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To the memory of my darling wife, Margaret.



Preface to the Third Edition
During my experience of teaching aircraft structures, I felt the need for a textbook written specifi-

cally for students of aeronautical engineering. Although there were a number of books available

on the subject they were either out of date or too specialized in content to fulfill the requirements

of an undergraduate textbook. With that in mind I wrote Aircraft Structures for Engineering
Students. After a period of years users of that text commented that a briefer version of the book

might be desirable particularly for programs that did not have time to cover all the material in the

“big” book. That feedback, together with a survey carried out by the publisher, resulted in An Intro-
duction to Aircraft Structural Analysis designed to meet the needs of more time-constrained courses.

To this end the chapter on “Vibration of structures” was removed from the “big” book together with

the sections on “Structural and loading discontinuities” and “Aeroelasticity.” The reader interested in

learning more on these topics should refer to the “big” book. Also, in the interest of saving space, the

appendix on “Design of a rear fuselage” was omitted but is available for download from the book’s

companion website, http://booksite.elsevier.com/9780080982014/.

The publication of a third edition has enabled me to include more worked examples and end-of-

chapter exercises of an essentially practical nature and also to extend the work on composite materi-

als and structures to a consideration of multi-ply laminates. In this the method of specifying different

ply lay-ups is included together with the effects of symmetry and reinforcement orientation. The cal-

culation of equivalent elastic constants is presented for the case of in-plane loading only since this is

normally the situation in the thin skins of aircraft structures. The calculation of the distribution of

stresses across the thickness of a laminate is illustrated by an example and the strength of laminates

investigated using the maximum stress theory.

Finally, the publication of a third edition has enabled me to review the text and correct the print-

ing errors, mainly in cross-referencing, which had, unfortunately, crept into the second edition.

T.H.G. Megson
SUPPORTING MATERIAL TO ACCOMPANY THIS BOOK
For instructors using this text in their course, a full set of worked solutions and electronic images of the figures in
the text are available by registering at: www.textbooks.elsevier.com
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CHAPTER
Basic elasticity
 1

We consider, in this chapter, the basic ideas and relationships of the theory of elasticity. The treatment

is divided into three broad sections: stress, strain, and stress–strain relationships. The third section is

deferred until the end of the chapter to emphasize the fact that the analysis of stress and strain, for

example, the equations of equilibrium and compatibility, does not assume a particular stress–strain

law. In other words, the relationships derived in Sections 1.1–1.14 are applicable to nonlinear as well

as linearly elastic bodies.
1.1 STRESS
Consider the arbitrarily shaped, three-dimensional body shown in Fig. 1.1. The body is in equilibrium

under the action of externally applied forces P1, P2, . . . and is assumed to constitute a continuous and

deformable material, so that the forces are transmitted throughout its volume. It follows that, at any

internal point O, there is a resultant force dP. The particle of material at O subjected to the force

dP is in equilibrium, so that there must be an equal but opposite force dP (shown dotted in

Fig. 1.1) acting on the particle at the same time. If we now divide the body by any plane nn containing
O, then these two forces dP may be considered as being uniformly distributed over a small area dA of

each face of the plane at the corresponding point O, as in Fig. 1.2. The stress at O is defined by the

equation

Stress ¼ lim
dA!0

dP
dA

(1.1)

The directions of the forces dP in Fig. 1.2 are such as to produce tensile stresses on the faces of the
planenn. Itmust be realized here that, while the direction of dP is absolute, the choice of plane is arbitrary,

so that, although the direction of the stress at O is always in the direction of dP, its magnitude depends

upon the actual plane chosen, since a different plane has a different inclination and therefore a different

value for the area dA. This may be more easily understood by reference to the bar in simple tension in

Fig. 1.3. On the cross-sectional planemm, the uniform stress is given by P/A, while on the inclined plane
m0m0 the stress is of magnitude P/A0. In both cases, the stresses are parallel to the direction of P.

Generally, the direction of dP is not normal to the area dA, in which case, it is usual to resolve dP
into two components: one, dPn, normal to the plane and the other, dPs, acting in the plane itself (see

Fig. 1.2). Note that, in Fig. 1.2, the plane containing dP is perpendicular to dA. The stresses associated
with these components are a normal or direct stress defined as

s ¼ lim
dA!0

dPn

dA
(1.2)
Introduction to Aircraft Structural Analysis, Third Edition. http://dx.doi.org/10.1016/B978-0-08-102076-0.00001-4
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FIGURE 1.1 Internal Force at a Point in an Arbitrarily Shaped Body

FIGURE 1.2 Internal Force Components at the Point O
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and a shear stress defined as

t ¼ lim
dA!0

dPs

dA
(1.3)

The resultant stress is computed from its components by the normal rules of vector addition, i.e.:

Resultant stress ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ t2

p
Generally, however, as indicated previously, we are interested in the separate effects of s and t.

However, to be strictly accurate, stress is not a vector quantity for, in addition to magnitude and

direction, we must specify the plane on which the stress acts. Stress is therefore a tensor, its complete

description depending on the two vectors of force and surface of action.



FIGURE 1.3 Values of Stress on Different Planes in a Uniform Bar

71.2 Notation for forces and stresses
1.2 NOTATION FOR FORCES AND STRESSES
It is usually convenient to refer the state of stress at a point in a body to an orthogonal set of axes Oxyz.
In this case we cut the body by planes parallel to the direction of the axes. The resultant force dP acting

at the point O on one of these planes may then be resolved into a normal component and two in-plane

components, as shown in Fig. 1.4, thereby producing one component of direct stress and two compo-

nents of shear stress.

The direct stress component is specified by reference to the plane on which it acts, but the shear

stress components require a specification of direction in addition to the plane. We therefore allocate

a single subscript to direct stress to denote the plane on which it acts and two subscripts to shear stress,

the first specifying the plane, the second direction. Therefore, in Fig. 1.4, the shear stress components

are tzx and tzy acting on the z plane and in the x and y directions, respectively, while the direct stress
component is sz.

Wemay now completely describe the state of stress at a point O in a body by specifying components

of shear and direct stress on the faces of an element of side dx, dy, dz, formed at O by the cutting planes

as indicated in Fig. 1.5.

The sides of the element are infinitesimally small, so that the stresses may be assumed to be

uniformly distributed over the surface of each face. On each of the opposite faces there will be, to

a first simplification, equal but opposite stresses.

We now define the directions of the stresses in Fig. 1.5 as positive, so that normal stresses directed

away from their related surfaces are tensile and positive; opposite compressive stresses are negative.

Shear stresses are positive when they act in the positive direction of the relevant axis in a plane

on which the direct tensile stress is in the positive direction of the axis. If the tensile stress is in the



FIGURE 1.4 Components of Stress at a Point in a Body

FIGURE 1.5 Sign Conventions and Notation for Stresses at a Point in a Body
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91.3 Equations of equilibrium
opposite direction, then positive shear stresses are in directions opposite to the positive directions of the

appropriate axes.

Two types of external force may act on a body to produce the internal stress system we have already

discussed. Of these, surface forces such as P1, P2, . . . , or hydrostatic pressure, are distributed over the
surface area of the body. The surface force per unit area may be resolved into components parallel to

our orthogonal system of axes, and these are generally given the symbols X; Y; and Z: The second force
system derives from gravitational and inertia effects, and the forces are known as body forces. These
are distributed over the volume of the body and the components of body force per unit volume are

designated X, Y, and Z.
1.3 EQUATIONS OF EQUILIBRIUM
Generally, except in cases of uniform stress, the direct and shear stresses on opposite faces of an

element are not equal, as indicated in Fig. 1.5, but differ by small amounts. Therefore if, say, the direct

stress acting on the z plane is sz, then the direct stress acting on the z þ dz plane is, from the first two

terms of a Taylor’s series expansion, sz þ (@sz/@z)dz.
We now investigate the equilibrium of an element at some internal point in an elastic body where

the stress system is obtained by the method just described.

In Fig. 1.6, the element is in equilibrium under forces corresponding to the stresses shown and the

components of body forces (not shown). Surface forces acting on the boundary of the body, although

contributing to the production of the internal stress system, do not directly feature in the equilibrium

equations.
FIGURE 1.6 Stresses on the Faces of an Element at a Point in an Elastic Body
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Taking moments about an axis through the center of the element parallel to the z axis,

txydydz
dx
2

þ txy þ @txy
@x

dx

0
@

1
Adydz

dx
2
� tyxdxdz

dy
2

� tyx þ @tyx
@y

dy

0
@

1
Adxdz

dy
2

¼ 0

which simplifies to

txydydzdxþ @txy
@x

dydz
dxð Þ2
2

� tyxdxdzdy� @tyx
@y

dxdz
dyð Þ2
2

¼ 0

dividing through by dxdydz and taking the limit as dx and dy approach zero.

Similarly;
txy ¼ tyx
txz ¼ tzx
tyz ¼ tzy

9=
; (1.4)

We see, therefore, that a shear stress acting on a given plane (txy, txz, tyz) is always accompanied by

an equal complementary shear stress (tyx, tzx, tzy) acting on a plane perpendicular to the given plane and
in the opposite sense.

Now, considering the equilibrium of the element in the x direction,

sx þ @sx

@x
dx

0
@

1
Adydz �sxdydzþ tyx þ @tyx

@y
dy

0
@

1
Adxdz

�tyxdxdzþ tzx þ @tzx
@z

dz

0
@

1
Adxdy

�tzxdxdyþ Xdxdydz ¼ 0

which gives

@sx

@x
þ @tyx

@y
þ @tzx

@z
þ X ¼ 0

Or, writing txy ¼ tyx and txz ¼ tzx from Eq. (1.4),

similarly;

@sx

@x
þ @txy

@y
þ @txz

@z
þ X ¼ 0

@sy

@y
þ @tyx

@x
þ @tyz

@z
þ Y ¼ 0

@sz

@z
þ @tzx

@x
þ @tzy

@y
þ Z ¼ 0

9>>>>>>>>=
>>>>>>>>;

(1.5)

The equations of equilibrium must be satisfied at all interior points in a deformable body under a

three-dimensional force system.



111.5 Boundary conditions
1.4 PLANE STRESS
Most aircraft structural components are fabricated from thin metal sheet, so that stresses across the

thickness of the sheet are usually negligible. Assuming, say, that the z axis is in the direction of

the thickness, then the three-dimensional case of Section 1.3 reduces to a two-dimensional case in

which sz, txz, and tyz are all zero. This condition is known as plane stress; the equilibrium equations

then simplify to

@sx

@x
þ @txy

@y
þ X ¼ 0

@sy

@y
þ @tyx

@x
þ Y ¼ 0

9>>>=
>>>;

(1.6)

1.5 BOUNDARY CONDITIONS
The equations of equilibrium (1.5)—and also (1.6), for a two-dimensional system—satisfy the require-

ments of equilibrium at all internal points of the body. Equilibriummust also be satisfied at all positions

on the boundary of the body, where the components of the surface force per unit area are X; Y; and Z:
The triangular element of Fig. 1.7 at the boundary of a two-dimensional body of unit thickness is then in

equilibrium under the action of surface forces on the elemental length AB of the boundary and internal

forces on internal faces AC and CB.

