitudinal reinforcement,
detailing of stirrup.

The hysteretic curve of loadedeformation (PeD) of longitudinal reinforcement
in beam and column near the joint is asymmetrical (Fig. 16-16(c)). When the rein-
forcement is yielded tensely under bending moment, the crack of concrete nearby
expands widely and the slipping area of the reinforcement extends into the joint
zone, so the elongated deformation (þD) results. On the contrary, when the rein-
forcement is compressed thereafter, the crack of concrete nearby is closed and com-
pressed and the opposite slip of the reinforcement is slight, so the compressive
deformation of it is limited although the pinch effect still appears.

16.3.3 Calculation model
A series of non-linear responses of reinforced concrete structure occur successively
and the internal forces, cracking of concrete, and yielding of reinforcement in it vary
reversely under earthquakes. In order to analyze dynamically the mechanical re-
sponses of the structure or its member following the process of an earthquake, an
accurate constitutive relation, or mathematic model of loadedisplacement of the
material and section used, e.g. seε, Me1/r, or PeD, has to be known in advance.

The calculation model of sectional behavior of a structural member can be estab-
lished following the general method introduced in Section 11.3, of which the prin-
ciples used are: (1) giving the stressestrain relations (seε) of concrete and
reinforcement and the bondeslip relation (ses) between them under reverse
loading; (2) assuming the member section maintaining a plan after loading and
determining the relative relations of various strains on the section; (3) establishing
the equilibrium equations for the external and internal forces acting and solving
the unknowns. Usually, the structural member is divided into several segments along
its axis and each segment is transversely divided again into several strips, then the
basic equations are derived and the digital calculation is conducted and completed
by computer. This method can be used for any members acted with various internal
forces and the result obtained is accurate, but it should be calculated particularly for
each member, which takes more calculation.

The method used widely in engineering practice is as below. The bending
momentecurvature relation (Me1/r) is given directly for section of the member
based on the experimental result or theoretical calculation, then the internal forces
and deformation of the structure are analyzed by the non-linear finite element
method. In order to simplify the calculation, various approximate Me1/r models
are suggested in reference [16-11], among them Clough’s degrading stiffness model
of three lines (Fig. 16-17) is used frequently.
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The main points of hysteretic rule of Clough’s Me1/r model are:
1. Skeleton line is three-folded and is linked successively with four character-

istic points, i.e. origin (0, 0), cracking of concrete (Mcr, (1/r)cr), yielding of tensile
reinforcement (My, (1/r)y), and ultimate state (Mu, (1/r)u) of the member.

2. Unloading lines are taken as the inclined ones and their slopes (Kr) vary with
the value of bending moment or corresponding curvature (1/r)r at the start of unload-
ing. Considering the degrading stiffness of the member after yielding of the rein-
forcement, the slope is calculated by the formula:

when M � My Kr ¼ K0; (16-15a)

or My < M � Mu Kr ¼
�ð1=rÞy
ð1=rÞr

�z

$K0; (16-15b)

where K0 is the elastic stiffness of the member before cracking of concrete, and z is
the empirical coefficient. The average value zz1.5 can be used, as the experimental
value ranges from 0.8 to 1.8.

3. Reloading lines start from the residual curvature (1/r)r after totally unloading
(M ¼ 0) and link linearly with the highest point reached in the last loading cycle. If
the highest point reached does not exceed the cracking or yielding point (Mcr orMy),
the reloading line should link with the characteristic point and, then, go toward the
skeleton.

This model reflects to a certain extent the main characteristics, e.g. stiffness
degraded and pinch effect, of the member under reverse loading and is easily
used for calculations. Based on this model, other models are also suggested for
improvement (complement and modification), for example, the influence of addi-
tional deformation caused by slip of the reinforcement within the joint zone, influ-
ences of axial and shear forces acted on the section, and aggregate interaction on the

FIG. 16-17 Clough’s Me1/r model of degrading stiffness [16-11]
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cracked face of concrete are considered. Consequently, the accuracy of the calcu-
lated result is improved while more calculation is needed.

Comparing with the measured hysteretic curves, e.g. Figs. 16-11 to 16-16, these
models are of the first approximation and are obviously simplified. Nevertheless,
when these simplified models are used for analysis of hysteretic behavior of a rein-
forced concrete structure or its member, the calculated results may be still satisfied,
because (1) earthquake action is highly random and undetermined, (2) appearing and
developing of concrete crack and slipping of reinforcement are scattered signifi-
cantly, and (3) error of the Me1/r model is not so sensible for the calculated results
in some conditions.
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Usually, after a reinforced concrete structure designed in accordance with ultimate
load-bearing capacity is put in service for many years, the load actually acted may
occasionally exceed the one designed, but it is seldom in engineering practice that
the structure fails due to an occasional overload only. However, when the structure
is acted with the load being smaller than the designed one but is repeated thousands
of times, it may fail suddenly after accumulation of internal damage. Sometimes, the
latter situation is even more dangerous than the former one.

When a structure is failed under the repeated load, or internal forces, being smaller
than the ultimate one during monotonically load, this phenomenon is called fatigue of
the structure. Many examples happen frequently in structural engineering: bridge or
crane beam and its supporting structure are acted on with vertical and horizontal loads
of the vehicles or crane; the structure of industry building is acted with periodic, e.g.
rotating of an eccentric block or reciprocating movement of rocker arm, or random
vibration; a hydraulic dam or offshore structure is slapped with waves. These loads
acting on the structure may repeat several million times within the service period.

Generally, fatigue failure of a material or structure occurs after the load is
repeated for 104e2�106 times. If the structure fails when the load is repeated less
than 1000 times, this is called fatigue of low cycles, e.g. the structure under an earth-
quake (Chapter 16). On the other hand, if the structure does not fail after the load
is repeated 107 times, it is generally considered that it will not fail even if the
load is repeated more times, or the fatigue failure will never occur at all. Therefore,
it is important to determine the fatigue limit (or strength) for a material or structure,
i.e. the maximum bearing capacity of it as the fatigue failure will not occur.
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The fatigue of a structure is a long process and generally is caused by accumu-
lation of internal damages. Usually, the micro-defects, e.g. micro-cracks, porosity,
and interface and impurity of low strength, initially exist in the interior of the struc-
tural material, the stress concentration occurs nearby under action of the load and
corresponding damages appear, develop, and accumulate continuously after the
load is acted repeatedly many times, then the effective area of the material for resis-
tance is reduced and the eccentric stress and stress concentration are emphasized
unfavorably. Finally, the material and structure fail suddenly as its bearing capacity
is reduced gradually.

The fatigues of reinforced concrete structure and its materials have been exper-
imentally investigated at home and abroad [17-1e17-5] for many years. Because the
fatigue of a material depends mainly upon its internal microstructure and many
factors have influence on it, the fatigue strength or life (repeating times of the
load) of the structure measured from the tests is scattered considerably.

17.1 Fatigue of concrete
17.1.1 Experimental results and expression
The stressestrain curve of a concrete prism under action of repeated compression
is shown in Fig. 17-1. When the compressive stress repeated on the specimen is
smaller than the fatigue strength of concrete, e.g. s1, s2 < f fc in Fig. 17-1, the
area of a hysteretic loop composed of each reloading and unloading cycle is
reduced gradually as the repeating time of the load (n) increases, and the stresse
strain curves of reloading and unloading tend to be fixed and the residual strain after
being unloaded will not increase further after a certain amount of times of load
repeating. This shows that deformation and internal structure, including develop-
ment of crack, of the concrete material tend to be stable and excessive deformation
and failure of the specimen will not occur even when the load is repeated more
times.

FIG. 17-1 Stressestrain curve of concrete under repeated compression [1-1]

438 CHAPTER 17 Fatigue Resistance



When the compressive stress repeated is greater than the fatigue strength of con-
crete, e.g. fc > s3 > f fc in Fig. 17-1, the specimen will fail after the load is repeated
N times, which is called the fatigue life of the concrete, in the range of smin to
smax ¼ s3. Correspondingly, the variation regularity of the stressestrain curves
(Fig. 17-2) is generally as below. When the load is repeated less than 20 times
(n < 20), the area of the hysteretic loop reduces gradually after each reloading
and unloading cycle, and the reloading and unloading curves tend to be a straight
line. When the load is repeated more than 104 times (n> 104), the creep and internal
micro-crack of concrete develop gradually, the reloading and unloading curves tend
to be convex towards the abscissa (strain axis), and the total and residual strains
(εmax and εmin) of each loading cycle increase continuously and the slope of the
curves or the stiffness of the specimen reduce gradually. Finally, the specimen fails
suddenly when the load is repeated N times (fatigue life), because the internal
damages are accumulated, the cracks develop and link together, and the deformation
of the specimen accelerates and diverges.

The strains (εmax and εmin) of concrete specimen at the maximum and minimum
stresses (smax and smin) are measured during repeatedly loading test and they vary
with repeating time of the load as shown in Fig. 17-2(b). In addition, an acoustic
instrument may be used for measuring the wave speed in the specimen, which
also varies with repeating time of the load.

Analyzing these experimental data, the fatigue process of concrete can be
divided into three stages:

1. Besides the original crack, a new crack is formed in the weak part of the
specimen and the strains accelerate when n/N < 0.1;

2. The cracks develop stably and the strains increase slowly when n/N ¼ 0.1e0.9;
3. The cracks expand unstably and the strains diverge when n/N> 0.9, in which n is

repeating time of the load and N is the fatigue life or the repeating time of load
at failure of the specimen.

FIG. 17-2 Variation of concrete strain under repeated stress: (a) stressestrain curves at

different times of repeated load [17-2], (b) increases of the maximum and minimum

strains [17-1,17-4]
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The experimental results of fatigue tests can be plotted in two ways. When the
variation amplitude of stress (S, e.g. f fc ¼ smax) and the fatigue life (N or lgN) are
respectively taken as the ordinate and abscissa, the SeN diagram of fatigue
strength (e.g. Fig. 17-3), or Wohler diagram, is obtained for the material. Another
expression is the Goodman diagram as shown in Fig. 17-6(b). Because of consider-
able scatter of the experimental data, the fatigue strength of concrete can also be
expressed in terms of failure probability (p) and the S-N-P diagram is then ob-
tained, in where the contour of p ¼ 0.5 represents the average value of the fatigue
strength.

According to the experimental data and viewpoints of different researchers, the
variation amplitude of stress during fatigue test (S) is expressed by various stress
indices, e.g. stress difference fr ¼ smax � smin [2-11], stress ratio rf ¼ smin/smax

[2-1], and other, i.e. (smax � smin)/(fc � smin), smax=f
0
c, etc.

The experimental results and analyses introduced above are based on the fa-
tigue test with constant amplitude, i.e., the maximum and minimum loads
(stresses) repeated are kept constant during testing, and most fatigue tests con-
ducted at home and abroad till now are of this kind. Actually, the load acted
on a structure or the stress of its material is always variable, even significantly
varied within service time in engineering practice. Therefore, the fatigue test
with variable or random amplitude (e.g. Fig. 17-4) should be conducted and
investigated.

Usually, the Palmgren-Miner hypothesis is used for determining the fatigue
strength of a material under variable stress amplitude. The whole loading and
unloading process is treated as a composition of k kinds of constant stress amplitude,
and the material will fail due to fatigue when

Xk
i¼1

ni
Ni

¼ 1:0 (17-1)

FIG. 17-3 S-N or S-N-P diagram for fatigue strength of compressed concrete [17-1]: (a) S-N-P

diagram, (b) S-lgN diagram

440 CHAPTER 17 Fatigue Resistance



occurs according to the principle of successive accumulation of fatigue damage, in
which ni repeating time of ith constant stress amplitude, Ni fatigue life (time) of the
material under ith constant stress amplitude alone.

Several results of fatigue tests with variable stress amplitude are reported
[17-1,17-5], but the conclusions given are not consistent. Some of them conclude
that the equation is reasonable, but others consider that the constant in the right
side of the equation should be smaller than 1.0 or the appearing order of different
stress amplitudes should be taken into account. However, this equation is still adopted
widely in available design codes of many countries [2-1,2-11,2-12].

17.1.2 Influence factors and calculation formula
The main factors, having influence on the fatigue strength ( f fc ) or life (N) of
concrete, are as below besides the stress amplitude (S).

Stress gradient. When the concrete prisms are compressed repeatedly with
different eccentricities (e), the SeN diagram measured is shown in Fig. 17-5. It is

FIG. 17-5 S-N diagram for concrete prisms with different stress gradients [17-6]

FIG. 17-4 Fatigue tests with constant and variable amplitudes: (a) constant amplitude,

(b) variable amplitude
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demonstrated that the fatigue strength of concrete increases with the stress gradient
on its section. When the stress gradient of the prism is zero, the whole section of it is
compressed uniformly with high stress, so greater probability of concrete damage
appearing earlier and developing much quicker is caused and the fatigue strength
should be reduced correspondingly.

Material composition and manufacture technique. It is generally considered
that many factors, including content of cement, waterecement ratio, kind of aggre-
gate, curing condition, age at loading, of concrete do not have direct influence on its
fatigue strength. However, these factors have obvious influence on the compressive
strength (fc) of concrete, which influences indirectly the fatigue strength. For
example, high-strength concrete contains less defects in the interior and has a higher
relative value of fatigue strength [17-7], while light-weight (aggregate) concrete
contains many porosities and more defects in the interior and has lower relative
value of fatigue strength [17-8].

Loading frequency. The loading frequency during the fatigue test usually
ranges from 100 to 900 times per minute, which has no obvious influence on the
fatigue strength of concrete. Nevertheless, the fatigue strength or life of concrete
will reduce if the loading frequency is too low, e.g. 4 times per minute, as larger
creep is caused.

Fatigue strength under tension. It is experimentally demonstrated [17-9] that
the relative fatigue strength of concrete under tension ( f

f
t =ft), including axial (ft,

Eq. (2-9)), splitting (ft,s, Eq. (2-10)), and flexural tension, i.e. modulus of rupture
(ft,f, Eq. (2-11)), is consistent with that under axial compression (f fc =fc). However,
the fatigue strength of concrete under reversed tensile and compressive loads is
smaller than that under a repeated tensile load.

Various kinds of simplified formula or diagram are provided for checking the
fatigue strength of structural concrete in the design codes of different countries.
Some of them give the fatigue strength of concrete for predetermined times of
repeated stress, e.g. N ¼ 2�106 or N ¼ 4�106 (Fig. 17-6(a)), or give the fatigue
life (N) for predetermined variation amplitude of repeated stress (smax, smin),
e.g. Fig. 17-6(c). In addition, the Goodman diagram gives the allowable variation
amplitude of repeated stress (smax, and smin), according to the required fatigue
life of the concrete, e.g. N ¼ 106 (Fig. 17-6(b)).

Some researchers also suggest different formulas for the calculation of fatigue
strength or life of concrete, for example:

Aas � Jacobson ðSwedenÞ lgN ¼ 1� ðsmax=fcÞ
bð1� smin=smaxÞ (17-2a)

with ß ¼ 0:0685

Kakuta � Okamura ðJapanÞ lgN ¼ 17

�
1� smax � smin

fc � smin

�
: (17-2b)
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17.2 Fatigue of reinforcement
The fatigue strength or life of a reinforcement (steel) is also expressed by S-N,
S-N-P, or the Goodman diagram, e.g. Fig. 17-7, based on the experimental results.

There are three kinds of specimens used for fatigue test of reinforcement:
(1) taken from original plain or deformed reinforcement; (2) standard specimen
with smooth surface turned from original reinforcement. Both can be directly tested
under repeated loading and unloading cycle on the testing machine; (3) reinforce-
ment is buried reliably in the tension zone of a beam, on which two concentrated
loads act symmetrically and repeatedly.

The experimental results show that the fatigue strength obtained from the orig-
inal reinforcement is the lowest among them. The fatigue strength of the reinforce-
ment in a beam is slightly higher, and its fatigue fracture occurs near the cracked
section within the maximum bending moment region of the beam. Generally, the
fracture occurs initially at the rib root or factory mark on the surface of the reinforce-
ment. Therefore, the smooth standard specimen eliminates most defects on the
surface after being worked, and the fatigue strength is almost doubled.

FIG. 17-6 Diagrams for calculation of fatigue strength of concrete: (a) Chinese Code [2-1],

(b) ACI Committee 215 [1-1], (c) CEB-FIP Model Code [2-12]
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The reinforcement fails suddenly under repeated load after the fatigue life is
reached and the fracture surface observed is shown in Fig. 17-8(a). The process of
fatigue failure can be divided into three stages:

1. Initial formation of crack. Some defects, e.g. impurity, fine crack or gap, carving
mark, and rust stain, are caused on the surface and in the interior of the rein-
forcement, during the processes of smelting, rolling, and cold working.
Consequently, stress concentration occurs near these defects or at the rib root on
the surface under the repeated stress, and the crack is initially formed there
when the stress exceeds the corresponding strength and causes slipping of steel
crystal in the reinforcement.

2. Expansion of crack. As the stress acted repeats more and more, the initial crack
expands gradually and the damage caused accumulates, then the effective area
on the section of the reinforcement is reduced. In the meantime, the cracked
area on the section is smoothed down by friction and a darker color appears
there under repeated loading and unloading.

3. Fatigue fracture. When the effective area remaining on the section of the rein-
forcement is deduced continuously and can not carry anymore the stress acted,

FIG. 17-8 Fracture surface of reinforcement after being fatigued: (a) fracture surface,

(b) shape of rib on outer surface

FIG. 17-7 Fatigue strength of reinforcement: (a) original reinforcement [1-1], (b) reinforcement

in beam and standard specimen [17-1]
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the reinforcement fractures suddenly. The fracture area on the section looks
fresh and bright and rough granules appear on it.

The available results of fatigue test with variable stress amplitude show that the
Palmgren-Miner hypotheses (Eq. (17-1)) based on damage accumulation can also be
used for reinforcement although with some argument.

The first factor having influence on fatigue strength or life of reinforcement is
also the variation amplitude of stress acted (S), but various indices related are
selected by different researchers. Other factors are mainly as below.

Appearance and diameter. The ratio between the radius at the root and height of
the rib (r/h, Fig. 17-8(b)) in the surface of a reinforcement has considerable influence
on the coefficient of stress concentration nearby, e.g. 1.5 to 2.0 [17-1]. Therefore, the
fatigue strength increases with the ratio (r/h). The probability of internal defect
increases and, then, the fatigue strength reduces as the diameter of the reinforcement
increases (Fig. 17-7(a)).

Strength grade. As the strength grade of reinforcement is elevated, the absolute
value of fatigue strength, e.g. f fy ¼ smax or Df

f
y , is increased (Fig. 17-9(a)) as well,

FIG. 17-9 Diagram for calculation of fatigue strength of tensile reinforcement: (a) Chinese

Code [2-1], (b) CEB-FIP Model Code [2-12], (c) USA AASHTO [17-1]
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while its relative value, e.g. f fy =fy or ðsmax � sminÞ=fy; is decreased. Conse-
quently, the steel wire and strand of high strength used for prestressed concrete
follow the regularity [17-10].

Processing and environment. Additional damage will be locally caused in the
reinforcement after processing, e.g. bending, welding, and mechanically splicing, or
sustaining corrosion in air or seawater. Consequently, stress concentration nearby is
aggravated after the reinforcement is stressed, so its fatigue behavior is deteriorated.
Some experimental results report that the fatigue strength of the reinforcement may
be reduced by about 50%.

Frequency of loading. The machines used for fatigue testing of material are
different in frequency of repeatedly loading, and 200e600 cycles/min and
5000e10,000 cycles/min are respectively called low and high frequencies. The latter
one gives slightly higher value of fatigue strength of reinforcement, because of
shorted time of testing and less damage accumulation.

Various expressions of formula or diagram (Fig. 17-9) are provided for checking
fatigue strength or life of the reinforcement in the structural member in the design
codes of different countries. The formulas in Fig. 17-9(c) are

fr ¼ smax � smin ¼ 145� 0:33smin þ 55ðr=hÞ (17-3)

lgN ¼ 6:1044� 591� 10�5fr � 200� 10�5smin þ 103� 10�3fb

�8:77� 10�5As þ 0:0127dðr=hÞ; (17-4)

where d is the diameter of reinforcement in mm, As is the sectional area of reinforce-
ment in mm2, smax, smin, and fb are the maximum and minimum stress repeated, and
tensile strength of reinforcement in N/mm2, r and h (see Fig. 17-8(b)).

17.3 Fatigue of bond between reinforcement and concrete
When a load is acted repeatedly on a reinforced concrete structure, the tensile rein-
forcement in it is also stressed and released repeatedly, and the bond stress acted
reciprocally on the interface between reinforcement and concrete near anchorage
ends and cracked sections vary correspondingly. Therefore, various damages are
caused and accumulated, relative slip between both is increased, and bond stiffness
and average bond strength are decreased gradually, as the load is repeated continu-
ously. These are referred to as degradation of bond.

The degradation of bond between reinforcement and concrete has great influence
on mechanical behavior of the reinforced concrete structural member during the ser-
vice period, e.g. tensile crack widens, stiffness reduces, and deformation increases.
More seriously, some structural members, especially reinforced with plain bars only,
will fail earlier than expected, because the load-carrying capacity is reduced after the
load is repeated many times. For example, the concrete inside the end hook of the
reinforcement is crushed and considerable slip is then caused, an inclined crack is
formed afterwards and expands quickly (Chapter 14) and the stirrups nearby are
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broken, so the member fails suddenly as the concrete on the compression zone of the
section is crushed [17-11].

The tension specimen (Fig. 7-4) is normally used for bond test of reinforcement
under repeated load [17-12e17-14], and a consistent conclusion is derived, although
the material, shape, detail, and loading method of the specimens are different from
one another. A typical SeN diagram obtained for the ultimate bond strength between
reinforcement and concrete (sfu) is shown in Fig. 17-10(a). The bonded length of the
specimen used is l¼ 3d, and the minimum value of average bond stress acted repeat-
edly during testing is smin ¼ 0.1su, in which su is the average bond strength under
monotonic loading. The experimental results show that the bond strength (sfu=su) re-
duces monotonically as the repeated times of load, i.e. fatigue life (N), increases, e.g.
sfu=su ¼ 0.75e0.85 when N ¼ 1000 and sfu=su ¼ 0.6e0.7 when N ¼ 106. Of course,
the fatigue bond strength (sfu ¼ smax) increases with the minimum bond stress (smin)
acted repeatedly, and vice versa. However, the strength of the concrete (fc¼ 23.5e48
N/mm2) and the diameter of the reinforcement (V8eV28) do not have obvious
influence on the fatigue bond strength.

The bond between plain reinforcement and adjacent concrete is mainly depen-
dent on friction resistance on the interface. However, the friction resistance is easily
damaged under repeated load, so the fatigue bond strength (sfu=su) reduces
correspondingly and degradation appears seriously.

The average bond stress vs. relative slip relation (ses) between reinforcement
and concrete under repeated load is shown in Fig. 17-11 and is similar to the
compressive stressestrain curve of concrete (Fig. 17-1). A hysteretic loop is formed
on the figure after each loading and unloading cycle, and its area reduces succes-
sively and tends to be stable after a certain amount of loading cycles. The relative
slips at the loaded and free ends increase successively (Fig. 17-10(b)) when the
maximum load (or smax) is reached in every loading cycle. After the load is released
totally (s ¼ 0) in every loading cycle, the relative slips remain increased with
reducing increment and tend to be stable. If the maximum load repeated (or smax)
is increased, the area of hysteretic loop and relative slips after the loading and

FIG. 17-10 Fatigue bond strength between reinforcement and concrete [1-1]: (a) S-N diagram,

(b) slip at free end
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unloading cycle are newly increased as well. If the average bond stress of the rein-
forcement under repeated load is greater than the fatigue bond strength, the relative
slips increase suddenly (Fig. 17-10(b)) and the concrete surrounding the reinforce-
ment is split or the reinforcement is pulled out gradually from it after many times of
load repeated (N), then the specimen is failed.

The distributions of tensile (ss) and bond (s) stresses and local damage near the rib
of the reinforcement experienced each loading and unloading cycle is schematically
shown in Fig. 17-12(a). When the specimen is loaded until the maximum value (point
A in the figure, or sm), the tensile stress at the loaded end of the reinforcement also
reaches the maximum and the reinforcement there moves towards the right side,

FIG. 17-11 ses curve under repeated load [1-1]

FIG. 17-12 Analysis of bond behavior of specimen under loading and unloading cycle: (a) one

cycle of loading and unloading, (b) after n times of load repeated
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and the concrete in front of the rib is crushed and an inclined crack occurs or develops
at the right tip, while a gap remains behind, e.g. on left side of the rib. When the spec-
imen is unloaded until point C via point B, the deformation and inclined crack in front
of the rib recover slightly only and the gap behind the rib shrinks slightly, so the
residual slip is considerable. The tensile stress at the loaded end of the reinforcement
should be zero after unloading (point C), and the corresponding strain of the rein-
forcement nearby shrinks mostly and the residual stress is less, while the left part
near the free end of the reinforcement is confined by the opposite friction from the
bonded concrete and the tensile stress (ss) these will not be released totally. Therefore,
the tensile stresses at both loaded and free ends of the reinforcement are zero then, and
the maximum stress appears in the middle of the bonded length. Correspondingly, the
bond stresses on right and left parts of the reinforcement are of opposite directions.
When the specimen is reloaded until point E (sm) via point D, the tensile stress at
the loaded end of the reinforcement again reaches the maximum, so the concrete
on right side of the rib is crushed more, the inclined crack there develops more,
and slip of the reinforcement and the gap behind the rib increase as well. In the mean-
time, the region with higher tensile stress expands within the loaded length and the
peak point of bond stress moves towards the inside, e.g. towards the left side.

As the load is repeatedly acted evenmore times, the deformation and damage of the
concrete adjacent to the reinforcement accumulate and extend gradually from the
loaded end towards the free end, and the slipping zone near the loaded end is elongated.
Therefore, the total deformation and slip of the specimen increase continuously, and
the distributions of tensile (ss) and bond (s) stresses of the reinforcement vary corre-
spondingly (Fig. 17-12(b)). This is the reason and mechanism of degradation of bond
behavior between reinforcement and concrete under repeated load.

The bond degradation is closely related to the microscopic stress state and local
damage near the interface between two materials and is scattered and influenced by
many factors, so the quantitative analysis with accuracy is difficult, but some empir-
ical formulas [16-14] are provided for reference.

It should be emphasized that the bond degradation between reinforcement and
concrete is not recoverable once it has occurred. If a structure experienced in
advance several times overload and the bond degradation was caused already un-
der higher stress state (smax, smax), its mechanical behavior during service period
is influenced afterwards, e.g. greater deformation and slip, wider crack and
smaller stiffness, even though the repeated load later causes a lower stress state
(s < smax, s < smax). This should be paid attention to in engineering practice.

17.4 Fatigue of structural member and its checking
calculation

Generally, tensile cracks may exist in the concrete during the service stage for an
ordinary reinforced concrete (RC) structure, and it surely causes degradation of
mechanical behavior and reduction of fatigue strength under repeated load. In order
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to improve the fatigue property and ensure safety, prestressed concrete is frequently
used for the structure carrying mainly dynamic and repeated loading, e.g. bridge and
crane beam. Usually, prestressed concrete is divided into two categories: entirely
prestressed concrete (PC), in which no tensile stress will appear in the concrete
(sc < 0) under service load, and partially prestressed concrete (PPC), in which
tensile stress (sc> 0, but< ft), even a fine crack, is allowed in concrete under service
load.

The fatigue behavior of these structures has been experimentally investigated at
home and abroad and many conclusions are reported [17-11,17-14e17-19]. If the
reinforced and prestressed concrete structures are not cracked under bending
moment and axial and shear forces during service stage, the stresses of concrete,
reinforcement, and stirrup in it vary with limited amplitude under repeated load
and fatigue failure will not happen at all, even the load repeated numerous times.
Generally, the fatigue failure occurs only for the structure or its member cracked un-
der service load, and ‘no crack, no fatigue’ is held.

17.4.1 Fatigue under bending moment
The bending moment at cracking of a flexural reinforced concrete member under
repeated load (Mf

cr) is certainly smaller than that under monotonic load (Mcr,
Chapter 12), and the ratio between them (Mf

cr=Mcr) depends mainly upon the fatigue
strength of tensile concrete (f ft =ft), which reduces as the repeated times of loading
(or fatigue life N) increases. Generally, when N � 2�106, Mf

cr ¼ (0.5e0.6) Mcr

for an average structural member.
Usually, a flexural specimen of reinforced concrete or partially prestressed con-

crete is cracked already under the bending moment when the maximum value (Pmax)
reaches during the first loading, so it works with cracks in (Fig. 11-2) until fatigue
failure when the load is acted repeatedly.

The results of fatigue test of a partially prestressed concrete beam are illustrated
as an example shown in Fig. 17-13. The specimen is of I section (Fig. 17-14), and the
tensile reinforcement used is of grade IVafter being cold-stretched (3V14, fy ¼ 750
N/mm2) and is pretensioned with control stress 520 N/mm2. The effective prestress
of it reduces to 280 N/mm2 after stress lost when the specimen is tested. When the
specimen is loaded first toM ¼ 0.625Mu, whereMu is the ultimate bending moment
of the beam under monotonic load, the flexural (tensile) crack appears already in it.
Then, the specimen is unloaded to the lower bound (Mmin ¼ 0.077Mu) and reloaded
to the upper bound (Mmax ¼ 0.423Mu), and the load is acted repeatedly 2.05�106

times. Afterwards, the upper bound of the load is increased until Mmax ¼ 0.5Mu

and repeated for 2.04�106 times. Furthermore, the upper bound of the load is
increased, again until Mmax ¼ 0.635Mu, then the specimen fails in fatigue after
the load repeated 0.78�106 times and one of the tensile reinforcement is broken.
The total time of the loadingeunloading cycle is 4.87�106 times.

The mechanical behavior of the beam varies gradually under repeated load with
constant amplitude (Fig. 17-13). When the load is repeated continuously, the
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FIG. 17-13 Results of fatigue test of a partially prestressed concrete beam under bending

moment [17-18]: (a) crack width, (b) stress of reinforcement, (c) compressive strain of

concrete, (d) depth of compression zone on section

FIG. 17-14 S-N diagram for partially prestressed concrete beam under bending moment [17-18]
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existing cracks widen slightly (Wmax) and tend to be stable, but new cracks appear
and widen gradually between the existing cracks, because fatigue strength of tensile
concrete reduces. When the load in succeeded cycle reaches the upper bound (Pmax

or Mmax), tensile stress of the reinforcement (ss), compressive strain of the concrete
at extreme fiber (εc), relative slip between the reinforcement and concrete, and
deflection of the beam increases correspondingly. And, residual strain of the con-
crete and residual deflection of the beam after unloading (P ¼ 0 or M ¼ 0) increase
as well. The variation regularities of them are consistent with that of the deformation
of compressed prism (Fig. 17-1) and the bondeslip relation of the reinforcement
(ses, Fig. 17-11), as the load is acted repeatedly.

The strain distribution on sectional depth is measured, and the position of the
neutral axis or average depth of compression zone (xc) on the section is then
determined at the maximum load acted after a certain amount of loading cycles
(Fig. 17-13(d)). It is demonstrated that the average strain on section still follows
approximately the plane section hypothesis and the compression depth varies less
after the load acted is repeated many times.

As the upper bound of the repeated load is increased, but Mmax < Mf
u, later on,

the deformation, crack, stresses of reinforcement and concrete of the beam are
increased while the stiffness and compressive depth of the section are decreased
correspondingly. When the load is repeated again with the same upper bound, these
indices vary slightly and tend to be stable as well. Comparing these stable indices
with the corresponding values during the first loading, the increasing or decreasing
amplitude of them depends mainly upon the upper bound of the repeated load (or
Mmax/Mu), materials used, content of reinforcement, prestressing level, and sensitiv-
ities of these indices themselves. For example, tensile stress of the reinforcement and
deflection at mid-span of the beam are increased respectively by 1e3% and 1e8%
only, while compressive strain and crack width of the concrete are increased respec-
tively by 12e18% and 0e50%, after the beam is acted with the load, or correspond-
ing bending moment Mmax ¼ 0.423Mu, repeated 2�106 times. If the beam were of
reinforced concrete without being prestressed, the increasing amplitudes of these
indices should be much greater under the same repeated load.

When the upper bound of the repeated load acted is increased and the fatigue
strength (Mf

u) of the beam is reached, the beam fails after the load repeated a certain
amount of times (N). Actually, the fatigue failure of most specimens is a gradual
process as below. At first, one of the tensile reinforcements in the beam is broken
due to tensile fatigue, then suddenly the stress of other reinforcements increases,
concrete cracks expand, and neutral axis moves upwards and compression zone
reduces on the section (Fig. 17-13). After the load is repeated again several thou-
sands times, the damage in concrete accumulates continuously and other tensile
reinforcements are broken successively in fatigue, so the load-carrying capacity
of the beam is reduced. The possibility of all the tensile reinforcements broken
simultaneously in fatigue is rare. Therefore, the repeated times of the loading cycle,
at which the first reinforcement is broken, is usually taken as the fatigue life of the
beam (N).
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The experimental results obtained at home and abroad demonstrate that most
flexural members of reinforced and partially prestressed concrete failed in fatigue
are dominated by breaking of the tensile reinforcement. Only a few of them, e.g.
with high content of reinforcement or special sectional shape (e.g. reversed T),
fail due to fatigue of the compressive concrete. The fatigue limit or strength of
the partially prestressed concrete beam under bending moment is presented in
Fig. 17-14, in which S ¼ Mf

u=Mu and fatigue life (N) are used respectively for the
ordinate and abscissa, in where Mu is the ultimate bending moment of the beam
under monotonic loading.