Summation of forces in the x direction gives

Xds� sxdy� tyxdxþ X
1

2
dxdy ¼ 0

which, by taking the limit as dx approaches zero and neglecting second order terms, becomes

X ¼ sx
dy

ds
þ tyx

dx

ds
FIGURE 1.7 Stresses on the Faces of an Element at the Boundary of a Two-Dimensional Body
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The derivatives dy/ds and dx/ds are the direction cosines l and m of the angles that a normal to AB

makes with the x and y axes, respectively. It follows that

X ¼ sxlþ tyxm

and in a similar manner

Y ¼ symþ txyl

A relatively simple extension of this analysis produces the boundary conditions for a three-

dimensional body, namely,

X ¼ sxlþ tyxmþ tzxn
Y ¼ symþ txylþ tzyn
Z ¼ sznþ tyzmþ txzl

9=
; (1.7)

where l, m, and n become the direction cosines of the angles that a normal to the surface of the body

makes with the x, y, and z axes, respectively.
1.6 DETERMINATION OF STRESSES ON INCLINED PLANES
The complex stress system of Fig. 1.6 is derived from a consideration of the actual loads applied to a

body and is referred to a predetermined, though arbitrary, system of axes. The values of these stresses

may not give a true picture of the severity of stress at that point, so that it is necessary to investigate the

state of stress on other planes on which the direct and shear stresses may be greater.

We restrict the analysis to the two-dimensional system of plane stress defined in Section 1.4.

Figure 1.8(a) shows a complex stress system at a point in a body referred to axes Ox, Oy. All stresses
are positive, as defined in Section 1.2. The shear stresses txy and tyx were shown to be equal in

Section 1.3. We now, therefore, designate them both txy. The element of side dx, dy and of unit
FIGURE 1.8 (a) Stresses on a Two-Dimensional Element; (b) Stresses on an Inclined Plane at the Point
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thickness is small, so that stress distributions over the sides of the element may be assumed to be

uniform. Body forces are ignored, since their contribution is a second-order term.

Suppose that we need to find the state of stress on a plane AB inclined at an angle y to the vertical.
The triangular element EDC formed by the plane and the vertical through E is in equilibrium under the

action of the forces corresponding to the stresses shown in Fig. 1.8(b), wheresn and t are the direct and
shear components of the resultant stress on AB. Then, resolving forces in a direction perpendicular to

ED, we have

snED ¼ sxEC cosyþ syCD sinyþ txyEC sinyþ txyCD cosy

Dividing through by ED and simplifying,

sn¼ sx cos
2yþ sy sin

2yþ txy sin2y (1.8)

Now, resolving forces parallel to ED,

tED ¼ sxEC siny� syCD cosy� txyEC cosyþ txyCD siny

Again, dividing through by ED and simplifying,

t ¼ ðsx � syÞ
2

sin2y� txy cos2y (1.9)
Example 1.1
A cylindrical pressure vessel has an internal diameter of 2 m and is fabricated from plates 20 mm thick. If the

pressure inside the vessel is 1.5 N/mm2 and, in addition, the vessel is subjected to an axial tensile load of

2500 kN, calculate the direct and shear stresses on a plane inclined at an angle of 60� to the axis of the vessel.

Calculate also the maximum shear stress.

The expressions for the longitudinal and circumferential stresses produced by the internal pressure may be

found in any text on stress analysis1 and are

Longitudinal stress ðsxÞ ¼ pd

4t
¼ 1:5� 2� 103=4� 20 ¼ 37:5 N=mm2

pd

Circumferential stress ðsyÞ ¼

2t
¼ 1:5� 2� 103=2� 20 ¼ 75 N=mm2

The direct stress due to the axial load will contribute to sx and is given by

sx ðaxial loadÞ ¼ 2500� 103=p� 2� 103 � 20 ¼ 19:9 N=mm2

A rectangular element in the wall of the pressure vessel is then subjected to the stress system shown in Fig. 1.9.

Note that no shear stresses act on the x and y planes; in this case, sx and sy form a biaxial stress system.

The direct stress, sn, and shear stress, t, on the plane AB, which makes an angle of 60� with the axis of the

vessel, may be found from first principles by considering the equilibrium of the triangular element ABC or by

direct substitution in Eqs. (1.8) and (1.9). Note that, in the latter case, y ¼ 30� and txy ¼ 0. Then,

sn ¼ 57:4 cos230� þ 75 sin230� ¼ 61:8N=mm2

t ¼ ð57:4� 75Þ½ sinð2� 30�Þ�=2 ¼ �7:6N=mm2



C

A

B

75 N/mm2

57.4 N/mm2

57.4 N/mm2

60°

σx � 37.5�19.9 � 57.4 N/mm2

σy � 75 N/mm2

σn

τ

FIGURE 1.9 Element of Example 1.1
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The negative sign for t indicates that the shear stress is in the direction BA and not AB.

From Eq. (1.9), when txy ¼ 0,

t ¼ ðsx � syÞð sin2yÞ=2 (i)

The maximum value of t therefore occurs when sin2y is a maximum, that is, when sin2y ¼ 1 and y ¼ 45�. Then,
substituting the values of sx and sy in Eq. (i),

tmax ¼ ð57:4� 75Þ=2 ¼ �8:8N=mm2
Example 1.2
A cantilever beam of solid, circular cross-section supports a compressive load of 50 kN applied to its free end at a

point 1.5 mm below a horizontal diameter in the vertical plane of symmetry together with a torque of 1200 Nm

(Fig. 1.10). Calculate the direct and shear stresses on a plane inclined at 60� to the axis of the cantilever at a point on
the lower edge of the vertical plane of symmetry.

The direct loading system is equivalent to an axial load of 50 kN together with a bendingmoment of 50� 103�
1.5¼ 75,000 Nmm in a vertical plane. Therefore, at any point on the lower edge of the vertical plane of symmetry,
60 mm diameter

1.5 mm

1200 Nm

50 kN

FIGURE 1.10 Cantilever Beam of Example 1.2.



C

A

B

28.3 N/mm2

21.2 N/mm2
21.2 N/mm2

28.3 N/mm2

28.3 N/mm2

60°

sx � 17.7 � 3.5 � 21.2 N/mm2
σn 

τxy � 28.3 N/mm2
τ

FIGURE 1.11 Stress System on a Two-Dimensional Element of the Beam of Example 1.2

151.7 Principal stresses
there are compressive stresses due to the axial load and bendingmoment that act on planes perpendicular to the axis

of the beam and are given, respectively, by Eqs. (1.2) and (15.9); that is,

sx ðaxial loadÞ ¼ 50� 103=p� ð602=4Þ ¼ 17:7N=mm2

4 2
sx ðbending momentÞ ¼ 75; 000� 30=p� ð60 =64Þ ¼ 3:5N=mm

The shear stress, txy, at the same point due to the torque is obtained from Eq. (iv) in Example 3.1; that is,

txy ¼ 1200� 103 � 30=p� ð604=32Þ ¼ 28:3 N=mm2

The stress system acting on a two-dimensional rectangular element at the point is shown in Fig. 1.11. Note that,

since the element is positioned at the bottom of the beam, the shear stress due to the torque is in the direction shown

and is negative (see Fig. 1.8).

Again, sn and t may be found from first principles or by direct substitution in Eqs. (1.8) and (1.9). Note that

y ¼ 30�, sy ¼ 0, and txy ¼ –28.3 N/mm2, the negative sign arising from the fact that it is in the opposite direction

to txy in Fig. 1.8.

Then,

sn ¼ �21:2 cos230� � 28:3 sin60� ¼ �40:4N=mm2ðcompressionÞ
t ¼ ð�21:2=2Þ sin60� þ 28:3 cos60� ¼ 5:0N=mm2 ðacting in the direction ABÞ
Different answers are obtained if the plane AB is chosen on the opposite side of AC.

1.7 PRINCIPAL STRESSES
For given values of sx, sy, and txy, in other words, given loading conditions, sn varies with the angle y
and attains a maximum or minimum value when dsn/dy ¼ 0. From Eq. (1.8),

dsn

dy
¼ �2sx cosy sinyþ 2sy siny cosyþ 2txy cos2y ¼ 0

Hence,

�ðsx � syÞ sin2yþ 2txy cos2y ¼ 0
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or

tan2y ¼ 2txy
sx � sy

(1.10)

Two solutions, y and y þ p/2, are obtained from Eq. (1.10), so that there are two mutually perpen-

dicular planes on which the direct stress is either a maximum or a minimum. Further, by comparison of

Eqs. (1.9) and (1.10), it will be observed that these planes correspond to those on which there is no shear

stress. The direct stresses on these planes are called principal stresses and the planes themselves,

principal planes.
From Eq. (1.10),

sin2y ¼ 2txyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsx � syÞ2 þ 4t2xy

q cos2y ¼ sx � syffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsx � syÞ2 þ 4t2xy

q
and

sin2ðyþ p=2Þ ¼ �2txyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsx � syÞ2 þ 4t2xy

q cos2ðyþ p=2Þ ¼ �ðsx � syÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsx � syÞ2 þ 4t2xy

q
Rewriting Eq. (1.8) as

sn ¼ sx

2
ð1þ cos2yÞ þ sy

2
ð1� cos2yÞ þ txy sin2y

and substituting for {sin2y, cos2y} and {sin2(y þ p/2), cos2(y þ p/2)} in turn gives

sI ¼ sx þ sy

2
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsx � syÞ2 þ 4t2xy

q
(1.11)

and

sII ¼ sx þ sy

2
� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsx � syÞ2 þ 4t2xy

q
(1.12)

where sI is the maximum or major principal stress and sII is the minimum or minor principal stress.
Note that sI is algebraically the greatest direct stress at the point while sII is algebraically the least.

Therefore, when sII is negative, that is, compressive, it is possible for sII to be numerically greater

than sI.

The maximum shear stress at this point in the body may be determined in an identical manner.

From Eq. (1.9),

dt
dy

¼ ðsx � syÞ cos2yþ 2txy sin2y ¼ 0

giving

tan2y ¼ �ðsx � syÞ
2txy

(1.13)



171.8 Mohr’s circle of stress
It follows that

sin2y ¼ �ðsx � syÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsx � syÞ2 þ 4t2xy

q cos2y ¼ 2txyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsx � syÞ2 þ 4t2xy

q
sin2ðyþ p=2Þ ¼ ðsx � syÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðsx � syÞ2 þ 4t2xy

q cos2ðyþ p=2Þ ¼ �2txyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsx � syÞ2 þ 4t2xy

q
Substituting these values in Eq. (1.9) gives

tmax;min ¼ � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsx � syÞ2 þ 4t2xy

q
(1.14)

Here, as in the case of principal stresses, we take the maximum value as being the greater algebraic

value.

Comparing Eq. (1.14) with Eqs. (1.11) and (1.12), we see that

tmax ¼ sI � sII

2
(1.15)

Equations (1.14) and (1.15) give the maximum shear stress at the point in the body in the plane of
the given stresses. For a three-dimensional body supporting a two-dimensional stress system, this is not

necessarily the maximum shear stress at the point.

Since Eq. (1.13) is the negative reciprocal of Eq. (1.10), the angles 2y given by these two equations
differ by 90� or, alternatively, the planes of maximum shear stress are inclined at 45� to the principal

planes.
1.8 MOHR’S CIRCLE OF STRESS
The state of stress at a point in a deformable body may be determined graphically by Mohr’s circle of
stress.

In Section 1.6, the direct and shear stresses on an inclined plane were shown to be given by

sn ¼ sx cos
2yþ sy sin

2yþ txy sin2y ð1:8Þ
and

t ¼ ðsx � syÞ
2

sin2y� txy cos2y ð1:9Þ

respectively. The positive directions of these stresses and the angle y are defined in Fig. 1.12(a).

Equation (1.8) may be rewritten in the form

sn ¼ sx

2
ð1þ cos2yÞ þ sy

2
ð1� cos2yÞ þ txy sin2y

or

sn � 1

2
ðsx þ syÞ ¼ 1

2
ðsx � syÞ cos2yþ txy sin2y



FIGURE 1.12 (a) Stresses on a Triangular Element; (b) Mohr’s Circle of Stress for the Stress System Shown in (a)
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Squaring and adding this equation to Eq. (1.9), we obtain

sn � 1

2
ðsx þ syÞ

� �2
þ t2 ¼ 1

2
ðsx � syÞ

� �2
þ t2xy

which represents the equation of a circle of radius 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsx � syÞ2 þ 4t2xy

q
and having its center at the

point [(sx – sy)/2, 0].

The circle is constructed by locating the points Q1 (sx, txy) and Q2 (sy, – txy) referred to axes Ost,
as shown in Fig. 1.12(b). The center of the circle then lies at C, the intersection of Q1Q2 and the

Os axis; clearly C is the point [(sx – sy)/2, 0] and the radius of the circle is 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsx � syÞ2 þ 4t2xy

q
;

as required. CQ0 is now set off at an angle 2y (positive clockwise) to CQ1, Q
0 is then the point

(sn, – t), as demonstrated next. From Fig. 1.12(b), we see that

ON ¼ OCþ CN

or, since OC ¼ (sx þ sy)/2, CN ¼ CQ0 cos(b – 2y), and CQ0 ¼ CQ1, we have

sn ¼ sx þ sy

2
þ CQ1ð cosb cos2yþ sinb sin2yÞ

But,

CQ1 ¼
CP1

cosb
and CP1 ¼ ðsx � syÞ

2

Hence,

sn ¼ sx þ sy

2
þ sx � sy

2

� �
cos2yþ CP1 tanb sin2y

which, on rearranging, becomes

sn ¼ sx cos2yþ sy sin
2yþ txy sin2y
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as in Eq. (1.8). Similarly, it may be shown that

Q0N ¼ txy cos2y� sx � sy

2

� �
sin2y ¼ �t

as in Eq. (1.9). Note that the construction of Fig. 1.12(b) corresponds to the stress system of Fig. 1.12

(a), so that any sign reversal must be allowed for. Also, the Os and Ot axes must be constructed to the

same scale or the equation of the circle is not represented.

The maximum and minimum values of the direct stress, that is, the major and minor principal stres-

ses sI and sII, occur when N (and Q0) coincide with B and A, respectively. Thus,

sI ¼ OCþ radius of circle

¼ ðsx þ syÞ
2

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
CP21 þ P1Q

2
1

q
or
sI ¼ ðsx þ syÞ
2

þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsx � syÞ2 þ 4t2xy

q
and, in the same fashion,

sII ¼ ðsx þ syÞ
2

� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsx � syÞ2 þ 4t2xy

q
The principal planes are then given by 2y ¼ b(sI) and 2y ¼ b þ p(sII).

Also, the maximum and minimum values of shear stress occur when Q0 coincides with D and E at

the upper and lower extremities of the circle.

At these points, Q0N is equal to the radius of the circle, which is given by

CQ1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsx � syÞ2

4
þ t2xy

s

Hence, tmax;min ¼ � 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsx � syÞ2 þ 4t2xy

q
; as before. The planes of maximum and minimum shear

stress are given by 2y¼ bþ p/2 and 2y¼ bþ 3p/2, these being inclined at 45� to the principal planes.
Example 1.3
Direct stresses of 160 N/mm2 (tension) and 120 N/mm2 (compression) are applied at a particular point in an elastic

material on two mutually perpendicular planes. The principal stress in the material is limited to 200 N/mm2 (tension).

Calculate the allowable value of shear stress at the point on the given planes. Determine also the value of the other prin-

cipal stress and the maximum value of shear stress at the point. Verify your answer using Mohr’s circle.

The stress system at the point in the material may be represented as shown in Fig. 1.13 by considering the

stresses to act uniformly over the sides of a triangular element ABC of unit thickness. Suppose that the direct stress

on the principal plane AB is s. For horizontal equilibrium of the element,

sAB cosy ¼ sx BCþ txyAC

which simplifies to

txy tany ¼ s� sx (i)



FIGURE 1.13 Stress System for Example 1.3

20 CHAPTER 1 Basic elasticity
Considering vertical equilibrium gives

sAB siny ¼ syACþ txyBC

or

txy coty ¼ s� sy (ii)

Hence, from the product of Eqs. (i) and (ii),

t2xy ¼ ðs� sxÞðs� syÞ
Now, substituting the values sx ¼ 160 N/mm2, sy ¼ –120 N/mm2, and s ¼ s1 ¼ 200 N/mm2, we have

txy ¼ �113 N=mm2

Replacing coty in Eq. (ii) with 1/tany from Eq. (i) yields a quadratic equation in s:

s2 � sðsx � syÞ þ sxsy � t2xy ¼ 0 (iii)

The numerical solutions of Eq. (iii) corresponding to the given values of sx, sy, and txy are the principal stresses at
the point, namely,

s1 ¼ 200 N=mm2

given

sII ¼ �160 N=mm2

Having obtained the principal stresses, we now use Eq. (1.15) to find the maximum shear stress, thus

tmax ¼ 200þ 160

2
¼ 180 N=mm2

The solution is rapidly verified from Mohr’s circle of stress (Fig. 1.14). From the arbitrary origin O, OP1, and

OP2 are drawn to representsx¼ 160 N/mm2 andsy¼ –120 N/mm2. The mid-point C of P1P2 is then located. Next,

OB ¼ s1 ¼ 200 N/mm2 is marked out and the radius of the circle is then CB. OA is the required principal stress.

Perpendiculars P1Q1 and P2Q2 to the circumference of the circle are equal to �txy (to scale), and the radius of the
circle is the maximum shear stress.



FIGURE 1.14 Solution of Example 1.3 Using Mohr’s Circle of Stress
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Example 1.3 MATLAB�

Repeat the derivations presented in Example 1.3 using the SymbolicMath Toolbox inMATLAB�. Do not recreate

Mohr’s circle.

Using the element shown in Fig. 1.13, derivations of the principal stresses and maximum shear stress are

obtained through the following MATLAB file:

% Declare any needed symbolic variables

syms sig tau_xy sig_x sig_y theta AB BC AC

% Define known stress values

sig_x ¼ sym(160);

sig_y ¼ sym(-120);

sig_val ¼ sym(200);

% Define relationships between AB, BC, and AC

BC ¼ AB*cos(theta);

AC ¼ AB*sin(theta);

% For horizontal equalibrium of the element

eqI ¼ sig*AB*cos(theta)-sig_x*BC-tau_xy*AC;

% For vertical equalibrium of the element

eqII ¼ sig*AB*sin(theta)-sig_y*AC-tau_xy*BC;
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% Solve eqI and eqII for tau_xy

tau_xyI ¼ solve(eqI,tau_xy);

tau_xyII ¼ solve(eqII,tau_xy);

% Take the square-root of tau_xyI times tau_xyII to get tau_xy

tau_xy_val ¼ sqrt(tau_xyI*tau_xyII);

% Substitite the given value of sig into tau_xy

tau_xy_val ¼ subs(tau_xy_val,sig,sig_val);

% Solve eqI for theta and substitute into eqII

eqI ¼ simplify(eqI/cos(theta));

theta_I ¼ solve(eqI,theta);

eqIII ¼ subs(eqII,theta,theta_I);

% Substitute the value of tau_xy into eqIII and solve for the principal stresses (sig_p)

sig_p ¼ solve(subs(eqIII,tau_xy,tau_xy_val),sig);

sig_I ¼ max(double(sig_p));

sig_II ¼ min(double(sig_p));

% Calculate the maximum shear stress using Eq. (1.15)

tau_max ¼ (sig_I-sig_II)/2;

% Output tau_xy, the principal stresses, and tau_max to the Command Window

disp([‘tau_xy ¼ þ/-’ num2str(double(tau_xy_val)) ‘N/mm̂ 2’])

disp([‘sig_I ¼’ num2str(sig_I) ‘N/mm̂ 2’])

disp([‘sig_II ¼’ num2str(sig_II) ‘N/mm̂ 2’])

disp([‘tau_max ¼’ num2str(tau_max) ‘N/mm̂ 2’])

The Command Window outputs resulting from this MATLAB file are as follows:

tau_xy ¼ þ/- 113.1371 N/mm̂ 2

sig_I ¼ 200 N/mm̂ 2

sig_II ¼ -160 N/mm̂ 2

tau_max ¼ 180 N/mm̂ 2

1.9 STRAIN
The external and internal forces described in the previous sections cause linear and angular

displacements in a deformable body. These displacements are generally defined in terms of strain.
Longitudinal or direct strains are associated with direct stressess and relate to changes in length, while

shear strains define changes in angle produced by shear stresses. These strains are designated, with

appropriate suffixes, by the symbols e and g, respectively, and have the same sign as the associated

stresses.

Consider three mutually perpendicular line elements OA, OB, and OC at a point O in a deformable

body. Their original or unstrained lengths are dx, dy, and dz, respectively. If, now, the body is subjected



FIGURE 1.15 Displacement of Line Elements OA, OB, and OC
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to forces that produce a complex system of direct and shear stresses at O, such as that in Fig. 1.6, then

the line elements deform to the positions O0A0, O0B0, and O0C0 shown in Fig. 1.15.