Normally, a reinforced or partially prestressed concrete member under repeated
load is designed first as if the load is acted monotonically and statically and its
sectional size and reinforcement are then determined according to the methods
of ultimate state design (see Chapters 11e15). In addition, the fatigue strength of
the member is checked afterwards, although different principles and methods of
calculation may be used.

Values of repeated loads. When lower and upper bounds of the stress acting
repeatedly on the structural material are calculated, the values of the minimum
and maximum loads acting on the structure should be determined in advance.
Usually, the minimum load includes weight of the structure itself and other dead
loads acting, and also effective action of prestressing if any. On the other hand,
the maximum, or fatigue load used is slightly lower than the standard value of total
load, [2-1] because the load repeated many times in engineering practice is certainly
smaller than the designed value of total load, which is used for calculation of its
ultimate strength and an over-load coefficient is included.

Requirement for fatigue checking. The maximum stresses (smax) acting on the
reinforcement and concrete of a structure under fatigue load should satisfy the
requirement [2-1] below, in which the fatigue strength is measured from the same
material (Figs 17-9 and 17-6) acted with the repeated stress of the same variation
amplitude (between smin to smax):

Reinforcement smax � smin � Df fy (17-5a)

Concrete smax � f fc : (17-5b)

Calculation of stresses under fatigue load.When the stresses acted repeatedly
between smin and smax on the material of a structure under fatigue loads or
corresponding bending moments (Mmin, Mmax) are calculated, the converted
section method (Fig. 13-3) is usually used with the basic assumptions below: (1)
plane section being kept even after concrete is cracked, (2) stress is distributed
triangularly on compression zone, (3) tension of the concrete below neutral
axis being neglected, (4) ratio between the elastic moduli of reinforcement and
concrete being nf ¼ Es=E

f
c, where Ef

c used being smaller than the ordinary one
(Ec) [2-1].

After the converted section of a member is determined, position of the
neutral axis (Xcr, Eq. (13-9)), inertia moment (Icr, Eq. (13-10)), and stresses
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(smin and smax) of the materials under repeated load can be calculated easily
following the general method for homogeneous elastic material.

17.4.2 Fatigue under shear force
When a reinforced concrete beam without web reinforcement is loaded repeatedly
and fatigue failure occurs in the pattern of inclined crack dominated by shear force
(Chapter 14), the ultimate value of shear force (Vf

u) is about 60% of that under mono-
tonic loading (Vu) [17-15].

As far as a reinforced or partially prestressed concrete beam with web reinforce-
ment is concerned, the shear force (Vf

cr) at appearance of inclined crack under repeated
load is also smaller than that under monotonic load (Vcr). The ratio Vf

cr=Vcr depends
mainly upon the fatigue strength of tensile concrete (f

f
t =ft), which decreases as the

repeated time of loading, or fatigue life, (N) is increased. The stress of web reinforce-
ment in the beam is rather low before appearance of the inclined crack, so web
reinforcement has only a slight influence on delaying of concrete cracking.

The results of fatigue test of a partially prestressed concrete beam dominated by
shear force are shown in Fig. 17-15, and section, material, and prestressing of the

FIG. 17-15 Fatigue test of partially prestressed concrete beam failed in inclined crack [17-18]

454 CHAPTER 17 Fatigue Resistance



specimen used are the same as the previous one (Fig. 17-13). When the specimen is
loaded first until V ¼ 0.58Vu, in where Vu is the ultimate shear force of the same
specimen under monotonic loading, an inclined crack appears in the shear span
(near beam end). Then the specimen is unloaded and loaded again repeatedly
2.81�106 times ranging from lower to upper bounds, which correspond respectively
to Vmin ¼ 0.071Vu and Vmax ¼ 0.39Vu. Afterwards, the upper bound of the repeated
load is increased until Vmax ¼ 0.58Vu, and the specimen fails with a critical inclined
crack after the load is repeated 1.34 � 106 times and the stirrup there is fatigued and
broken. The total time of load repeated is 4.15�106.

When the beam is loaded first, tensile stress of the stirrup is only ssv < 30
N/mm2 and most shear force is carried by the concrete before the appearance of
the inclined crack, but the tensile stress increases obviously and the portion of
shear force carried by concrete reduces correspondingly after formation of the in-
clined crack. In addition, the tensile stress of every stirrup (ssv, Fig. 17-15) within
the shear span varies considerably with the position located, distance from the
inclined crack, and crack width nearby. The inclined crack does not close
after being unloaded totally (V ¼ 0), and the residual stress of the stirrup is
30e60 N/mm2.

When the beam is loaded repeatedly with equal amplitude, the stress of stirrup
(ssv) and the width of inclined crack (wmax) under the upper bound of load (or
Vmax) vary similarly with residual stress and crack width under the lower bound
(or Vmin). They increase obviously at an early stage (less n) but tend gradually to
be stable later on. However, if the upper bound of the repeated load is increased later,
the stress, inclined crack, and deformation of the beam are increased immediately
and also tend to be stable later on.

Finally, fatigue failure of the beam occurs suddenly after the load is repeated N
times with upper bound or fatigue limit (Vmax ¼ Vf

u). However, there are two cate-
gories for the beam failing with critical inclined crack. Generally, one of the stirrups
intersected with the inclined crack is broken first in fatigue, and greater crack width
and higher stress in adjacent stirrups are caused suddenly. Afterwards, the adjacent
stirrups are broken successively, the inclined crack expands and extends both up-
wards and downwards, and the compression zone on the section is reduced gradu-
ally, as the load is repeated further. Finally, the beam fails soon after the concrete
on compression zone reaches the fatigue strength under actions of compressive
and shear stresses together. Another category of fatigue failure appears usually for
the beam with less content of reinforcement. The longitudinal reinforcement of
the beam is broken in fatigue under tensile stress and dowel action (shear stress)
together, after the stirrup is broken first and the inclined crack is expanded. This
causes final failure of the beam, but no obvious failure symptom is found on
compression zone of concrete.

The relation between the fatigue limit of shear resistance (S ¼ Vf
u=Vu) and

the fatigue life (N) of the partially prestressed concrete beam is shown
in Fig. 17-16, in where Vu is the ultimate shear strength of the beam under
monotonically loading.
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A structural member dominated by shear force and acted with repeated load
is usually designed first and the sectional size, reinforcement, and stirrup are
determined to satisfy the ultimate strength, following the method of ultimate state
(Chapter 14). Afterwards, the fatigue of shear resistance of the beam is checked,
and different principles and methods of calculation may be used.

Values of repeated loads. The same as that used for checking the fatigue of
bending resistance (Section 17.4.1).

Requirement for checking. If appearance of the inclined crack is not allowed
for a prestressed concrete member, the maximum principal (tensile) stress of
concrete under the maximum repeated load should satisfy:

s
f
c1 � f

f
t : (17-6)

As cracking of concrete is allowed for a reinforced concrete member under
service load, the nominal shear stress (yf ) on flexural tension zone calculated
following the stress distribution on the section (Fig. 14-15, Section 14.3.3) is also
the principal tensile stress of concrete (s1). The fatigue strength of the stirrup is
not necessary to be checked for the beam if the shear stress under repeated load is

yf � 0:6f
f
t : (17-7)

However, if the shear stress y f > 0:6f ft exists in both end parts of the member,
the fatigue strengths of stirrup and bent reinforcement there should be checked.

Calculation of stress under fatigue load. Usually, the simplified formula based
on the beam or truss model (see Section 14.3.3) is used for calculation, but different
formulas are provided in the design codes of various countries.

FIG. 17-16 S-N diagram of shear strength for partially prestressed concrete beam [17-18]
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18.1 Characteristics of explosion resistance of structures
Various explosion accidents happen frequently in daily life, although the probability
of explosion is rather low for an ordinary structure. However, huge amounts of
energy, released instantaneously after an explosion has occurred nearby, will cause
serious damage or even collapse of structures, and this may cause loss of life and
property and sometimes even social unrest.

Explosion happening in structural engineering may be classified into four kinds:

• Fuel explosion, e.g. containers and pipes for gasoline, kerosene, or other fuels,
workshop and storehouse for producing combustible material and chemical
products;

• Industrial dust explosions on the workshop of flour or textile mills are sometimes
full of the dust of tiny particles, which may suddenly catch fire or even explode
under certain conditions of temperature and pressure;

• Explosion of conventional or nuclear weapon during war-time, sudden attack
from a car-bomb;

• Directional explosion designed specially for removing an existing or damaged
structure.

Actually, most of these explosions occur unexpectedly for various reasons, but
many others are artificial incidents.

The explosion is the physical phenomenon that the energy stored initially in a sub-
stance is released instantaneously after triggering off under certain environmental
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conditions. The explosions of different substances are triggered by under different
conditions, and various processes and destructive power are induced correspondingly.
The property and effect of the explosion is explained below, and the nuclear
explosion [18-1], having most power, is used as an example.

After a nuclear bomb is ignited in the air, very high pressure, being much greater
than normal (p0, N/mm2), is induced instantaneously in the reaction zone near the
explosion center. Therefore, an airflow with high pressure quickly pushes on from
the center to the surrounding area, and the wave front is seen as a wall of high pres-
sure. When the wave front reaches a distance away (Rz) from the explosion center in
time tz, the pressure reduces correspondingly to pz (Fig. 18-1(a)). At this time, the
over pressure (Dpz ¼ pz � p0) there is the maximum and reduces gradually inside
but still Dp > 0, where this is called a compressed zone. In addition, a sparse
zone is formed as the place being even nearer the center and the pressure there is
lower than the normal air pressure (pz � p0 ¼ Dpz < 0), because of inertia of the
moving air and no energy supplement there. The compressed and sparse zones are
linked and compose together the air blast wave of explosion.

The air blast wave pushes on outside from the explosion center with a speed
greater than the speed of sound. Then, the radius and areas of both compressed
and sparse zones increase continuously with time (t), while the peak pressure of
the wave front (pz or Dpz) decreases gradually. As the wave front moves far away
from the explosion center after a certain time period, the pressure at the center in-
creases and turns to the normal air pressure (p0).

If a structure is located at Rz away from the explosion center and the wave front
reaches there in tz seconds after the explosion, the air pressure elevates instanta-
neously to the peak value (pz) from the normal air one (p0). Afterwards, the com-
pressed zone reaches and the overpressure (Dpz) there reduces gradually to zero
as the wave front moves continuously outside and experiencing a period tþ.

FIG. 18-1 Blast wave of nuclear explosion in air [18-1]: (a) pressure distribution along

pushing radius, (b) pet curve at place apart Rz from explosion center
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Successively, the sparse zone with negative pressure comes until the air blast wave
totally passes through, and normal air pressure is recovered there. The curve of air
pressure and time relation at the position is shown in Fig. 18-1(b), and the times
taken for the over- and negative pressures are respectively tþ and t�.

According to experimental investigations, the peak value of overpressure
(Dpz), the maximum negative pressure (Dp�) and time periods (tþ and t�) of an
air blast wave are the functions of

ffiffiffiffi
Q3

p
=R varied monotonically, where R is the dis-

tance from the explosion center and Q is the explosion equivalent, i.e. the weight of
trinitrotoluene (TNT) used. For example, when a hydrogen bomb of Q ¼ 109 kg is
ignited and exploded on the ground, the explosion parameters of the air blast wave
measured are as shown in Table 18-1.

If a nuclear explosion were to occur, the air blast wave caused pushes on quickly
outside with overpressure and can destroy any structure nearby on the ground. If the
overpressure in the horizontal direction is Dpz¼ 0.1 N/mm2¼ 100 kN/m2, i.e. about
1 atm. only, it is equivalent to several hundred times wind load in an average place
(e.g. 0.5 kN/m2) or several decades of seismic load, so no structure can survive. In
addition, other destructive effects also include: (1) the radiations of ray and high
temperature are caused instantaneously after the explosion, and they spread out
with the velocity of light and may last several tens of seconds, so the structure
will sustain the impact of high temperature and may catch fire; (2) the broken pieces
from damaged structures may splash out and impact other structures; (3) explosion
on the ground usually causes strong shock and the underground structure may suffer
serious damage, etc.

Another category of structural problem, being similar to the explosion, that hap-
pens in engineering practice is impact. For example, a missile or airplane may
impact a containment of a nuclear power plant or other building, a car may impact
various buildings and structures, a ship or naval vessel may impact a bridge pier, or
harbor and offshore structures, a pile is impacted by the hammer, a falling weight
impacts a structure below, etc.

When a structure suffers a sudden strike under occasional explosion or impact,
some mechanical characteristics are shown obviously as below.

1. Particularity of the load. Usually, the load of these kinds is acted occasionally
and instantaneously but a single time only, and its value is extremely large but not
definite. Therefore, the design philosophy specially for these structures should be

Table 18-1 Parameters for Air Blast Wave of Hydrogen Bomb (109 kg)

tz (s) 0.6 0.8 3.5

Rz (km) 1.1 1.5 2.6

Dpz (N/mm2) 0.6 0.3 0.1

Dp � (N/mm2) 0.030–0.013

tþ (s) 1.4–2.1

t� (s) 5.9–6.8
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different from that under ordinary loads. For example, the requirements for designed
safety or reserved strength may be reduced, the structure entering into the plastic or
yielding state and appearing greater crack and deformation even local damage is
allowable under the design load, but its collapse should be avoided and protective
function should be reserved.

2. Dynamic responses of structure. When an air blast wave or weight impact is
acted on a structure, the pressureetime curve (Fig. 18-1(b)) is considered as a dy-
namic load of pulse type and is usually simplified into the composition of elevated
and decay pressures (Fig. 18-2(a)). Therefore, the structure will vibrate during and
after the load is acted, and the internal forces and deformation vary regularly with
time, e.g. Fig. 18-2(b), which is called the dynamic responses of the structure.
Consequently, the maximum internal force can be determined and the safety or dam-
age level of the structure can be checked or estimated correspondingly. Of course,
the dynamic responses of a structure have to be specially analyzed and depend
upon not only the value and acting time of the load but also the weight, or mass
M, and the dynamic parameters of the structure itself, including the period of free
vibration (T) and damping ratio dominated by the stiffness and its variation.

3. Material loaded or deformed with high rate. The straining rate of the material
in a structure ($ε in 1/s) is rather low under normally loading. When a structure is
tested destructively in a laboratory, the average straining rate of the material is
only 0.5e5�10�6 /s, if the ultimate strain is 3000�10�6 and testing period ranges
from 10 minutes to 2 hours. Generally, the standard test takes 1e3 minutes for the
basic mechanical behaviors of concrete and reinforcement materials, so the average
straining rate is about 10e200�10�6 /s.

FIG. 18-2 Dynamic response of structure under explosion load: (a) loadetime curve,

(b) dynamic response of structure
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If the peak overpressure of an air blast wave is acted on a structure at tz ¼
5e80�10�3 s after nuclear explosion and the maximum strain of the material is
ε ¼ 2000�10�6, the average straining rate should be $

ε ¼ 25e400�10�3 /s, which
is several thousand times higher than that during the standard test of the material.
Actually, the straining rate of a structural material in engineering practice varies
significantly under various dynamic or impact loads, some typical values, for example,
are shown in Table 18-2. Thereafter, the mechanical behaviors, including strength and
deformation, of the structure and its materials are influenced considerably.

4. Particularity of the structure. Most possibly, the ordinary structures on the
ground would be totally ruined within the effective range of a nuclear explosion,
so the defense works and shelters have to be built underground if necessary. Of
course, the stress wave is strong in soil or rock layer of the ground under the dynamic
action of an air blast wave, and the load acted and internal forces of the underground
structure have to be analyzed correspondingly. The structure with longer span is usu-
ally designed into an arch or thick shell, while the structure with shorter span is
designed into a frame of slabebeamecolumn. Generally the section size and
depthespan ratio of these members are rather great, and their strength is dominated
mainly by shear force. In order to reduce the size and to increase the efficiency of the
underground structure, structural materials of high strength are preferred.

18.2 Behaviors of materials under high-speed loading
18.2.1 Testing equipment and method
The test with high-speed loading or deforming for a specimen can not be achieved on
an ordinary hydraulic testing machine. Therefore, special loading equipment is
necessary to investigate the mechanical behavior of a structural material under a
high straining rate. The equipment developed and manufactured in Tsinghua

Table 18-2 Typical Values for Straining Rate of Structural Materials Under Various

Conditions [18-2]

Kind
of Load Traffic

Gas
Explosion Earthquake Piling

Nuclear
Explosion

$
ε (1/s) (1–100)

�10�6
(50–500)
�10�6

(5–500)�10�3 (10–1000)�10�3 25–400
�10�3

Airplane
Impact

Weight
Impact

Impact
with
Extra High
Speed

Standard Test of Material
Structural
Test*Concrete* Reinforcement*

(50–2000)
�10�3

1–50 100–106 10–20�10�6 50–100�10�6 0.5–5�10�6

*Data given by the author.
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University is shown schematically in Fig. 18-3, and the maximum compression is
1500 kN, the shortest time of elevating pressure is 4�10�3 s, and the maximum
straining rate of a specimen is $

ε ¼ 500�10�3/s.
The testing equipment mainly includes the loading frame, major cylinder, gas

storage with high pressure, pipes, and various valves and their control system.
The loading frame is composed of four loading screws and upper and bottom beams,
and the major cylinder is placed between them. There is a piston of T shape in the
cylinder, and the upper and lower spaces of different area are formed in it. The lower
cylinder is connected with the gas storage with high pressure via pipes and valve, and
the spherical hinge, specimen, and load transducer are successively put on the upper
end of the piston before testing.

Two categories of loading test can be conducted on this equipment
(Fig. 18-3(b)):

1. High-speed loading (deforming). The upper space of the major cylinder is
emptied out in advance. When the oil or gas is entered with high speed into the
lower cylinder via the gas storage with high pressure, the piston moves
immediately upwards and the specimen is compressed quickly.

2. Analogue explosion load. At first, the upper and lower spaces of the cylinder are
filled separately with oil and gas, e.g. nitrogen used usually, and the pressures in
both spaces are adjusted so as to keep balance of the piston. When the quick
release valve is opened suddenly, the oil with high pressure in the upper cylinder
releases out immediately and the gas quickly enters into the lower cylinder from
the storage. Therefore, the piston rises and quickly compresses the specimen
and an ascending branch of loading is formed. As the discharge valve is opened
slightly later, the gas pressure in the storage, also in the lower cylinder, reduces
continuously and a descending branch of loading is then formed as well. When

FIG. 18-3 Testing equipment for high-speed loading of material specimen: (a) structural

scheme, (b) two categories of loading test

462 CHAPTER 18 Explosion Resistance



the oil and gas pressures respectively in the upper and lower spaces of the
cylinder and the opening times and levels of the quick release and discharge
valves are selected properly, the values and periods of loading (ascending) and
unloading (descending) can be controlled and the load-time (p e t) curve
needed is achieved.

The load transducer on the upper end of the specimen and the displacement
transducers or strain gauges on the lateral surfaces of the specimen are connected
with the vibrator oscilloscope via a dynamic strain instrument. The starting order
and time of various valves and the starting time and recording velocity of the oscil-
loscope are properly set up in advance, then the stress and strain of the specimen
varies with time during testing, i.e. s e t and ε e t curves, can be recorded automat-
ically. Afterwards, the stressestrain or compressionedeformation (N e d) curve of
the specimen is then determined consequently.

A similar testing equipment is also developed and manufactured for the tensile
specimen under high-speed loading, of course the load exerted is tension only rather
than compression.

18.2.2 Reinforcement
The tensile specimens of reinforcement are tested with different loading (straining)
rates (ε

$
) and corresponding stressestrain curves are given. The typical measured

curves of two grades of reinforcement are shown in Fig. 18-4, where ty represents
the time-span from the start of loading until yielding of the specimen.

FIG. 18-4 Stressestrain curves of reinforcement under different loading rate [18-3]
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According to the experimental results, the general regularities of mechanical
behavior of the reinforcement, or steel, are concluded as below, when the loading
or straining rate ($ε) of the specimen increases or the loading time-span (ty) reduces:

1. A sharp peak appears apparently at the upper yielding point. The greater the
loading rate, the higher and the sharper the peak, and even the peak is higher
than the ultimate strength (fb) under standard test. However, the value measured
at the peak point, i.e. upper yielding strength, scatters considerably and the
succeeding value at the yielding plateau is much smaller than it, so it can not be
utilized as the strength index for design in engineering practice.

2. The yield strength (f impy ) determined by the yielding plateau increases obviously
and monotonically with the loading rate, while the ultimate strength (f impb ) in-
creases slightly only by no more than 5e10%. Therefore, the ratio between the
ultimate and yield strengths (f

imp
b =f impy ) reduces as the loading rate increases.

3. The deformation behaviors of the reinforcement, including modulus of elasticity
(Es), length of yielding plateau, and ultimate percentage elongation (d), do not
obviously vary with the loading rate.

4. The necking before failure and the necked percentage and appearance of broken
surface after failure of the reinforcement under high-speed loading are not
different obviously from that under standard test.

5. If the initial stress (0.5e0.7 fy) is acted before high-speed loading, the strength
measured is not influenced obviously.

Consequently, the main variation of mechanical behavior of the reinforce-
ment under high-speed loading or deforming is the increment of yield strength,
while the deformation behavior including ductility is not damaged. This is of
particular advantage for use in the anti-explosion structure. The available test re-
sults at home and abroad [18-2,18-3] report the yield strength (f impy =fy) for the
reinforcements of various grades and categories under high-speed loading, e.g.
Fig. 18-5, and some of them are accepted in the design codes of different countries,
e.g. Reference [2-12].

FIG. 18-5 Yield strength of reinforcement under different loading rate: (a) reference [18-3],

(b) reference [18-2]
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The experimental results show that the higher the strength grade of reinforce-
ment (fy, fb), the smaller the increasing amplitude of the strength under high-
speed loading. When the loading rate of the specimen corresponds to ty ¼
8e40�10�3 s or the straining rate ranges $

ε ¼ 50e250�10�3 /s, the increasing per-
centages of the yield strength are respectively 30% (Grade I), 13% (Grade II), 8%
(Grade III), and 6% (Grade IV) for various reinforcements in China, compared
respectively with that obtained from the standard test. However, the strengths of
the reinforcement of even higher grade (fy> 600 N/mm2) and the high-strength steel
wire without obvious yielding plateau increase limitedly under high-speed loading,
so no increased strength can be used during design.

18.2.3 Concrete
The stressestrain curve of concrete prism specimen are measured under compres-
sion with different loading rates (or ε

$
) and is shown in Fig. 18-6, where tc represents

the time-span from the start of loading until the maximum stress or strength (f impc ) is
reached.

The general regularities of the mechanical behavior of compressed concrete
varying with the loading rate are concluded as below.

1. The compressive prism strength of concrete (f impc ) increases monotonically with
the loading rate.

2. The shape of stressestrain curve (seε) measured does not vary obviously for the
specimens with different loading rates. Nevertheless, the strain at peak point

FIG. 18-6 Stressestrain curves of concrete under compression with different loading rate [18-6]
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(εimpp ) and the modulus of elasticity (Eimp
c ) of concrete also increase mono-

tonically with the loading rate, and the increasing amplitude of the former is less
than 10% and that of the latter is slightly higher but less than that of the
compressive strength (Fig. 18-7).

3. The Poisson’s ratio of concrete does not vary obviously with the loading rate.
4. The concrete under high-speed loading fails more brittle than that under

normally loading and some broken pieces of high-strength concrete often
splash out, although the failure pattern is similar under different loading
rates.

There are many experimental results [18-2,18-4e18-7] reported on the
compressive strength and modulus of elasticity of concrete under high-speed
loading, and some of them are shown in Fig. 18-7. Although the general conclu-
sions given are similar, the defined values are rather scattered. For example, as far
as the difference between the concretes of high strength and middle or lower
strength is concerned, reference [18-6] suggests that the increasing amplitudes
of concrete strength under high-speed loading are basically identical for the con-
crete ranging from fc ¼ 20 N/mm2 to fc ¼ 100 N/mm2 (Fig. 18-7(a)), while refer-
ence [18-2] considers obvious differences even between the concretes of fc ¼ 20 N/
mm2 and fc ¼ 50 N/mm2 (Fig. 18-7(b)). Actually, the different results are caused
possibly due to the different testing equipment and method used by the individual
researcher.

Summarizing all the experimental data, a quantitative conclusion is approxi-
mately drawn: as the loading or straining rate is increased every 10 times, the
compressive strength of concrete is increased by 10%.

The compressive strength (f impc ) and modulus of elasticity (Eimp
c ) of concrete un-

der different loading or straining rate are also expressed as the calculation formulas

FIG. 18-7 Compressive strength and deformation of concrete under different loading rate:

(a) reference [18-6], (b) reference [18-2]
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besides the diagram and curve. According to the experimental data given in refer-
ence [18-2], the CEB-FIP Model Code suggests the formulas below:

���$ε��� � 30=s f impc ¼ fc

 
$
ε

$
ε0

!1:026as

���$ε��� > 30=s f impc ¼ gs fc

 
$
ε

$
ε0

!1=3

9>>>>>>=
>>>>>>;

(18-1)

and Eimp
c ¼ Ec

 
$
ε

$
ε0

!0:026

; (18-2)

where $
ε-straining rate of concrete in 1/s,

$
ε 30� 10�6=s;

other parameters as ¼ 1

5þ 0:9fc
; log gs ¼ 6:156as � 2: (18-3)

In reference [18-7], the compressive strength of a concrete specimen measured
under standard test is fc ¼ 37.43 N/mm2 and the straining rate tested of the specimen
ranges from 10e20,000�10�6 /s, and the empirical formulas are suggested below
for the compressive strength and modulus of elasticity of concrete under different
straining rates (ε

$
):

f impc ¼ fc

"
1þ 0:0622 lg

 
$
ε

$
ε0

!#
(18-4)

Eimp
c ¼ Ec

"
1þ 0:0452 lg

 
$
ε

$
ε0

!#
; (18-5)

where $
ε0¼ 10�10�6 /s is taken.

The tensile strength and modulus of elasticity of concrete are also experimen-
tally investigated under high-speed loading and some of the results are shown in
Fig. 18-8. It is generally concluded that the variation regularity of tensile behavior
of concrete is similar to that of the compressive one, as the loading rate increases.

However, the increasing amplitude of tensile strength is slightly greater (f impt =

ft > f impc =fc), that of tensile peak strain is approximate (ε
imp
t =εt z ε

imp
c =εc), and

that of modulus of elasticity is slightly smaller (E
imp
t =Et < Eimp

c =Ec), comparing
respectively with that under compression. In addition, the related formulas are given
for calculation in some references [2-12,18-2,18-7].

The available experimental data [18-2,18-10] demonstrate that the loading rate
has only negligible influence on the bond strength between plain reinforcement
and concrete, while the bond strength between deformed reinforcement and concrete
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is obviously influenced and related to the strength grade of the concrete. In addition,
some empirical formulas are given in the reference. The qualitative conclusion
derived [18-1] shows that the increasing amplitude of the bond strength under
high-speed loading is greater than that of the tensile strength of the reinforcement.
Therefore, the same anchorage and splice lengths of the reinforcement in a concrete
structure under normal loading can also be used for that under high-speed loading,
and the bond safety of the reinforcement is guaranteed.

18.3 Behaviors of structural members
18.3.1 Flexural member
The responses of a reinforced concrete beam under high-speed loading or deform-
ing also have to be experimentally investigated, using special loading equipment
and measuring instruments. The beam specimens reported in reference [18-11]
are tested separately under two kinds of high-speed loading: (1) loading with con-
stant deforming rate: the ultimate strength and failure pattern of the specimens are
determined, when the time-span is ty ¼ 50�10�3 s from start of loading until
yielding of the tensile reinforcement; (2) analog explosion load (Fig. 18-3(b)) d
the residual behaviors of the specimens after explosion are examined, when the
peak value of explosion load is taken as 85e95% of the load corresponding to
yielding of the tensile reinforcement in the specimen under high-speed loading
and the ascending and descending branches of loading respectively take about
50�10�3 s and 1 s.

The typical curve of load (or resistance)-deflection at mid-span (Pew) of the
reinforced concrete beam under high-speed loading test with constant deforming

FIG. 18-8 Tensile strength and deformation of concrete under different loading rate:

(a) splitting and flexural tensions [18-8], (b) central tension [18-2]
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rate is shown in Fig. 18-9. The macroscopic appearance of it is quite similar to that
under normal loading (Fig. 11-1), and the special geometric points on the curve
obviously present the mechanical stages and characteristic of the specimen.

When the concrete in the tension zone does not crack yet and the loadedeflection
(Pew) relation is linear in the early stage of loading, the beam is within the elastic
stage. The loadedeflection curve turns suddenly under load Pcr and even an apparent
plateau appears there for a beam with rather low content of reinforcement, when the
tensile concrete is cracked. Usually, the cracking load (Pcr) or bending moment (Mcr)
of the beam under high-speed loading is greater by 13e33% than that under normal
loading, because the tensile strength of concrete is increased with loading rate.
Afterwards, the beam works continuously but with cracks in it.

The stiffness of the beam (P/w or dP/dw) before and after cracking of concrete
under high-speed loading are slightly greater respectively than that under normal
loading, because the modulus of elasticity of concrete is increased as well.

When the tensile reinforcement in the beam is yielded under high-speed loading,
the load (also resistance) appears first as a peak value and slightly descends later,
which corresponds to the peak of upper yielding point of reinforcement alone
(Fig. 18-4). In addition, the smaller the content of tensile reinforcement in the
beam, the higher the yielding peak formed. Usually, the yielding load (Py) or
bending moment (My) of the beam is taken as the lower value post peak (Point
Y), which is still greater than that under normal loading. However, the corresponding
deflection (wy) is approximate for the beams under different loading rate.

The deflection of the beam accelerates as the load increases slightly after
yielding of the reinforcement. Correspondingly, the strain of tensile reinforcement
increases continuously, the tensile crack of concrete expands and extends upwards,
and the area of compression zone on the section is reduced. Consequently, the
compressive strain of concrete at extreme fiber increases and later reaches the
peak strain (εimpp ), and enters into the descending branch of stress, so horizontal
cracks appear gradually on the compression zone. In the meantime, the distance be-
tween the tensile reinforcement and the resultant of compressive concrete on the sec-
tion, i.e. lever arm, increases slowly but decreases later on, so the value of bending

FIG. 18-9 Loadedeflection curve of beam under high-speed loading [18-11]
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moment (resistance) varies limitedly and a long and flat curve of plastic deformation
is then formed. The top (Point U) on the curve is the ultimate load (Pu) of the beam,
and the ultimate bending moment (Mimp

u ) is easily calculated. As the beam is
deformed further, the compression zone on section expands downwards and more
concrete there is cracked horizontally, crushed and spalled off, so the bending
moment (resistance) of the beam is apparently reduced (Point D) and the
loadedeflection (Pew) curve suddenly turns downwards.

Comparing the mechanical indices of the reinforced concrete beammeasured un-
der high-speed loading with that under normal loading, some conclusions can be
drawn as below.

The ultimate strength (bending moment) of the beam under high-speed loading
increases obviously and the increasing amplitude depends mainly upon the strength
grade of the reinforcement used, e.g. Mimp

u =Mu ¼ 1:25 (for grade I), 1.07e1.16
(grade II), 1.06e1.12 (grade III), or 1.06 (grade IV) [18-11], which is approximately
consistent with that of yield strength of reinforcement (f impy =fy).

However, no difference is found obviously between the beams with the same
parameter but tested separately under high-speed loading and normal loading, as
far as the deformation indices are concerned, including the ultimate strain of
compressive concrete, the deflections at the maximum load (wu) and the start to
descend obviously (wD), ductility ratios (wu/wy, wD/wy), and others.

The loadedeflection curves of flexural members (Fig. 18-10) under high-
speed loading, like that under normal loading, vary with different content of tensile
reinforcement (m ¼ As/bh0). Because the reinforcement contents of these beams
tested are much smaller than the upper boundary (mmax z 0.42 fc/fy for the steel
35 Si2Ti used), they fail certainly in the pattern of being suitably reinforced (Sec-
tion 11.1.2) which is controlled by the tensile reinforcement. When the reinforce-
ment content of the beam is increased, the load at yielding of reinforcement (Py)
and the ultimate load (Pu, or strength Mu) almost increase proportionally, while
the plastic deformation after yielding of reinforcement and the ductility ratio
reduce correspondingly.

FIG. 18-10 Loadedeflection curves for beams with different reinforcement contents under

high-speed loading [18-11]: (a) m [ 0.0035e0.0107, (b) m [ 0.001
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When the reinforcement content of the beam is too low (e.g. m ¼ 0.001 in
Fig. 18-10(b)), the load at cracking of tensile concrete (Point Pcr) is higher than
that at yielding (Point Y) and also at breaking (Point D) of the tensile reinforce-
ment. The maximum load acted drops sharply soon after the first tensile crack
occurred on the critical section, but no crack appears later on another section of
the beam. The reinforcement at cracked section deforms significantly and is necked
prior to being broken. At this time the maximum strain of concrete on compression
zone of the critical section is only about 2000�10�6 and no failure symptom is
observed there.