The coordinates of O in the unstrained body are (x, y, z) so that those of A, B, and C are (xþ dx, y, z),
(x, yþ dy, z), and (x, y, zþ dz). The components of the displacement of O to O0 parallel to the x, y, and z
axes are u, v, and w. These symbols are used to designate these displacements throughout the book and

are defined as positive in the positive directions of the axes. We again employ the first two terms of a

Taylor’s series expansion to determine the components of the displacements of A, B, and C. Thus, the

displacement of A in a direction parallel to the x axis is uþ (@u/@x)dx. The remaining components are

found in an identical manner and are shown in Fig. 1.15.

We now define direct strain in more quantitative terms. If a line element of length L at a point in a

body suffers a change in length DL, then the longitudinal strain at that point in the body in the direction
of the line element is

e ¼ lim
L!0

DL
L

The change in length of the element OA is (O0A0 – OA), so that the direct strain at O in the x di-
rection is obtained from the equation

ex ¼ OA0 � OA

OA
¼ O0A0 � dx

dx
(1.16)

Now,

ðO0A0Þ2 ¼ dxþ uþ @u

@x
dx� u

� �2

þ vþ @v

@x
dx� v

� �2

þ wþ @w

@x
dx� w

� �2
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or

O0A0 ¼ dx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ @u

@x

� �2

þ @v

@x

� �2

þ @w

@x

� �2
s

which may be written, when second-order terms are neglected, as

O0A0 ¼ dx 1þ 2
@u

@x

� �1
2

Applying the binomial expansion to this expression, we have

O0A0 ¼ dx 1þ @u

@x

� �
(1.17)

in which squares and higher powers of @u/@x are ignored. Substituting for O0A0 in Eq. (1.16),

we have

It follows that

ex ¼ @u

@x

ey ¼ @v

@y

ez ¼ @w

@z

9>>>>>>>>=
>>>>>>>>;

(1.18)

The shear strain at a point in a body is defined as the change in the angle between two mutually

perpendicular lines at the point. Therefore, if the shear strain in the xz plane is gxz, then the angle

between the displaced line elements O0A0 and O0C0 in Fig. 1.15 is p/2 – gxz radians.
Now, cosA0O0C0 ¼ cos(p/2 – gxz) ¼ singxz and as gxz is small, cosA0O0C0 ¼ gxz. From the

trigonometrical relationships for a triangle,

cosA0O0C0 ¼ ðO0A0Þ2 þ ðO0C0Þ2 � ðA0C0Þ2
2ðO0A0ÞðO0C0Þ (1.19)

We showed in Eq. (1.17) that

O0A0 ¼ dx 1þ @u

@x

� �

Similarly,

O0C0 ¼ dz 1þ @w

@z

� �

But, for small displacements, the derivatives of u, v, and w are small compared with l, so that, as we are

concerned here with actual length rather than change in length, we may use the approximations

O0A0 � dx; O0C0 � dz
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Again, to a first approximation,

ðA0C0Þ2 ¼ dz� @w

@x
dx

� �2

þ dx� @u

@z
dz

� �2

Substituting for O0A0, O0C0, and A0C0 in Eq. (1.19), we have

cosA0O0C0 ¼ ðdx2Þ þ ðdzÞ2 � dz� ð@w=@xÞdx½ �2 � dx� ð@u=@zÞdz½ �2
2dxdz

Expanding and neglecting fourth-order powers gives

cosA0O0C0 ¼ 2ð@w=@xÞdxdzþ 2ð@u=@zÞdxdz
2dxdz

or,

Similarly;

gxz ¼
@w

@x
þ @u

@z

gxy ¼
@v

@x
þ @u

@y

gyz ¼
@w

@y
þ @v

@z

9>>>>>>>>=
>>>>>>>>;

(1.20)

It must be emphasized that Eqs. (1.18) and (1.20) are derived on the assumption that the displace-

ments involved are small. Normally, these linearized equations are adequate for most types of structural

problem, but in cases where deflections are large, for example, types of suspension cable, the full,

nonlinear, large deflection equations, given in many books on elasticity, must be employed.
1.10 COMPATIBILITY EQUATIONS
In Section 1.9, we expressed the six components of strain at a point in a deformable body in terms of the

three components of displacement at that point, u, v, and w. We supposed that the body remains con-

tinuous during the deformation, so that no voids are formed. It follows that each component, u, v, andw,
must be a continuous, single-valued function or, in quantitative terms,

u ¼ f1ðx; y; zÞ; v ¼ f2ðx; y; zÞ; w ¼ f3ðx; y; zÞ
If voids are formed, then displacements in regions of the body separated by the voids are expressed as

different functions of x, y, and z. The existence, therefore, of just three single-valued functions for dis-

placement is an expression of the continuity or compatibility of displacement, which we presupposed.

Since the six strains are defined in terms of three displacement functions, they must bear some re-

lationship to each other and cannot have arbitrary values. These relationships are found as follows.

Differentiating gxy from Eq. (1.20) with respect to x and y gives

@2gxy
@x @y

¼ @2

@x @y

@v

@x
þ @2

@x @y

@u

@y
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or, since the functions of u and v are continuous,

@2gxy
@x @y

¼ @2

@x2
@v

@y
þ @2

@y2
@u

@x

which may be written, using Eq. (1.18), as

@2gxy
@x @y

¼ @2ey
@x2

þ @2ex
@y2

(1.21)

In a similar manner,

@2gyz
@y@z

¼ @2ey
@z2

þ @2ez
@y2

(1.22)

2 2 2
@ gxz
@x@z

¼ @ ez
@x2

þ @ ex
@z2

(1.23)

If we now differentiate gxywith respect to x and z and add the result to gxz, differentiated with respect
to y and x, we obtain

@2gxy
@x@z

þ @2gxz
@y@x

¼ @2

@x@z

@u

@y
þ @v

@x

� �
þ @2

@y@x

@w

@x
þ @u

@z

� �
or

@

@x

@gxy
@z

þ @gxz
@y

� �
¼ @2

@z@y

@u

@x
þ @2

@x2
@v

@z
þ @w

@y

� �
þ @2

@y@z

@u

@x

Substituting from Eqs. (1.18) and (1.21) and rearranging,

2
@2ex
@y@z

¼ @

@x
� @gyz

@x
þ @gxz

@y
þ @gxy

@z

� �
(1.24)

Similarly,

2
@2ey
@x@z

¼ @

@y

@gyz
@x

� @gxz
@y

þ @gxy
@z

� �
(1.25)

and

2
@2ez
@x@y

¼ @

@z

@gyz
@x

þ @gxz
@y

� @gxy
@z

� �
(1.26)

Equations (1.21)–(1.26) are the six equations of strain compatibility which must be satisfied in the so-

lution of three-dimensional problems in elasticity.
1.11 PLANE STRAIN
Although we derived the compatibility equations and the expressions for strain for the general three-

dimensional state of strain, we shall be concerned mainly with the two-dimensional case described in

Section 1.4. The corresponding state of strain, in which it is assumed that particles of the body suffer
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displacements in one plane only, is known as plane strain. We shall suppose that this plane is, as for

plane stress, the xy plane. Then, ez, gxz, and gyz become zero and Eqs. (1.18) and (1.20) reduce to

ex ¼ @u

@x
; ey ¼ @v

@y
(1.27)

and

gxy ¼
@v

@x
þ @u

@y
(1.28)

Further, by substituting ez¼ gxz¼ gyz¼ 0 in the six equations of compatibility and noting that ex, ey,
and gxy are now purely functions of x and y, we are left with Eq. (1.21), namely,

@2gxy
@x@y

¼ @2ey
@x2

þ @2ex
@y2

as the only equation of compatibility in the two-dimensional or plane strain case.
1.12 DETERMINATION OF STRAINS ON INCLINED PLANES
Having defined the strain at a point in a deformable body with reference to an arbitrary system of

coordinate axes, we may calculate direct strains in any given direction and the change in the angle

(shear strain) between any two originally perpendicular directions at that point. We shall consider

the two-dimensional case of plane strain described in Section 1.11.

An element in a two-dimensional body subjected to the complex stress system of Fig. 1.16(a)

distorts into the shape shown in Fig. 1.16(b). In particular, the triangular element ECD suffers distortion

to the shape E0C0D0 with corresponding changes in the length FC and angle EFC. Suppose that the

known direct and shear strains associated with the given stress system are ex, ey, and gxy (the actual
FIGURE 1.16 (a) Stress System on a Rectangular Element; (b) Distorted Shape of the Element Due to Stress

System in (a)
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relationships are investigated later) and we are required to find the direct strain en in a direction normal

to the plane ED and the shear strain g produced by the shear stress acting on the plane ED.

To a first order of approximation,

C0D0 ¼ CDð1þ exÞ
C0E0 ¼ CEð1þ eyÞ
E0D0 ¼ EDð1þ enþp=2Þ

9=
; (1.29)

where en þ p/2 is the direct strain in the direction ED. From the geometry of the triangle E0C0D0 in which
angle E0C0D0 ¼ p/2 – gxy,

ðE0D0Þ2 ¼ ðC0D0Þ2 þ ðC0E0Þ2 � 2ðC0D0ÞðC0E0Þ cosðp=2� gxyÞ
or, substituting from Eqs. (1.29),

ðEDÞ2ð1þ enþp=2Þ2 ¼ ðCDÞ2ð1þ exÞ2 þ ðCEÞ2ð1þ eyÞ2
� 2ðCDÞðCEÞð1þ exÞð1þ eyÞ singxy

Noting that (ED)2 ¼ (CD)2 þ (CE)2 and neglecting squares and higher powers of small quantities, this

equation may be rewritten as

2ðEDÞ2enþp=2 ¼ 2ðCDÞ2ex þ 2ðCEÞ2ey � 2ðCEÞðCDÞgxy
Dividing through by 2(ED)2 gives

enþp=2 ¼ ex sin2yþ ey cos2y� cosy sinygxy (1.30)

The strain en in the direction normal to the plane ED is found by replacing the angle y in Eq. (1.30) by
y – p/2. Hence,

en ¼ ex cos2yþ ey sin2yþ gxy
2

sin2y (1.31)

Turning our attention to the triangle C0F0E0, we have

ðC0E0Þ2 ¼ ðC0F0Þ2 þ ðF0E0Þ2 � 2ðC0F0ÞðF0E0Þ cosðp=2� gÞ (1.32)

in which

C0E0 ¼ CEð1þ eyÞ
C0F0 ¼ CFð1þ enÞ
F0E0 ¼ FEð1þ enþp=2Þ

Substituting for C0E0, C0F0, and F0E0 in Eq. (1.32) and writing cos(p/2 – g) ¼ sing, we find

ðCEÞ2ð1þ eyÞ2 ¼ ðCFÞ2ð1þ enÞ2 þ ðFEÞ2ð1þ enþp=2Þ2
� 2ðCFÞðFEÞð1þ enÞð1þ enþp=2Þ sing (1.33)

All the strains are assumed to be small, so that their squares and higher powers may be ignored. Further,

sing � g and Eq. (1.33) becomes

ðCEÞ2ð1þ 2eyÞ ¼ ðCFÞ2ð1þ 2enÞ þ ðFEÞ2ð1þ 2enþp=2Þ � 2ðCFÞðFEÞg



291.13 Principal strains
From Fig. 1.16(a), (CE)2 ¼ (CF)2 þ (FE)2 and the preceding equation simplifies to

2ðCEÞ2ey ¼ 2ðCFÞ2en þ 2ðFEÞ2enþp=2 � 2ðCFÞðFEÞg
Dividing through by 2(CE)2 and transposing,

g ¼ en sin2yþ enþp=2 cos2y� ey
siny cosy

Substitution of en and enþp/2 from Eqs. (1.31) and (1.30) yields

g
2
¼ ðex � eyÞ

2
sin2y� gxy

2
cos2y (1.34)

1.13 PRINCIPAL STRAINS
If we compare Eqs. (1.31) and (1.34) with Eqs. (1.8) and (1.9), we observe that they may be obtained

from Eqs. (1.8) and (1.9) by replacingsnwith en,sx by ex,sy by ey, txy by gxy/2, and t by g/2. Therefore,
for each deduction made from Eqs. (1.8) and (1.9) concerning sn and t, there is a corresponding de-

duction from Eqs. (1.31) and (1.34) regarding en and g/2.
Therefore, at a point in a deformable body, there are two mutually perpendicular planes on which

the shear strain g is zero and normal to which the direct strain is a maximum or minimum. These strains

are the principal strains at that point and are given (from comparison with Eqs. (1.11) and (1.12)) by

eI ¼ ex þ ey
2

þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðex � eyÞ2 þ g2xy

q
(1.35)

and

eII ¼ ex þ ey
2

� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðex � eyÞ2 þ g2xy

q
(1.36)

If the shear strain is zero on these planes, it follows that the shear stress must also be zero; and

we deduce, from Section 1.7, that the directions of the principal strains and principal stresses coincide.

The related planes are then determined from Eq. (1.10) or from

tan2y ¼ gxy
ex � ey

(1.37)

In addition, the maximum shear strain at the point is

g
2

� �
max

¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðex � eyÞ2 þ g2xy

q
(1.38)

or

g
2

� �
max

¼ eI � eII
2

(1.39)

(compare with Eqs. (1.14) and (1.15)).
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1.14 MOHR’S CIRCLE OF STRAIN
We now apply the arguments of Section 1.13 to the Mohr’s circle of stress described in Section 1.8.

A circle of strain, analogous to that shown in Fig. 1.12(b), may be drawn when sx, sy, etc., are replaced

by ex, ey, etc., as specified in Section 1.13. The horizontal extremities of the circle represent the prin-

cipal strains, the radius of the circle, half the maximum shear strain, and so on.
1.15 STRESS–STRAIN RELATIONSHIPS
In the preceding sections, we developed, for a three-dimensional deformable body, three equations of

equilibrium (Eqs. (1.5)) and six strain-displacement relationships (Eqs. (1.18) and (1.20)). From the

latter, we eliminated displacements, thereby deriving six auxiliary equations relating strains. These

compatibility equations are an expression of the continuity of displacement, which we have assumed

as a prerequisite of the analysis. At this stage, therefore, we have obtained nine independent equations

toward the solution of the three-dimensional stress problem. However, the number of unknowns totals

15, comprising six stresses, six strains, and three displacements. An additional six equations are there-

fore necessary to obtain a solution.

So far we have made no assumptions regarding the force–displacement or stress–strain relationship

in the body. This will, in fact, provide us with the required six equations, but before these are derived, it

is worthwhile considering some general aspects of the analysis.

The derivation of the equilibrium, strain–displacement, and compatibility equations does not in-

volve any assumption as to the stress–strain behavior of the material of the body. It follows that these

basic equations are applicable to any type of continuous, deformable body, no matter how complex its

behavior under stress. In fact, we shall consider only the simple case of linearly elastic, isotropic ma-

terials, for which stress is directly proportional to strain and whose elastic properties are the same in all

directions. A material possessing the same properties at all points is said to be homogeneous.
Particular cases arise where some of the stress components are known to be zero and the number of

unknowns may then be no greater than the remaining equilibrium equations which have not identically

vanished. The unknown stresses are then found from the conditions of equilibrium alone and the prob-

lem is said to be statically determinate. For example, the uniform stress in the member supporting a

tensile load P in Fig. 1.3 is found by applying one equation of equilibrium and a boundary condition.

This system is therefore statically determinate.

Statically indeterminate systems require the use of some, if not all, of the other equations involving

strain–displacement and stress–strain relationships. However, whether the system be statically deter-

minate or not, stress–strain relationships are necessary to determine deflections. The role of the six

auxiliary compatibility equations will be discussed when actual elasticity problems are formulated

in Chapter 2.

We now proceed to investigate the relationship of stress and strain in a three–dimensional, linearly

elastic, isotropic body.

Experiments show that the application of a uniform direct stress, say sx, does not produce any shear

distortion of the material and that the direct strain ex is given by the equation

ex ¼ sx

E
(1.40)
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where E is a constant known as the modulus of elasticity or Young’s modulus. Equation (1.40) is an

expression of Hooke’s law. Further, ex is accompanied by lateral strains

ey ¼ �n
sx

E
; ez ¼ �n

sx

E
(1.41)

in which n is a constant termed Poisson’s ratio.
For a body subjected to direct stresses sx, sy, and sz, the direct strains are, from Eqs. (1.40) and

(1.41) and the principle of superposition (see Chapter 5, Section 5.9),

ex ¼ 1

E
½sx � nðsy þ szÞ�

ey ¼ 1

E
½sy � nðsx þ szÞ�

ez ¼ 1

E
½sz � nðsx þ syÞ�

9>>>>>>>>=
>>>>>>>>;

(1.42)

Equations (1.42) may be transposed to obtain expressions for each stress in terms of the strains. The

procedure adopted may be any of the standard mathematical approaches and gives

sx ¼ nE
ð1þ nÞð1� 2nÞ eþ

E

1þ nð Þ ex (1.43)

nE E

sy ¼ ð1þ nÞð1� 2nÞ eþ 1þ nð Þ ey (1.44)

nE E

sz ¼ ð1þ nÞð1� 2nÞ eþ 1þ nð Þ ez (1.45)

in which

e ¼ ex þ ey þ ez

See Eq. (1.53).

For the case of plane stress in which sz ¼ 0, Eqs. (1.43) and (1.44) reduce to

sx ¼ E

1� n2
ðex þ neyÞ (1.46)

E

sy ¼

1� n2
ðey þ nexÞ (1.47)

Suppose now that, at some arbitrary point in a material, there are principal strains eI and eII corre-
sponding to principal stresses sI and sII. If these stresses (and strains) are in the direction of the

coordinate axes x and y, respectively, then txy ¼ gxy ¼ 0 and, from Eq. (1.34), the shear strain on

an arbitrary plane at the point inclined at an angle y to the principal planes is

g ¼ ðeI � eIIÞ sin2y (1.48)
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Using the relationships of Eqs. (1.42) and substituting in Eq. (1.48), we have

g ¼ 1

E
ðsI � nsIIÞ � ðsII � nsIÞ½ � sin2y

or

g ¼ ð1þ nÞ
E

ðsI � sIIÞ sin2y (1.49)

Using Eq. (1.9) and noting that for this particular case txy ¼ 0, sx ¼ sI, and sy ¼ sII,

2t ¼ ðsI � sIIÞ sin2y
from which we may rewrite Eq. (1.49) in terms of t as

g ¼ 2ð1þ nÞ
E

t (1.50)

The term E/2(1 þ n) is a constant known as the modulus of rigidity G. Hence,

g ¼ t=G

and the shear strains gxy, gxz, and gyz are expressed in terms of their associated shear stresses as

follows:

gxy ¼
txy
G

; gxz ¼
txz
G

; gyz ¼
tyz
G

(1.51)

Equations (1.51), together with Eqs. (1.42), provide the additional six equations required to deter-

mine the 15 unknowns in a general three-dimensional problem in elasticity. They are, however, limited

in use to a linearly elastic, isotropic body.

For the case of plane stress, they simplify to

ex ¼ 1

E
ðsx � nsyÞ

ey ¼ 1

E
ðsy � nsxÞ

ez ¼ �n
E

ðsx � syÞ

gxy ¼
txy
G

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

(1.52)

It may be seen from the third of Eqs. (1.52) that the conditions of plane stress and plane strain do not

necessarily describe identical situations. See Ex. 1.1.

Changes in the linear dimensions of a strained body may lead to a change in volume. Suppose that a

small element of a body has dimensions dx, dy, and dz. When subjected to a three-dimensional stress

system, the element sustains a volumetric strain e (change in volume/unit volume) equal to

e ¼ ð1þ exÞdxð1þ eyÞdyð1þ ezÞdz� dxdydz
dxdydz
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Neglecting products of small quantities in the expansion of the right-hand side of this equation yields

e ¼ ex þ ey þ ez (1.53)

Substituting for ex, ey, and ez from Eqs. (1.42), we find, for a linearly elastic, isotropic body,

e ¼ 1

E
½sx þ sy þ sz � 2nðsx þ sy þ szÞ�

or

e ¼ ð1� 2nÞ
E

ðsx þ sy þ szÞ

In the case of a uniform hydrostatic pressure, sx ¼ sy ¼ sz ¼ –p and

e ¼ � 3ð1� 2nÞ
E

p (1.54)

The constant E/3(1 – 2n) is known as the bulk modulus ormodulus of volume expansion and is often
given the symbol K.

An examination of Eq. (1.54) shows that n � 0.5, since a body cannot increase in volume under

pressure. Also, the lateral dimensions of a body subjected to uniaxial tension cannot increase, so that

n> 0. Therefore, for an isotropic material 0� n� 0.5 and for most isotropic materials, n is in the range
0.25–0.33 below the elastic limit. Above the limit of proportionality, n increases and approaches 0.5.
Example 1.4
A rectangular element in a linearly elastic, isotropic material is subjected to tensile stresses of 83 and 65 N/mm2 on

mutually perpendicular planes. Determine the strain in the direction of each stress and in the direction perpendic-

ular to both stresses. Find also the principal strains, the maximum shear stress, the maximum shear strain, and their

directions at the point. Take E ¼ 200,000 N/mm2 and v ¼ 0.3.