On the other hand, the results of another category of high-speed loading test, i.e.
under analogue explosion load (Fig. 18-3(b)), demonstrate that the beam is certainly
safe and the deformation and crack caused during and after testing are limited only,
if the stress of tensile reinforcement under the peak load during testing is smaller
than the yield strength (f impy ). Usually, the maximum width of concrete crack under
the peak load is 0.2e0.4 mm, varying with strength and content of the tensile rein-
forcement used. And, the residual width of the crack is smaller than 0.1 mm after test
of the beam, and the higher the content of the tensile reinforcement, the smaller the
crack width, e.g. 0.03e0.04 mm only for the beam of reinforcement content m ¼
0.015. In addition, the crack width of the beam is not increased even if the explosion
load is repeated several times. For example, the beam reinforced with the cold-
stretched steel of grade IV (45MnSiV) is acted successively six times the explosion
load and the maximum stress experienced by the tensile reinforcement reaches
770 N/mm2, the residual width of concrete crack finally accumulated is still less
than 0.2 mm.

Accordingly, when a reinforced concrete beam is designed or checked for its ex-
plosion response, the principles below are usually followed.

Flexural strength. The calculation method and formulas used for the beam un-
der normal (static) loading also fit for that under high-speed loading, but the
strengths of reinforcement and concrete (f impy ; f impc ) there varying with the loading
or straining ($ε) rate have to be considered. It is demonstrated that the ultimate
bending moment calculated (Mimp

u ) of the beam is smaller than the experimental
one, so the calculation method can be used safely and even more safely for the
beam with less content of reinforcement. In addition, the bending moments at
cracking of concrete (Mimp

cr ) and yielding of reinforcement (Mimp
y ) of the beam

can also be calculated following same principle.
Stiffness and deformation. When the sectional stiffness or curvature and the

deformation of beam at cracking or yielding are calculated, the corresponding
methods for the beam under normal loading can also be used. However, the values
of the moduli of elasticity and characteristic strains of the reinforcement and con-
crete used in the calculation should be modified to fit the loading or straining rate
that occurs.

Limitations of reinforcement content. The flexural member should be designed
with enough plastic deformability, in order to prevent total collapse and to improve
the shock resistance of it under explosion. The basic and effective measure used
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popularly in engineering practice is to control strictly the reinforcement content for
the section, i.e. the maximum content (mmax) should be reduced while the minimum
content (mmin) should be increased, compared with that of the beam under normally
loading (Section 11.1.2). The limitations of reinforcement content suggested in
reference [18-11] are

mmax ¼ 0:3
fc
fy

mmin ¼ ð0:14w 0:30Þ%

9>=
>;; (18-6)

where the greater value of mmin is used for the beam of high-strength concrete and
reinforced with the reinforcement of lower strength, and vice versa.

Enhancement of structural detail. For example, more compressive reinforce-
ments and closer stirrups are set up properly in the beam, so the plastic deformability
is then enhanced favorably, although the ultimate strength is increased limitedly. In
addition, the anchorage and splice lengths of the reinforcement are extended; the
reinforcement and stirrup within a joint and nearby between beams and columns
are enhanced; the concrete cover of deformed reinforcement is increased. These
measures are certainly favorable for collapse resistance of the structure and should
be carefully considered during design.

The shear resistance of the reinforced concrete beam under high-speed loading or
straining should be considered seriously. If failure of the beam is dominated by shear
force, different patterns like that of the beam under normally loading, including in-
clined compression, shearecompression, and inclined tension, may also occur and
depend upon the shearespan ratio (a/h0). The ultimate shear strength of the beam
is obviously elevated, and the increasing amplitude (Vimp

u =Vu) varies with the failure
pattern that occurs and is consistent respectively with that of the compressive
(f impc =fc) or tensile (f

imp
t =ft) strength of concrete.

Usually, when the ultimate shear strength of a beam under high-speed loading
or straining is calculated or checked, the same method and formulas fitting for
that under normal loading can be used, and, of course, the strengths of the materials
depending upon the loading or straining rate should be introduced. It is noticed that
the error and lower value taken in the calculation (e.g. Fig. 14-13, Eqs. (14-7) and
(14-8) in Section 14.3.2) are also included in the calculated result. When the beam
is designed, it should be guaranteed that the cracking of tensile concrete and
yielding of tensile reinforcement of the beam under bending moment occur prior
to the failure with inclined crack under shear force and more shear resistance is
reserved for safety, in order to satisfy the plastic deformability needed for the
structure under explosion.

18.3.2 Compressive member
The mechanical behaviors of centrically and eccentrically compressed members of
reinforced concrete are also experimentally investigated under high-speed loading
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or deforming. Two categories of loading are reported in the reference [18-12]: (1)
high-speed loading with constant deforming rate of the specimen and the time-span
being ty¼ 40e50�10-3 s from the start of loading until the maximum load or yielding
of tensile reinforcement; (2) analogu explosion loading and the time-spans of
ascending and descending compressions being respectively 50�10�3 s and about 2 s.

The axial forceestrain curve of the centrically compressed member measured
during high-speed loading with constant straining rate is shown in Fig. 18-11 and is
compared with that measured during normal loading. It is seen that the shapes of
both curves are similar, and the peak compression of the former is obviously higher
than that of the latter while the corresponding strains (ε ¼ 2300e3000�10�6) are
different slightly.

When the eccentrically compressed member is tested under high-speed loading
with constant deforming rate, two typical failure patterns of the smaller and greater
eccentricities (Section 11.1.3) may also occur successively as the eccentricity of the
load (e0/h) increases. The mechanical behavior and failing process of both patterns
are similar respectively to that of the centrically compressed member (Fig. 18-11)
and flexural member (Fig. 18-9). In addition, the failure appearance and boundary
eccentricity of the member are consistent separately with that under normal loading.
The ultimate strength of the member varies with the loading or deforming rate and
increases similarly with the strength of the material, while the characteristic defor-
mations and plastic deformability of the member approximate to that of the member
acted statically with the same eccentricity.

When the reinforced concrete member is tested under analog explosion loading,
the main conclusions obtained [18-12] are as below. If the peak compression acted
centrically during testing ranges from 50% to 80% of the ultimate strength (Nimp

u ),
no crack is found on the surface of the member after tested. And, if the member is
tested again under normal loading, the ultimate strength (compression Nu) measured
is not necessarily smaller than that of the member without previous loading. How-
ever, if the peak compression reaches 0.95Nimp

u during analog explosion testing,

FIG. 18-11 Axial forceestrain curves of columns acted with centric compression [18-12]

18.3 Behaviors of structural members 473



the member fails within the descending branch of loading at 70�10�3 s post peak
compression. This is called delayed failure, which often occurs for the compressed
specimen of plain concrete under analog test of explosion load. Therefore, the explo-
sion load with slowly descending branch after the peak pressure should be treated
very carefully in engineering practice.

When the member is eccentrically compressed first under the analog explosion
loading and the peak compression experienced is smaller than 0.8Nimp

u , the residual
width of the concrete crack measured after testing is less than 0.03 mm. If the mem-
ber is tested again under high-speed loading with constant deforming rate until its
failure, the ultimate strength measured is not obviously different from that of the
member without previous loading (Nimp

u ).
The general conclusions can be derived as below from these experimental results.

The ultimate strength of a reinforced concrete column increases obviously under
high-speed loading or deforming and the increasing amplitude mainly depends
upon that of the strength of reinforcement (f impy =fy) or concrete (f impc =fc) under the
same straining rate, while its deformation behavior and failure pattern are not
different obviously from that of the column under normal loading. When the ulti-
mate strength and deformation of the column are calculated, the corresponding for-
mulas fitting well for the column under normal loading can also be used, but the
strength and modulus of elasticity of the material have to be modified for different
loading or straining rates. It is demonstrated that results calculated in this way are on
the safe side.
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19.1 Characteristics of fire resistance of structures
Generally, the concrete structure works under normal temperature within the con-
struction period and long service life, and its environmental temperature has a
low value, e.g. less than 80�C or 100�C, and fluctuation. The structure can satisfy
the requirements of safety and service performance, when it is designed following
the current codes [2-1,2-11,2-12]. However, if the environmental temperature ele-
vates suddenly too much or varies periodically many times, the structure may fail
as its service performance deteriorates or strength decreases, sometimes it may be
destroyed locally or even collapse totally.
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Owing to the temperature change, the thermal problems that occur usually in
structural engineering can be classified into three categories:

1. Temperature changes periodically or occasionally beyond the normal value.
For example as a high-rise or long-span building is concerned, the temperature
on its surface exposed to the sun increases when there is sunshine and decreases
after sun-set, and the air around the building increases in summer and decreases
in winter, then the temperature difference appears periodically in the interior of
the structure and its internal force should redistribute correspondingly, and more
deformation and cracks may be caused. In addition, the non-uniform temper-
ature field [19-1] will be formed in a massive hydraulic structure (i.e. dams,
etc.), because of accumulation of the hydration heat of cement in concrete
during the hardening process and the temperature variation caused by the
circumferential water, air, and sunshine. Although the maximum temperature
reached in the interior of the structure is not too high (generally less than 60�C),
the strain induced by the temperature change (e.g.�30�C) is much greater than
the value of the ultimate tensile strain of concrete. Therefore, it is sufficient to
cause cracking of the concrete in a large area and water leakage may result, then
the service function and safety of the structure are damaged.

2. High-temperature action lasts for a long time under normal working
conditions of the building. For example, some structures in metallurgy and
chemical industry workshops work under radiation of high temperature all
year round, and the temperature on their surface may reach 200�C or even
higher. When a chimney spurts smoke of high temperature, the temperature
may reach 500e600�C at the internal lining and 100e200�C on the external
surface. In the reactor vessel and containment structures of a nuclear power
plant, the temperature of concrete may reach 120�C or even higher at local
positions.

3. High-temperature impact in a short time is caused by occasional accidents.
For example, a building fire may last a few hours and the maximum temperature
of the fire may reach 1000�C or even higher within one hour only. If a chemical
or nuclear explosion or an accident of nuclear plant occurs, the temperature may
reach several thousands centigrade or even higher within a short time counted in
seconds or milliseconds.

These thermal problems in structural engineering have different temperature
ranges and variation rules, which cause considerable differences in the material
and structure behaviors and damage levels of the structure. Correspondingly,
different design codes [19-2e19-6,3-19] are suggested for various structures in
home and abroad, in which the general instruction, design and calculation methods,
and material used and structural details are included. This chapter mainly deals with
the third category of the structural thermal problem, and the mechanical behaviors
and analyses of the structure and its materials under fire or high temperature are
introduced in detail. The method and conclusion given can also be used as a refer-
ence for other categories of structural thermal problems.
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As serious fire accidents occur frequently every year worldwide due to various nat-
ural, technical, and manmade reasons, enormous natural resources, social property,
and human life are lost, and it may cause serious social unrest. Moreover, the harm-
fulness of building fires gets more and more seriously, as human society develops
quickly and people and property are more highly concentrated in modern cities.

In order to prevent or reduce losses in fire accidents, many effective measures are
presented based on the experience and lessons learnt from previous fires and the
experimental investigations and theoretical research completed. These measures
may be generalized into two respects: (1) Preventing fire accidents from occurring
and spreading. For example, when a building is designed [19-7], the circumference
space and road for a fire-truck should be reserved sufficiently, the material used and
detailing are selected to satisfy the fire-endurance grade required, the equipment and
furniture in the rooms would be better made of incombustible material and a refrac-
tory coating should be sprayed upon the combustibles, an automatic alarm and sprin-
kler should be installed, etc. (2) Enhancing the fire resistance of architectural and
structural members. For example, large furnaces are built specially for testing and
measuring the endurance limit of the full-scale members, the structural material is
selected reasonably and the structural detail is improved, an insulated material is
set up on the member surface, experimental and theoretical researches are conducted
systematically on the thermal-mechanical behavior, the design and calculation
methods are developed correspondingly, etc.

Several kinds of material have been used in structural engineering. Timber struc-
ture itself is a combustible, and it can not prevent a fire and even enhances the fire
after being lighten up. Although steel structure is not a combustible, the temperature
of steel member rises quickly under a fire accident and then the load-bearing capac-
ity is reduced and the local buckling is caused or even the whole structure can
collapse, because heat conducts very quickly in steel and the structural members
are usually composed of thin-wall-shaped steels and plates. However, the main
part of reinforced concrete is concrete which is a material of heat inertia and the
main structural members usually have thick sections. So, the temperature in the inte-
rior of the member elevates slowly under fire accidents and the temperature rise of
the reinforcement is delayed by the outer cover. Therefore, the strength of the ma-
terial loses less and the load-bearing capacity of the member decreases slowly, and
the fire-resistant behavior and the endurance limit of the reinforced concrete struc-
ture are much better than that of steel and timber structures.

Of course, if the fire continues for a long time, the damage and failure phenom-
ena of different levels will appear successively in the concrete structure: cracking
and loosening on the surface, damage to the edge and corner, explosive spalling
of the cover, reinforcement bared, deflecting of the member, surface layer separating
gradually from the main body, and damage area penetrating into the interior of the
member, and finally local holes, cave in, and collapse of the structure may result.

When a fire accident occurs in a building, the structure acted as the load-bearing
and support system should keep sufficient strength and endure a longer time under
fire, in order for the rescue of victims, injured and died people, and to save important
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property. Therefore, it is considered that the structure is failed under fire, if one of
the three limit states [19-8,19-9] below is reached:

1. The limit state of load-bearing capacity. The load-bearing capacity of the
structure reduces continuously under fire accident (at elevated temperature).
The limit state reaches when the service load can not be supported any more,
because of the structural collapse, or instability, or excessive deflection (e.g.
1/30 of the clear span).

2. The limit state of obstructing fire. The integrity of the structure is damaged
under fire, so the fire spread and smoke flow can not be stopped again when
wide cracks and holes are formed.

3. The limit state of heat insulation. When the temperature on the surface un-
exposed to fire of the structural member increases too much (e.g. 140�C for
average value or 180�C for the maximum value), it may cause fire in adjacent
rooms and the fire spreads.

When a structural member (e.g. slab, wall) or an architectural member (e.g. parti-
tion, door, window) reaches one of the three limits under the fire following the stan-
dard temperature time curve (Eq. 19-1, Fig. 19-2), the duration time of it is called its
endurance limit (in hours). According to the Code of Fire-Prevention of Building
[19-7], a building can be classified into four grades depending upon its importance,
and a minimum endurance limit (0.5e4 hours) is stipulated for different members.

In order tomeasure practically the endurance limit of variousmembers, special fur-
naces should be built correspondingly, in which gas or oil is used and sprayed into it
and the temperature should elevate following the standard temperatureetime curve af-
ter a fire is lighten.When a structural member is tested, it is installed first in the furnace
and the service load is applied and maintained constantly, then the fire is lighten and
the temperature inside elevates continuously until one of the limit states is reached. If
the furnace is not available, the thermal behavior and endurance limit of various struc-
tural and architectural members of different material and size may be consulted from
relevant literature [19-8,19-9] and can be used as a reference during design.

According to the existing results of the experimental and theoretical researches
and the experience of the engineering practice, the behaviors of reinforced concrete
structures at elevated temperature (under fire) are considerably different from that
under normal temperature. The characteristics of them are as follows [19-10].

1. Temperature distributed non-uniformly in the interior. The temperature on
the surface of the structure rises very quickly under fire but the temperature in the
interior increases slowly, because the thermal conductivity of concrete is rather
low. So, a non-uniform temperature field is formed in the structure, especially a
large temperature gradient appears at its outer layer. Besides, the temperature
field varies continuously as long as the fire lasts. The main factors determining
the temperature field of a structure are the temperatureetime process and
duration of the fire, the shape and size of its members, and the thermal behavior
of the concrete material. However, the internal forces, deformation, and small
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crack of the structure have less influence on the temperature field. On the con-
trary, the temperature field of the structure influences significantly on the internal
forces, deformation, and bearing capacity of it. Therefore, the analysis of the
temperature field of a structure can be conducted independently and should be
conducted in advance of the mechanical analysis of it.

2. Serious deterioration of the material behavior. The values of the strength and
elastic modulus of concrete and reinforcement at elevated temperature decrease
considerably and the deformations of both materials increase correspondingly.
Besides, the external damage phenomena of concrete, e.g. cracking, loosening,
and spalling off, appear successively and become gradually more severely as the
temperature increases. This is the main reason that causes serious reductions of
the bearing capacity and the endurance limit of the structure and its member at
elevated temperature.

3. Coupling effect of stressestrainetemperatureetime. When a structure un-
der normal temperature is analyzed mechanically, only the stressestrain
relation of the material is necessary. However, the value and duration of high
temperature have a strong influence on the strength and deformation of the
material. Furthermore, different heating and loading history cause unequal
values for the strength and deformation of the same material, a coupling effect
is then composed of four factors: stress, strain, temperature, and time for
the concrete. Therefore, in order to analyze accurately the behavior of the
structure at elevated temperature, it is necessary to develop a corresponding
coupling thermal-mechanical constitutive relation for concrete. Of course,
this causes more work and difficulty for analyzing the structure and its
member.

4. Redistributions of stress on member section and internal force of structure.
The non-uniform temperature field of a member section inevitably results in
unequal temperature strain and stress redistribution on it. The thermal defor-
mation of the material in a statically indeterminate structure under high tem-
perature is restrained by the adjacent material and structure of different
temperature and the joint or support, so the redistributions of internal forces (i.e.
bending moment, shear force, and axial force) are serious. In addition, the
temperature field of a structure varies with the temperature and duration of the
fire and the internal forces of the structure redistribute correspondingly, so both
thermal and mechanical analyses of it are dynamic process.

19.2 Temperature field on section
19.2.1 Temperatureetime curve
When a fire accident occurs in a building, the fire generally experiences several
stages, i.e. fire lighting up, spreading out, and declining and going out. It is also
possible under some situations that the fire declines and burns again repeatedly
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before it goes out eventually. The whole process usually takes a few hours but,
sometimes, may last several days, e.g. if the fire accident occurs in an underground
space. If the fire reaches higher temperature and lasts a longer time, more serious
losses will result. The seriousness of a fire accident depends mainly upon following
factors: (1) thermal behavior of building material, (2) property, quantity, and dis-
tribution of all the combustibles in the room, (3) area and shape of the room and
areas and positions of the window and door, and (4) air flow and ventilation
conditions.

The direct effect is heating the surface of a structure if a fire acts on it, so the
temperatureetime (Tet) curve of the fire is the basic and the most important condi-
tion for the thermal analysis of the structure. The actual variation of a fire temper-
ature can be illustrated by a series of experimental results of wood burning in a
full-scale room. The first and second figures near each curve (in Fig. 19-1) show
respectively the quantity of wood (in kg/m2) burning in the room and the percent be-
tween the area of window and door holes on the wall and the gross area of the wall. It
is seen that the temperature reaches quickly (within 10e40 minutes) the maximum
value after the wood is lighted up and a longer period of declining and going out is
succeeded afterwards.

Up to now, some theoretical and empirical formulas [19-5,19-9] are available for
calculating the temperatureetime curve of a simple fire based on the main parame-
ters. However, more complicated conditions exist in engineering practice, e.g.
different combustibles are mixed and their quantities and distributions are irregular
in the room, air flow and ventilation vary considerably, and even the combustibles in
the room can not be predicted during the design of the building. Therefore, the tem-
peratureetime curve of a fire accident is random to a great extent. In order to unify
the requirement of fire resistance of the structures and to establish objectively a
comparative base, some research institutions and organizations suggest several

FIG. 19-1 Temperatureetime curves measured from tests of burning wood [19-8]
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standard temperatureetime curves of fire (Fig. 19-2). Among them the standard
curve suggested by the International Standard Organization (ISO) for fire-
resistance test of structure is used most widely and expressed as

T � T0 ¼ 345 lg ð8t þ 1Þ; (19-1)

where T0 is the initial temperature and 20�C is usually taken, and T is the tempera-
ture at t minutes after the fire has been lighten.

These curves show obviously the monotonic heat process without a cooling
stage, and they are approaching one another except a few, but none of them is iden-
tical with the actual fire occurring in a building (e.g. Fig. 19-1). However, the
standard temperatureetime curve can be used as a criterion to conduct the fire-
resistance test and thermal analysis and to check the fire-endurance limit for a
structure or its members, in order to ensure the same fire-resistance capacity or
to offer a comparable fire-resistance safety for different structures and their
members.

19.2.2 Thermal behaviors of materials
When the temperature field of a structure is theoretically analyzed and the basic
equation of heat conduction (Eq. 19-8) is established, it is necessary to know in
advance the basic thermal parameters of the material, which include coefficient of
heat conductivity (l), specific heat capacity (c), and mass density (r). Besides,
another basic thermal parameter of the material is linear expansion coefficient (a)
or the thermal expansion strain (εth), which influences only the thermal strain and
stress of the structure but is unrelated to its temperature field. Of course, the values
of these parameters are different for various materials and vary non-linearly with the
temperature elevation.

FIG. 19-2 Standard temperatureetime curve for fire accident [19-8]
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The thermal behavior of concrete varies considerably and mainly depends upon
the chemical composition and mineral texture of its raw material, mixing ratio, water
content, etc., and the experimental data of the thermal parameters measured are devi-
ated. The experimental results (Fig. 19-3) are shown as some examples, but they
exhibit the general values and variation regularity for the thermal parameters of
concrete.

When a prismatic concrete specimen is heated monotonically, its length and cor-
responding thermal strain (εth) increase and depend mainly upon the aggregate in it.
Usually, the thermal strain of the concrete with light-weight aggregate is much
smaller than that of ordinary concrete. When the testing temperature T < 200�C,
the solid components of the concrete, including coarse aggregate and hardened
cement mortar, expand due to elevated temperature and shrink simultaneously due

FIG. 19-3 Experimental results of thermal parameters of concrete [19-6]: (a) thermal

expansion strain, (b) specific heat capacity, (c) coefficient of heat conductivity, (d) heat

diffusivity
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to water loss. Both factors compensate and cause smaller strain (elongation,
e.g. εth ¼ 0.8�10�3e1.5�10�3 at 200�C). When T ¼ 300e600�C. The solid
components expand continuously and the cracks on the boundary of aggregate
appear and extend gradually, so the thermal strain increases quickly, e.g. εth ¼
6�10�3e9�10�3 at 500�C. When T > 600�C, the increasing rate of the thermal
expansion strain slows down or even ceases, possibly because the crystal of mineral
component within the aggregate varies and the internal damage of concrete accumu-
lates. The thermal strain may reach εth ¼ 10�10�3 or even more at this time.

Fitting with the definition, the average value of linear expansion coefficient of
concrete can be calculated based on the measured thermal strain:

acðTÞ ¼ εth

T � T0
: (19-2)

Its value varies non-linearly with temperature and ranges usually from 6�10�6/�C
to 30�10�6/�C.

When the concrete specimen is cooled down to the initial temperature soon after
heating to the predetermined temperature, the thermal strain (elongation) reduces
gradually but does not vanish completely (Fig. 19-18). Therefore, a residual strain
(elongation) of the concrete exists and depends upon the maximum temperature
ever reached. If the concrete experiences several heatingecooling cycles, the ther-
mal strain varies correspondingly [19-11].

The mass heat capacity or specific heat capacity (c in J/(kg$�C)) is defined as
the quantity of heat (J) absorbed per unit mass (kg) of a material when its temper-
ature elevates 1�C. The value of specific heat capacity of concrete (cc) increases
gradually with temperature and tends to be stable when T > 600�C. However, a
sharp peak appears near T ¼ 100�C, because the water contained in the interior of
concrete evaporates suddenly and a lot of steaming heat is absorbed. Generally,
the different aggregates of concrete have less influence on the specific heat capacity.

The thermal conductivity or coefficient of heat conduction (l in J/(h m�C) or
W/(m�C)) of a material is defined as the quantity of heat (J) passing through per unit
area (m2) with uniform temperature per unit time (h) and under the condition of per
unit temperature gradient (�C/m). The value of the coefficient of heat conduction of
concrete (lc) reduces obviously as the temperature is elevated, and it reduces almost
linearly when T > 200�C but it varies considerably with the water content when the
temperature nears 100�C. If the concrete is cooled down after heating, the coefficient
of heat conduction will reduce further but slightly, rather than increase (recover).
The coefficient of a light-weight concrete is far smaller, e.g. may be less than half
that of ordinary concrete.

Themass density is also called volume density (r in kg/m3), and it is defined as
the mass of a material per unit volume. The mass density of concrete (rc) reduces
slightly at elevated temperature as the water contained loses gradually, however, it
usually is taken as a constant during calculation.

The heat diffusivity (Fig. 19-3(d)) is a derived thermal parameter for a material
and is defined as d ¼ l/cr (Eq. 19-8) in m2/h. The value of heat diffusivity of
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concrete (dc) reduces gradually as the temperature is elevated, but a deep valley ap-
pears near T ¼ 100�C, which corresponds to the sharp peak of specific heat capacity
(cc, Fig. 19-3(b)).

The values of these thermal parameters of concrete vary considerably. If the ac-
curate values of them are needed for a particular concrete, the only way is to produce
specially certain specimens and to measure experimentally. When no reliable datum
is available, the formulas [19-12] shown below can be used for calculation of these
parameters for concrete with siliceous aggregate:

20�C � T � 700�C εth;c ¼ �1:8� 10�4 þ 9T � 10�6 þ 2:3T3 � 10�11

700�C < T � 1200�C εth;c ¼ 14� 10�3

�
(19-3)

20�C � T � 1200�C8><
>:

cc ¼ 0:215þ 1:59T � 10�4 � 6:63T2 � 10�8
�
kcal

��
kg�C

�� �
19-4

�
lc ¼ 1:72� 1:72T � 10�3 þ 0:716T2 � 10�6

�
kcal

��
hm�C

�� �
19-5

�
rc ¼ 2300

�
kg
�
m3
� �

19-6
�

where 1 kcal ¼ 4.1868�103 J. Besides, the calculation formulas for concrete with
calcareous aggregate can be found in the same reference [19-12]. The representative
values of the thermal parameters may take as: ac ¼ 10� 10�6=�C; cc¼ (0.84-
1.26)�103 J/(kg�C), and lc ¼ 1.63e0.58 W/(m�C).

The thermal behavior of steel varies similarly at elevated temperature [19-5,19-13].
The thermal expansion strain (εth,s) increases nearly linearly and the average value of
linear expansion coefficient (as) varies less, the specific heat capacity (cs) increases
gradually and slightly, and the mass density (rs) varies slightly, but the coefficient
of heat conduction (ls) reduces nearly linearly with considerable amplitude, as the
temperature increases. The values of these parameters for various kinds of steel are
in the range of:

as ¼
�
12w15

�� 10�6 1
��
C

cs ¼
�
0:42w0:84

�� 103 J
��

kg�C
�

ls ¼ 52:3w27:9 W=ðm�CÞ
rs ¼ 7850 kg

�
m3

9>>=
>>;: (19-7)

The representative values of them are successively: 14�10�6 (1/�C), 0.52�103

(J/(kg�C)), 34.9 (W/(m�C)), and 7850 (kg/m3). It is seen that the specific heat capac-
ity of steel is smaller than that of concrete (cs < cc), while the coefficient of heat
conduction of steel is several tens of times higher than that of concrete (ls >> lc).

Generally, the reinforcement or wire is spread in the interior of a reinforced or
prestressed concrete structure and only possesses of a few percentages (< 3 %) of
the total volume. When the temperature field is theoretically analyzed, it is usually
considered [19-6,19-12] that the structure is composed of homogeneous material
(plain concrete) only and the reinforcement contained is neglected. The result
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obtained satisfies the accuracy required in engineering practice and is on the safe
side, i.e. slightly higher temperature is given, compared with that calculated in
consideration of existing reinforcement.

19.2.3 Basic equation for heat conduction and determination
of temperature field

Generally, the temperature field of a structure at elevated temperature is not influ-
enced by its internal force and deformation and can be analyzed first and arbitrarily.
According to the principle of energy conservation, the sum of the heat quantity,
which enters into or goes out from a micro-cube (dxdydz) of mass density (r) via
its surface and generates in its interior, should be equal to the heat quantity respec-
tively absorbed because of the temperature elevated or released because the temper-
ature reduces in the micro cube. Therefore, the basic equation of heat conduction is
established:�
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where T is the temperature of the micro cube in �C, c, l, and r are the thermal pa-
rameters of the micro cube, of which the definitions and values are introduced above,
qd is the heat quantity generated per unit volume of the micro cube itself per unit
time (s), and t is time in s.

The basic equation can be used for analysis of any three-dimensional structure.
The linear member, such as beam and column used most popularly in practice, is
generally assumed that the temperature is identical along its axis-line and its temper-
ature field is then simplified into the two-dimensional one on its section. In addition,
the planar member, such as wall and slab, is generally assumed that the temperature
is identical along it plane, then its temperature field is simplified further into the one-
dimensional one along its thickness.

When the temperature of a structure varies with time (t), Eq. 19-8 should be
solved at different times or external temperatures and series of temperature fields
are obtained successively. This is called dynamic or transient heat conduction.
Whereas the temperature of an external medium does not vary with time
(vT=vt ¼ 0) and the material of the structure itself does not generate any heat quan-
tity (qd ¼ 0), Eq. (19-8) is then simplified into:
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and only one solution is obtained. This is called static or stable heat conduction.
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In order to find the solution of the equation of heat conduction (Eq. (19-8) or
Eq. (19-9)), the initial and boundary thermal conditions of the structure have to
be determined in advance, besides knowing the thermal parameters of its material.
The initial condition is the temperature distribution of the structure at initiation
(t ¼ 0), which is usually assumed to be uniform and is equal to the environmental
temperature (T0) before a fire accident occurs. The boundary condition of the struc-
ture depends upon its environment and the heat exchange with the medium
surrounded, and is generally divided into four categories [19-1]: (1) the tempera-
ture on its boundary (surface) is a function of time T ¼ f (t), e.g. Eq. (19-1); (2) the
quantity of heat flow passing through its boundary is a function of time
�lvT=vn ¼ f ðtÞ; (3) the quantity of heat flow passing through the boundary is pro-
portional to the temperature difference (TeTa) in which Ta is the temperature of the
air surrounded; (4) the temperature and the quantity of heat flow at the boundary
vary continuously when it is contacted with other solid materials. The basic
methods for solving these problems of various thermal boundaries may consult
relevant monographs [19-1,19-14].

When the temperature field of a concrete structure under a fire accident or at
elevated temperature is analyzed, there are not only the variable heating process
and the thermal parameters of the material varying non-linearly with the temper-
ature, but also the complicated boundary conditions. Therefore, the accurate
solution of the partial differential equation of heat conduction is very difficult
to find out analytically. Nevertheless, several methods are usually used now to
find the solution in accordance with the required accuracy for structural
engineering:

1. The temperature field of a structure is assumed approximately to be a one- or
two-dimensional one and the basic equation Eq. (19-8) is simplified into a
linear and stable heat conduction, the analytical solution can be derived more
easily;

2. The method of finite-element or difference analysis, or both combined, is used
and the computer program is compiled correspondingly, then the numerical
solution is obtained after numerous calculations on the computer. This method
is used most widely now and several universal programs for the thermal analysis
of a structure are available on the market;

3. The full-scale specimen is produced specially and the standard thermal test is
completed, then the temperatures at key points can be measured and the tem-
perature field can be derived;

4. The temperature fields of some particular conditions are provided on relevant
design codes or handbooks [19-6,19-10,19-12,19-15] and may be expressed as
various charts or tables (e.g. Fig. 19-4), which may be utilized directly or
indirectly. Although, this method is very easy and convenient, the conditions
given, e.g. shape and size of structural section, material of concrete, temper-
atureetime curve and time lasted, are limited and the temperatures given are of
less accuracy.
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19.3 Mechanical behaviors of materials at elevated
temperature

19.3.1 Behavior of reinforcement
A special heatingeloading testing machine is necessary for testing and measuring
the mechanical behavior of steel at elevated temperatures. The specimen is set up
in the furnace and heated freely (stress s ¼ 0) to the predetermined temperature

FIG. 19-4 Temperature field (contour) of structural section [19-6]: (a) plate with one surface

exposed to fire, (b) lower part of rectangular section (b[160mm, h[320mm, siliceous

aggregate), (c) lower part of I-shape section (siliceous aggregate)

19.3 Mechanical behaviors of materials at elevated temperature 487



(T, �C) and maintained constantly, then it is loaded (stretched) until its failure and the
tensile forceeelongation or stressestrain (seε) curve is recorded simultaneously.
The curves of the steels (reinforcements) of various kinds and strength grades at
different temperatures are shown in Fig. 19-5.

The tensile forceeelongation (or seε) curve of the hot-rolled steel (grades I to
IV) tested under normal temperature shows apparently a long yielding plateau.
When the testing temperature is T < 200�C, the yielding plateau can still be found
on the curve but the corresponding yield strength reduces slightly (f Ty < fy). Howev-
er, the yielding plateau is hardly identified and the yield strength is difficult to be
determined when the testing temperature is even higher (T > 250�C). In addition,
the ultimate strength of steel, i.e. the peak value of the curve, reduces obviously as
the testing temperature increases (f Tb < fb).

If the specimen under normal temperature is stretched further after the ulti-
mate strength is reached, it should be necked locally and broken soon into two
pieces. The area on the necked section is reduced considerably and the length
of the necked zone is about twice the original diameter of the specimen. When
the specimen is tested until failure under high temperature, the tensile force or
nominal stress calculated by the original area of the specimen decreases gradually
after the ultimate strength is reached. After the specimen is cooled down, it
is found that the length of necked zone at failure increases with the temperature
tested. When the testing temperature is T � 800�C, the steel is softened and
the specimen is stretched much longer and finer, and no neck can be found on it.

The yield and ultimate strengths of the reinforcements of various steels at
elevated temperatures obtained from the stretching tests are shown in Fig. 19-6, in
which the ratios between them and corresponding strengths at normal temperature
(f Ty =fy; f Tb=fb) are expressed respectively. Generally, the strengths of the reinforce-
ments of hot-rolled steel (grades I to IV) loss less when T � 300�C, and the strength
of a few specimens at certain temperature is even slightly higher than that at normal
temperature; the strength reduce sharply when T ¼ 400e800�C; the strengths are
rather low at T ¼ 800�C and higher temperature and usually less than 10% of that
at normal temperature. As far as the high-strength wire, used mostly for prestressed
concrete, is concerned, the strength loses even more seriously at elevated tempera-
ture: it reduces obviously at T¼ 200�C and sharply at T¼ 400e600�C, and it is only
5% of that at normal temperature when T ¼ 800�C.

The elastic modulus of reinforcement varies similarly as its strength does at
elevated temperatures. The elastic modulus reduces limitedly when T � 200�C
but quickly when T ¼ 300e700�C, and it is rather low at T > 800�C and usually
no more than 10% of that at normal temperature (Fig. 19-7).

The stressestrain curve of reinforcement at elevated temperature is suggested as a
simple geometrical diagram and corresponding calculation formula is given in some
references, such as an inclined line succeeded by a horizontal line (elasto-
plastic relation) [19-16], two straight lines of different slopes linked together
[19-13], or an inclined line succeeded by a hardening curve [19-10]. Besides, a com-
plete stressestrain curve (Fig. 19-8), including an inclined line (elastic stage), an
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FIG. 19-5 Stretching curves of various steels at elevated temperature: (a) reference [19-13],

(b) reference [19-6]
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FIG. 19-7 Elastic modulus of reinforcement at elevated temperature: (a) reference [19-13],

(b) reference [19-12]

FIG. 19-6 Yield and ultimate strengths of reinforcements at elevated temperature:

(a) reference [19-13], (b) reference [19-12]
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elliptical curve (hardening), a horizontal line (plastic stage), and a descending branch,
and all the formulas and parameters for calculation are provided in reference [19-12].

The other mechanical behaviors of reinforcement at elevated temperature are also
introduced in relevant references [19-6,19-13]. For example, the creep of reinforce-
ment appears with considerable value in short time (counted in hours or minutes) un-
der constant temperature and stress, different deformation (strain) and strength of it
are presented when it experiences various orders of heating and loading.

19.3.2 Basic behavior of concrete
The basic mechanical behavior of concrete varies significantly at elevated tempera-
ture and many results of experimental investigations are reported in various refer-
ences [19-10,19-16e19-20]. Generally, the furnace used for testing is specially
designed and produced by the researches themselves and is put on the working table
of an ordinary testing machine before the thermal test, then the specimen is set up
into the furnace and heated to and maintained constantly at the predetermined tem-
perature, and finally the specimen is loaded monotonically until failure and the
strength and deformation are measured simultaneously. Because concrete is a mate-
rial of thermal inertia, the specimen should be heated and kept constant for a long
time before loading, if the temperatures at the surface and interior are needed to
be uniform. For example, when a concrete cube with edge length 100 mm is heated
to 700�C on its surface within 30 minutes, it takes 6 hours under constant tempera-
ture in the furnace as the temperature at its center reaches 680�C [19-18].

The mechanical behavior of concrete varies considerably and mainly depends
upon not only the material factors, including the chemical composition and texture
of raw material, mixing ratio, and water content, but also the testing equipment and
method used, such as thermal function of the furnace, shape and size of the spec-
imen, heating velocity and period maintained under testing temperature, and
measuring instrument and method used for experimental data. The measured data
of the specimens of one series are rather scattered under the same testing condition.

The most important index of mechanical behavior is the cubic compressive
strength for concrete (f Tcu at elevated temperature and fcu at room temperature), which

FIG. 19-8 Stressestrain relation of reinforcement at elevated temperature [19-12]
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varies with temperature as shown in Fig. 19-9 and the variation regularity is gener-
ally as follows:

1. f Tcu=fcu ¼ 0.88e0.94 when the testing temperature T ¼ 100�C. The free water
contained in the concrete evaporates gradually and the capillary crack and
porosity are formed in the interior, and the vapor pressure in the crack causes
tensile stress in the surrounding material. In addition, the stress concentration
occurs at the tip of the crack and accelerates the crack expanding after the
specimen is loaded. So, the compressive strength of concrete reduces slightly.

2. f Tcu=fcu ¼ 0.98e1.08 when T ¼ 200e300�C The compressive strength then is
usually higher than that at T ¼ 100�C and even than that under normal tem-
perature. The possible reasons for this are that the adhesive action of the cement
particles is enhanced and the stress concentration near the crack is relaxed as the
combined water in the cement gelation starts to release during then.

3. f Tcu=fcu decreases obviously when T � 400�C (Table 19-1). The thermal defor-
mation difference between the aggregate and the hardened cement mortar in-
creases continuously, the crack is caused and expanded on boundary of the
aggregate, and the water in the calcium hydroxide and others yielded during
cement hydration releases with considerable volume expansion, so the cracks in
the interior expand and extend gradually and the strength reduction is caused
sharply.

FIG. 19-9 Cubic compressive strength of concrete at elevated temperature: (a) reference

[19-10], (b) comparison between different experimental results [19-6]

Table 19-1 Relative Cubic Compressive Strength of Concrete at Elevated

Temperature

T (�C) 400 500 600 700 800 900

fTcu=fcu 0.90–0.98 0.75–0.85 0.50–0.70 0.30–0.50 0.15–0.28 0.05–0.12
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4. When T > 600 �C, the quartz components in the un-hydrated cement particles
and the aggregates decompose, and the crystal is formed and accompanied with
considerable expansion. Then the cracks also appear in the interiors of some
aggregates and expand further as the temperature increases, so the compressive
strength of concrete reduces sharply.

5. When T > 800�C, only little the compressive strength remains, but it is not
necessarily guaranteed sometimes. Usually, the specimen is broken into several
pieces at the end of testing and can not be integrally taken out from the furnace.

The thermal action results in the strength loss and deformation behavior deteri-
oration of concrete and the main reasons can be summarized as: (1) crack and
porosity form in the interior of concrete after water evaporated; (2) thermal behavior
of the coarse aggregate and the hardened cement mortar are different, and it causes
the deformation difference and internal stress between then and results cracking on
their boundary; (3) coarse aggregate expands and cracks itself under higher temper-
atures. These internal damages of concrete develop and accumulate continuously,
and tend to be more serious as the temperature increases.

Various factors have influence on the compressive strength of concrete at
elevated temperatures, and it is generally realized according to the available exper-
imental investigation:

• The concrete of siliceous aggregate (e.g. granite) has slightly lower strength than
that of calcareous aggregate (e.g. limestone) has, and the concrete of light-
weight aggregate has much higher strength (f Tcu=fcu) than that of ordinary
aggregate [19-17] under the same temperature;

• The higher the strength at normal temperature (fcu), the smaller the relative
strength (f Tcu=fcu) at elevated temperature;

• The specimen of high-strength concrete (> C60) may spall off and break sud-
denly when T > 400�C;

• The strength reduces with the heating velocity, and the strength is lost contin-
uously as the time lasts longer under high temperature, but most of the strength
loss appears already within the first two days;

• The strength reduces gradually as the damage accumulates, when the
heatingecooling cycles are repeated, but most of the strength loss appears
already after the first cycle;

• The compressive strength of concrete at normal temperature after a heatinge
cooling cycle is slightly smaller than that at the maximum temperature expe-
rienced, and it shows that new damage, depending upon the cooling velocity,
occurs during the cooling stage after being heated.

The compressive stressestrain curve of concrete prism or cylinder at elevated
temperature tends to be flatter and flatter and its peak obviously drops and moves
toward the right-hand as the testing temperature increases (Fig. 19-10). It means
that the prism compressive strength (f Tc ) decreases and the correspondingly peak
strain (εTc ) increases considerably, and the modulus of elasticity decreases sharply
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at elevated temperature. Also, the similar curves are found for the concretes of
different aggregates and strength grades.

The deformation process from the start of loading till failure of the prism spec-
imen can be divided into three stages: (1) when s=f Tc < 0.3e0.5, the strain of con-
crete increases approximately linearly with the stress, although many cracks are
formed already in the specimen during heating and before loading; (2) when
s=f Tc ¼ 0.5e1.0, the plastic strain of concrete develops quickly and the slope of
the stressestrain curve decreases gradually because many cracks are expanded or
formed newly on its surface and in the interior, and the curve tends to be flatter
on the top part and the tangent of the curve is horizontal at the maximum stress
(peak point f Tc ); (3) passing the peak, the strain of concrete increases (ε > ε

T
p )

continuously and the cracks develop further while the stress decreases slowly, and
a descending branch is formed stably. The final failure pattern of the concrete prism
at elevated temperature is similar to that under normal temperature. An inclined
main crack appears clearly on the surface with wider breaking belt but smaller slope,
and many thermal cracks distribute irregularly on other part of the surface.

The ordinate and abscissa of the peak point on the stressestrain curve of concrete
at elevated temperatures are respectively the prismatic compressive strength (f Tc ) and
corresponding strain (εTp ), which vary with the testing temperature as shown in
Fig. 19-11. It is found that the prismatic compressive strength (f Tc =fc) of concrete
varies similarly but is smaller than that of the cubic compressive strength
( f Tcu=fcu), whereas the peak strain (εTp ) increases considerably as the testing temper-
ature increases.

The initial elastic modulus of concrete at elevated temperature (ET
0 ), just like that

under normal temperature [0-2], is defined as the ratio between the stress s ¼ 0:4 f Tc
and corresponding strain ε or the secant slope at this point on a measured
stressestrain curve. In addition, the secant modulus at peat stress is the ratio between
the prismatic compressive strength and the corresponding peak strain, i.e.
ET
p ¼ f Tc =ε

T
p . Both moduli of concrete reduce monotonically as the testing

FIG. 19-10 Complete stressestrain curve of compressed concrete at elevated temperature:

(a) reference [19-10], (b) reference [19-19]
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temperature increases (Fig. 19-12), and the relative values of both approach each
other (ET

0 =E0 zET
p =Ep). Some experimental investigation [19-20] demonstrates

that the elastic modulus of concrete, like its strength, varies slightly during cooling
after being heated (Fig. 19-12(b)), and it also means that the damage caused during
heating does not recover during cooling.

Poisson’s ratio of concrete (n) reduces as the testing temperature increases
(> 50�C) and reaches less than half of the initial value at T ¼ 400�C, and it keeps
the low value obtained at elevated temperature and also it does not recover during
cooling (Fig. 19-12(b)).

The splitting testing method and the cubic specimen of edge length 100 mm are
used for measuring the tensile strength of concrete at elevated temperature. The ten-
sile strength of concrete decreases considerably (Fig. 19-13) as the testing temper-
ature increases, and the range of its relative value (f Tt =ft) against temperature is listed
in Table 19-2. Generally, the specimen approaches failure and is hardly loaded at all
when Tz 900�C. It is noticed that the tensile and compressive strengths of concrete
vary differently at elevated temperature, and the ratio between them (f Tt =f

T
c ) is not a

constant and its minimum value occurs in the range T ¼ 300e500�C.

FIG. 19-11 Prismatic compressive strength and peak strain of concrete at elevated

temperature: (a) reference [19-10], (b) reference [19-19]

19.3 Mechanical behaviors of materials at elevated temperature 495



FIG. 19-12 Elastic modulus and poisson’s ratio of concrete at elevated temperature:

(a) reference [19-10], (b) reference [19-20]

FIG. 19-13 Tensile strength of concrete at elevated temperature: (a) reference [19-18],

(b) reference [19-6]
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The bond strength (sTu ) between reinforcement and concrete reduces also mono-
tonically as the testing temperature increases (Fig. 19-14) and varies similarly to the
tensile strength of concrete (f Tt ). The bond strength considerably depends upon the
surface shape and corrosion level of the reinforcement. Obviously, the bond strength
of the plain bar loses most and even more than the tensile strength of concrete does
under same temperature.

The stressestrain relation of concrete at elevated temperature is necessary for
thermal or fire resistance analysis of the concrete structure. Because the tensile
strength of concrete is rather low under normal temperature and is not guaranteed
at elevated temperature, the tensile action of concrete is generally neglected during
structural analysis. When the compressive stressestrain curves of concrete at
different temperatures are expressed uniformly on the coordinate of relative values
(s=f Tc and ε=εTp ), they can be uniquely simulated by one equation, for which various
functions are suggested in the relevant reference [19-12,19-16,19-18].

The theoretical curves and the corresponding compressive strength (f Tc =fc) and
characteristic strains (εTp and ε

T
u ) of concrete at elevated temperature given in refer-

ence [19-12] are shown in Fig. 19-15. The equation for the ascending branch is sug-
gested as

s ¼
3


ε

.
ε
T
p

�
2þ



ε

.
ε
T
p

�3 f Tc ; (19-10)

and the descending branch may be taken as a reasonable curve or simply as a straight
line between the peak (εTp ; f Tc ) and ultimate (εTu , 0) points.

Table 19-2 Tensile Strength of Concrete at Elevated Temperature

T (�C) 100 300 500 700 900

fTt =ft 0.78–0.90 0.66–0.88 0.52–0.60 0.24–0.32

FIG. 19-14 Bond strength between reinforcement and concrete at elevated temperature [19-21]
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The calculation formulas suggested in reference [19-10] are:

f Tc ¼ fc

1þ 18 ðT=1000Þ5:1
(19-11)

ε
T
p ¼

h
1þ 5 ðT=1000Þ1:7

i
εp (19-12)

for the prismatic compressive strength and corresponding peak strain of concrete at
elevated temperature, and the equations for the ascending and descending branches
of stressestrain curve are the same as for that under normal temperature (Eq. (2-6))
but with different values of the parameters included:
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The calculated curves are compared with the experimental results in
Fig. (19-10(a)).

These equations can also be used for calculating the elastic modulus of con-
crete at elevated temperature and the results obtained are shown as a solid
curve in Fig. 19-12(a). Alternatively, the solid curve can be simplified into a

FIG. 19-15 Theoretical stressestrain curves for compressed concrete at elevated temperature

[19-12]: (a) stressestrain curves, (b) ultimate strength and strains
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straight line shown as a dashed line in the same figure, of which the calculation
formula is

T ¼ 60 �Cw700 �C
ET
0

E0
¼ ET

p

Ep
¼ 0:83� 0:0011 T : (19-14)

19.4 Coupling constitutive relation of concrete
When a concrete structure is constructed completely and then used for service, the
structure should carry various dead and live loads and sustain frequently or occasion-
ally temperature variation. This is a complicated load (or internal force)etemperature
long-term history, and the redistribution of internal force of the structure during the
heating and cooling process is also included. In the meantime, the concrete in the
structure experiences correspondingly a complicated stressetemperature path, i.e.
both increase or decrease simultaneously or alternately, and every point of the con-
crete has a particular stressetemperature path.

When the stress and temperature of the concrete vary from the initial
condition to certain values, there may be many different paths and generally it
should be an irregular path, e.g. (OCP) in Fig. 19-16. If the stress and temperature
increase proportionally, a special path (OP) is resulted, but it is seldom in
engineering practice. In addition, there are two extreme but important paths as
below:

1. Path of loading under constant temperature (Tes, OAP in Fig. 19-16). The
concrete is heated first and maintained at a certain value of temperature and then
is loaded. The tests of various concrete behaviors at elevated temperature, which
are introduced above, are of this path.

2. Path of heating under constant stress (seT, OBP in Fig. 19-16). The concrete is
loaded first and maintained at a certain value of stress and then is heated. For

FIG. 19-16 Different stressetemperature paths [19-22]
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example, a fire accident occurs in a building, in which the structure is loaded
already.

An arbitrary stressetemperature path can be simulated approximately by finite
steps of stress and temperature increments. All the ordinate increments are the
path of loading (Ds) under constant temperature (T), while all the abscissa incre-
ments are the path of heating (DT) under constant stress (s). Therefore, it is neces-
sary to investigate first the mechanical behavior of concrete under these two basic
paths, in order to determine the strength and deformation of concrete under an arbi-
trary stressetemperature path.

19.4.1 Upper and lower bounds of compressive strength
The cubic compressive strengths of concrete measured experimentally under
different stressetemperature paths [19-10,19-23] are plotted in Fig. 19-17. It is
demonstrated that the linking line of the experimental data measured from the
path of loading under constant temperature (Te s) is the lower envelope among
different paths, i.e. the lower bound of the compressive strength of concrete at
elevated temperature. Whereas the linking line of the experimental data measured
from the path of heating under constant stress (seT) is the upper envelope, i.e.
the upper bound of the compressive strength of concrete at elevated temperature,
the compressive strength of concrete measured under other stressetemperature

FIG. 19-17 Upper and lower bounds of cubic compressive strength of concrete at elevated

temperature [19-10]
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paths, e.g. initially loading (s0/fcu ¼ 0.2e0.6) - heating (from room temperature to
350e820�C) - reloading until failure path (s0eTes), is located between the upper
and lower bounds.

The ratio between the upper and lower bounds of the compressive strength of
concrete is usually 1.4e2.5, and the maximum difference between them reaches
0.20e0.35 fcu within the range of T ¼ 600e800�C. The formulas for calculation
of the upper and lower bounds are suggested in reference [19-10].

It is demonstrated by many experiments and is generally agreed that the
compressive strength of concrete under the path of heating under constant stress
(seT) is higher than that under other paths. The main reasons for this are that the
compressive stress acted on in advance effectively confines the freely expanding
deformation and crack of concrete and mitigates the bond failure on the boundary
between the aggregate and hardened cement mortar during heating, and the
compressive stress also reduces the volume expansion resulted by crystallizing of
the aggregate and dehydrating of the cement hydration products at higher
temperature.

19.4.2 Thermal strain under stress and transient thermal strain
The thermal deformation of concrete during heating and cooling varies significantly
with its stress condition (Fig. 19-18). When the concrete specimen is heated freely

FIG. 19-18 Strains of concrete during heating and cooling under constant stress: (a)

reference [19-22], (b) references [19-24,19-25]
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(s¼ 0), the thermal expansion is εth at elevated temperature as the same as shown in
Fig. 19-3(a), and a residual deformation (elongation) is left after being cooled down
to normal temperature. However, when the specimen is compressed (stress s) first
under normal temperature and a contracted strain should be caused; if the specimen
is then heated to the same temperature as the previous one under the constant stress
(s), the expansion (increment) and total strains (εT) measured are respectively much
smaller than that of the freely heated specimen. If the constant stress (s) acted is
even higher (o.6fc in Fig. 19-18), a contraction strain (negative) will appear during
heating and is opposite that of the freely heated specimen.

On the other hand, the recoverable strains of the specimens under different values
of constant stress are always contracted during cooling and the corresponding
strainetemperature curves measured are approximately parallel to one another.
The residual strain of the specimen is generally contracted after cooling down to
the normal temperature, but its value varies considerably with the constant stress
acted.

The difference1 between the free expansion strain (εth at s ¼ 0) and thermal
strain under stress (εTat s) of concrete at same temperature is defined as the transient
thermal strain [19-23], i.e.

εtr ¼ εth � εT (19-15)

Substituting the values of εth and εT measured (Fig. 19-18(a)) into the equation,
Fig. 19-19 is plotted. It is seen that the transient thermal strain accelerates during

FIG. 19-19 Transient thermal strain of concrete [19-22]

1The difference is called load-induced thermal strain (LITS) in reference [19-24] and it is considered
that it is composed of two parts, i.e. ‘transient thermal strain’ and ‘basic creep’, but the former one is
the main part.
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heating and is approximately proportional to the stress level (s/fc) acted, but it is
nearly constant during cooling.

The transient thermal strain (εtr) of concrete appears instantaneously with
considerable value during heating under compressive stress, and its value is far
greater than the peak strain of concrete under normal temperature and also the
short-term creep at elevated temperature (Fig. 19-21). Therefore, the transient ther-
mal strain is the key composition of the thermal strain of concrete under various
heatingeloading paths and has considerable influences on deformation and stress
relaxation (or redistribution) of the concrete, and it should be taken into account
for the analysis of the structure at elevated temperature. However, the mechanism
of the transient strain of concrete is not clear till now. Possibly when the concrete
is headed under certain stress, the chemical and physical reactions occur in the
cement hydrates and cause the variations of microstructure of the cement mortar
and volume change of the internal holes in the interior of the concrete.

The difference between the strain values of concrete experiencing different
stressetemperature paths can be illustrated by the experimental results of the
two extreme paths. For example, when the concrete prism reaches T ¼ 500�C
and s¼ 0.6fc from the initial conditions (T¼ 20�C and s¼ 0), the specimen tested
under the path of loading under constant temperature (T�s, OAP in Fig. 19-20)
experiences successively freely heating strain (OA) and instantaneous strain under
loading at constant temperature (AP) and the total strain is PR (elongation),
while the specimen tested under the path of heating under constant stress (s�T,
OBQ) experiences successively the strain under loading at normal temperature
(OB) and thermal strain during heating under constant stress (BQ) and the total
strain is RQ (contraction). Obviously, the two total strains obtained from the
different stressetemperature paths may have opposite sign and the difference
between them (Dε¼ PQ) is rather considerable. If the specimen reaches separately

FIG. 19-20 Deformations of concrete experiencing two extreme stressetemperature paths

[19-22]
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s/fc ¼ 0e0.6 and T¼ 500�C, the total strains should be AP and AQ respectively for
both extreme paths.

19.4.3 Short-term creep at elevated temperature
Another kind of thermal deformation of concrete related to stress state is short-term
creep (εcr), i.e. the strain increases with time (t counted in hours or minutes) under
constant stress and temperature (Fig. 19-21).

The short-term creep of concrete under constant stress and temperature increases
quickly within the initial stage (t < 60 min) but slowly later on, and it will still in-
crease slightly after a few days. The short-term creep increases almost proportion-
ally to the stress level (s=f Tc � 0:6) acted and accelerates with the temperature acted.

The short-term creep, counted in minutes, of concrete at elevated temperature is
far greater than the long-term creep, counted in months or years, of concrete under
normal temperature. Nevertheless, the absolute value of the short-term creep of con-
crete is still smaller than that of other thermal strains (εth, εT, and εtr) introduced
above.

FIG. 19-21 Short-term creep of concrete at elevated temperature: (a) reference [19-23], (b)

reference [19-6]
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19.4.4 Coupling constitutive relation
According to the resolution of an arbitrary stressetemperature path (Fig. 19-16), the
strain of concrete caused under stress and temperature acted together is composed of
three components [19-23,19-10], including the strain caused under the path of
loading under constant temperature (εs, Fig. 19-10), the strain caused under the
path of heating under constant stress (εT, Fig. 19-18), and the short-term creep
caused under constant stress and temperature (εcr, Fig. 19-21). Therefore, the total
strain of concrete under compression is

ε ¼ �εsðs; TÞ þ εTðs=fc; TÞ � εcr

�
s
�
f Tc ; T ; t

�
(19-16)

or ε ¼ �εsðs; TÞ þ εthðTÞ � εtrðs=fc; TÞ � εcr

�
s
�
f Tc ; T ; t

�
(19-17)

when Eq. (19-15) is substituted.
The components of thermal strain of concrete in the equation can be measured

individually from the corresponding tests as above, or they can be calculated by
the empiric formulas suggested in relevant references, e.g. [19-10] and [19-26].
However, these four components of thermal strain of concrete under stress and tem-
perature are merged into two or three components for simplicity in some references
[19-22].

The constitutive relation of concrete at elevated temperature has to deal with the
coupling ones between the four factors, i.e. stress (s), strain (ε), temperature (T), and
time (t), so it is much more complicated than stressestrain relation of concrete under
normal temperature. In addition, the values of the thermal strains are considerable
while the strength is rather low at higher temperature, the thermal and mechanical
behavior is scattered significantly, a great variety of stressetemperature paths occur
at different positions of a structure, etc. Therefore, it is difficult to establish accu-
rately the constitutive relation for concrete under any possible stressetemperature
paths, and more research on it is needed.

19.5 Behavior and calculation of structural members at
elevated temperature

19.5.1 Flexural and compressive members
19.5.1.1 Flexural member
When a floor system in a building experiences a fire accident, usually only one
surface, either bottom or top, of the slab and three surfaces, including bottom and
two sides, of the rectangular beam are exposed to fire and high temperature, but
another surface of them keeps the room temperature before the fire or is exposed
to much lower temperature than the fire. When the fire simulation test [19-27] is con-
ducted under the path of heating under constant load following ISO standard
temperature-time curve, the full-scale specimen of the slab or simply supported
beam is put into the special furnace and then loaded and heated successively until
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failure, and the ultimate temperature under certain load level or the fire endurance
(hours) of the specimen is obtained. Of course, the ultimate strength (or load) of
the specimen at certain temperature can also be tested and measured under the
path of loading under constant temperature in the similar way.

Three series of concrete beam [19-28,19-29] of rectangular section reinforced
symmetrically are tested in the furnace with three surfaces exposed to high temper-
ature, and all the results measured are plotted in Fig. 19-22.

When the specimen with tension zone exposed to high temperature is tested un-
der the path of loading under constant temperature, the strengths of the materials
(f Ty ; f

T
c ) reduce already before loading and depend upon the maximum temperature

reached there after heating and maintained. As the load is increased continuously
afterwards, the tensile stress of the reinforcement in the beam increases gradually
and reaches its strength at elevated temperature (s ¼ f Ty ), then the crack on the crit-
ical section expands quickly and the deflection increases suddenly, so the failure of
the specimen is caused. The ratio between the ultimate bending moments measured
separately at elevated temperature and under normal temperature (MT

u =Mu) reduces
as the testing temperature increases, and its variation regularity is approaching that
of the yield strength of the reinforcement (f Ty =fy, Fig. 19-6). After the tested spec-
imen is cooled down to room temperature, it is found clearly that many thermal
cracks spread widely on the surface, the tensile crack on the critical section extends
towards the compression zone and closes to the top surface, the concrete in the
compression zone near the critical section is crushed within a small depth but longer
length in the longitudinal direction, and the specimen is bent obviously with great
residual deflection.

When the specimen with tension zone exposed to high temperature is tested un-
der the path of heating under constant load, the stress state (ss, sc) established under

FIG. 19-22 Ultimate bending moment-temperature of concrete beam with three surfaces

exposed to high temperature
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the action of initial load or bending moment varies slightly during heating because of
the redistribution of the stress and move of the neutral axis on section at elevated
temperature. In the meantime, the strength of the material reduces continuously as
the temperature increases and depends upon its position on the section and the tem-
perature actually reached (temperature field). Once the yield strength of the tensile
reinforcement is reduced to the value of current stress (f Ty ¼ ss), the specimen is
failed soon after the crack on the critical section expands and extends quickly and
the concrete in the compression zone is crushed. The ultimate temperature of the
specimen under certain load is then obtained. It is seen in Fig. 19-22 that the ultimate
bending momentetemperature curve of the specimen tested under the path of heat-
ing under constant load is always above that tested under the path of loading under
constant temperature.

Another series of the specimen is also tested under the path of loading under con-
stant temperature, but the three surfaces exposed to high temperature are the two
side ones and the compression one, rather than the tension one. This simulates obvi-
ously a beam acted with a negative bending moment or a segment near the middle
support of a continuous beam. Because the tensile reinforcement is located near the
top of the specimen, its strength losses less as the temperature there is rather low
even after heating to 800�C on other surfaces. On the other hand, the concrete in
the compression zone is located on the lower part of the specimen and exposed
directly to high temperature, its strength (f Tc ) reduces significantly and a much
greater area of compression zone on the critical section is needed to keep equilib-
rium with the tensile force of the reinforcement at ultimate state. Therefore, the lever
arm on the section and then the ultimate bending moment (MT

u ) of the specimen
reduce correspondingly, but with limited amplitude (Fig. 19-22). It is concluded
that the ultimate strength of the beam with compression zone exposed to high tem-
perature (fire) is much greater than that with tension zone exposed to high
temperature.

In addition, the ultimate strength at elevated temperature and fire-endurance of a
flexural member of reinforced concrete also vary with the kind and property of the
aggregate, thermal parameters of the concrete, shape and size of the section, thick-
ness of the concrete cover, reinforcement rate, and etc.

The ultimate shear strength (VT
u ) of a flexural member also reduces as the test

temperature increases, but the relative value (VT
u =Vu) is greater than that of the

ultimate bending moment (MT
u =Mu) at elevated temperature, because it depends

mainly upon the strength of the concrete near middle depth and compression
zone, including inside of the section with lower temperature. Some specimen would
fail in shear pattern with an inclined critical crack under normal temperature, but
fails actually in the flexural pattern at elevated temperature [19-28].

19.5.1.2 Central compressive member
The ultimate strength of a reinforced concrete column under central compression
reduces monotonically at elevated temperature. When the specimen is tested with
all periphery exposed to high temperature and under the path of heating under
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constant load, the ultimate temperature (Tu) or fire endurance (tu) reduces as the
initial load level (NT

u =N0) increases [19-30,19-31]. The relation between the ulti-
mate temperature (Tu) and compression (NT

u =N0) of a column is similar to that be-
tween the ultimate temperature and prismatic compressive strength (f Tc =fc) of the
plain concrete (Fig. 19-11) and depends mainly upon the kind of aggregate, sectional
size, concrete cover, strength of the concrete, and reinforcement content.

When a reinforced concrete column of rectangular section is tested under the
path of loading under constant temperature and with three surfaces exposed to
high temperature [19-32,19-33], it bends up gradually towards the surface of higher
temperature during free heating because of the temperature distributed non-
uniformly on the section, and the maximum deflection appeared at its mid-height
is also the initial eccentricity during loading. After central compression is acted
on the specimen, the compressive strain of concrete in the higher-temperature
zone is greater than that in the lower-temperature zone because of different values
of elastic modulus there, so the specimen will bend up towards the surface of low
temperature, i.e. just being opposite to that occurring during heating. If the temper-
ature maintained during loading is T > 400�C, the specimen fails with the pattern of
smaller eccentricity, i.e. the concrete in the higher-temperature zone is crushed but
tensile cracks appear transversely in the lower-temperature zone, and the specimen
finally bends up towards the surface of lower temperature. The ultimate strength of
the specimen (NT

u ) reduces as the test temperature increases, but the reduction ampli-
tude is smaller than that of the specimen with all four surfaces exposed to high
temperature.

19.5.1.3 Compressiveeflexural member
When a structure system of one-dimensional members experiences a fire accident,
most of the members are acted together with axial compression and bending moment
and with three or one surface exposed to the fire, e.g. column and wall. In addition,
the beam and slab of the floor system acted with vertical load and bending moments
are caused correspondingly under normal temperature, and the axial compressions
are also resulted when their axial expansions during fire are constrained by the adja-
cent members without exposing to fire. Usually, the axial compression is very bene-
ficial to the ultimate strength of the flexural member at elevated temperature.

The ultimate strength of a concrete column of rectangular section and reinforced
symmetrically reaches the maximum value (N0) when it is compressed centrally
(e0 ¼ 0) under normal temperature (20�C). The ultimate strength (Ne) reduces as
eccentricity of the axial compression (e0/h) increases no matter whether the eccen-
tricity is located on the right or left side by the sectional center. Therefore, a sym-
metrical envelope line is obtained on the ultimate compressionebending moment
diagram (Fig. 19-23).

A series of compressiveeflexural (or eccentric compressive) members are tested
under the path of loading under constant temperature and with three surfaces
exposed to high temperature, and the results measured are plotted in Fig. 19-23.
A non-uniform temperature field is caused in the specimen and the mechanical
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behavior of the concrete deteriorates correspondingly during heating, so a non-
uniform strength field should be formed on the section before loading and the center
of the strength has to move towards the surface of low temperature. Therefore,
among all the specimens tested under the same temperature, the ultimate strength
of the specimen compressed centrally (NT

e ; e0 ¼ 0) is not the maximum, the ultimate
strength increases gradually as the compression moving towards the surface of low
temperature (e0 > 0) and reaches the maximum as the eccentricity e0 ¼ eTu , then the
ultimate strength reduces gradually when e0 > eTu . The eccentricity, with which the
compression acted, is called the optimum one (eTu ) for the specimen at elevated tem-
perature, when the ultimate strength (NT

u ) reaches the maximum value.
The optimum eccentricity should be zero (eTu ¼ 0) for the member of symmetri-

cal section tested under normal temperature, and it moves gradually towards the sur-
face of low temperature (eTu > 0) as the test temperature increases. Therefore, a peak
appears at the optimum eccentricity on the corresponding ultimate compressione
eccentricity (NT

e =N0 � e0=h) curve and the two branches of the curve are obviously
unsymmetrical about the peak. The right branch descends more quickly than the left
one and represents the ultimate strength of the member controlled by concrete crush
near the surface of low temperature (the failure pattern of smaller eccentricity) or
controlled by yielding of the tensile reinforcement near the surface of high temper-
ature (the failure pattern of greater eccentricity), depending upon the eccentricity.
On the other hand, the left branch of the curve represents the ultimate strength of
the member controlled by concrete crush near the surface of high temperature or
by yielding of the tensile reinforcement near the surface of low temperature, depend-
ing also upon the eccentricity.