If we assume that sx ¼ 83 N/mm2 and sy ¼ 65 N/mm2, then from Eqs (1.52),

ex ¼ 1

200; 000
ð83� 0:3� 65Þ ¼ 3:175� 10�4

ey ¼ 1

200; 000
ð65� 0:3� 83Þ ¼ 2:005� 10�4

ez ¼ �0:3

200; 000
ð83þ 65Þ ¼ �2:220� 10�4

In this case, since there are no shear stresses on the given planes, sx and sy are principal stresses, so that ex and
ey are the principal strains and are in the directions of sx and sy. It follows from Eq. (1.15) that the maximum shear

stress (in the plane of the stresses) is

tmax ¼ 83� 65

2
¼ 9N=mm2

acting on planes at 45� to the principal planes.

Further, using Eq. (1.50), the maximum shear strain is

gmax ¼
2� ð1þ 0:3Þ � 9

200; 000

so that gmax ¼ 1.17 � 10�4 on the planes of maximum shear stress.
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Example 1.5
At a particular point in a structural member, a two-dimensional stress system exists where sx ¼ 60 N/mm2,

sy ¼ –40 N/mm2, and txy ¼ 50 N/mm2. If Young’s modulus E ¼ 200,000 N/mm2 and Poisson’s ratio n ¼ 0.3,

calculate the direct strain in the x and y directions and the shear strain at the point. Also calculate the principal

strains at the point and their inclination to the plane on which sx acts; verify these answers using a graphical

method.

From Eqs. (1.52),

ex ¼ 1

200; 000
ð60þ 0:3� 40Þ ¼ 360� 10�6

1

ey ¼

200; 000
ð�40� 0:3� 60Þ ¼ �290� 10�6

From Eq. (1.50), the shear modulus, G, is given by

G ¼ E

2ð1þ nÞ ¼
200; 000

2ð1þ 0:3Þ ¼ 76923 N=mm2

Hence, from Eqs. (1.52),

gxy ¼
txy
G

¼ 50

76; 923
¼ 650� 10�6

Now substituting in Eq. (1.35) for ex, ey, and gxy,

eI ¼ 10�6 360� 290

2
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð360þ 290Þ2 þ 6502

q� �

which gives

eI ¼ 495� 10�6

Similarly, from Eq. (1.36),

eII ¼ �425� 10�6

From Eq. (1.37),

tan2y ¼ 650� 10�6

360� 10�6 þ 290� 10�6
¼ 1

Therefore,

2y ¼ 45� or 225�

so that

y ¼ 22:5� or 112:5�

The values of eI, eII, and y are verified using Mohr’s circle of strain (Fig. 1.17). Axes Oe and Og are

set up and the points Q1(360 � 10�6, ½ � 650 � 10�6) and Q2(–290 � 10�6, –½ � 650 � 10�6)



FIGURE 1.17 Mohr’s Circle of Strain for Example 1.5
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located. The center C of the circle is the intersection of Q1Q2 and the Oe axis. The circle is then

drawn with radius CQ1 and the points B(eI) and A(eII) located. Finally, angle Q1CB ¼ 2y and angle

Q1CA ¼ 2y þ p.
1.15.1 Temperature effects
The stress–strain relationships of Eqs. (1.43)–(1.47) apply to a body or structural member at a constant

uniform temperature. A temperature rise (or fall) generally results in an expansion (or contraction) of

the body or structural member so that there is a change in size, that is, a strain.

Consider a bar of uniform section, of original length Lo, and suppose that it is subjected to a tem-

perature change DT along its length; DT can be a rise (þve) or fall (–ve). If the coefficient of linear

expansion of the material of the bar is a, the final length of the bar is, from elementary physics,

L ¼ Loð1þ aDTÞ
so that the strain, e, is given by

e ¼ L� Lo
Lo

¼ aDT (1.55)

Suppose now that a compressive axial force is applied to each end of the bar, such that the bar returns

to its original length. Themechanical strain produced by the axial force is therefore just large enough to
offset the thermal strain due to the temperature change,making the total strain zero. In general terms, the

total strain, e, is the sum of the mechanical and thermal strains. Therefore, from Eqs. (1.40) and (1.55),

e ¼ s
E
þ aDT (1.56)

In the case where the bar is returned to its original length or if the bar had not been allowed to ex-

pand at all, the total strain is zero and, from Eq. (1.56),

s ¼ �EaDT (1.57)
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Equations (1.42) may now bemodified to include the contribution of thermal strain. Therefore, by com-

parison with Eq. (1.56),

ex ¼ 1

E
½sx � nðsy þ szÞ� þ aDT

ey ¼ 1

E
½sy � nðsx þ szÞ� þ aDT

ez ¼ 1

E
½sz � nðsx þ syÞ� þ aDT

9>>>>>>>>=
>>>>>>>>;

(1.58)

Equations (1.58) may be transposed in the same way as Eqs. (1.42) to give stress–strain relation-

ships rather than strain–stress relationships; that is,

sx ¼ nE
ð1þ nÞð1� 2nÞ eþ

E

ð1þ nÞ ex �
E

ð1� 2nÞ aDT

sy ¼ nE
ð1þ nÞð1� 2nÞ eþ

E

ð1þ nÞ ey �
E

ð1� 2nÞ aDT

sz ¼ nE
ð1þ nÞð1� 2nÞ eþ

E

ð1þ nÞ ez �
E

ð1� 2nÞ aDT

9>>>>>>>>>=
>>>>>>>>>;

(1.59)

For the case of plane stress in which sz ¼ 0, these equations reduce to

sx ¼ E

ð1� n2Þ ðex þ neyÞ � E

ð1� nÞ aDT

sy ¼ E

ð1� n2Þ ðey þ nexÞ � E

ð1� nÞ aDT

9>>>=
>>>;

(1.60)
Example 1.6
A composite bar of length L has a central core of copper loosely inserted in a sleeve of steel; the ends of the steel

and copper are attached to each other by rigid plates. If the bar is subjected to a temperature rise DT, determine the

stress in the steel and in the copper and the extension of the composite bar. The copper core has a Young’s modulus

Ec, a cross-sectional area Ac, and a coefficient of linear expansion ac; the corresponding values for the steel are

Es, As, and as.
Assume that ac > as. If the copper core and steel sleeve are allowed to expand freely, their final lengths would

be different, since they have different values of the coefficient of linear expansion. However, since they are rigidly

attached at their ends, one restrains the other and an axial stress is induced in each. Suppose that this stress is sx.

Then, in Eqs. (1.58). sx ¼ sc or ss and sy ¼ sz ¼ 0; the total strain in the copper and steel is then, respectively,

ec ¼ sc

Ec
þ acDT (i)

ss
es ¼
Es

þ asDT (ii)
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The total strain in the copper and steel is the same, since their ends are rigidly attached to each other. Therefore,

from compatibility of displacement,

sc

Ec
þ acDT ¼ ss

Es
þ asDT (iii)

No external axial load is applied to the bar, so that

scAc þ ssAs ¼ 0

that is,

ss ¼ �Ac

As
sc (iv)

Substituting for ss in Eq. (iii) gives

sc

1

Ec

þ Ac

AsEs

� �
¼ DTðas � acÞ

from which

sc ¼ DTðas � acÞAsEsEc

AsEs þ AcEc
(v)

Also ac > ss, so that sc is negative and therefore compressive. Now substituting for sc in Eq. (iv),

ss ¼ �DTðas � acÞAcEsEc

AsEs þ AcEc
(vi)

which is positive and therefore tensile, as would be expected by a physical appreciation of the situation.

Finally, the extension of the compound bar, d, is found by substituting for sc in Eq. (i) or for ss in

Eq. (ii). Then,

d ¼ DTL
acAcEc þ asAsEs

AsEs þ AcEc

� �
(vii)

1.16 EXPERIMENTAL MEASUREMENT OF SURFACE STRAINS
Stresses at a point on the surface of a piece of material may be determined by measuring the strains at

the point, usually by electrical resistance strain gauges arranged in the form of a rosette, as shown in

Fig. 1.18. Suppose that eI and eII are the principal strains at the point, then if ea, eb, and ec are the mea-

sured strains in the directions y, (y þ a), (y þ a þ b) to eI, we have, from the general direct strain

relationship of Eq. (1.31),

ea ¼ eI cos2yþ eII sin2y (1.61)

since ex becomes eI, ey becomes eII, and gxy is zero, since the x and y directions have become principal

directions. Rewriting Eq. (1.61), we have

ea ¼ eI
1þ cos2y

2

� �
þ eII

1� cos2y
2

� �



FIGURE 1.18 Strain Gauge Rosette
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or

ea ¼ 1

2
ðeI þ eIIÞ þ 1

2
ðeI � eIIÞ cos2y (1.62)

Similarly,

eb ¼ 1

2
ðeI þ eIIÞ þ 1

2
ðeI � eIIÞ cos2ðyþ aÞ (1.63)

and

ec ¼ 1

2
ðeI þ eIIÞ þ 1

2
ðeI � eIIÞ cos2ðyþ aþ bÞ (1.64)

Therefore, if ea, eb, and ec are measured in given directions, that is, given angles a and b, then eI, eII, and
y are the only unknowns in Eqs. (1.62)–(1.64).

The principal stresses are now obtained by substitution of eI and eII in Eqs. (1.52).

Thus,

eI ¼ 1

E
ðsI � nsIIÞ (1.65)

and

eII ¼ 1

E
ðsII � nsIÞ (1.66)

Solving Eqs. (1.65) and (1.66) gives

sI ¼ E

1� n2
ðeI þ neIIÞ (1.67)

and

sII ¼ E

1� n2
ðeII þ neIÞ (1.68)
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A typical rosette would have a ¼ b ¼ 45�, in which case the principal strains are most conveniently

found using the geometry of Mohr’s circle of strain. Suppose that the arm a of the rosette is inclined at
some unknown angle y to the maximum principal strain, as in Fig. 1.18. Then, Mohr’s circle of strain is

as shown in Fig. 1.19; the shear strains ga, gb, and gc do not feature in the analysis and are therefore

ignored. From Fig. 1.19,

OC ¼ 1

2
ðea þ ecÞ

CN ¼ ea � OC ¼ 1

2
ðea � ecÞ

QN ¼ CM ¼ eb � OC ¼ eb � 1

2
ðea þ ecÞ

The radius of the circle is CQ and

CQ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
CN2 þ QN2

q
Hence,

CQ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2
ðea � ecÞ

	 
2 þ eb � 1
2
ðea þ ecÞ

	 
2q
which simplifies to

CQ ¼ 1ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðea � ebÞ2 þ ðec � ebÞ2

q

Therefore, eI, which is given by

eI ¼ OCþ radius of circle
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is

eI ¼ 1

2
ðea þ ecÞ þ 1ffiffiffi

2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðea � ebÞ2 þ ðec � ebÞ2

q
(1.69)

Also,

eII ¼ OC� radius of circle

that is,

eII ¼ 1

2
ðea þ ecÞ � 1ffiffiffi

2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðea � ebÞ2 þ ðec � ebÞ2

q
(1.70)

Finally, the angle y is given by

tan2y ¼ QN

CN
¼ eb � 1

2
ðea þ ecÞ

1
2
ðea � ecÞ

that is,

tan2y ¼ 2eb � ea � ec
ea � ec

(1.71)

A similar approach may be adopted for a 60� rosette.
Example 1.7
A bar of solid circular cross-section has a diameter of 50 mm and carries a torque, T, together with an axial tensile

load,P. A rectangular strain gauge rosette attached to the surface of the bar gives the following strain readings: ea¼
1000 � 10�6, eb ¼ –200 � 10�6, and ec ¼ –300 � 10�6, where the gauges a and c are in line with, and perpen-

dicular to, the axis of the bar, respectively. If Young’s modulus, E, for the bar is 70,000 N/mm2 and Poisson’s ratio,

n, is 0.3; calculate the values of T and P.