Similarly, the ultimate envelope of compressionebending moment of the mem-
ber (NT

e =N0 �MT
u =N0h0) is also symmetrical about the ordinate axis under normal

FIG. 19-23 Ultimate strength of eccentric compressive member under different temperature:

(a) ultimate compression and eccentricity [19-4,19-29], (b) ultimate compressionebending

moment envelope [19-29]
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temperature but unsymmetrical at elevated temperature (Fig. 19-23(b)). The peak
point of the envelope moves downwards and towards the right hand, as the test tem-
perature increases. In addition, the boundary between the failure patterns of smaller
and greater eccentricities varies as well with the temperature, and the eccentricities
at the boundary points (eTb ) on both the right and left hands are not symmetrical and
equal any more.

The deformation and failure processes of an eccentric compressive member with
three surfaces exposed to high temperature are much more complicated than that un-
der normal temperature, and the additional eccentricity at ultimate state varies
considerably. When the member is heated freely (N ¼ 0) on the three surfaces, it
bends up towards the surface of high temperature because of non-uniform tempera-
ture field formed on the section. After the member is compressed under the constant
temperature, the deformation depends upon eccentricity of the load and distributions
of the stress acted and the elastic modulus of concrete at elevated temperature on the
section. When the eccentricity of the compression is located on the low-temperature
zone (e0> 0), the member also bends up towards the surface of high temperature, i.e.
the same direction during heating, so the total deformation should be the summation
of both. While the eccentricity of the compression is located on the high-temperature
zone (e0 < 0), the member should bend up towards the surface of low temperature,
i.e. just the opposite direction during heating, so the total deformation should be
added algebraically and may change sign (positive or negative) as the compression
increases. Finally, the direction and value of deformation of the eccentric compres-
sive member at ultimate state depend mainly upon the test temperature and the
eccentricity of the compression and are introduced in detail in reference [19-29].

There are also some structural members of rectangular section with two adjacent
surfaces exposed to high temperature during fire accidents, e.g. corner column and
side beam in a building or other members with two other adjacent surfaces con-
nected with walls or slabs. Obviously, the temperature distribution and mechanical
behavior of this kind of member at elevated temperature is quite different from that
of the member with three or one surface exposed to high temperature, in which one
symmetrical axis always exists. The available experimental investigation on this
kind of member [19-34e19-36] demonstrates that an asymmetrical temperature
field in two perpendicular directions [19-10] is formed during heating on two adja-
cent surfaces and the non-uniform behaviors of the concrete and reinforcement on
the section are caused correspondingly, so the member bends up differently in
biaxial directions. In addition, the existed deformation and crack develop asymmet-
rically in both directions and vary complicatedly during loading, even the compres-
sion is acted centrally or eccentrically in one direction only (Fig. 19-24). Finally, the
neutral axis on the critical section is inclined to the two perpendicular symmetrical
axes and the compression zone is a triangle or trapezoid at the ultimate state, and the
member fails in the pattern of biaxial eccentric compression even if the load is acted
centrally.

The ultimate strength and failure pattern, i.e. of either smaller or greater eccen-
tricity, of the eccentric compressive member with two adjacent surfaces exposed to
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high temperature vary with the eccentricity and are similar respectively to that with
three surfaces exposed to high temperature, and the ultimate strengths of the mem-
bers tested under both conditions are compared in Fig. 19-24. Although the temper-
ature distributed on the section is asymmetrical in two perpendicular directions and
the deflection in the direction of short side of the section during heating and loading
is greater than that in the direction of the long side of the section, the ultimate
strength of the member with two adjacent surfaces exposed to high temperature is
always greater than that with three surfaces exposed to high temperature, because
the area with high temperature on the section is smaller and the overall strength
of the material losses is less. The difference between them is even greater when
the failure pattern, i.e. of smaller eccentricity, is controlled by the concrete crushed
in the compression zone.

19.5.1.4 Influences of different load-temperature paths
When a fire accident occurs in a building, the various structural members and their
sections should experience a considerable variety of loadetemperature paths, which
have influences to different extents on the ultimate strength and fire endurance.

The compression between the eccentric compressive members tested respec-
tively under the path of heating under constant load and the path of loading under
constant temperature with three surfaces exposed to high temperature demonstrates
[19-34] that the members bend up towards the same direction and fail in the same
pattern, and the depths of crushed concrete and tensile crack on their critical sections
are approached. However, the ultimate envelope of compressionebending moment
corresponding to the path of heating under constant load is similar to but on the

FIG. 19-24 Ultimate strength of eccentric compressive member with two adjacent surfaces

exposed to high temperature [19-34]
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outside of that corresponding to the path of loading under constant temperature, i.e.
the fire resistance of the former is better than that of the latter. Especially, the differ-
ence between them is even greater when their failure pattern is of smaller
eccentricity, mainly because the compressive strength of concrete at elevated tem-
perature is higher under the path of heating under constant load (Fig. 19-17).

In addition, some other thermal conditions, e.g. high temperature sustained
constantly and cooling down to room temperature after heating, occur frequently
during the whole process of fire accidents in engineering practice, besides the two
basic loadetemperature paths introduced above. Four thermal conditions of the
specimens selected as below [19-37e19-39] are tested with three surfaces exposed
to high temperature:

1. The specimen is loaded until failure under room temperature and is used as a
criterion for comparison.

2. The specimen is heated first to 800�C (in chamber of the furnace) and maintained
for 10 minutes, and then it is loaded until failure.

3. The specimen is heated to 800�C and maintained (�25�C) for two hours, and it is
then loaded until failure.

4. The specimen is heated to 800�C and maintained for 10 minutes, afterwards it is
cooled down to room temperature and takes usually 16e20 hours, and then it is
loaded until failure.

The ultimate envelopes of compressionebending moment of the eccentric
compressive specimens of reinforced concrete tested under these thermal conditions
are shown in Fig. 19-25, and it is demonstrated that the ultimate strengths of the
specimens ever experienced high temperature are obviously reduced, compared
with those that never experienced high temperature.

FIG. 19-25 Comparison between ultimate strengths of eccentric compressive specimens

tested under different thermal conditions [19-37]

512 CHAPTER 19 Fire Resistance



Comparing the specimens tested separately under the path of loading under high
temperature (2) and under the path of loading after heatingecooling cycle (4), they
fail in the same pattern if the eccentricity e0� 0.2h0, i.e. either the pattern of smaller
eccentricity controlled by compressive strength of the concrete or the pattern of
greater eccentricity controlled by tensile strength of the reinforcement in low-
temperature zone, so their ultimate strengths are less different from each other
because the strengths of the concrete (f Tc ) and the reinforcement (zfy) of both spec-
imens are approaching respectively. However when the eccentricity e0 > 0.2h0, the
specimens tested under both thermal conditions fail in the pattern of greater eccen-
tricity controlled by tensile strength of the reinforcement in high-temperature zone,
so the ultimate strength of the specimen tested under high temperature (2) reduces
considerably because the tensile strength loses much (f Ty << fy), while the ultimate
strength of the specimen tested after the heatingecooling cycle (4) reduces less
because the tensile strength of the reinforcement (fy) is recovered already.

As the specimen tested under thermal condition (3) is heated to high temperature
and maintained for two hours before loading, the high temperature is spread widely
on the section and the temperature of the reinforcement is elevated as well and ap-
proximates to that on the surface of the specimen, so the concrete of more area and
the reinforcement are deteriorated seriously, the deformation increases highly, and
the ultimate strength of the specimen drops significantly. Therefore, the relevant
ultimate envelope is abruptly reduced and inclined and thermal condition (3) is
the most unfavorable one among the four conditions tested.

19.5.2 Statically indeterminate structure
Most structures of reinforced concrete in engineering practice are statically indeter-
minate and their internal forces should be redistributed at elevated temperature or
during a fire accident, so the behavior and failure process of them are different
considerably from that of the structure under normal temperature. Although some
investigations on this topic have been reported till now, the experimental data
provided are not complete. Nevertheless, the continuous beams and frames of rein-
forced concrete [19-28,19-40,19-41] are tested at elevated temperature and the
redundant reactions of the specimens are measured during testing, so the redistribu-
tion process of internal force is obtained and this is helpful to know clearly the
important characteristics of the statically indeterminate structure at elevated
temperature.

For example, a continuous concrete beam of rectangular section of two spans is
reinforced symmetrically (No. TCB 1-2 in reference [19-28]) and two concentrated
loads (P0 ¼ 20 kN z 0.5Pu, Pu being the ultimate load of the beam if tested under
normal temperature) are acted first on one-third point of each span near the side sup-
port (Fig. 19-26). Afterwards the beam is heated continuously on the bottom and two
side surfaces under the constant loads, three plastic hinges appear successively at the
sections on the middle support and under the loads when the test temperature reaches
Tu ¼ 743.2�C, then the beam fails as a movable mechanism is formed. Another
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continuous beam (No. TCB 1-1) is loaded to P0¼ 10 kNz 0.25Pu only before heat-
ing and is failed when the test temperature reaches Tu ¼ 950�C. The failure process
and pattern of both beams are similar although their ultimate temperature is
different.

When the continuous beam is loaded under normal temperature, the measured
reactions at the supports, and also the bending moment on every section, are less
different (< 2%) from that calculated elastically. However after the beam is heated
continuously, the temperature of concrete distributed non-uniformly on the section
causes the beam to deflect downwards but the deflection is retrained by the middle
support, so the reaction there (RB) is increased gradually while the reactions at the
side supports (RA ¼ RC) reduces correspondingly because the total load is a constant
(RA þ RB þ RC ¼ 2P0). In the meantime, the maximum bending moment at mid-
span (MD ¼ ME ¼ RAl1) reduces while the bending moment at the section on the
middle span (MB, absolute value) increases, because the total bending moment
MD þ MB (l1/l) ¼ M0 ¼ P0l1 (l-l1)/l should be a constant, i.e. the bending moment
at the section under the concentrated load for a simply supported beam.

The internal forces including bending moment (M) and shear force (V) of the
continuous beam redistribute continuously during testing (heating) and can be deter-
mined easily from the measured reactions. When the test temperature T ¼ 20�C to
300�C, the internal forces redistribute obviously mainly because of thermal defor-
mation caused by the non-uniform temperature field on section. As the mechanical
behavior of concrete deteriorates and the cracks on the beam develop considerably
when T > 300�C, the sectional stiffness of the beam reduces greatly and the internal
forces redistribute steadily with smaller amplitude. After the two plastic hinges form
first at the sections under the concentrated loads of both spans, the ultimate bending

FIG. 19-26 Continuous beam of two spans tested under path of heating under constant load

[19-28]: (a) specimen, load, and bending moment diagram, (b) reactions at supports varying

with temperature
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moments there (MD ¼ ME) still reduce continuously as the test temperature in-
creases, so the reactions at the side supports (RA ¼ RC) reduce as well, while the re-
action at the middle support (RB) and corresponding bending moment (MB)
increases quickly. Finally, the continuous beam becomes a movable mechanism
and then fails soon after another plastic hinge forms near the middle support.

If the continuous beam of two spans is loaded under normal temperature, the
first plastic hinge usually forms at the section on the middle support and two other
plastic hinges form later at the sections under the concentrated loads of both spans
as the loads increase gradually, finally the beam becomes a movable mechanism
and fails. It shows that the continuous beams tested respectively at elevated tem-
perature and under normal temperature exhibit the same failure mechanism at
the ultimate state, but the appearing orders of the plastic hinges are just opposite
for them. Even though the bending moment in mid-span (MD ¼ ME) of the
beam reduces gradually during heating under constant load because of the redistri-
bution of internal force, the ultimate bending moment of the section there reduces
even more because of the tension zone exposed to high temperature, so the first
plastic hinge should form there. On the other hand, the compression zone on the
section near the middle support is exposed to high temperature and the ultimate
bending moment there reduces less at elevated temperature (Fig. 19-22), so the
plastic hinge there forms later at higher temperature.

The frame structure of more degrees of indeterminacy presents a more change-
able and complicated process before failure at elevated temperature. The positions
and appearing orders of the plastic hinges, final failure mechanism, and ultimate
load (strength) and temperature of the tested frame, which are significantly different
from that tested under normal temperature, can be obtained based on the observation
and measured data during testing. Some simple examples are reported in detail in
references [19-28] and [19-10].

Summarizing the experimental investigation on statically indeterminate struc-
tures at elevated temperature, several important characteristics can be concluded
as below.

1. The mechanical behaviors, including deformation and ultimate strength, of the
member and its section deteriorate seriously at elevated temperature.

2. The ultimate strengths and deformations are different significantly under the
actions of positive and negative bending moments, respectively, for the member
of symmetrical section but heated asymmetrically, e.g. with three, one, or two
adjacent surfaces exposed to high temperature only.

3. The redistribution of internal force occurs severely in the structure as the tem-
perature increases, and the bending moment will change sign from positive to
negative or vice versa in some segment of its member.

4. The ultimate bending moment at the section of a plastic hinge is not a constant
but reduces continuously if the temperature increases further, and the positive
plastic hinge (under þM) is quite different from the negative one (under eM)
for the same section.
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5. The position and appearing order of the plastic hinge and the failure mechanism
of a structure depend upon the load acted and the temperature sustained.

6. The thermal deformation of a structure is considerable at elevated temperature
and has great influence on its internal force and ultimate strength.

7. Various loadetemperature history experienced for a structure has influences on
its internal force, deformation, failure process, and the ultimate strength (load)
and temperature.

8. If only a part of the structure in a building is exposed to high temperature (or
fire), this part should be constrained by other parts without being exposed to
high temperature, then a constraint force should be caused and acted between
them.

Therefore, more complications and difficulty are raised for the analysis of a
structure at elevated temperature as these characteristics are introduced.

19.5.3 Analysis and approximate calculation
The thermal and mechanical analyses should be conducted for a structure under the
situations, such as predicting the safety and possible damage for a structure existed
or to be built if it is exposed to fire accident or other high temperature, estimating the
damage level and residual strength (or safety) of a structure experiencing high tem-
perature. The contents of the analyses mainly include:

1. Determining the actual or possible temperatureetime curve and analyzing the
corresponding temperature field of the structure and its members,

2. Determining the coupling constitutive relation of the material and analyzing the
relevant characteristics between internal force-deformation-temperature-time
for section of the structural member,

3. Analyzing the variable internal force and deformation and the failure mechanism
and obtaining the ultimate strength or the fire endurance.

These analyses are related closely to one another, but they can be conducted suc-
cessively and independently.

The general principle and method of mechanical analysis for the structure at
elevated temperature are the same as those for the structure under normal tempera-
ture. However, the temperature field at time t should be determined first; then the
constitutive relation of the material is established and substituted into the corre-
sponding equations of geometric (deformation) compatibility and mechanical equi-
librium, and the internal force and deformation of the structure or the stress and
strain on the section are obtained after solving the equations. Finally, the ultimate
strength (or load) and the fire endurance or ultimate temperature of the structure
can be checked.

Usually, the temperature field is a dynamic or transient process as the sur-
rounding temperature varies with time (e.g. standard temperatureetime curve),
the behaviors of concrete and reinforcement under stress and temperature acted
together are non-linear and even coupled, and the geometric non-linearity has
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to be considered for some structure, so the thermal and mechanical analyses of
the structure at elevated temperature are very complicated and very seldom to
be solved analytically. Frequently, the structure is divided geometrically into
many elements and the period experienced at elevated temperature is divided
into many time increments, then the finite element analysis or combined finite
element and difference analyses are used and the digital calculation is conducted
successively for every time step for the structure experienced a loadingeheating
history.

The computer program used for calculating accurately the structure of reinforced
concrete experienced certain loadingeheating history is rather difficult to be devel-
oped, because the material behaviors vary considerably and complicatedly and many
characteristics listed above exist. Although some structural analysis programs,
including the function of thermal analysis, are available on the market, the thermal
parameters and constitutive relation used for the material are much simplified and
the calculated results are not accurate enough. Some other computer programs sug-
gested in the references, e.g. [19-10,19-26,19-42e19-44], are compiled specially for
certain structures or their members, but the accuracy of the calculated results needs
to be demonstrated.

Nevertheless, the most important index for fire resistance or thermal behavior
of a structure is the ultimate strength or load at a certain temperature or after a
maintained certain period under fire accident, or the ultimate temperature or fire
endurance (ultimate time) under a certain load level. Therefore, several practical
methods suggested in some design codes or instructions can be used for approxi-
mate calculation of the ultimate strength of structural section at elevated temper-
ature, then the fire resistance safety of a statically indeterminate structure can be
checked using the plastic method of structural analysis based on the failure mech-
anism at the ultimate state.

For example in reference [19-15], the strengths of various kinds of concrete and
reinforcement (f Tc ; f Ty ) are given (Fig. 19-27(a)) and are about the lower bounds of
the relevant experimental results, and the temperature distributions on the sections of
slabs and T-shaped beams of several sizes are also given for different fire endurance
(0.5e4h). In addition, the stress distribution on critical section at ultimate state is
simplified as shown in Fig. 19-27(b), the strengths of the reinforcements As and
A0
s (f

T
y ; f 0 Ty ) respectively depend upon the temperatures nearby (Ts; T 0

s), and the
action of concrete on tension zone is neglected and the strength of concrete is uni-
formly distributed on compression zone and is taken as 0:67f Tc , of which f

T
c is deter-

mined by the average temperature (Tc) there. The ultimate strength (MT
u or

MT
u and NT

u ) of the member at elevated temperature is easily calculated, similar
to that shown in earlier chapters.

Another simplified calculation method is introduced in reference [19-12]. At
first, the temperature contour of T ¼ 50�C on the section after a certain period or
fire endurance desired (0.5e4 h) is determined based on the given tables of temper-
ature field, and the effective area (T � 500�C) on the section is approximately taken
as a rectangular one while other area (T > 500�C) is neglected (Fig. 19-28(a)). The
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FIG. 19-27 Calculation for ultimate strength of member at elevated temperature [19-15]: (a)

strengths of materials, (b) temperature and stress distributions on section

FIG. 19-28 Calculation of ultimate strength of member section at elevated temperature

[19-12]: (a) calculation section, (b) strength for concrete
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section used for calculation is then considered to be composed of the concrete on the
rectangular area and all the existing reinforcements, and the compressive strength of
the concrete is taken as the same as that under normal temperature (f Tc ¼ fc,
Fig. 19-28(b)) while the strengths of the reinforcements (f Ty ; f 0Ty ) depend upon
the temperatures nearby. The equilibrium equations at the ultimate state are then
established for the forces acted on the section, and the ultimate strength of the mem-
ber section is obtained after solving the equations.

The concept of equivalent section is suggested in references [19-10,19-34,19-37]
for calculation of the ultimate strength of the member section at an elevated temper-
ature. The strength-temperature curves of reinforcement and concrete are approxi-
mated first to a trapezoid or a few steps (Fig. 19-29(b), (c)). Determining the

FIG. 19-29 Method of equivalent section for calculation of ultimate strength of member at

elevated temperature [19-10]: (a) temperature distribution on section, (b) strength of

reinforcement, (c) strength of concrete, (d) equivalent section
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temperature field or certain temperature contours, e.g. T ¼ 500�C, 800�C, on the
section, the width of each temperature area is multiplied by the corresponding ratio
of concrete strengths (f Tc =fc) and the equivalent section of trapezoid or T-shape with
one or two flanges (Fig. 19-29(d)) is then obtained correspondingly. Afterwards, the
ultimate strength of the member section at elevated temperature can be calculated as
if the equivalent section of homogeneous concrete works under normal temperature
and the compressive strength of the concrete should be fc, and the calculation
methods and formulas introduced in Part 3 of this book can be used for various
members.

Besides the calculation method and necessary parameters given, the importance
of structural detailing is especially emphasized for fire-resistance structure in the
relevant design codes or instructions, e.g. [19-4,19-5,19-9,19-12,19-15], of various
countries. Some requirements are provided clearly for this, such as: reasonable
selection of structural material, the minimum size of section, especially the thick-
ness of thin-wall and hollow or box sections, the minimum thickness of concrete
cover for reinforcement, adding extra reinforcement and stirrups to prevent spalling
off of the outer-layer concrete, enhancing anchorage measure for the reinforcement,
prolonging anchorage length for the longitudinal reinforcement especially the rein-
forcement on middle support, properly dealing with the joint between precast mem-
bers to prevent fire and hot air passing through.
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20.1 Characteristics of durability of concrete structure
20.1.1 Relevant problems raised in engineering practice
The raw materials of structural concrete are mainly coarse and fine aggregates of
various mineral compositions and cement used as the adhesive material, which is
produced from limestone mine as well. Compared with the timber of organic mate-
rial and the steel of metal, the physical and chemical behaviors of the natural mined
materials are more stable in general environment, so the material has stronger resis-
tance against the variations of temperature and humidity and various chemical action
and biological corrosion. Therefore, concrete structure is more durable than timber
and steel structures.
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Since the first concrete structure was built more than one hundred years ago, so
many concrete structures of various types have been completed at home and abroad.
Most of them existing in the normal environment work well for long periods with
little maintenance and are expected to be used for an even longer time.

However, it is also found in engineering practice, that local damage at different
levels or even failure symptom appear apparently due to various reasons in some
particular concrete structure or a group of structures located in the same place and un-
der a certain environment, although they were built not long ago and the existing time
is far earlier than the anticipated service life. Usually the concrete structure is a po-
tential risk to safety and can not be used further when the concrete is severely cracked,
loosened, and crushed, the reinforcement is bare and rusted significantly, and the
member is bent down obviously and its bearing capacity reduced considerably, etc.
For example, some workshops of chemical and metallurgical industries are damaged
severely after only 2e10 years sustained chemical corrosion and then abandoned
[20-1]; the concrete structure of offshore engineering or near coastal areas is corroded
by chlorate; the outdoor bridge and pavement of highway are corroded due to
spreading of salt for thawing snow or ice in winter; the concrete in extreme cold areas
sustains repeatedly freezeethaw cycles and the cracks form and expand gradually.
All of these phenomena are described as durability deterioration or failure of struc-
tural concrete. According to the statistics of China [20-2], about half of the industrial
workshops have need of durability evaluation andmore than half among them have to
be repaired or strengthened in advance before safely being used again, and about 19%
of railway bridges are damaged already to different levels.

If the durability failure of a structure appears ahead of the predetermined service
life, not only the normal function of daily life or production in it is influenced
considerably, but also huge economic loss will be caused directly. Sometimes, the
cost of repairing or strengthening for the structure damaged much earlier than ex-
pected may be several times greater than the initial investment, if the service life
needs to be safely prolonged.

The durability of a concrete structure means that the structure and its components
keep sufficient ability to resist deterioration of the material behavior and to satisfy
safe use and service performance under long-term natural environment and service
condition. When a structure works under normal condition and satisfies the safe and
service functions without heavy repair, the period continued from the beginning is
called the service life (years), which is used as the numerical index for durability
of the structure.

The durability problems of concrete material and structure became aware of as
early as the 1950s and the relevant research was started then. It has been paid great
attention in the engineering and academic circles, and systematic investigations have
been conducted and several international conferences have been convened on this
topic since the 1960s. Similar investigations in multi-aspects were also conducted
in China since the 1980s and many results are reported. Afterwards, the requirement
and instruction of durability are provided clearly in the Code for Design of Concrete
Structure [2-1].
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Basing on the investigations of relevant accidents in engineering practice and the
experimental and theoretical researches, the durability failure of concrete structure
is mainly induced into several categories, such as permeance, freezeethaw, alkalie
aggregate reaction, carbonization, and chemical (chlorate) corrosion of concrete and
rusting of reinforcement, besides fatigue (Chapter 17), wear (e.g. dam face, pave-
ment of highway, runway of airport) and biological corrosion of concrete, and rein-
forcement corrosion under stress.

20.1.2 Characteristics of durability failure
The special behaviors of concrete structure introduced in earler chapters, i.e. aseis-
mic, fatigue, explosion, and fire resistance, have one characteristic in common. They
mainly deal with the failure of bearing capacity which is closely related to the me-
chanical property of the structural materials (f, E) when they are acted on with
various loads (forces) including inertia force and impact. However, the durability
deterioration or failure of concrete structure and its materials is not directly resulted,
in substance, due to the action of external load, but it has some important character-
istics as below:

1. The durability failure is a result of the chemical and physical (except mechan-
ical) actions between the external media and the structural materials or between
the internal raw materials themselves under the existing environment. For
example, CO2 in the air, chlorion (Cl-) in seawater or salt, or alkali in cement
particles act chemically with concrete (aggregate) or reinforcement (steel), and
the physical action of repeatedly expandingecontracting of concrete due to
repeated temperature elevatingereducing or freezeethaw cycles destroy
gradually the microtexture in the interior of concrete and cause the deterioration
of its mechanical behavior.

2. The durability failure of a structure is a slow and accumulative long-term
process, while the failure of bearing capacity is a short-term phenomenon
counted in hours or even minutes when the load is acted and increased to the
ultimate value. As the concrete and reinforcement in a structure are acted
continuously with the external environment and internal factors, the damage
and deterioration of them are caused first and then developed gradually from
small to greater area and from surface to interior. Usually this is an accumu-
lative process counted in months or years, and even the exact criterion and
period of durability failure is difficult to determine.

3. The factors causing the durability failure are related and have influences on one
another. For example, the carbonization and chemical corrosion of concrete
impel rusting of reinforcement: alkalieaggregate reaction and freezeethaw
cycles of concrete result in cracking, permeating of carbonization, and rusting
of reinforcement: reinforcement rusting results in volume expansion of itself,
longitudinal crack of concrete along it, and spalling off of concrete cover.

4. The durability failure usually first breaks the ultimate state of normal use
(serviceability) rather than that of bearing capacity [20-3,20-4]. When the
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exterior appearance of a concrete structure because of various reasons is un-
acceptable, e.g. wide crack and spalling off of concrete, reinforcement bared
and rusted, member bent or inclined obviously, and the service function
determined originally can not be satisfied any more, it means that the ultimate
state of serviceability is reached. However, the bearing capacity of the structure
usually loses less at this moment and the structure will not fail necessarily in this
ultimate state. Of course, if the structure is used continuously for an even longer
time and the deterioration of the material and the accumulation of damage
develop severely, the structure should reach the ultimate state of bearing
capacity sooner or later.

The material deterioration and durability reduction of concrete are a complicated
and slow process under various chemical and physical reactions and are strongly un-
der the influence of so many factors varying randomly, such as environmental con-
ditions and their change, kinds and contents of relevant media, compositions of
concrete raw materials, technique and quality of construction. Although the deteri-
oration regularity, damage mechanism, and durability failure of concrete structure
resulting from various factors are qualitatively verified, different academic points
of view, mechanism analyses, and calculation models are provided and a unified
method with clear concept and accurate quantization is not yet available. The
main measures in engineering practice for guarantee and enhancement of the dura-
bility of concrete structure are controlling macroscopically composition and con-
struction quality of concrete and optimization of structural detailing based on the
engineering experiences. The main concepts, including the phenomenon, mecha-
nism, influence factors, and measure for improvement, of durability failure of
various categories are introduced briefly in this chapter, and the physical or chemical
models and calculation methods of them may be consulted in detail from relevant
references.

20.1.3 Porosity texture of concrete
Various factors may result in the material deterioration and durability failure of con-
crete as described above, and the seriousness caused depends to a great extent on the
porosity and permeability of internal texture of concrete itself. Generally, if the
compactness of a concrete structure is poor or its internal porosity is considerable,
more possibly various liquids and gases penetrate into its interior with more quantity
and larger depth, than the freezeethaw damage, carbonation layer, and chemical
corrosion of concrete and the rust of reinforcement are accelerated, even the liquid
can pass easily through the structure. Therefore, the composition and characteristics
of the porosity texture in the interior of concrete have to be understood before dis-
cussion on the durability problems of concrete structure.

Concrete is a mixed non-homogeneous and anisotropic material composed of the
solid particles including coarse and fine aggregates and cement, the dissociated and
crystal waters, and air in holes and cracks as introduced already in Chapter 2.
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Various holes and cracks in the interior of concrete are the inevitable outcomes dur-
ing mixing and hardening and have great influence on the permeability. The size,
quantity, distribution, and shape (closed or opened) of them are different consider-
ably and depend upon their causing reason and condition (Table 20-1). The internal
porosity texture is divided into three categories [20-1] as below in accordance with
the causing reason and size.

20.1.3.1 Gelation hole
When fresh concrete is mixed and then hardened, the cement meets water and the
cement stone is formed after hydration. The clinker on surface layer of the cement
particle is dissolved first, and the gelation and crystal textures are formed gradually
and surround the un-hydrated cement core. As the cement hydration penetrates from
the surface into the interior and the un-hydrated core reduces gradually, the sur-
rounding gelation of a single cement particle thickens and connects together with
that of adjacent particles.

The gelation holes are of tiny size and closed shape and spread in the cement
gelation in the early stage of hydration, and the total volume of them is limited
although the porosity increases gradually due to water evaporation in the later stage.
Nevertheless, the permeability of these holes is poor, so the holes are harmless.

20.1.3.2 Capillary hole
The fine capillary hole is formed in the interior of cement-stone as water evaporates
and gelation thickens and hardens during cement hydration. The capillary holes
formed initially on the boundaries between cement-stone and coarse and fine aggre-
gates are of slightly greater size as the waterecement ratio then is greater. When the
hydration penetrates gradually into the interior of cement particle, its surface layer
becomes the gelation with volume expansion (about 1.2 times) and the porosity of
the capillary hole reduces.

The capillary holes in cement-stone are of various shapes and most of them are
opened, and the volume of them is considerable. However, the capillary holes
formed on the boundary between cement-stone and aggregate due to water evapora-
tion are of greater size and quantity, so the volume is even greater. Therefore, the
total volume of the capillary holes accounts for 10e15% of concrete volume and
has the most influence on the permeability.

20.1.3.3 Non-capillary holes
Besides the two categories of holes generated inevitably during cement hydration,
various non-capillary holes of different shapes and sizes form and distribute irregu-
larly in concrete (structure) during construction. They include mainly: (1) the air
holes occur naturally during mixing, casting, and compacting of fresh concrete;
(2) the air holes are generated intentionally for enhancement of freezeethaw resis-
tance; (3) the cracks are induced as the mixture of concrete or the cement mortar
dissociates underneath coarse aggregate and reinforcement and the water evapo-
rates; (4) the surplus water after cement hydration evaporates later and causes a
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Table 20-1 Type and Characteristics of Porosity Texture in Concrete [20-1]

Number Type of Porosity Main Causing Reason
Typical
Size (mm)

Total Volume in
Concrete (%) Shape

1 Gelation hole Chemical contraction
of cement hydration

0.03–3 0.5–10 Closed
(most parts)

2 Capillary hole Remained after
water evaporation

1–50 10–15 Opened
(most parts)

3 Hole due to internal
dissociation

Dissociation at boundaries of
reinforcement and aggregate

10–100 0.1–1 Opened
(most parts)

4 Horizontal crack Dissociation by layers 100–1000 1–2 Opened
(most parts)

5 Air hole Introduced specially by
air entraining agent

5–25 3–10 Closed
(most parts)

Introduced occasionally during
mixing, casting, and compacting

(0.1–5) � 103 1–3 Closed
(most parts)

6 Micro crack Shrinkage (1–5) � 03 0–0.1 Opened

Changing temperature (1–20) � 03 0–1 Opened

7 Large hole and defect Compacting inadequately
or missed

(1–500) � 103 0–5 Opened

5
2
6
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void to remain; (5) the micro-cracks result under the internal stress state due to tem-
perature or humidity difference between interior and outside of concrete; (6) the
large holes and cracks remain in surface layer and interior of concrete by operation
mistake during construction.

The main factors having influence on texture and porosity of concrete are as
below.

Waterecement ratio (or waterebinder ratio). The water layer surrounding a
cement particle is thicker and other parts of the water mixed join together for the
concrete for greater waterecement ratio, so an irregular but joining capillary system
with greater diameter is formed after water evaporation and the total porosity of the
concrete increases. Generally, the water (or W/C) mixed in fresh concrete is more
than that actually needed for complete hydration of cement (W/C z 0.20e0.25).
Therefore, the more the surplus water or the greater the waterecement ratio, the
lager the porosity remains in concrete after water evaporation.

Kind and fineness of cement. When the concretes are mixed respectively with
expanding-, alumina-, Portland-, volcanic ash-, and slag-cement under the same con-
ditions, the porosities contained in them are increased successively. The larger sizes
of gelation and capillary holes, and then the greater porosity result, if the cement
used contains more coarse particles. The porosity of concrete reduces if fly ash or
silicon powder of fine particles is mixed properly.

Kind of aggregate. When the coarse aggregate used in the concrete is a kind of
natural dense rock, the internal porosity is usually small and most holes are closed.
However, various rocks have different porosities of their own, e.g. granite is better
than limestone. As far as various light-weight aggregates whether natural or artificial
are concerned, considerable porosity exists certainly in itself and most holes are
opened.

Producing quality. If the concrete is mixed, transported, cast, or compacted
improperly during construction, considerable holes or other defects may result.
The porosity reduces after careful construction.

Curing condition. When the concrete is cured in time and the cement is fully
hydrated, the size and porosity of the capillary hole must be reduced. If the concrete
is cured under heating, the temperature and humidity changes have great influence
on the texture of the capillary hole, and sometimes the internal crack and even
greater porosity may be formed under considerable gradients of temperature and
humidity in concrete.