Substituting the values of ea, eb, and ec in Eq. (1.69),

eI ¼ 10�6

2
ð1000� 300Þ þ 10�6ffiffiffi

2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1000þ 200Þ2 þ ð�200þ 300Þ2

q

which gives

eI ¼ 1202� 10�6

Similarly, from Eq. (1.70),

eII ¼ �502� 10�6

Now, substituting for eI and eII in Eq. (1.67),

sI ¼ 70; 000� 10�6½1202� 0:3ð502Þ�=½1� ð0:3Þ2� ¼ 80:9 N=mm2

Similarly, from Eq. (1.68),

sII ¼ �10:9N=mm2
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Since sy ¼ 0, Eqs. (1.11) and (1.12) reduce to

sI ¼ sx

2
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2
x þ 4t2xy

q
(i)

and

sII ¼ sx

2
� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2
x þ 4t2xy

q
(ii)

respectively. Adding Eqs. (i) and (ii), we obtain

sI þ sII ¼ sx

Therefore,

sx ¼ 80:9� 10:9 ¼ 70N=mm2

For an axial load P,

sx ¼ 70 N=mm2 ¼ P

A
¼ P

p� 502=4

from which

P ¼ 137:4kN

Substituting for sx in either of Eq. (i) or (ii) gives

txy ¼ 29:7N=mm2

From the theory of the torsion of circular section bars (see Eq. (iv) in Example 3.1),

txy ¼ 29:7 N=mm2 ¼ Tr

J
¼ T � 25

p� 504=32

from which

T ¼ 0:7kNm

Note that P could have been found directly in this particular case from the axial strain. Thus, from the first of

Eqs. (1.52),

sx ¼ Eea ¼ 70000� 1000� 10�6 ¼ 70N=mm2

as before.
Example 1.7 MATLAB
Repeat the derivations presented in Example 1.7 using the Symbolic Math Toolbox in MATLAB. To obtain the

same results as Example 1.7, set the number of significant digits used in calculations to four.

Calculations of T and P are obtained through the following MATLAB file:

% Declare any needed symbolic variables

syms e_a e_b e_c E v sig_y sig_x A J r T tau_xy
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% Set the significant digits

digits(4);

% Define known variable values

e_a ¼ sym(1000*10̂ (-6));

e_b ¼ sym(-200*10̂ (-6));

e_c ¼ sym(-300*10̂ (-6));

E ¼ sym(70000);

v ¼ sym(0.3);

sig_y ¼ sym(0);

A ¼ sym(pi*50̂ 2/4,‘d’);

J ¼ sym(pi*50̂ 4/32,‘d’);

r ¼ sym(25);

% Evaluate Eqs (1.69) and (1.70)

e_I ¼ vpa((e_a þ e_c)/2) þ vpa(sqrt(((e_a-e_b)̂ 2 þ (e_c - e_c)̂ 2)))/vpa(sqrt(2));

e_II ¼ vpa((e_a þ e_c)/2) - vpa(sqrt(((e_a-e_b)̂ 2 þ (e_c - e_c)̂ 2)))/vpa(sqrt(2));

% Substitute e_I and e_II into Eqs (1.67) and (1.68)

sig_I ¼ vpa(E*(e_Iþv*e_II)/(1-v̂ 2));

sig_II ¼ vpa(E*(e_IIþv*e_I)/(1-v̂ 2));

% Evaluate Eqs (1.11) and (1.12)

eqI ¼ vpa(-sig_I þ (sig_xþsig_y)/2 þ sqrt((sig_x-sig_y)̂ 2 þ 4*tau_xŷ 2)/2);

eqII ¼ vpa(-sig_II þ (sig_xþsig_y)/2 - sqrt((sig_x-sig_y)̂ 2 þ 4*tau_xŷ 2)/2);

% Add eqI and eqII and solve for the value of sig_x

sig_x_val ¼ vpa(solve(eqIþeqII,sig_x));

% Calculate the axial load (P in kN)

P ¼ vpa(sig_x_val*A/1000);

P ¼ round(double(P)*10)/10;

% Substitute sig_x back into eqI and solve for tau_xy

tau_xy_val ¼ sym(max(double(solve(subs(eqI,sig_x,sig_x_val),tau_xy))));

% Calculate the applied torsion (T in kN-m) using Eq. (iv) in Example 3.1

T ¼ vpa(tau_xy_val*J/r/1000/1000);

T ¼ round(double(T)*10)/10;

% Output values for P and T to the Command Window

disp([‘P ¼’ num2str(P) ‘kN’])

disp([‘T ¼’ num2str(T) ‘kN m’])

The Command Window outputs resulting from this MATLAB file are as follows:

P ¼ 137.4 kN

T ¼ 0.7 kN m
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PROBLEMS

P.1.1. A structural member supports loads that produce, at a particular point, a direct tensile stress of

80 N/mm2 and a shear stress of 45 N/mm2 on the same plane. Calculate the values and directions of the

principal stresses at the point and also the maximum shear stress, stating on which planes this acts.

Answer: sI ¼ 100:2 N=mm2; y ¼ 24�110

sII ¼ �20:2 N=mm2; y ¼ 114�110

tmax ¼ 60:2 N=mm2 at 45� to principal planes

P.1.2. At a point in an elastic material, there are two mutually perpendicular planes, one of which

carries a direct tensile stress of 50 N/mm2 and a shear stress of 40 N/mm2, while the other plane is

subjected to a direct compressive stress of 35 N/mm2 and a complementary shear stress of

40 N/mm2. Determine the principal stresses at the point, the position of the planes on which they

act, and the position of the planes on which there is no normal stress.

Answer: sI ¼ 65:9 N=mm2; y ¼ 21�380

sII ¼ �50:9 N=mm2; y ¼ 111�380

No normal stress on planes at 70�210 and –27�50 to vertical.

P.1.3. The following are varying combinations of stresses acting at a point and referred to axes x and y
in an elastic material. UsingMohr’s circle of stress determine the principal stresses at the point and their

directions for each combination.

sx N=mm2ð Þ sy N=mm2ð Þ txy N=mm2ð Þ
ðiÞ þ54 þ30 þ5

ðiiÞ þ30 þ54 �5

ðiiiÞ �60 �36 þ5

ðivÞ þ30 �50 þ30

2 2 �
Answer: ðiÞ sI ¼ þ55 N=mm sII ¼ þ29 N=mm sI at 11:5 to x axis:
ðiiÞ sI ¼ þ55 N=mm2 sII ¼ þ29 N=mm2 sII at 11:5

� to x axis:
ðiiiÞ sI ¼ �34:5 N=mm2 sII ¼ �61 N=mm2 sI at 79:5

� to x axis:
ðivÞ sI ¼ þ40 N=mm2 sII ¼ �60 N=mm2 sI at 18:5

� to x axis:

P.1.3 MATLAB Repeat P.1.3 by creating a script in MATLAB in place of constructing Mohr’s circle.

In addition to calculating the principal stresses, also calculate the maximum shear stress at the point for

each combination. Do not repeat the calculation of the principal stress directions.
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Answer: ðiÞ tmax ¼ 13 N=mm2; ðiiÞ tmax ¼ 13 N=mm2

ðiiÞ tmax ¼ 13 N=mm2; ðivÞ tmax ¼ 50 N=mm2

sI and sII for each combination are as shown in P.1.3

P.1.4. The state of stress at a point is caused by three separate actions, each of which produces a pure,

unidirectional tension of 10 N/mm2 individually but in three different directions, as shown in Fig. P.1.4.

By transforming the individual stresses to a common set of axes (x, y), determine the principal stresses

at the point and their directions.
An

FIGURE
swer: sI ¼ sII ¼ 15 N/mm2. All directions are principal directions.
P.1.5.A shear stress txy acts in a two-dimensional field in which the maximum allowable shear stress is

denoted by tmax and the major principal stress by sI. Derive, using the geometry of Mohr’s circle of

stress, expressions for the maximum values of direct stress whichmay be applied to the x and y planes in
terms of these three parameters.

Answer: sx ¼ sI � tmax þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2max � t2xy

q
sy ¼ sI � tmax �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2max � t2xy

q
P.1.6. A solid shaft of circular cross-section supports a torque of 50 kNm and a bending moment of

25 kNm. If the diameter of the shaft is 150 mm, calculate the values of the principal stresses and

their directions at a point on the surface of the shaft.

Answer: sI ¼ 121:4 N=mm2; y ¼ 31�430

sII ¼ �46:4 N=mm2; y ¼ 121�430

P.1.7. An element of an elastic body is subjected to a three-dimensional stress system sx, sy, and sz.

Show that, if the direct strains in the directions x, y, and z are ex, ey, and ez, then

sx ¼ leþ 2Gex; sy ¼ leþ 2Gey; sz ¼ leþ 2Gez
P.1.4
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where
l ¼ nE
ð1þ nÞð1� 2nÞ and e ¼ ex þ ey þ ez

the volumetric strain.

P.1.8. Show that the compatibility equation for the case of plane strain, namely,

@2gxy
@x @y

¼ @2ey
@x2

þ @2ex
@y2

may be expressed in terms of direct stresses sx and sy in the form

@2

@x2
þ @2

@y2

� �
ðsx þ syÞ ¼ 0
P.1.9. A bar of mild steel has a diameter of 75 mm and is placed inside a hollow aluminum cylinder of

internal diameter 75 mm and external diameter 100 mm; both bar and cylinder are the same length. The

resulting composite bar is subjected to an axial compressive load of 1000 kN. If the bar and cylinder

contract by the same amount, calculate the stress in each. The temperature of the compressed composite

bar is then reduced by 150�Cbut no change in length is permitted. Calculate the final stress in the bar and

in the cylinder if E (steel)¼ 200,000 N/mm2, E (aluminum)¼ 80,000 N/mm2, a (steel)¼ 0.000012/�C
and a (aluminum) ¼ 0.000005/�C.