20.2 Several durability problems
20.2.1 Permeation
When a pressure difference exists between a concrete and its surrounding medium,
the liquid or gas in the higher-pressure side should move towards the lower-pressure
side. This physical phenomenon is called permeation. For example, the water under
pressure permeates into the interior and even through the concrete dam, pool, pipe,
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or pavement; the carbon dioxide (CO2) and other corrosive gas in the air permeate
into the interior of the concrete. Excessive permeation will cause the durability dete-
rioration of concrete material and structure. For example, a hydraulic structure fails
in water prevention as the water permeates through; the freezeethaw failure is
caused due to the water permeated; the corrosive gas entered causes gradual carbon-
ization or corrosion of concrete.

The ability of concrete against permeations of liquid and gas is called perme-
ability resistance. Water is the liquid medium most widely encountered in engineer-
ing practice. The quantitative index for the permeability resistance of concrete is
usually taken as the permeability coefficient (k in cm/s) [20-5], of which the defini-
tion is the water quantity (Q in cm3/s) permeated through a thickness (L in cm)
within per unit area (F in cm2) of concrete under per unit water head (h in cm) within
per unit time (in s), i.e.

k ¼ QL

hF
; (20-1)

or Q ¼ k
hF

L
:

Alternatively, the dense concrete permeated with difficult is evaluated by the
permeability grade which is measured following the standard test method [20-6].
The standard specimen is tested under water pressure which is increased slowly
at the rate of 0.1 MPa/8 h. When wet or a water drop is found on the back surfaces
the three specimens among a series of six, the corresponding water pressure (H in
MPa) is recorded and the permeability grade is calculated as below:

S ¼ 10 H � 1 (20-2)

and then is rounded off to several whole numbers, e.g. S2, S4, ..
The permeability coefficient and grade can be converted into each other as shown

in Table 20-2. The required permeability grade (S2eS30) or the limitation of perme-
ated quantity (Q, cm3/s) should be determined for concretes of various structural en-
gineering, depending upon the environment (water pressure) and service function.

Liquid and gas permeate into and through the concrete mainly via the capillary
passage inside, so the intensity of permeability depends upon the hole texture and
its porosity. All the factors causing greater porosity in concrete results in higher
permeation, whereas reduction of porosity and improvement hole texture (closed)
result in stronger resistance for permeability. The concrete of high resistance of
permeability (e.g. >S30) or, on the other hand, of well permeated can be produced
in accordance with the service requirement for a particular structural engineering.
For example, if the waterproof concrete is used for an underground room, water
pool, and equipment foundation, the permeability grade >S6 is usually required
and can be achieved, when the mix is strictly controlled, the waterecement ratio
is below the limitation (Table 20-2), and the concrete is compacted and cured prop-
erly during construction.
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Table 20-2 Conversion between Permeability Coefficient and Grade [20-1]

Permeability Grade S2 S4 S6 S8 S10 S12 S16 S30

Permeability coefficient
k (10�9 cm/s)

19.6 7.83 4.19 2.61 1.77 1.29 0.767 0.236

Water–cement ratio
controlled

Waterproof
concrete

0.55–0.60 0.50–0.55 0.45–0.50

Hydraulic
concrete

<0.75 0.60–0.65 0.55–0.60 0.50–0.55
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In addition, when a waterproof coating or mortar is covered on the outer surface
or other external measures are used, the permeability resistance of the concrete
structure can also be enhanced.

20.2.2 Freezeethaw
Both the free water remaining after concrete has hardened and the water permeated
into the interior of concrete via various passages exist in the internal voids (holes and
cracks) of concrete. When the environmental temperature drops down below the
freezing point, the water in the voids freezes with volume expansion, which causes
damage to the internal texture of concrete material. If some gas also exists in a part
of the voids and a part of the unfrozen water is compressed into the gelation or other
hole, the expanding pressure resulting during water freezing is reduced and the
freeze damage is then partly relaxed.

When the concrete is saturated with water, the water in the capillary holes freezes
with expansion and great compression results and acts towards the outside. However,
the water in the gelation holes will not freeze even under extreme low temperature,
e.g.e78�C, because of the very tiny diameter of these holes. As the evaporating pres-
sure of thewater is greater than that of icewith the same temperature, the evaporated gas
permeates towards the boundary of the ice in the capillary holes, and permeating pres-
sure is then caused there [20-1]. Therefore, the capillary wall is acted together with the
expanding and permeating pressures, and thewall texture is broken and internal cracks
appear in the concrete when the fine-scopical strength of concrete is overcome.

The internal water is frozen into ice and the ice is thawed back to water cyclically
in the concrete, as the environmental temperature descends and elevates repeatedly.
Each freezeethaw cycle impels damage accumulation in the interior of concrete, so
the internal cracks expand and extend continuously and then link together. There-
fore, cracks and crushes gradually develop inside the concrete from the surface
layer, and the strength of the concrete reduces.

Resistance to freezeethaw damage is called freeze resistance of concrete and its
quantitative index is the antifreezing grade. According to the National Standard of
China (GBJ 82-1985) [20-6], the standard specimens start to be tested at age 28 days
following the slow freezeethaw method, and the weight and compressive strength of
the specimen are measured after every freezeethaw cycle. When both the weight
and compressive strength losemore than 5% and 25% respectively, theminimum num-
ber of freezeethaw cycles tested is the antifreezing grade, e.g. D25, D300.

If concrete is frozen before hardening, two situations may occur. (1) When the
concrete is frozen with expansion soon after mixing, the hardening process stops
because hydration of the cement has not been carried out yet. When the ice thaws
to water after the temperature is raised, the hydration of the cement starts as usual
and the concrete is hardened gradually. However, a lot of holes are formed and
remain in the concrete after the ice is thawed, so its strength should be reduced.
(2) When the concrete is frozen after partly hardening, the expected strength is
not reached yet as the cement does not fully hydrate. Because the gelation hole
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acting as a buffer has not formed then, the water in the capillary hole freezes with
volume expansion which causes more damage to the internal texture, so the final
strength of the concrete loses considerably after the ice has thawed. In addition,
the earlier the concrete is frozen, the weaker the ability against expansion
(Fig. 20-1), the poorer the ability against freeze failure, and the lower the strength
of concrete reached finally.

Freeze resistance of concrete depends mainly upon the internal hole texture and
porosity, water content or saturation, and age at first freeze. When the concrete is
mixed properly with a smaller waterecement ratio, reasonable mixing, additional
fly ash or silicon powder of good quality, and produced carefully and cured fully,
the freeze resistance of the concrete should be enhanced after hardening as the
compactness increases and the porosity reduces. In addition, there are other favorable
measures. (1) The concrete can bemixed additionally with an air entraining agent and
numerous fine gas bubbles are formed and distributed uniformly in the fresh concrete,
and also numerous fine closed holes without links to one another exist after the con-
crete has hardened. These holes can suck up the expanding action during freezing of
capillary water and then reduce the damage of internal texture. This is an easy and
effective measure for enhancing the freeze resistance of concrete (Fig. 20-2). (2)
When a concrete structure is constructed in winter, the concrete can be mixed
with some additive for antifreeze or early strength or cured under heating, so the
freeze is prevented and the hardening is impelled.

20.2.3 Alkalieaggregate reaction
As some active minerals in the aggregate react chemically with the alkaline solution,
e.g.KOH,NaOH,within internal holes of the concrete and is then expanded, the expan-
sion pressure resulted causes cracking and strength reducing of the concrete. This phe-
nomenon is called the alkalieaggregate reaction, which usually happens several years
after concrete has hardened. Because the alkalieaggregate reaction occurs widely over
the whole concrete but not the surface layer only, it is difficult to be obstructed and
repaired, and the concrete may even totally fail under some serious conditions.
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According to different mineral composition of the aggregate in concrete, the
alkalieaggregate reaction can be classified into three categories [20-7,20-8]:

1. Alkaliesilicon reaction: when microcrystal silicon oxide in some mineral
aggregates, such as flint rock, siliceous rock, sandstone, quartzite, reacts
chemically with alkaline solution in the concrete, the relevant silicate is yielded
and then expands when it meets water, so cracking of concrete is caused.

2. Alkaliesilicate reaction: when the active silicate in some aggregates, such as
phyllite, reacts chemically with alkali compound in the concrete, its volume
expands gradually and light damage is caused in the concrete.

3. Alkaliecarbonate reaction: some carbonate aggregates, such as dolomite,
limestone, are active themselves and MgCO3 among them reacts chemically
with alkali substances in the concrete, then Mg(OH)2 is yielded with volume
expansion and internal cracks result in the concrete.

The necessary conditions for alkalieaggregate reaction in concrete are: alkali
contained in concrete, aggregate being active, and water contained in internal holes,
and their contents or index reaching certain levels.

The main sources of alkali in concrete are the dissolvable alkali contained in its
rawmaterials, including cement, aggregate, water, and additional powder and agents,
and the one entered from the surrounding environment. Usually, the maximum
portion of alkali comes from the cement, and the composition and quantity of the al-
kali depend upon its raw material and manufacturing technology. The alkali content
in cement can be expressed as the calculated value of equivalent sodium oxide
(Na2O þ 0.658 K2O). Generally, the cement is called a low-alkali one if the equiv-
alent concentration of alkali is less than 0.6%, and the alkalieaggregate reaction can
be avoided for the concrete mixed with the cement of this kind (Fig. 20-3).

Total alkali content in concrete mainly depends upon the cement content in con-
crete (kg/m3) and the equivalent sodium oxide relating to the category of the cement
used. The possibility and harmfulness for alkalieaggregate reaction can be macro-
scopically expressed as the quantity of alkali contained per unit of concrete volume
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(kg/m3) (Fig. 20-3). In order to prevent the damage caused by alkalieaggregate re-
action, the maximum quantity of alkali (kg/m3) should be limited for the concrete
located in different environments and is listed in the design codes of various coun-
tries (e.g. Table 20-4).

The most effective measure for prevention or reduction of the alkalieaggregate
reaction in concrete is to control (reduce) the alkali content in the cementitious ma-
terial used, e.g. using low-alkali cement or adding non-alkali fly ash, silicon or slag
powder. In addition, the aggregate used is selected properly and the active mineral
contained should be reduced; air entraining agent is added during concrete mixing
and fine holes produced reduce the expansion pressure acted on the aggregate;
manufacture technology is improved and compactness of concrete is enhanced to
prevent or obstruct water entering from outside; the environment is kept dry or a
waterproof layer is spread on the outer surface of the concrete, the penetrated water
is reduced and the alkalieaggregate reaction is restrained.

20.2.4 Carbonation
As the acidic substances, e.g. CO2, SO2, HCl contained in the surrounding environ-
ment media, e.g. air, water, soil, of concrete contact directly its surface and permeate
into its interior via various holes and gaps, the chemical reaction has to occur be-
tween them and the alkaline substances contained in the cement-stone. This is called
neutralization of concrete [20-1], and the carbonation of concrete in the air occurs
most widely in engineering practice. At first CO2 in the air permeates into the capil-
lary holes and gaps of concrete and is dissolved into the water in them, then it reacts
with calcium hydroxide Ca(OH)2 or calcium silicious yielded after cement hydra-
tion, so that calcium carbonate is eventually formed.

The gelation and capillary holes in concrete are partly blocked up after carbon-
ation, so the compactness and compressive strength (fc) are increased (Fig. 20-4).
Although this is beneficial for concrete, the harmful results are dominant. As the
alkalinity (pH value) of the concrete reduces after carbonation (neutralization),
the inactive coating at the surface of reinforcement in the concrete will fail and
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FIG. 20-3 Alkali content (kg/m3) in concrete and alkalieaggregate reaction [20-1]
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rust is then developed gradually there, once the thickness of carbonated layer rea-
ches there (see Section 20.2.6). In addition, shrinkage accelerates in carbonated con-
crete, and cracking, reducing of bond strength, and even spalling off of concrete
cover then result successively.

Other gases in the air (e.g. SO2, HCl, Cl2) are of higher acidity, but their concen-
trations are much lower than that of CO2 (the usual ratio between them being one
to several hundreds). When these gases directly contact concrete and enter into its in-
ternal holes, they react chemically with Ca(OH)2 there and the acid salt (e.g. CaSO4,
CaCl2) is yielded and sediments mostly in a thin layer near the surface (Fig. 20-5).

The carbonation of concrete develops gradually inside from its surface layer, but
the content of calcium carbonate (CaCO3) yielded tends to reduce (Fig. 20-5). The
carbonated area of concrete can be divided into four zones, among them the carbon-
ated zone contains the highest content of calcium carbonate and the transition and
uncarbonated zones are succeeded inside. The acid salt in the surface layer destroys
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partly the carbonate, so the content of CaCO3 there is lower. The maximum thick-
ness from the surface to the end of the carbonated zone of concrete is called the
carbonation depth (D in mm).

Generally, the concentration of CO2 in air is only about 0.03% and the carbon-
ation of concrete develops very slowly. When the concrete cover, e.g. 20e40 mm, of
a reinforced member is totally carbonated, it takes several years or decades depend-
ing upon the compactness. According to the national code GBJ 82d85 [20-6], the
accelerative test, in which the specimen is surrounded with air of high concentration
of CO2 (20 � 3%), can be used for measuring the carbonation depth of concrete
(Fig. 20-6). Based on the experimental data in laboratory and the relevant survey
in engineering practice, the relation between the carbonation depth (D in mm)
and the concentration of CO2 in the surrounding air (C in %) and the time after start
of carbonization (t in days) is obtained and can be expressed as

D ¼ a
ffiffiffiffiffi
Ct

p
(20-3)

where a is the coefficient of carbonation rate.
If the concentration of CO2 surrounded is Ck for the concrete specimen during

accelerative test and the carbonation depth is Dk measured at the time after start
of carbonation tk, the carbonation depth of concrete under the natural environment
can be predicted following the formula

Dn ¼
ffiffiffiffiffiffiffiffiffiffi
Cn tn
Ck tk

r
Dk (20-4)

where Cn is the concentration of CO2 in environment, and tn is the time counted from
start of carbonization.

The coefficient of carbonation rate (a) is a physico-chemical index representing
the resistance against carbonation for concrete, and its value mainly depends upon
kinds of cement and aggregate, waterecement ratio, content of cement and admix-
ture, curing condition, and environmental temperature, humidity, and concentration
of CO2. Different empiric formulas [20-1] are suggested by researchers at home and
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abroad and several complicated physical and chemical models are also provided in
some references [20-2] for prediction of carbonation depth of concrete.

In order to enhance durability of structure, there are various measures as
described below to reduce or delay the carbonation process of concrete in engineer-
ing practice. Ordinary Portland cement of better quality against carbonation is
preferred; enough content of cement, lower waterecement ratio, additional fly ash
or silicon powder are properly mixed on concrete to reduce the porosity; concrete
is carefully mixed, cast, compacted, and cured during construction to enhance the
compactness; paint or mortar is covered on the surface to obstruct penetration of
CO2 in the environmental air; concrete cover of reinforcement is properly thickened
to delay the duration when the carbonation depth reaches the reinforcement.

20.2.5 Chemical corrosion
The environmental media directly surrounding a structure, including air, water,
seawater, or soil, may contain corrosive substances, e.g. acid, salt, and alkali of
different concentrations. When they permeate into the interior of concrete and react
physically or chemically with the relevant composition, the concrete is gradually
corroded and then expanded, cracked, and spalled off. Finally, the reinforcement
rust is caused and even the structure fails.

The reason and mechanism of concrete corrosion vary with the corrosive me-
dium and environmental condition and are divided into two categories:

1. Kind of dissolution. The substance like Ca(OH)2 yielded after hydration of
cement particle is dissolved very easily in the water permeated in the concrete
and promotes the hydrolysis of alkali compound, e.g. hydrated calcium silicate,
then the hydrated substances (CaO, SiO2) of low alkali are damaged and finally
the texture of cement stone of the concrete is totally destroyed. In addition,
when some acid solution containing SO2, H2S, or CO2, permeates into the
concrete, the spongy substance without coagulation yielded is dissolved easily.
The dissolution level of cement stone increases with the flowing velocity of
permeated water. The adhesion of cement stone is reduced after dissolution and
the integrity of concrete is damaged.

2. Kind of crystalline expansion. When the water containing sulfate (SO4) per-
meates into concrete and reacts chemically with the hydrated product Ca(OH)2
of cement, the gypsum solution CaSO4$2H2O is formed. As the gypsum acts
again with hydrated aluminum sulfate, the hydrated aluminum calcium
sulfate containing crystal water is formed with volume expansion, and crack
and failure of the concrete finally results.

The concrete structure of offshore engineering usually experiences a long period
of action in seawater or humid air, in which plenty of chlorate, magnesium, and sul-
fate (NaCl, MgCl2, MgSO4, CaSO4, etc) are contained. When they react with the
hydrated substance of cement (Ca(OH)2) in concrete, the easily dissolvable prod-
ucts, e.g. CaCl2, CaSO4 are yielded, so the porosity is increased and the internal
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texture is weakened in the concrete, i.e. concrete is corroded. There are different
features of corrosion for the concrete, depending upon the elevation and the position
of the structure [20-1]. When a part of the structure is located above the highest tide
and does not directly contact any seawater, still the concrete there is easily damaged
due to freezeethaw action and the reinforcement there rusts, as the humid air
containing corrosive salt permeates into the concrete; when a part of the structure
is located in the wave splash zone and the concrete there sustains cyclically
dry-and-wet action, the concrete corrosion of expansion kind is caused and the rein-
forcement rust is accelerated; when a part of the structure is located in the variation
zone of sea level during tides and the concrete there sustains cyclically the wave
scour and dryewet and freezeethaw actions, the corrosion of dissolution kind is
caused and the damage resulted there is most serious; when a part of the structure
is located below the lowest tide and is always immersed in seawater, the concrete
there sustains chemical dissolution and corrosion, but the freezeethaw damage of
concrete and the reinforcement rust are not serious.

As the underground structure always directly contacts soil and underground wa-
ter surrounding it, the concrete will also be corroded if some chemical compositions
contained in the environmental media are corrosive. When a dissolvable sulfate with
concentration >0.1% is contained, the corrosion of crystalline expansion will occur
in the concrete, even it is mixed with Portland cement and manufactured very care-
fully. If the concentration of salt contained in underground water is higher, e.g. 1%,
the concrete may be totally corroded. It would be more harmful if C3A is highly
contained in the cement used for the concrete, so its concentration should be limited,
e.g. <3% or 5%. If the acid, mainly carbonic acid H2CO3, is contained in the under-
ground water with a value of pH < 6.5, the cement stone in the concrete will be
corroded; the value of pH ranges from 3 to 6, the corrosion develops quickly at
the earlier period but slows down later. Generally, the massive concrete corroded
due to acid is only limited in the surface layer. However, if the waterlevel in the
underground is rather high and the concrete is not well compacted, the acid water
will permeate into the deep layer and may cause serious corrosion.

As far as someworkshops in the chemical, metallurgical, and papermaking indus-
tries are concerned, the products may be strong acid or alkali or many strong acids are
used during the production process, so the environmental air with strong corrosion is
caused and the underground soil and water also contain strong acid if it permeates.
Therefore, the structures above and underground including foundation and pipe sys-
tem sustain strong corrosion and may be seriously damaged within a short period,
even if they are not worth repairing or strengthening but have to be totally discarded.

In order to mitigate or prevent the corrosion of concrete and to enhance the dura-
bility of a structure, its site should be selected carefully, and the environmental air,
water, and soil should be examined in advance and the contents and values of pH of
the corrosive media, e.g. sulfate, magnesia, and carbonate, should be controlled.
Besides, the structural design, selection of concrete raw materials, and construction
should be properly conducted. For example, the particular category of cement is
selected for resistance to various corrosion (Table 20-3); the concrete is mixed
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with low waterecement ratio, enough content of cement, and active admixture, and
well compacted and cured, in order to enhance the compactness and permeation
resistance; the concrete cover of reinforcement is properly thickened; the surface
of structural concrete is coated or soak treated, in order to prevent the permeation
of corrosive water and to reduce the corrosion and erosion of concrete.

20.2.6 Rust of reinforcement
Reinforcement is an essential part to carry tensile force in a concrete structure and is
necessary for its load-carrying capacity. Although the durability of the structure is
surely influenced after the concrete in the structure is deteriorated, damaged, and
cracked due to various factors as above, the load-carrying capacity of the structure
is not necessarily reduced much within a certain period. However, if the crack and
corrosion and carbonation layers of concrete reach the reinforcement in it, the rein-
forcement is easily rusted. Because the diameter and area of the reinforcement is
rather small, its strength will reduce significantly after rusting, so the load-
carrying capacity of the structure is seriously reduced and the safety problem is
then caused.

The rust of reinforcement in concrete is a process of electro-chemical corrosion
[20-1,20-9]. When the concrete is mixed with Portland cement and well-compacted,
the internal solution after hydration of cement is of high alkaline and the value of pH
is about 13 before carbonization, and a thin layer (thickness 0.2e1 mm) of compact
passive membrane composed of Fe3O3$nH2O or Fe3O4$nH2O is formed on the sur-
face of the reinforcement, which can protect it from rust (Fig. 20-7).

When the carbonated layer of concrete is thickened and reaches the surface of
reinforcement or the chlorine ion (Cl-) contained in the environmental air, water
or soil reaches the surface of reinforcement after concrete has cracked due to various
reasons, the passive membrane on the surface of the reinforcement is locally failed
due to reduction of concrete alkalinity (value of pH) and then the iron itself is

Table 20-3 Comparison of Chemical Corrosion Resistance between Various

Categories of Cement [20-1]

Cause of Corrosion Sulfate Weak Acid Seawater Water

Portland
cement

early hardened Low Low Low Low

ordinary Low Low Low Low

low hydration heat Medium Low Low Low

Anti-sulphate cement High Low Medium Low

Portland blast-furnace cement Medium–High Medium–High Medium Medium

Volcanic ash cement High Medium High Medium

Supper anti-sulphate cement Very high Very high High Low

Alumina cement Very high High Very high High

538 CHAPTER 20 Durability



exposed. Consequently, a potential difference is resulted between the exposed iron
and the undamaged passive membrane, and they are respectively a positive pole of
small area and negative pole of larger area (Fig. 20-8). As the reaction progresses at
the negative pole, OH- is yielded there and the value of pH is increased, while the
iron at the positive pole is dissolved and the solid corrodent Fe(OH)2 is generated
there.

The spot rust appears first on the surface of reinforcement and develops gradually
into a hole, and finally spreads out and over the whole surface and goes deep inside.
Generally, the volume of rust corrodents is several times that of original iron
(Fig. 20-9). Moreover, the rusted reinforcement also expands in the longitudinal di-
rection and the concrete crack is also caused in the same direction, the extension and
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expansion of the crack accelerate again rust of reinforcement and cause damage and
spalling off of concrete cover and reduction of bond strength. Finally, the strength of
the reinforcement is seriously reduced and the structure failure results.

The accelerative corrosion test is conducted for measuring the mechanical
behavior of rusted reinforcement [20-10]. The specimens of reinforcement are
immersed in the salt (NaCl) solution of concentration 4& with few hydrochloric
acid (HCl) in, and they are respectively taken out and tested mechanically at prede-
termined ages. It is demonstrated (Fig. 20-10) that not only the sectional area
reduces but also the mechanical behavior degrades even more for the rusted
specimen, compared with the original reinforcement, i.e. the strength loses more
and the ultimate elongation reduces much more. In addition, the degradation level
of rusted reinforcement varies with the category and strength grade.

Various measures can be taken in engineering practice in order to delay or
prevent the rust of reinforcement and then to enhance the durability of concrete
structure. From the environment aspect, the concentrations of various corrosive
media should be controlled, and the carbonation layer of concrete and the chlorine
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FIG. 20-9 Ratios of volume expansion for reinforcement corrodents [20-1]

FIG. 20-10 Degradation of sectional area and mechanical behavior of rusted reinforcement

[20-10]: (a) sectional area and yield strength, (b) ultimate elongation
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ion should be limited and not reach the surface of reinforcement inside. From
the material aspect, the anticorrosive cement and the admixture of good quality
are preferable, the contents of chloride in the coarse and fine aggregates and
admixture should be limited, the waterecement ratio should be lowered, the fresh
concrete should be carefully compacted and cured to enhance its compactness, and
the anti-rust agent is added during mixing; or the reinforcement of anti-rust cate-
gory, e.g. epoxy-coated, galvanized, or stainless, is used. From the structural
design and detailing aspect, the concrete cover of reinforcement should be properly
thickened and kept without any damage, and anti-corrosive coating can be spread
on the surface of concrete.

The various phenomena and main reasons, and also the mechanisms, influence
factors, and improvement measures, of durability deterioration or failure of concrete
structure are respectively introduced above. Because these deteriorations are related
to one another and most of them closely depend upon the porosity and pore texture
inside concrete, so many improvement measures are consistent and of mutual
benefit:

1. The particular cement of good quality is reasonably selected, the content of
cement is properly increased and the waterecement ratio is reduced, and the
fine admixture, e.g. fly ash and silicon powder, of good quality is selected for
concrete.

2. The special agents of various performances, such as super-plasticizer, early
hardening, air entraining, anti-freezing, and anti-rusting of reinforcement, are
added during mixing of concrete.

3. The coarse and fine aggregates of good quality are selected for concrete, i.e. the
aggregates are of clean particles, reasonable shape and size, small and closed
holes contained, low activity, low value of pH, and low content of chlorine ion.
Otherwise, the light-weight aggregate of good quality is used.

4. The concrete is manufactured carefully for reducing internal porosity, i.e. mixed
uniformly, preventing separation during transporting and casting, fully com-
pacted and cured especially at early age.

5. The concrete cover of reinforcement is properly thickened during structural
design to ensure its effectiveness.

6. The surface and outer layer of concrete are painted or immersed with various
isolate materials to prevent permeating of harmful gas or liquid in the envi-
ronmental media.

7. The environmental conditions, e.g. the temperature and humidity and their
variable amplitudes, the concentration of corrosive substance in environmental
media, are controlled and improved.

Nevertheless, it should also be known that some measures are favorable to
enhance the durability of concrete in some aspects but are harmful to others aspects:

1. When the fly ash or silicon powder of good quality are added properly during
mixing of concrete, the porosity inside is reduced and the compactness and
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permeability resistance are increased, the alkaline and then the alkalieaggregate
reaction are reduced and the carbonation is delayed as well for the hardened
concrete. In addition, the corrosion resistance of the concrete and the anti-
rust of the reinforcement in it are also enhanced. On the other hand, if the
admixture is of bad quality or added excessively and motewater is needed during
mixing, so more porosity, and lower strength and freeze resistance are then the
result for the hardened concrete and the reinforcement in it is easily rusted.

2. When the alkali content in the cement is within the right range, the value of pH is
increased and it is favorable for anti-rust of the reinforcement in concrete.
However, if the alkali content in cement is excessive, the unfavorable
alkalieaggregate reaction is easily caused.

3. Although the concrete will gain higher strength at early age and stronger freeze
resistance after hardening when it is cured under heating after cast and
compacted, the carbonation will be accelerated and it is unfavorable for anti-
rust of reinforcement in it.

4. When the air entraining agent is introduced in the concrete during mixing,
numerous closed fine holes are formed and distribute uniformly in the interior of
hardened concrete and it is favorable for the resistances against freezing,
permeability, and corrosion. However, if these holes formed are of great
diameter and do not distribute uniformly or their total volume is too much, the
negative effect will be caused, e.g. the strength of concrete is reduced.

5. The concrete composed of porous light-weight aggregate is favorable for
anti-freeze and can be used for making permeable concrete if needed. However,
the concrete is obviously harmful for permeability resistance and the resistances
against carbonation and chemical corrosion are weakened as well, so the
reinforcement in it is easily rusted.

Therefore, the measure used for enhancement of concrete durability has to be
analyzed and evaluated in all aspects and both favorable and harmful results should
be considered comprehensively.

20.3 Design and evaluation of structure durability
20.3.1 Design of durability
Usually, the designed service life is 50 years for a general concrete structure or
100 years for the important one, while it may be shortened, e.g. 30 years, for a tem-
porary one. The structure built and its members should work safely with all service
functions under normal maintenance and not need to be essentially repaired and
strengthened within the designed service life.

Because the durability of concrete structure was not fully understood and inves-
tigated in the past, some structures built were obviously deteriorated and damaged
due to various reasons as above before the end of the service life. The examining,
repairing, and strengthening of these structures would cost a lot in materials and
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funds, and some of them are not worth being repaired and used again and have to be
discarded totally.

As various phenomena of durability failure of concrete structure appeared
gradually since the 1950s, they attract the structure engineer’s and researcher’s
attention to conduct general investigation and many results have been reported
since then. Consequently, some academic organizations of various countries, e.g.
Japan and European, worked out relevant codes in the 1980s to guide the design
and detailing of concrete structure. In China, the relevant provisions are also
compiled for durability of concrete structure in the design code [2-1] and some
standard [20-11].

Up to now, various physical and mathematical models [20-2,20-4] have been
developed for quantitative analysis of the durability of concrete (structure) in
many aspects, e.g. freezing depth, carbonation depth, permeation of chlorine ion,
rust rate of reinforcement. However, these theoretical models are not unified and
have different viewpoints and mechanism explanations and the universality and ac-
curacy of their calculation methods do not satisfy the requirements of engineering
practice, because the deterioration and failure of concrete durability depend upon
the complicated physical and chemical reactions in a long period and are closely
related to many random factors.

Therefore, in order to ensure the durability of a structure to be built, the measures
can be taken as below within the design and construction periods: such as the posi-
tion located and the environmental condition is reasonably selected, the structural
detailing is improved, the construction is carefully managed, and the mixing and
quality of concrete are strictly controlled. Based on the comprehensive results of
the experience and lessons in engineering practice, the experimental investigation,
and the theoretical analysis, the basic quantitative requirement can be provided
for the concrete to ensure its durability. For example, the relevant provisions listed
in the Design Code of China [2-1] are briefly shown in Table 20-4. Depending upon
different environmental conditions of the structure, the limitations of the minimum
strength grade, the maximum waterecement ratio, the minimum content of cement,
the maximum contents of chlorine ion and alkali are respectively provided for struc-
tural concrete. In addition, the corresponding requirements, e.g. category of
reinforcement and thickness of concrete cover, are also provided in the code for
the reinforcement in the structure. When the permeability and freeze resistances
of the concrete are also required, some other requirements listed in relevant
standards should be satisfied.

20.3.2 Examination and evaluation of durability for existing
concrete structures

After a concrete structure was built and put into service for years, the damage,
deterioration, and durability reduction of various levels usually appear on its
exterior and interior due to the unfavorable reactions of the environmental factors
and the media surrounded or under a special load acted occasionally. The
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Table 20-4 Basic Requirement for Durability of Structural Concrete [2-1]

Environment
The Minimum
Strength Grade

The Maximum
Water-
Cement
Ratio W/C

The
Minimum
Content of
Cement
(kg/m3)

The
Maximum
Content of
Chlorine ion
in Cement
(%)

The Maximum
Content of
Alkali
(kg/m3)Category Conditions

I Normal inside room C20
(C30)

0.65 225 1.0
(0.06)

No limitation
(3.0)

II a Moist inside room,
Outdoors in non-cold area
and being direct contact with
non-corrosive water or air

C25 0.60 250 0.3 3.0

b Outdoors in cold area and
being direct contact with non-
corrosive water or air

C30 0.55 275 0.2 3.0

III Using ice remover, variation
of water level during winter in cold
area, outdoors nearby seaside

C30 0.50 300 0.1 3.0

The figures in the table and in the parentheses are respectively suitable for the structures with designed service lives of 50 and 100 years.
The minimum strength grade should be two grades higher than that listed in the table, and the minimum content of cement is 300 kg/m3 and the maximum content
of chlorine ion in the cement is 0.06% for the concrete used for prestressed structure.
Other categories of environmental conditions are No. IV (seawater) and No. V (corrosive media), and the reinforcement for these categories are provided separately.
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durability of the structure should be properly examined and evaluated, if the
safety and service functions within the designed life are doubted when it is
used continuously.

Inspection and examination in situ are the main measures to know correctly the
current situation and deterioration level of the concrete structure and also form the
important basis for the durability evaluation. The content and method of examina-
tion are as below and the non-destructive test is preferred.

1. Investigation on full views of the structure and its members, including structural
system and size and position of its members, settlements of the structure and its
foundation, macroscopic quality of construction, abnormal situation and
harmful condition even occurred, e.g. fire accident, impact action, over-loaded
locally, whether or not strengthened or rebuilt. In addition, loading test can be
conducted to practically measure the actual mechanical behavior of the struc-
ture, if necessary.

2. Inspection on outward damage of the structure, including the details, including
position, number, distribution, width, and depth, of the concrete cracks; the
deformations, including deflection, lateral displacement, inclination, rotation,
and vibration, of the members; the deformation and cracking of the supports and
joints; the defects, including spalling off, losses of edge and corner, on surface
layer of the member.

3. Examining and measuring of concrete behaviour, including the strength of
concrete in the structure can be predicted after the non-destructive (e.g. counter-
elastometry, ultrasonoscope) or locally destructive (e.g. pull-out) test; the actual
strength, compactness and permeability resistance of the concrete can be
directly measured after the cylinder specimen is drilled out from the structure;
the internal holes or other defects of the concrete can be examined by the
ultrasonoscope or soniscope; an inspection hole can be drilled in the structure
and some samples of concrete are taken out for analyzing the carbonation depth,
contents of chlorine ion and alkali, etc.

4. Inspection on reinforcement in structure, including the integrity of concrete
cover is inspected carefully; the position, diameter, number, thickness of con-
crete cover, and rust level of the reinforcement can be measured by the special
instruments without any destruction or after the concrete cover is locally cut off;
the specimen can be cut off from the reinforcement in a structure if necessary,
and then the actual area and strength (or strength loss) can be measured directly
in the laboratory.

5. Investigation on environmental condition of the structure including the
temperature, humidity and their variation regularities of the environment
surrounded, and the categories and contents (concentrations) of various
corrosion substances in the surrounding media, i.e. air, water, or soil.

Summarizing and statistically analyzing all the results obtained from the
observation and investigation on the structure itself and the test and measurement
of some specimen and sample at the laboratory, each part of the structure is
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individually evaluated into a different grade [20-12] of the durability damage, if any,
based on the levels of deterioration and damage. Afterwards, the structure is divided
into several ranges of the same grade and treated correspondingly.

The carrying capacity of an existing structure, or a part of it, can be calculated
based on the mechanical model, sectional size measured, and strength of the mate-
rial. Alternatively, the load-carrying capacity can be directly measured based on the
loading test on the structure itself. Both methods provide the results with sufficient
accuracy which is helpful for making treatment decision, e.g. repairing, strength-
ening, or others.

However, the safe service life or residual life of an existing structure is difficult to
be accurately determined, although many data of the structure can be collected and
summarized from the inspection in situ and the test at laboratory and various theo-
retical methods [20-2] are provided already for evaluating the durability of concrete
structures. Because the construction of a structure is random and the material and its
behavior are not uniform but deviated, the durability is very complicated and de-
pends upon many random factors, including environmental conditions, in a long
period, so the durability failure and service life can only be predicted or estimated
approximately based mainly on the experiences and statistic data in the engineering
practice.
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Exercises and discussion
2-1 Analyze and estimate the influences on the stress and strain distributions and

possible damage in the interior of hardened concrete when it is loaded
(compressed or tensed), shrinks, creeps, or experiences temperature and
humidity variations respectively, based on the physical and mechanical
indices of coarse aggregate and hardened cement mortar (Table 2-1).

2-2 A prism specimen of concrete has a size of 100 mm�100 mm�300 mm
and the prism compressive strength and corresponding peak strain are
fc ¼ 26 N/mm2 and εp ¼ 1.6�10�3 respectively, which are calculated based
on the cubic strength tested (fcu). It is predicted that the complete stress-strain
curve fits Eq. (2-6) with aa ¼ 1.7 and ad ¼ 0.8. Check whether the complete
stressestrain curve, especially its descending branch, can be successfully
obtained when an ordinary hydraulic test machine of total linear stiffness
150 kN/mm is used for loading.

2-3 Plot and compare the complete stressestrain curves (s/fc, ε/εp) of concrete
under compression calculated by different models: Hognestad, Rüsch, Kent-
Part, Sahlin, Young, Desayi, and Eq. (2-6) (aa ¼ 2.0, ad ¼ 0.6).

2-4 A concrete has a cubic compressive strength of fcu¼ 30 N/mm2. Calculate and
compare the prism compressive strength (fc), tensile (ft, ft,s) and shear (sp)
strengths; corresponding peak strains (εp, εt,p, gp), initial and peak modui
of elasticity (Ec, Ep, G0, Gp), and stressestrain curves (s/fceε/εp, s/fteε/εt,p,
s/speg/gp).

3-1 Derive respectively Eqs. (3-3) and (3-4) for the load-bearing capacity and
position of neutral axis for an eccentrically compressed member of rectan-
gular section of elastic material.

3-2 A concrete has respectively compressive and tensile strengths of fc and ft.
Calculate and plot the complete stressestrain curves of the concrete under
compression and tension respectively with eccentricity e0/h ¼ 0.3. Calculate
the areas under these curves ranging from ε ¼ 0 to ε ¼ 2εp, and compare
them with the corresponding areas of that under central load.

3-3 A concrete experienced a compressive stressetime (s/fcet) history as shown
in the figure. Calculate and plot the modulus of elasticity-time (Ec(t) / Ecet )
curve and plot qualitatively the corresponding strainetime (ε/εpet) curve.

4-1 The compressive strengths (fc) and the parameters for corresponding complete
stressestrain curves (aa, ad) are given in Table A4-1 for several structural
concretes. Calculate the peak strains (εp) and plot the stressestrain curves
(s/fceε/εp) for them, and calculate and compare the areas under these curves,
including U1, U2/2, and (U1 + U2)/3 (Fig. A4-1, 2).
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Table A4-1
Category of
Concrete

fc
(N/mm2)

εp

(10L3) aa ad U1

U2

2

U1 þ U2

3

Ordinary
concrete

C20 20 2.0 0.6

C40 40 1.7 2.0

High-strength concrete C60 60 1.5 3.0

Light-weight concrete CL20 20 1.7 4.0

Aerated concrete 3 2.0 1.1 6.0

Steel-fiber concrete 25 3.0 2.5 0.2
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4-2 Calculate and compare the strain values εd1 and εd2 respectively at the stresses
s ¼ 0.85fc and 0.5fc on the descending branch of stressestrain curve of the
various structural concretes shown in Table A4-1.

5-1 Prove
(1) qh0� (tensile meridian) when s1 > s2 ¼ s3,
(2) qh60� (compressive meridian) when s1 ¼ s2 > s3
and (3) qh30� (shear meridian) when s2 ¼ (s1 + s3)/2 or s1 � s2 ¼ s2 � s3
for a three-dimensional stress state.

5-2 Three cubic specimens of concrete are tested under proportionally loading
path (s1:s2:s3 ¼ const.) and the triaxial strengths measured are listed in
Table A5-2.

Calculate separately the theoretical strengths of them following Ottosen and
Guo-Wang criteria (Table 5-6) and compare these with the measured ones.
The parameters in the criteria may be taken as below.
(1) Ottosen criterion: a ¼ 1.2759, b ¼ 3.1962,

l ¼ k1 cos

�
1

3
cos�1ðk2 cos 3qÞ

�
when cos 3q � 0;

or l ¼ k1 cos

�
p

3
� 1

3
cos�1ð� k2 cos 3qÞ

�
when cos 3q < 0;

where k1 ¼ 11.7365, k2 ¼ 0.9801.
(2) Guo-Wang criterion: a¼ 6.9638, b¼ 0.09, d¼ 0.9297, and Ct¼12.2445,

Cc ¼ 7.3317.
5-3 Determine the values of five parameters in Guo-Wang criterion (Table 5-6)

if the five characteristic strengths of concrete are taken as below: (0, 0, �fc),
(ft, 0, 0), (0.95ft, 0.95ft, 0), (0, �0.7fc, �1.4fc), and (0, �1.2fc, �1.2fc).
Then, calculate and plot the biaxial envelope (strength criterion) for the
concrete.

6-1 A strand has an ultimate strength of fb ¼ 1860 N/mm2 and a modulus of
elasticity of Es¼1.95�105 N/mm2. Calculate and plot the stressestrain curve
for it, using Eq. (6-4).

Table A5-2

Specimen Stress State

Triaxial Strength
(N/mm2)

Uniaxial Strength
(N/mm2)

f1 f2 f3 fc ft

A C/C/C �40.5 �40.5 �162 24.50

B C/C �15.2 �30.4 21.66

C T/C/C +1.26 �2.8 �6.9 19.00 1.89
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6-2 Explain the differences of the mechanical behavior and stressestrain curve of
the reinforcement, when it is loaded separately under repeated tension and
cyclic tension and compression.

7-1 Compare the bond behaviors, including failure pattern during pull-out,
between the plain and deformed reinforcements buried in concrete.

7-2 The yield strengths measured are fy ¼ 420 N/mm2 and 250 N/mm2 respec-
tively for the hot-rolled deformed and plain reinforcements and the average
bond strengths are su ¼ 0.36fcu and 0.08fcu respectively for them buried in
concrete. Calculate separately the minimum bond lengths needed for them,
when the reinforcement has a diameter of 20 mm and is buried in the
concrete of cubic strength fcu ¼ 30 N/mm2.

8-1 A short reinforced concrete column has a sectional area of A and is reinforced
together with two categories of reinforcement (mild steel):
(1) m1 ¼ 1%, fy1 ¼ 300 N/mm2, Es ¼ 2�105 N/mm2,
(2) m2 ¼ 1%, fy2 ¼ 600 N/mm2, Es ¼ 2�105 N/mm2.
The stress-strain curve of the concrete used is shown in Fig. A8-1 and is
composed of an ascending branch expressed as an equation

s

fc
¼ 2

�
ε

εp

�
�
�
ε

εp

�2

and a descending branch of an inclined line. Calculate the characteristic axial
forces (compressions) for the column, including at initially yielding, ultimate
state, and other turning points on the axial-deformation curve. And plot the
axial force-strain (N � ε) and estress (N � ss) curves for the column.

8-2 A reinforced concrete column has a square section of 300 mm�300 mm
and is reinforced with the reinforcements 4F20 (fy ¼ 260 N/mm2,
Es ¼ 2.1�105 N/mm2). The column is strengthened under a constant central
compression N1 ¼ 1500 kN for some reason, and the section is enlarged to
400 mm�400 mm and the additional reinforcements are of 8F20. The
original and new concretes are of the same grade (C30) and their

2

1

2

2φ

 (
N

/m
m

2 )

 (10–3)

4φ

2φ

20

5

0 2.0 6.0
ε

σ
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stressestrain curves are assumed to be the same as well (Fig. A8-2), of which
the equation for the ascending branch is

s

fc
¼ 2

�
ε

εp

�
�
�
ε

εp

�2

:

Calculate separately the central compressions acted on the strengthened
column when the original and new concretes reach respectively the
compressive strength (fc ¼ 24N/mm2) and determine the ultimate strength of
the column.

8-3 A prestressed concrete member has a rectangular section (area A) and is
reinforced with four bars (total area As, yield strength fy) near every corner,
and a prestressing tendon (area Ap, tensile strength fpy, effective prestress sp0)
without a bond is located on the sectional center. The stressestrain curve of
concrete is the same as is shown in Fig. A8-2. Calculate separately the
stresses of the concrete, bar, and tendon varying with the strains of the
member (ε) during prestressing stage and after loaded with central tension
(N), and plot the corresponding variation curves and the tensionestrain
(N�ε) curve of the member.

8-4 Analyze the regularity and influence factors of the tension stiffening of
concrete varying with the axial force for a tensile member.

9-1 Compare the difference of confinement effect for a circle column of concrete
confined separately by continuous spiral bar, separate ties, and steel tube.

9-2 A reinforced concrete column has a square section of 300 mm�300 mm and a
concrete of compressive strength fc ¼22 N/mm2, and it is reinforced with
eight bars 8F18 of yield strength fy ¼ 340 N/mm2 with net cover 25 mm. The
ties used are shown in Fig. A9-2 and have a yield strength of fy¼ 240 N/mm2,
and the diameter and space are respectivelyF8 mm and 50 mm. Calculate the
confinement parameters (fc,c, εpc, aa,c, and adc in Table 9-1) and ultimate
strength (N) of the column, and discuss the influence of different thickness of
concrete cover on them.
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2 40
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m
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400 ε

σ
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9-3 Discuss the possible failure patterns and corresponding ways to control a
concrete (structure) compressed locally.

10-1 A concrete slab is reinforced symmetrically but the shrinkage of the concrete
is not uniform along the sectional depth as shown in Fig. A10-1. Derive the
calculation formulas for the shrinkage stresses of the concrete and rein-
forcement in the slab and plot the diagram of stress distribution. (Note: the
moduli of elasticity of concrete and reinforcement may be taken respectively
as the constants Ec and Es.)

10-2 A concrete girder of T section is reinforced as shown in Fig. A10-2. Calculate
and plot the stress distribution on the section of the free shrinkage strain of
the concrete occurred would be uniform and εsh ¼ 500�10�6. (Note: the
moduli of elasticity may be taken as the constants Ec ¼ 3�104 N/mm2 and
Es ¼ 2.1�105 N/mm2 respectively for the concrete and reinforcement.)

10-3 A concrete column has a square section of 300 mm�300 mm and a concrete
of grade C30 (fc ¼ 24 N/mm2, Ec ¼ 3�104 N/mm2), and it is reinforced with
four bars 4F25 of HRB 335 (fy ¼ 335 N/mm2, Es ¼ 2.0�105 N/mm2). If the
column is acted centrically with compression N ¼ 1800 kN and maintained
for three years, calculate the stresses of the concrete and reinforcement in
the column separately at: (1) soon after loading, (2) after the load is main-
tained for three years, and (3) soon after unloading has been maintained for
three years.
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11-1 Discuss the influences of stress that exist existed and its redistribution caused
by shrinkage or creep of concrete, e.g. in exercises 10-1e10-3, on the
ultimate strength of a reinforced concrete member.

11-2 A concrete member of rectangular section is reinforced asymmetrically
(As2 ¼ 2As1). Plot qualitatively the ultimate envelope of axial force-bending,
moment (�N, �M ) for it, and determine the characteristic points on the
envelope and explain separately their mechanical meanings.

11-3 Calculate the characteristic parameters a and b (g ¼ 1 is taken) of the
equivalent rectangular stress diagram, if the concrete has different stresse
strain relations under compression, as shown below (Fig. A11-1).

11-4 Calculate the characteristic parameters a and b (g ¼ 1 is taken) of the
equivalent rectangular stress diagram for a beam of isosceles triangle section,
if the stressestrain relation of the concrete is known as below (Fig. A11-2).

12-1 Different points of view are suggested for the mechanism analysis to tensile
crack in concrete member under loading. Compare their main concepts and
corresponding calculations.
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12-2 A concrete beam has a rectangular section and a concrete of grade C30
(fc ¼ 20 N/mm2, ft ¼ 2 N/mm2, Ec ¼ 3�104 N/mm2), and it is reinforced
with three bars 3F18 (fy ¼ 235 N/mm2, Es ¼ 2.1�105 N/mm2). Calculate:
(1) cracking load Pcr and (2) the average space and the maximum width of
the cracks under the loads shown in Fig. A12-1.

13-1 The section and reinforcements of a beam are shown in Fig. A13-1,
and the concrete used is of grade C30 (fc ¼ 25 N/mm2, ft ¼ 2.0 N/mm2,
Ec ¼ 3�104 N/mm2). Calculate:
(1) the bending moment (Mcr) and curvature (1/rcr) at cracking of the beam

under loading,
(2) the bending moments (My1,My2) and curvatures (1/ry1, 1/ry2) at yielding

respectively of the reinforcements As1 and As2,
(Note: based on the converted section (Fig. 13-3) andEs¼ 2� 105 N/mm2)

(3) the bending moment (Mu) and curvature (1/ru) at ultimate state,
(4) plot the folded bending momentecurvature (Me1/r) diagram for the

beam.
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13-2 A simply supported beam has a sectional bending momentecurvature relation
and is loaded as shown in Fig. A13-2. Calculate:
(1) the load (Py) and deflection at midspan (uy) at first yield of the tensile

reinforcement,
(2) the load (Pu) and deflection at midspan (uu) at ultimate state.

13-3 Calculate the sectional stiffness and deflection at midspan of the beam shown
in Fig. A12-1, based separately on different methods: (1) neglecting totally
the action of tension concrete (Fig. 13-3(c)), and (2) analytical method
(Eq. 13-17). Compare both results and explain the tension stiffening of
flexural member. (Note: the sectional stiffness may be taken as a constant
along the whole span.)

14-1 List a table (similar to Table 2-8) and compare the three typical failure
patterns under shear force of the beam without web reinforcement, and
explain their main characteristics and influence factors.

14-2 A concrete beam of prismatic section has an ultimate bending moment of
Mu ¼ mhbh20fy and shear force of Vu (e.g. Eq. 14-5) under the symmetrical
action of two concentrated loads. Determine the theoretical value of the
boundary shearespan ratio (lb, Eq. (14-2)), at which the flexural and shear
failure patterns occur simultaneously.
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15-1 Derive the plastic section modulusWtp (Eq. (15-6b)) for a beam of rectangular
section (b�h) under torsion, based on the analog method of sand pile.

15-2 Explain the favorable or harmful effect of the additional internal force,
including respectively axial force N, bending moment M, or shear V, on the
ultimate torsion of a concrete member.

16-1 Calculate successively the ductility ratios of sectional curvature b(1/r) and
deflection at midspan bw for the beams shown separately in Exercises 13-1
and 13-2.

16-2 Calculate the angular rotation of plastic region of the beam shown in Exercise
13-2 at ultimate state.

16-3 Estimate and discuss the variation of ductility ratio of an eccentrically
compressed member of reinforced concrete when the factors below change
(increase or decrease) separately: strengths of the materials (fy, fc), contents
of reinforcements (As,A

0
s), axial force or compressionestrength ratio

(N/fcbh0), shearespan ratio, content of tie, etc. (Note: the member of rect-
angular section may be taken as an example.)

17-1 Discuss the concept and application method for Palmgren-Miner hypothesis
used for determining the fatigue strength of a material under variable stress
amplitude.

18-1 Explain the difference and similarity between the mechanical behaviors,
including material strength, ultimate state and strength, and deformation, of
the concrete members respectively under the actions of high-speed and
normal loadings.

19-1 Explain the influence of different stressetemperature paths on the strength
and deformation of concrete.

19-2 A concrete beam of rectangular section is reinforced with tensile bars only
and is acted with elevated temperature as shown in Fig. A19-1. (Note: the
temperature is uniformly distributed along the sectional width.) Calculate the
ultimate bending moments (�MT

u ) for the beams respectively with tension
and compression zones exposed to high temperature, and compare them with
that under normal temperature.
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19-3 A concrete beam of rectangular section is exposed to fire and the simplified
temperature contours of 300�C and 800�C on the section are shown in
Fig. A19-2. The yield strengths of the reinforcement are f T1

y and f T2
y

respectively at T1 and T2, and the compressive strength of concrete at
elevated temperature (f Tc =fc) is assumed to be as shown in Fig. A19-2 as well.
Determine the equivalent section for the beam and derive the calculation
formulas of ultimate bending moments for the beams respectively with
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tension and compression zones exposed to high temperature. (Note: the
neutral axis may locate at different positions.)

19-4 A square column compressed centrally is exposed to fire and the simplified
temperature contours of 300�C and 800�C on its section are shown in
Fig. A19-3. Determine the ultimate strength of the column (NT), if the
compressive strength of concrete at elevated temperature is separately
simplified into a trapezoid and two steps as shown in the figure.

20-1 List a table and explain the influences (favorable or harmful?, considerable
or slight?, mutually beneficial or harmful?) of various factors of concrete
material, such as category and content of cement, waterecement ratio,
additional admixture, curing condition, and thickness of cover, on the
durability damage or failure in several aspects, including permeation,
freezeethaw, alkalieaggregate reaction, carbonation, chemical corrosion,
and rust of reinforcement.
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[14-14] F. Leonhard, R. Walther, Beiträge zur Behandlung der Schubprobleme in Stahl-
betonbau, Beton and Stahlbetonbau (1962) (2), (3), (5), (6), (7).

[14-15] Chinese Academy of Building Science, Experimental investigation of ultimate
shear strength of concrete beam with inclined tension surface, Symposium of
Experimental Investigation of Reinforced Concrete Structures, Construction
Industry Press of China, Beijing, 1977, pp. 153e181.

[14-16] K.G. Moody, I.M. Viest, et al., Strength of Reinforced Concrete Beams, Part II.
ACI (1955).

[14-17] L.B. Kriz, C.H. Raths, Connection in Precast Concrete StructureseStrength of
Carbels, Journal of Prestressed Concrete Institute (1) (1965) 10.

[14-18] Building Research Institute of Metallurgy Ministry, Experimental investigation of
reinforced concrete bracket, Symposium of Experimental Investigation of Rein-
forced Concrete Structures, Construction Industry Press of China, Beijing, 1977,
pp. 397e419.

[14-19] Jihua Shu, et al., Design method for reinforced concrete bracket, Symposium of
Design and Detailing of Reinforced Concrete Structures. Beijing (1985) 280e284.

[14-20] F.E. Richart, Reinforced Concrete Wall and Column Footings, ACI 45 (2) (1948),
97w127, (3): 237e260.

[14-21] R.C. Elstner, E. Hognestad, Shearing Strength of Reinforced concrete Slabs, ACI 1
(1956) 29e58.

[14-22] Research Group, Experimental investigation on punching strength of reinforced
concrete slab and foundation, Journal of Building Structures 8 (4) (1987) 12e22.

[14-23] Jiaji Fan, et al., Punching strength of reinforced concrete arbitrary foundation
under column, Symposium No. 3, Experimental Investigation of Reinforced
Concrete Structures, Construction Industry Press of China, Beijing, 1994, pp.
36e50.

[15-1] T.T.C. Hsu, Torsion of Structural Concrete e A Summary on Pure Torsion, ACI
SP-18, Detroit, 1968, 165e178.

[15-2] E.L. Kemp, Behavior of Concrete Members Subject to Torsion and to Combined
Torsion, Bending and Shear, ACI SP-18, Detroit, 1968, 179e201.

[15-3] H.J. Cowan, Design of Beams Subjected to Torsion Related to the New Australian
Code, ACI (1960) 591e618.

References 573



[15-4] T.T.C. Hsu, Ultimate Torque of Reinforced Rectangular Beams, ASCE 94 (ST2)
(1968) 485e510.

[15-5] D.L. Osburn, B. Mayoglon, A.H. Mattock, Strength of Reinforced Concrete Beams
with Web Reinforcement in Combined Torsion, Shear and Bending, ACI 66 (1)
(1969) 31e41.

[15-6] Zhendong Wang, et al., Design method for reinforced and prestressed concrete
members under torsion, Symposium of Design and Detailing of Reinforced
Concrete Structures. Beijing (1985) 140e147.

[15-7] Songlin Hu, Yuliang Xie, Discussion on mechanism of reinforced concrete
member under torsion, Journal of Nanjing Institute of Building Engineering (1)
(1985).

[15-8] Zuoqian Zheng, Yanhai Wu, et al., Experimental investigation of high-strength
concrete member under torsion alone, Symposium No. 3, Experimental Inves-
tigation of Reinforced Concrete Structures, Construction Industry Press of China,
Beijing, 1994, pp. 433e439.

[15-9] S.P. Timoshenko, J.N. Goodier, Theory of Elasticity, third ed., McGraw Hill Book
Co., Inc, New York, 1970.

[15-10] Bingye Xu, Sencan Chen, Theory of Plasticity (Simple Textbook), Tsinghua
University Press, Beijing, 1981.

[15-11] T.T.C. Hsu, E.L. Kemp, Background and Practical Application of Tentative Design
Criterion for Torsion, ACI 66 (1) (1969) 12e23.

[15-12] P. Lampert, M.P. Collins, Torsion, Bending and Confusion e An Attempt to
Establish the Facts, ACI 69 (8) (1972) 500e504.

[15-13] L. Elfren, I. Karlsson, A. Losberg, Torsion-Bending Shear Interaction for Concrete
Beams, ASCE 100 (ST8) (1974) 1657e1676.

[15-14] Zhendong Wang, Lanqing Shi, et al., Application of truss model to analyses of
reinforced concrete members under bending moment, shear force, and torsion,
Symposium No. 3, Experimental Investigation of Reinforced Concrete Structures,
Construction Industry Press of China, Beijing, 1994, pp. 1e13.

[15-15] Zhendong Wang, Lanqing Shi, et al., Application of truss model to analysis of
reinforced concrete member acted together with bending moment, shear force,
and torsion, Symposium No. 3, Experimental Investigation of Reinforced
Concrete Structures, Construction Industry Press of China, Beijing, 1994, pp.
14e26.

[15-16] Zhendong Wang, Guyi Kang, et al., Experimental investigation and model analysis
of reinforced concrete members under bending moment, shear force, torsion, and
their combination, Collection of Research Reports on Design Code for Concrete
Structures, Beijing, 1996, 11, III-1eIII-28.

[15-17] A.A. Gvozdev, N.N. Lessig, L.K. Rulle, Research on Reinforced Concrete Beams
under Combined Bending and Torsion in Soviet Union, ACI SP-18, Detroit, 1968,
307w336.

[15-18] A.E. McMullen, J. Warwaruk, Concrete Beams in Bending, Torsion and Shear,
ASCE 96 (ST5) (1970) 885e903.

[16-1] National Standard of People’s Republic of China. Code for Aseismic Design of
Building GB50011e2001, Construction Industry Press of China, Beijing, 2001.

[16-2] Edited by Chinese Academy of Building Science. Structural Design of Tall
Buildings. Beijing: Science Press of China, 1984.

574 References



[16-3] Zhuqing Lu, et al., General rules for aseismic design of reinforced concrete
structural members, Symposium of Design and Detailing of Reinforced Concrete
Structures. Beijing (1985) 285e289.

[16-4] Jumin Shen, Yijun Weng, Stiffness and ductility of reinforced concrete structural
members, Symposium No. 3, Aseismic Behaviors of Reinforced Concrete Struc-
tures, Tsinghua University Press, Beijing, 1981, pp. 54e71.

[16-5] Bolong Zhu, Mingshun Wu, Research on ductility coefficient of flexural member
of reinforced concrete, Journal of Tongji University (1) (1978).

[16-6] Ehua Fang, et al., Influences of compression-strength ratio and content of rein-
forcement on ductility of frame column, Reports on Construction Technique
(Building Structures) (3) (1983).

[16-7] Huizhong Sun, et al., Aseismic design of beams in reinforced concrete multi-
storeys frame, Symposium of Design and Detailing of Reinforced Concrete
Structures. Beijing (1985) 294e298.

[16-8] Yinsheng Zou, et al., Aseismic design of column in reinforced concrete multi-
storey frame, Symposium of Design and Detailing of Reinforced Concrete
Structures. Beijing (1985) 299e308.

[16-9] W.G. Corley, Rotational Capacity of Reinforced Concrete Beams, ASCE 92 (ST5)
(1966) 121e146.

[16-10] A.H. Mattok, Discussion of [16-9], ASCE 93 (ST2) (1967) 519e522.
[16-11] Jumin Shen, Yijun Weng, Shiping Feng, Behavior of compressed-flexural member

of reinforced concrete under reversed load of low cycles, Symposium No. 3,
Aseismic Behaviors of Reinforced Concrete Structures, Tsinghua University Press,
Beijing, 1981, pp. 72e95.

[16-12] Bolong Zhu, Research on recovering characteristic of reinforced concrete in China,
Symposium on Earthquake Resistance and Disaster Prevention, Beijing, 1987.

[16-13] Ehua Fang, Guowei Li, Experimental investigation of shear wall with openings,
Symposium No. 3, Aseismic Behaviors of Reinforced Concrete Structures,
Tsinghua University Press, Beijing, 1981, pp. 96e117.

[16-14] Youlin Xu, Degradation of bond behavior between reinforcement and concrete
under reversed load, Chinese Academy of Building Science, 1996.

[16-15] Research Group, Experimental investigation of shear strength of beame column
joint of reinforced concrete frame under reversed load of low cycles, Journal of
Building Structures (6) (1983).

[16-16] Shaoliang Bai, et al., Experimental investigation of static and aseismic behaviors
of side joint on top floor of reinforced concrete frame, Symposium No. 3,
Experimental Investigation of Reinforced Concrete Structures, Construction
Industry Press of China, Beijing, 1994, pp. 184e216.

[16-17] Xinliang Jiao, Liande Zhang, Yunting Wei, Research on aseismic behavior of
middle joint on top floor of reinforced concrete frame, Building Structures (11)
(1995).

[16-18] Weishan Jiang, et al., Aseismic design of joints in reinforced concrete multi-storey
frame, Symposium of Design and Detailing of Reinforced Concrete Structures,
Beijing, 1985, pp. 314e321.

[16-19] Research Group, Symposium of Investigation and Application of Joints and
Aseismic Detailing of Reinforced Concrete Structure, Construction Industry Press
of China, Beijing, 1996.

References 575



[17-1] J.M. Hanson, Design for Fatigue, F.K. Kong, et al., Handbook of Structural
Concrete, Pitman, London, 1983, 16-1e16-35.

[17-2] G.M. Nordby, A Review of Research Fatigue of Concrete, ACI 55 (2) (1958)
191e220.

[17-3] ACI Committee 215, Consideration for Design of Concrete Structure Subjected to
Fatigue Loading, ACI 71 (3) (1974) 97e121.

[17-4] Mingchu Yao, Yupu Song, Huimin Li, et al., Study on calculation method for
checking reliability of fatigue of flexural concrete member. Symposium No. 3,
Experimental Investigation of Reinforced Concrete Structures, Construction
Industry Press of China, Beijing, 1994, 583e592.

[17-5] Yupu Song, Peigong Wu, et al., Research on design method for ultimate fatigue,
Collection of Research Reports on Design Code for Concrete Structures, Beijing,
(11) 1996. XI-1eXI-21.

[17-6] F.S. Ople, C.L. Hulskos, Probable Fatigue Life of Plain Concrete with Stress
Gradient, ACI 63 (1) (1966) 59e81.

[17-7] Liming Bai, Peigang Wu, Guangyi Zhao, Investigation of fatigue behavior of high-
strength concrete under compression, Symposium No. 6 Research on Mechanical
Behavior of Concrete, Tsinghua University Press, Beijing, 1996, pp. 158e171.

[17-8] R. Tepfers, T. Kutti, Fatigue Strength of Plain, Ordinary, and Lightweight
Concrete, ACI 76 (5) (1979) 635e652.

[17-9] Weiwei Zhan, Guangyi Zhao, Peigang Wu, Investigation of fatigue behavior of
high-strength concrete under tension, Symposium No. 6 Research on Mechanical
Behavior of Concrete, Tsinghua University Press, Beijing, 1996, pp. 172e180.

[17-10] Huiling Chen, Faren Zhou, Investigation on fatigue strength of highe strength
prestressing wire, Collection of Research Reports on Prestressed Concrete Crane
Beam (1978).

[17-11] R. Taylor, Some fatigue test on reinforced concrete beams, Magazine of Concrete
Research 16 (46) (1964).

[17-12] B. Bresler, V. Bertero, Behavior of Reinforced Concrete under Repeated Load,
ASCE 94 (ST6) (1968) 1576e1590.

[17-13] H.A.F. Ismail, J.O. Jirsa, Bond Deterioration in Reinforced Concrete Subject to
Low Cycle Load, ACI 69 (6) (1972) 334e343.

[17-14] T.S. Chang, C.E. Kesler, Fatigue Behavior of Reinforced Concrete Beams, ACI 55
(2) (1958) 245e254.

[17-15] T.S. Chang, C.E. Kesler, Static and Fatigue Strength in Shear of Beams with
Tensile Reinforcement, ACI 54 (12) (1958) 1033e1057.

[17-16] Zhishen Lin, Xiuzhen Li, Fengzhen Zhou, Experimental investigation on cracking
fatigue of prestressed concrete crane beam under bending, Metallurgical Building
(6) (1981).

[17-17] Zhongde Tian, Huimin Li, et al., Research on checking method for fatigue strength
of reinforced concrete flexural member, Symposium No. 2, Experimental Inves-
tigation of Reinforced Concrete Structures, Construction Industry Press of China,
Beijing, 1981, pp. 235e254.

[17-18] Zaikang Shen, Huizhong Sun, Fatigue behavior of partially prestressed concrete
beam existing crack, Symposium No. 2, Experimental Investigation of Reinforced
Concrete Structures, Construction Industry Press of China, Beijing, 1981, pp.
184e234.

576 References



[17-19] Qingxiang Wang, et al., Calculation of crack width of reinforced concrete slab
under repeated load, Symposium No. 3, Experimental Investigation of Reinforced
Concrete Structures, Construction Industry Press of China, Beijing, 1994, pp.
113e122.

[18-1] Tsinghua University, et al., Protective Structure Underground, Construction
Industry Press of China, Beijing, 1982.

[18-2] Comite Euro-International Du Beton, Bulletin D’information No. 187, Concrete
Structures under Impact and Impulsive Loading, Lausanne, 1988.

[18-3] Zhaoyuan Chen, Behavior of high-strength reinforcement under high speed
straining and its application in anti-explosion structure, Symposium No. 4,
Behaviors of Reinforced Concrete Structural Members under Explosion Load,
Tsinghua University Press, Beijing, 1986, pp. 63e72.

[18-4] D. Watstein, Effect of Straining Rate on the Compressive Strength and Elastic
Properties of Concrete, ACI 49 (6) (1953) 729e744.

[18-5] B.P. Hughes, R. Gregory, Concrete subject to high rates of loading in compression,
Magazine of Concrete Research (24) (1972) 25e36.

[18-6] Zhaoyuan Chen, Yongkui Kan, Some problems of high strength concrete used for
anti-explosion structure, Symposium No. 4, Behaviors of Reinforced Concrete
Structural Members under Explosion Load, Tsinghua University Press, Beijing,
1986, pp. 73e83.

[18-7] Renjie Shang, Research on Dynamic Constitutive Behavior of Concrete: [Doctor
Thesis], Technical University of Dalian, Dalian, 1994.

[18-8] Yongkui Kan, Tensile strength of concrete under high speed straining, Symposium
No. 4, Behaviors of Reinforced Concrete Structural Members under Explosion
Load, Tsinghua University Press, Beijing, 1986, pp. 84e89.
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Aerated concrete slab, 259e261, 260f
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compressive strength, 72e73

hardening, 173e175

at loading, 83

modulus of elasticity, 74

Alkalieaggregate reaction, 531e533

Analogue explosion load, 462e463

Analytical method, for stiffness, 337e340

Anchorage bond, of reinforcement end, 183, 183f

Angular rotation

of plastic region, 418e421

ultimate, 422f

Anisotropic constitutive model, 150

orthogonal, 150

Average value of linear expansion coefficient, 483

Axial compression, 205e206

Axial force

influence on web reinforcement, 377e378

mechanical behavior under, see Axial force,

mechanical behavior under

members with, 395

Axial force, mechanical behavior under, 205e220

compressive member, 206e212

basic equations, 206e208

stressestrain analysis, 209e212

general regularity, 218e219

tensile member, 212e218

basic equations, 212e213

minimum reinforcement rate, 215e216

stressestrain analysis, 213e215

tension stiffening, 216e218

Axial tension, 205e206

Axial torsion, 395

B
Bauschinger effect, 169e170, 169f, 251

Beam

composite beam, shrinkage difference of, 258e259,

258f

deflection, of high-strength concrete, 298f

failure pattern in

less-reinforced, 272e274

over-reinforced, 274e275

rectangular beam with tensile reinforcement,

269e272

suitably reinforced, 275

model, 369e370, 370f

of T section, 374e376

test, for reinforcementeconcrete bonding, 187e188

web, load acted on, 373e374

with variable section, 376

Beamecolumn joint, hysteretic curve of, 432e434

Bending, member strength under, 269e304

Bending moment

at cracking, 306f

curvature, constitutive model for, 341f

of eccentrically compressed long column, 284t

fatigue under, 450e454

members with, 397e400

positive and negative, within shear span, 378e380

sectional stiffness varying with, 340f

Bending momenteshear forceetorsion, 400e401

Biaxial bending, 295e298, 296fe297f

Biaxial compressions, 119e121

Biaxial stress states, 119e122

Biaxial tensions, 121e122

and compression, 121

Blast wave of nuclear explosion, 458e461, 458f

Bond stresseslip relation, constitutive model for,

199e203

characteristic values, calculation of, 200e201

splitting stress, 200e201

ultimate bond strength, 201

ses curve, equation for, 201e203

model of continuous curve, 202e203

segmental model, 201e202

Bond-and-slip method, 312e314

Bracket, 380e382

Breaking in tension, 132e133

Bridge and communication engineering,

reinforced concrete structure in, 1

Building engineering, reinforced concrete

structure in, 1

C
Calculation model

for ductility under monotonic load, 416e418

for reversed load of low cycles, 434e436

Capillary hole, in concrete, 525

Carbonation, 533e536

Cato model, 170e171, 170f

CEB-FIP Model Code

for confined concrete, 237e238, 250e251

for fatigue strength of tensile reinforcement, 445f

for tensile cracking, 324

Cement gelation, viscous flow of, 14, 15f

Central compressive member at elevated

temperature, behavior and calculation of,

507e508

Central tensile strength, 34e36

Chemical corrosion, 536e538
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Chinese Code, 147, 167, 330, 347, 367e368, 378, 390,

395, 402, 412, 418

tensile reinforcement, fatigue strength of, 443f, 445f

Clough’s M-1/r model, 435e436, 435f

Coefficient of heat conduction, 483

Cold-drawn, 175e176

Cold-stretching, 173e175

Column

eccentrically compressed column, failure pattern in,

275e280

long column, flexure of, 280e283

with spiral bar, 222e226

mechanical mechanism and failure process,

222e223

ultimate strength, 224e226

Columnar crushing, 133

Complete stressestrain curve, equations for, 33t, 94t

eccentric/flexural tension, 70e71

Composite beam, shrinkage difference of, 258e259,

258f

Composite internal forces, members with, 395e401

axial force and torsion, 395

bending moment and torsion, 397e400

bending momenteshear forceetorsion, 400e401

shear force and torsion, 395e397

Composite materials, non-uniform distribution of, 11f

Composition

of reinforced concrete, 10e15

of reinforcementeconcrete bonding, 184e185

Comprehensive analysis, of tensile cracking, 318e321

Compression

axial, 205e206

eccentric, see Eccentric compression

inclined, failure pattern of, 354

local (bearing strength), 244e252

mechanical characteristic and mechanism, 244e249

strength calculation, 249e252

member strength under, 269e304

triaxial, 122e125

Compressionestrength ratio, hysteretic curve of, 427

Compressive depth, boundary of, 292e293, 292f

Compressive member

behavior of, 472e474

mechanical behavior of, 206e212

basic equations, 206e208

stressestrain analysis, 209e212

Compressive peak strain, of concrete, 25e27, 26f, 26t

Compressive strength, 19e27

age and, 72e73

cubic, 19e21, 20f

prism specimen, failure process of, 21e24, 22f, 22t,

23f

upper and lower bounds of, 500e501

Compressiveeflexural member at elevated

temperature, 508e511

Concrete

behavior under high-speed loading, 465e468

confined, 221e252

coupling constitutive relation of, 499e520

cover thickness, 195

creep of, 263e266

existing structures, durability evaluation and

examination for, 543e546

fatigue of, 438e442

experimental results and expression, 438e441

influence factors and calculation formula, 441e442

high-strength, 298e299

low-weight, 299, 300f

mechanical behaviors of, at elevated temperature,

491e499

porosity texture of, 524e527, 526t

shrinkage of, 254e259

strength, 194, 358, 358f

Concrete and reinforcement, bond between, 181e204

bond stresseslip relation, constitutive model for,

199e203

characteristic values, calculation of, 200e201

ses curve, equation for, 201e203

composition, 184e185

deformed reinforcement, 190e193

fatigue of, 446e449

function and classification, 182e184

anchorage bond, of reinforcement end, 183, 183f

cracks, bond between, 183e184, 183f

hysteretic curve of, 430e432

influence factors, 193e199

concrete cover thickness, 195

concrete strength, 194

other factors, 198e199

reinforcement, bond length of, 195

reinforcement, diameter and shape of, 196e197

transverse compressive stress, 198

transverse stirrup, 197e198

plain reinforcement, 189e190

test method, 186e188

beam test, 187e188

tension test, 186e187

Confined concrete, 221e252

column with spiral bar, 222e226

mechanical mechanism and failure process,

222e223

ultimate strength, 224e226

local compression, 244e252

mechanical characteristic and mechanism, 244e249

strength calculation, 249e252

rectangular tied column, 226e238

complete stressestrain curve, equation for,

234e238

failure process, 226e229

rectangular tie, working mechanism of, 229e232

steel-tube-confined concrete, 238e244

mechanical characteristic and mechanism, 238e241

ultimate strength calculation, 241e244

Confinement index, 231e232

Constitutive relation, 147e155

linear elasticity models, 149e150
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models of other categories, 151e155, 152t

non-linear elasticity models, 150e151

Content of reinforcement, hysteretic curve of, 427

Continuous beam, 507, 513e515, 514f

Control stress, sustaining time of, 178

Coupling constitutive relation, of concrete, 499e505

Crack(s/ing), 10, 13e14

bending moment at, 306f

bond between, 183e184, 183f

of concrete

inertia moment of converted section, 336

inertia moment of converted section before,

335e336, 335f

developing stage of, 18e19

stable, 18e19

unstable, 19

formation and expansion of, 14e15, 15f

microcrack, 11, 13e14, 16e19, 23e24, 40e41,

49e50

repeated load and, 55

space between, 313e314, 319

tensile, 305e328

tension at, 306f

width, 322e327

Creep, 78e87, 176e179

age at loading, 83

basic concept, 78e81

of concrete, 263e266

stress distribution on section under sustained load,

263e265

stress state after unloading, 265e266

control stress, sustaining time of, 178

manufacturing and curing conditions, 83

raw materials and mixture, 83

relationship with relaxation, 79e80, 80f

service stage, environmental condition during, 83e84

short-term, at elevated temperature, 504

steel, 178

stress level, 82e83, 178e179

structural member size, 84

temperature, 179

Cyclic loads, deformation under action of, 167e172

D
Deformation, 33e44

under action of cyclic loads, 167e172

under biaxial compression, 120f, 122f

under biaxial tension, 122fe123f

calculation, 342e348

general method, 342e344

practical methods, 344e348

difference, see Deformation difference,

mechanical response of

elastic, 14, 15f

flexural stiffness and, 329e348

member, and sectional stiffness, 331e334

plural compositions of, 14e15, 15f

shrinkage, 75, 75t

structural behavior under earthquake, 413

under triaxial compression, 124f, 126f

Deformation difference, mechanical response of,

253e266

creep of concrete, 263e266

stress distribution on section under sustained load,

263e265

stress state after unloading, 265e266

shrinkage of concrete, 254e259

general analysis method, 254e256

practical calculation method, 256e259

thermal deformation, 259e263

Deformed reinforcement, 190e193

Ductility

under monotonic load, 413e421

calculation method, 416e418

concept and expression, 413e416

plastic region, angular rotation of, 418e421

ratio, 416, 417f

Durability, 521e546

of concrete structure, characteristics of, 521e527

durability failure, characteristics of, 523e524

porosity texture, 524e527, 526t

problems raised in engineering practice, 521e523

problems

alkalieaggregate reaction, 531e533

carbonation, 533e536

chemical corrosion, 536e538

freezeethaw cycle, 530e531

permeation, 527e530

rust of reinforcement, 538e542

structure durability, design and evaluation of,

542e546

durability design, 542e543

existing concrete structures, examination and

evaluation of, 543e546

Dynamic response of structure, 460, 460f

E
Earthquakes, 412e413, 434

structural behavior under, characteristics of,

411e413

Eccentric compression, 59e66

experimental results, 60e64

failure pattern, 61e63

neutral axis variation, 64

sectional strain, 63

ultimate bearing capacity, maximum strain and,

60e61

testing method, 59e60

loaded with constant eccentricity, 59e60

loaded with constant gradient, 60

loaded with zero strain at one side, 60

Eccentric load, 59e60

Eccentric tension, 66e71

complete stressestrain curve, equations for, 70e71

failure process, 66e67

maximum tensile strain at ultimate load, 69
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Eccentric tension (Continued )

neural axis variation, 69e70

strain variation, 69e70

ultimate tensile strength and plasticity-dependent

coefficient, 67e69

Eccentrically compressed column, failure pattern in,

275e280

Eccentrically tensed member, 294e295

Elasticity solutions, 386e390

Empirical formulas, for ultimate strength

calculation, 401e403

Empirical regression, 365e369

Envelope, 55

Environmental conditions, influence on reinforced

concrete, 16e17

Equivalent rectangular stress diagram, 289e292, 289f,

291f

Explosion resistance, 457e474

materials behavior under high-speed loading, 461e468

concrete, 465e468

reinforcement, 463e465

testing equipment and method, 461e463

structural members behavior, 468e474

compressive member, 472e474

flexural member, 468e472

of structures, characteristics of, 457e461

Extruding, 135

F
Failure criterion, 137e147, 138f

failure envelope, shape and expression of, 137e141,

143t

multiaxial strength, calculation charts for, 146e147

Failure pattern, 269e280

in biaxial/triaxial tension, 132e135, 133f, 136t

breaking in tension, 132e133

columnar crushing, 133

extruding and shifting, 135

inclined shearing, 134

splitting into pieces, 134

of eccentric compression, 61e63

of eccentric/flexural tension, 66e67

eccentrically compressed column, 275e280

of inclined compression, 354

of inclined tension of, 355e356

less-reinforced beam, 272e274

of member without web reinforcement, 396e397, 396f

over-reinforced beam, 274e275

rectangular beam with tensile reinforcement,

269e272

of reinforced concrete member under torsion, 403

in shear compression, 350e354

suitably reinforced beam, 275

Failure process

characteristic, shear strength and, 44e48

of confined concrete column with spiral bar, 222e223

general mechanism of, 17e19

of prism specimen, 21e24, 22f, 22t, 23f

of rectangular tied column, 226e229

repeated load and, 55

tensile, 39e42

Fatigue resistance, 437e456

concrete, 438e442

experimental results and expression, 438e441

influence factors and calculation formula, 441e442

reinforcement, 443e446

reinforcement and concrete, bond between, 446e449

structural member and checking calculation, 449e456

fatigue under bending moment, 450e454

fatigue under shear force, 454e456

Fatigue strength under tension, 442

Ferrocement, 162, 162f

Fiber concrete, 106e112

classification of, 106e108

mechanical behavior of, 108e112

Finite element method, 364e365

Fire resistance, 475e520

concrete, coupling constitutive relation of, 499e505

compressive strength, upper and lower bounds of,

500e501

short-term creep at elevated temperature, 504

thermal strain under stress, 501e504

transient thermal strain, 501e504

materials at elevated temperature, mechanical

behaviors of, 487e499

concrete, 491e499

reinforcement, 487e491

structural members at elevated temperature, behavior

and calculation of, 505e520

analysis and approximate calculation, 516e520

central compressive member, 507e508

compressiveeflexural member, 508e511

flexural member, 505e507

load-temperature paths, influences of, 511e513

statistically indeterminate structure, 513e516

of structures, characteristics of, 475e479

temperature field on section, 479e486

heat conduction, basic equation for,

485e486

materials, thermal behaviors of, 481e485

temperature field, determination of, 485e486

temperatureetime curve, 479e481

Flexural member

behavior of, 468e472

at elevated temperature, behavior and calculation of,

505e507

of reinforced concrete, fatigue resistance of, 453

Flexural stiffness and deformation, 329e348

deformation calculation, 342e348

general method, 342e344

practical methods, 344e348

section stiffness calculation, 334e342

analytical method, 337e340

effective moment of inertia, 334e337

tension stiffening, modification of,

340e342

584 Index



sectional stiffness and member deformation, 331e334

structural deformation, influences of, 329e331

Flexural tension, 66e71

complete stressestrain curve, equations for, 70e71

failure process, 66e67

maximum tensile strain at ultimate load, 69

neural axis variation, 69e70

strain variation, 69e70

ultimate tensile strength and plasticity-dependent co-

efficient, 67e69

Freezeethaw cycle, 530e531

Friction on specimen surface, reducing, 117

G
Gelation hole, in concrete, 525

Geometrical (deformation) condition

compressive member, 206e207

for flexural stiffness, 338

sectional analysis, 285e286

shrinkage of concrete, 254e255

Goodman diagram, 440, 442e443

Guo-Wang criterion, 549

H
Hard steel, stressestrain relation in, 166e167

Hardened cement mortar, 10, 12t

Hawkins model, 251

Heat conduction, basic equation for,

485e486

Heat diffusivity, 483e484

High temperature, 476

High-speed loading, materials behavior under,

461e468

concrete, 465e468

reinforcement, 463e465

testing equipment and method, 461e463

High-strength concrete, 90e99, 298e299, 298f

application and preparation of, 90e92

accelerating hydration, 90e91

cement strength, 90e91

compacting, 90e91

polymers, as adhesive material, 91e92

waterecement ratio, reducing, 91

mechanical behavior of, 92e99

High-strength wire, 161

Holes, 10

capillary, 525

gelation, 525

non-capillary, 525e527

Homogenous porous light-weight concrete, 99

Hydraulic and harbor engineering, reinforced concrete

structure in, 1

Hysteretic curve

characteristics of, 421e426

under reversed load of low cycles

beamecolumn joint, 432e434

compressionestrength ratio, 427

content of reinforcement, 427

reinforcement and concrete, bond-slip

between, 430e432

shear wall, 428e429

short column, shearing of, 427e428

I
Inclined twisted surface, ultimate equilibrium of,

405e408

Internal force at cracking, 309e311

Internal structure, of reinforced concrete, 10e13

Isotropic constitutive model, 150

K
Kent-Park model

for confined concrete, 236e237

deformation under action of cyclic loads, 171e172,

171f

L
Larger torsioneshear force ratio, 396e397

Less-reinforced beam, failure pattern in, 272e274

Light-weight concrete, 99e106

concrete of light-weight aggregate, 101

homogenous porous, 99

mechanical behavior of, 101e106

Linear elasticity models, 149e150

Linear elasticity stressestrain relation, 149f

Load(s/ing)

acted on beam web, 373e374

action of, 305e306

cyclic loads, deformation under action of, 167e172

frequency, influence on fatigue resistance, 442, 446

high-speed, materials behavior under, 461e468

concrete, 465e468

reinforcement, 463e465

testing equipment and method, 461e463

repeated, 54e59

paths, 129e132

stress distribution on section under sustained,

263e265

sustained load, deformation under, 346e348

-temperature paths, influences on structural members,

511e513

Local compression (bearing strength), 244e252

mechanical characteristic and mechanism, 244e249

strength calculation, 249e252

Loci of principle stresses, 353e354

Locus of common point, 238

repeated loading, 57e58

Locus of stability point, 238

repeated loading, 58e59

Long column

eccentrically compressed, bending moment of, 284t

flexure of, 280e283

Longitudinal reinforcement, content of, 358e360

Low-weight concrete, 299, 300f
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M
Mass density, 483

Mass heat capacity, 483

Material composition, influence on fatigue

resistance, 442

Materials, thermal behaviors of, 481e485

Mechanical (equilibrium) equations

compressive member, 208

for flexural stiffness, 339

sectional analysis, 286e287

shrinkage of concrete, 255e256

Mechanical behavior, see also Mechanical behavior,

of reinforced concrete

of fiber concrete, 108e112

of high-strength concrete, 92e99

of light-weight concrete, 101e106

of material, 460, 464

concrete, 491e499

reinforcement, 159e180, 487e491

Mechanical behavior, of reinforced concrete, 9e52

basic characteristics, 13e17

composition and internal structure, 10e13

compressive strength, 19e27

cubic, 19e21

prism specimen, failure process of, 21e24

failure process, 17e19

indices of, 24e27

shear strength and deformation, 44e52

failure characteristic, 44e48

rational testing method, 44e48

shear strain and modulus, 49e52

stressestrain curve, complete compressive, 28e33

complete curve, equation for, 29e33

testing method, 28e29

tensile strength and deformation, 33e44

complete stressestrain curve, equation for,

42e44

failure process and characteristic, 39e42

tensile behavior, testing method and index of,

33e38

Medium torsioneshear force ratio, 397

Mild steel, stressestrain relation in, 163e166

Minimum reinforcement rate, 215e216

Modulus of elasticity, 27, 27f, 28t, 37e38

age and, 74

of bamboo, 162

of cold-drawn wire, 176

flexural stiffness and, 332

of mild steel, 164

Modulus of rupture, 34

Moment of inertia

of converted crack section, 336

of converted section before concrete cracking,

335e336, 335f

effective, 334e337

Multiaxial strength, calculation charts for, 146e147

Multiaxial strength and deformation, general

regularities of, 118e132

biaxial stress states, 119e122

biaxial compressions, 119e121

biaxial tensionecompression, 121

biaxial tensions, 121e122

materials and loading paths, 129e132

triaxial stress states, 122e129

conventional triaxial compressions, 122e124

real triaxial compressions, 124e125

triaxial tensionecompression, 126e128

triaxial tensions, 128e129

N
Neutral axis variation

in eccentric compression, 64

in eccentric/flexural tension, 69e70

Non-capillary holes, in concrete, 525e527

Non-linear elasticity stressestrain relation, 151f

Non-loading factors, of tensile crack, 306e309

Non-rectangular sections, 303e304, 304f

Non-slip method, 314e318

O
Orthogonal anisotropic constitutive model, 150

Ottosen criterion, 549

Over-reinforced beam, failure pattern in, 274e275

P
Palmgren-Miner hypothesis, 440e441, 445

Permeation, 527e530

Physical (constitutive) relation

compressive member, 207e208

for flexural stiffness, 338e339

sectional analysis, 286

shrinkage of concrete, 255

Plain reinforcement, 189e190

Plastic region, angular rotation of, 418e421

Plasticity solutions, 386e390

Plasticity-dependent coefficient, 67e69

Poisson’s ratio of concrete, 38

Polymers, as adhesive material, 91e92

Porosity texture of concrete, 524e527, 526t

Prism compressive strength, of concrete, 24, 25f, 25t

Prism specimen

compression test of, 22f

failure process of, 21e24, 22f, 22t, 23f

Pull-out test of reinforcement, 189e190, 189f, 191f,

193, 199

R
Rectangular beam with tensile reinforcement, failure

pattern in, 269e272

Rectangular tied column, 226e238

complete stressestrain curve, equation for,

234e238

failure process, 226e229

rectangular tie, working mechanism of, 229e232
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Reinforced concrete

mechanical behavior of, 9e52

member, mechanical behavior of, see Reinforced

concrete member, mechanical behavior of

structure

advantages of, 2

applications of, 1e2

development and features of, 1e4

disadvantages of, 2

historical development of, 1

Reinforced concrete member, mechanical behavior of,

205e220

compressive member, 206e212

basic equations, 206e208

stressestrain analysis, 209e212

general regularity, 218e219

tensile member, 212e218

basic equations, 212e213

minimum reinforcement rate, 215e216

stressestrain analysis, 213e215

tension stiffening, 216e218

Reinforcement, see also Reinforcement and concrete,

bond between

appearance of, 160f

behavior under high-speed loading, 463e465

bond length of, 195

deformed, 190e193

diameter and shape of, 196e197

with different strengths, 300e301, 300f

distributed along sectional depth, 301e303, 302f

fatigue of, 443e446

forms of, 4

less-, 394

longitudinal, 358e360, 393e395

mechanical behaviors of, at elevated temperature,

487e491

plain, 189e190

over-, 394

partly over-, 394

rectangular beam with tensile reinforcement, failure

pattern in, 269e272

rust of, 538e542

web, see Web reinforcement

working after yielding of, 412

without yielding plateau, 301

Reinforcement, mechanical behavior of, 159e180

behavior after cold-worked, 172e176

cold-drawn, 175e176

cold-stretching and age hardening, 173e175

concrete structure, 159e163

ferrocement, 162, 162f

high-strength wire, 161

reinforcement, 160

shape steel, 161e162

substitutive materials, 162e163

creep and relaxation, 176e179

control stress, sustaining time of, 178

steel, 178

stress level, 178e179

temperature, 179

deformation under action of cyclic loads, 167e172

stressestrain relation, 163e167

hard steel, 166e167

mild steel, 163e166

Reinforcement and concrete, bond between, 181e204

bond stresseslip relation, constitutive model for,

199e203

characteristic values, calculation of, 200e201

ses curve, equation for, 201e203

deformed reinforcement, 190e193

fatigue of, 446e449

function and classification, 182e184

anchorage bond, of reinforcement end,

183, 183f

cracks, bond between, 183e184, 183f

composition, 184e185

hysteretic curve of, 430e432

influence factors, 193e199

concrete cover thickness, 195

concrete strength, 194

other factors, 198e199

reinforcement, bond length of, 195

reinforcement, diameter and shape of, 196e197

transverse compressive stress, 198

transverse stirrup, 197e198

plain reinforcement, 189e190

test method, 186e188

beam test, 187e188

tension test, 186e187

Relative stability, of reinforced concrete, 18

Relaxation, 79e80, 176e179

control stress, sustaining time of, 178

steel, 178

stress level, 178e179

temperature, 179

Repeated load, 54e59

ses curve under, 448f

Rust of reinforcement, 538e542

S
San Venient Principle, 245

Sargin model, for confined concrete, 233f, 234e235

Section modulus

elastic, 387

plastic, 387e390, 402e403

Section stiffness

calculation, 334e342

analytical method, 337e340

effective inertia moment, 334e337

tension stiffening, modification of, 340e342

distribution of, 345e346

member deformation, 331e334

Sectional analysis

flow chart for, 288f

general method for, 283e288

for temperature deformation, 261e263, 262fe263f
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Sectional strain, and eccentric compression, 63

Segmental model, 201e202

Seismic load, reverse, 413

Seismic resistance, 411e436

ductility under monotonic load, 413e421

calculation method, 416e418

concept and expression, 413e416

plastic region, angular rotation of, 418e421

reversed load of low cycles, hysteretic

characteristic under, 421e436

beamecolumn joint, 432e434

calculation model, 434e436

compressionestrength ratio, 427

content of reinforcement, 427

hysteretic curves, characteristics of, 421e426

reinforcement and concrete, bond-slip between,

430e432

shear wall, 428e429

short column, shearing of, 427e428

structural behavior under earthquake,

characteristics of, 411e413

Seismic response, 411e412

Shape steel, 161e162, 161f

Shape of ties, 232, 232f

Shear force, fatigue under, 454e456

Shear force, member strength under, 349e384

members and mechanical conditions, 373e384

axial force, influence of, 377e378

beam of T section, 374e376

beam with variable section, 376

bracket, 380e382

load acted on beam web, 373e374

shear span, positive and negative bending

moments within, 378e380

slab punching, 382e384

ultimate shear strength, calculation of, 364e372

beam model, 369e370, 370f

empirical regression, 365e369

finite element method, 364e365

truss model, 370e372, 371f

ultimate shear strength, composition of,

363e364

web reinforcement, effect of, 360e363

web reinforcement, failure pattern and beam strength

without, 350e360

inclined compression, failure pattern of, 354

inclined tension, failure pattern of, 355e356

typical failure pattern (shear compression),

350e354

ultimate shear strength, 356e360

Shear force, members with, 395e397

Shear modulus, 49e52

Shear resistance, components of, 360e364

Shear span, positive and negative bending

moments within, 378e380

Shear torsion, members with, 395e397

Shear wall, hysteretic curve of, 428e429

Shear-bending segment

near support, mechanical characteristics of, 354f

stress distribution on, 351fe352f

Shearing, inclined, 134

Shear-span ratio, 356e357, 357f

Shear-stress flow, 389e390, 390f, 404e405

Sheikh model, for confined concrete, 233f, 235

Shifting, 135

Short column, shearing of

hysteretic curve, 427e428

Shrinkage, 75e78

cement, kind and quantity of, 76

of concrete, 254e259

cracks caused by, 307f

general analysis method, 254e256

practical calculation method, 256e259

curing condition, 76

other factors, 76e78

property, size, and aggregate quantity, 76

service stage, environmental condition of, 76

structural member, shape and size of, 76

Slab punching, 382e384

Slender column, 281e282

Smaller torsioneshear force ratio, 397

Solid granule, 10

Space between cracks, 313e314, 319

Space of ties, 232

Special engineering, reinforced concrete structure in,

1e2

Specific heat capacity, 483

Spiral bar, confined concrete column with, 222e226

mechanical mechanism and failure process, 222e223

ultimate strength, 224e226

Splitting

into pieces, 134

stress, in reinforcementeconcrete bonding, 200e201

tensile strength, 36e37

Statistically indeterminate structure, 513e516

Steel, creep and relaxation, 178

Steel-tube-confined concrete, 238e244

mechanical characteristic and mechanism, 238e241

ultimate strength calculation, 241e244

Stirrups

influence on ultimate strength, 393e395

transverse, 197e198

Strain

gradient, 59

internal micro strain states, 13e14

measuring, 118

path, controlling, 118

sectional, 63

tensile peak, 37

transient thermal, 501e504

transverse, 57, 58f

variation, in eccentric/flexural tension, 69e70

Straining rate, structural materials, 461t

Stress

distribution on section under sustained load, 263e265

gradient, influence on fatigue resistance, 441e442
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level, in creep and relaxation, 178e179

measuring, 118

path, controlling, 118

relaxation, 79

states

after unloaded, 265e266

biaxial, 119e122

influences of, 16

internal micro stress states, 13e14

triaxial, 122e129

of symmetrically reinforced concrete member during

uniformly shrinking, 257e258, 257f

thermal strain under, 501e504

transverse compressive, 198

Stressestrain analysis

compressive member, 209e212

tensile member, 213e215

Stressestrain curve

of concrete, repeated loading, 55

of rectangular tied column, 234e238

of reinforce concrete

complete compressive, 28e33, 29fe30f, 31t, 32f,

33t, 35f

under unloading and loading test, 40f

Stressestrain relation, 64e66

of cold-drawn, 176

after cold-stretching and age-hardening, 173f

ideal elasto-plastic, 154f

linear elasticity, 149f

non-linear elasticity, 151f

of reinforcement, 163e167

at elevated temperature, 491f

hard steel, 166e167

mild steel, 163e166

Stress-temperature (loading-heating) path, 499e501,

499f, 503e505, 503f

Structural members at elevated temperature, behavior

and calculation of, 505e520

analysis and approximate calculation,

516e520

central compressive member, 507e508

compressiveeflexural member, 508e511

flexural member, 505e507

load-temperature paths, influences of, 511e513

statistically indeterminate structure, 513e516

Structures, explosion resistance of, 457e461

Substitutive materials, for reinforcement, 162e163

Suitably reinforced beam, failure pattern in, 275

Sustained load, 72e73, 81

deformation under, 346e348

T
T section, beam of, 374e376

ses curve, equation for, 201e203

model of continuous curve, 202e203

segmental model, 201e202

Temperature, creep/relaxation and, 179

Temperature field

determination of, 485e486

on section, 479e486

heat conduction, basic equation for, 485e486

materials, thermal behaviors of, 481e485

temperature field, determination of, 485e486

temperatureetime curve, 479e481

Tensile behavior, testing method and index of, 33e38

Tensile crack, 305e328

cause and limitation of, 305e309

action of load, 305e306

non-loading factors, 306e309

internal force at, 309e311

mechanism of, 311e321

bond-and-slip method, 312e314

comprehensive analysis, 318e321

non-slip method, 314e318

width calculation, 322e327

Tensile member, mechanical behavior of, 212e218

basic equations, 212e213

minimum reinforcement rate, 215e216

stressestrain analysis, 213e215

tension stiffening, 216e218

Tensile peak strain, 37

Tensile strength, 33e44

central, 34e36

complete stressestrain curve, equation for, 42e44

failure process and characteristic,

39e42, 42t

splitting, 36e37

tensile behavior, testing method and index of,

33e38

Tension

axial, 205e206

biaxial, 121e122

breaking in, 132e133

at cracking, 306f

exerting, 117e118

inclined, failure pattern of, 355e356

test, for reinforcementeconcrete bonding, 186e187

triaxial, 128e129

stiffening, 216e218, 340e342

Tensionecompression

biaxial, 121

triaxial, 126e128

Thermal behavior of material, 481e485

Thermal conductivity, 483

Thermal deformation difference, 259e263

Thermal strain under stress, 501e504

Time factors, influence on reinforced concrete,

16e17

Torsion, member strength under, 385e408

composite internal forces, members with, 395e401

axial force and torsion, members with, 395

bending moment and torsion, members with,

397e400

bending momenteshear forceetorsion,

members with, 400e401

shear force and torsion, members with, 395e397
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Torsion, member strength under (Continued )

elasticity and plasticity solutions, 386e390

ultimate strength, 390e395

reinforcement content and stirrup, influence of,

393e395

web reinforcement, member with, 392e393

web reinforcement, member without, 390e392

ultimate strength, calculation of, 401e408

empirical formulas, 401e403

inclined twisted surface, ultimate equilibrium of,

405e408

truss model, 403e405

Torsion, members with, 397e400

axial, 395

shear, 395e397

Transient thermal strain, 501e504

Transverse compressive stress, 198

Transverse reinforcement, 221e222, 224, 249, 251

Transverse stirrup, 197e198

Transverse strain, in repeated loading, 57, 58f

Triaxial compressions

conventional, 122e124

real, 124e125

Triaxial stress states, 122e129

Triaxial tensionecompression, 126e128

Triaxial tensions, 128e129

Triaxial test equipment

conventional, 115e116

real, 116e117, 117f

Truss model

for member under torsion, 403e405

for member under shear force, 370e372, 371f

U
Ultimate bond strength, of reinforcementeconcrete

bonding, 201

Ultimate load, maximum tensile strain at, 69

Ultimate shear strength, see also Ultimate strength

of beam without web reinforcement, 356e360

calculation of, for member under shear force, 364e372

beam model, 369e370, 370f

empirical regression, 365e369

finite element method, 364e365

truss model, 370e372, 371f

composition of, 363e364, 363f

Ultimate strength, see also Ultimate shear strength,

Ultimate tensile strength

calculation of, for member under torsion, 401e408

empirical formulas, 401e403

inclined twisted surface, ultimate equilibrium of,

405e408

truss model, 403e405

of cold-drawn wire, 175e176

of column under central compression, 209, 211

of confined concrete column with spiral bar,

224e226

of hard steel, 166

local compression (bearing length), 249e252

of member under torsion, 390e395

reinforcement content and stirrup, influence of,

393e395

web reinforcement, member with, 392e393

web reinforcement, member without, 390e392

of mild steel, 164e165, 172

reinforced concrete, eccentrically compressed member

of, 289e298

calculation formulas, 289e295

of reinforcement after cold-stretching,

173e175

steel-tube-confined concrete, 241e244

Ultimate tensile strength, eccentric/flexural tension,

67e69

Underground engineering, reinforced concrete

structure in, 1

Unloading curve, 55e57, 56f

USA AASHTO, for fatigue strength of tensile rein-

forcement, 445f

V
Variable section, beam with, 376

Volume density, see Mass density

W
Waterebinder ratio, 527

Waterecement ratio, 91, 527

Web reinforcement

failure pattern and beam strength without,

350e360

inclined compression, failure pattern of, 354

inclined tension, failure pattern of, 355e356

typical failure pattern (shear compression),

350e354

ultimate shear strength, 356e360

member with, 392e393

member without, 390e392

Wohler diagram, 440

Y
Yield strength

of cold-drawn wire, 175e176

of hard steel, 166e167

of mild steel, 164e165, 172

of reinforcement after cold-stretching, 173e175
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