Answer: Due to load: s ðsteelÞ ¼ 172:6 N=mm2 ðcompressionÞ
s ðaluminumÞ ¼ 69:1 N=mm2 ðcompressionÞ:

Final stress: s ðsteelÞ ¼ 187:4 N=mm2 ðtensionÞ
s ðaluminumÞ ¼ 9:1 N=mm2 ðcompressionÞ:

P.1.9 MATLAB Repeat P.1.9 by creating a script in MATLAB using the Symbolic Math Toolbox for

an axial tension load of 1000 kN.

Answer: Due to load: s ðsteelÞ ¼ 172:6 N=mm2 ðtensionÞ
s ðaluminumÞ ¼ 69:1 N=mm2 ðtensionÞ

Final stress: s ðsteelÞ ¼ 532:6 N=mm2 ðtensionÞ
s ðaluminumÞ ¼ 129:1 N=mm2 ðtensionÞ
P.1.10. In Fig. P.1.10, the direct strains in the directions a, b, c are –0.002, –0.002, and þ0.002,

respectively. If I and II denote principal directions, find eI, eII, and y.
An
swer: eI ¼ þ0:00283; eII ¼ �0:00283; y ¼ �22:5� orþ 67:5�
P.1.11. The simply supported rectangular beam shown in Fig. P.1.11 is subjected to two symmetrically

placed transverse loads each of magnitude Q. A rectangular strain gauge rosette located at a point P on

the centroidal axis on one vertical face of the beam gives strain readings as follows: ea¼ –222� 10�6,

eb ¼ –213 � 10�6, and ec ¼ þ45 � 10�6. The longitudinal stress sx at the point P due to an external



FIGURE P.1.10

FIGURE P.1.11
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compressive force is 7 N/mm2. Calculate the shear stress t at the point P in the vertical plane and hence

the transverse load Q:

ðQ ¼ 2bdt=3; where b ¼ breadth; d ¼ depth of beamÞ
E ¼ 31; 000 N=mm2 n ¼ 0:2

Answer: txy ¼ 3:16 N=mm2; Q ¼ 94:8 kN

P.1.11. MATLAB Repeat P.1.11 by creating a script in MATLAB using the Symbolic Math Toolbox

for the following cross-section dimensions and longitudinal stress combinations:

b d sx

ðiÞ 150 mm 300 mm 7 N=mm2

ðiiÞ 100 mm 250 mm 11 N=mm2

ðiiiÞ 270 mm 270 mm 9 N=mm2

2
Answer: ðiÞ txy ¼ 3:16 N=mm Q ¼ 94:8 kN

ðiiÞ txy ¼ 2:5 N=mm2 Q ¼ 41:7 kN

ðiiiÞ txy ¼ 1:41 N=mm2 Q ¼ 68:5 kN
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Theoretically, we are now in a position to solve any three-dimensional problem in elasticity having

derived three equilibrium conditions, Eqs. (1.5); six strain–displacement equations, Eqs. (1.18) and

(1.20); and six stress–strain relationships, Eqs. (1.42) and (1.46). These equations are sufficient, when

supplemented by appropriate boundary conditions, to obtain unique solutions for the six stress, six

strain, and three displacement functions. It is found, however, that exact solutions are obtainable only

for some simple problems. For bodies of arbitrary shape and loading, approximate solutions may be

found by numerical methods (e.g., finite differences) or by the Rayleigh–Ritz method based on energy

principles (Chapter 7).

Two approaches are possible in the solution of elasticity problems.We may solve initially for either

the three unknown displacements or the six unknown stresses. In the former method, the equilibrium

equations are written in terms of strain by expressing the six stresses as functions of strain (see Problem

P.1.7). The strain–displacement relationships are then used to form three equations involving the three

displacements u, v, and w. The boundary conditions for this method of solution must be specified as

displacements. Determination of u, v, andw enables the six strains to be computed from Eqs. (1.18) and

(1.20); the six unknown stresses follow from the equations expressing stress as functions of strain. It

should be noted here that no use has been made of the compatibility equations. The fact that u, v, and
w are determined directly ensures that they are single-valued functions, thereby satisfying the require-

ment of compatibility.

In most structural problems the object is usually to find the distribution of stress in an elastic body

produced by an external loading system. It is therefore more convenient in this case to determine the six

stresses before calculating any required strains or displacements. This is accomplished by using

Eqs. (1.42) and (1.46) to rewrite the six equations of compatibility in terms of stress. The resulting

equations, in turn, are simplified by making use of the stress relationships developed in the equations

of equilibrium. The solution of these equations automatically satisfies the conditions of compatibility

and equilibrium throughout the body.
2.1 TWO-DIMENSIONAL PROBLEMS
For the reasons discussed in Chapter 1, we shall confine our actual analysis to the two-dimensional

cases of plane stress and plane strain. The appropriate equilibrium conditions for plane stress are given

by Eqs. (1.6); that is,
Introduction to Aircraft Structural Analysis, Third Edition. http://dx.doi.org/10.1016/B978-0-08-102076-0.00002-6

Copyright © 2018 T.H.G. Megson. Published by Elsevier Ltd. All rights reserved.
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@sx

@x
þ @txy

@y
þ X ¼ 0

@sy

@y
þ @tyx

@x
þ Y ¼ 0

and the required stress–strain relationships obtained from Eqs. (1.47):

ex ¼ 1

E
ðsx � nsyÞ

ey ¼ 1

E
ðsy � nsxÞ

gxy ¼
2ð1þ nÞ

E
txy

We find that, although ez exists, Eqs. (1.22)–(1.26) are identically satisfied, leaving Eq. (1.21) as the
required compatibility condition. Substitution in Eq. (1.21) of the preceding strains gives

2ð1þ nÞ @
2txy

@x @y
¼ @2

@x2
ðsy � nsxÞ þ @2

@y2
ðsx � nsyÞ (2.1)

From Eqs. (1.6),

@2txy
@y @x

¼ � @2sx

@x2
� @X

@x
(2.2)

and

@2txy
@x @y

¼ � @2sy

@y2
� @Y

@y
ðtyx ¼ txyÞ (2.3)

Adding Eqs. (2.2) and (2.3), then substituting in Eq. (2.1) for 2@2txy/@x@y, we have

�ð1þ nÞ @X

@x
þ @Y

@y

� �
¼ @2sx

@x2
þ @2sy

@y2
þ @2sy

@x2
þ @2sx

@y2

or

@2

@x2
þ @2

@y2

� �
ðsx þ syÞ ¼ �ð1þ nÞ @X

@x
þ @Y

@y

� �
(2.4)

The alternative two-dimensional problem of plane strain may also be formulated in the same

manner. We saw in Section 1.11 that the six equations of compatibility reduce to the single equation

(1.21) for the plane strain condition. Further, from the third of Eqs. (1.42),

sz ¼ nðsx þ syÞ ðsince ez ¼ 0 for plane strainÞ

so that

ex ¼ 1

E
ð1� n2Þsx � nð1þ nÞsy

� �
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and
ey ¼ 1

E
ð1� n2Þsy � nð1þ nÞsx

� �
Also,

gxy ¼
2ð1þ nÞ

E
txy

Substituting as before in Eq. (1.21) and simplifying by use of the equations of equilibrium, we have the

compatibility equation for plane strain:

@2

@x2
þ @2

@y2

� �
ðsx þ syÞ ¼ � 1

1� n
@X

@x
þ @Y

@y

� �
(2.5)

The two equations of equilibrium together with the boundary conditions, from Eqs. (1.7), and one of

the compatibility equations, (2.4) or (2.5), are generally sufficient for the determination of the stress

distribution in a two-dimensional problem.
2.2 STRESS FUNCTIONS
The solution of problems in elasticity presents difficulties, but the procedure may be simplified by the

introduction of a stress function. For a particular two-dimensional case, the stresses are related to a

single function of x and y such that substitution for the stresses in terms of this function automatically

satisfies the equations of equilibrium no matter what form the function may take. However, a large

proportion of the infinite number of functions that fulfill this condition are eliminated by the require-

ment that the form of the stress function must also satisfy the two-dimensional equations of compat-

ibility, (2.4) and (2.5), plus the appropriate boundary conditions.

For simplicity, let us consider the two-dimensional case for which the body forces are zero.

The problem is now to determine a stress–stress function relationship that satisfies the equilibrium

conditions of

@sx

@x
þ @txy

@y
¼ 0

@sy

@y
þ @tyx

@x
¼ 0

9>>>=
>>>;

(2.6)

and a form for the stress function giving stresses which satisfy the compatibility equation

@2

@x2
þ @2

@y2

� �
ðsx þ syÞ ¼ 0 (2.7)

The English mathematician Airy proposed a stress function f defined by the equations

sx ¼ @2f
@y2

; sy ¼ @2f
@x2

; txy ¼ � @2f
@x @y

(2.8)
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Clearly, substitution of Eqs. (2.8) into Eq. (2.6) verifies that the equations of equilibrium are satisfied

by this particular stress–stress function relationship. Further substitution into Eq. (2.7) restricts the

possible forms of the stress function to those satisfying the biharmonic equation:

@4f
@x4

þ 2
@4f

@x2@y2
þ @4f

@y4
¼ 0 (2.9)

The final form of the stress function is then determined by the boundary conditions relating to the actual

problem. Therefore, a two-dimensional problem in elasticity with zero body forces reduces to the de-

termination of a function f of x and y which satisfies Eq. (2.9) at all points in the body and Eqs. (1.7)

reduced to two dimensions at all points on the boundary of the body.
2.3 INVERSE AND SEMI-INVERSE METHODS
The task of finding a stress function satisfying the preceding conditions is extremely difficult in

the majority of elasticity problems, although some important classical solutions have been obtained

in this way. An alternative approach, known as the inverse method, is to specify a form of the function

f satisfying Eq. (2.9), assume an arbitrary boundary, and then determine the loading conditions that fit

the assumed stress function and chosen boundary. Obvious solutions arise in which f is expressed as a

polynomial. Timoshenko and Goodier1 consider a variety of polynomials for f and deter-

mine the associated loading conditions for a variety of rectangular sheets. Some of these cases are

quoted here.
Example 2.1
Consider the stress function

f ¼ Ax2 þ Bxyþ Cy2

where A, B, and C are constants. Equation (2.9) is identically satisfied, since each term becomes zero on substitut-

ing for f. The stresses follow from

sx ¼ @2f
@y2

¼ 2C

sy ¼ @2f
@x2

¼ 2A

txy ¼ � @2f
@x @y

¼ �B

To produce these stresses at any point in a rectangular sheet, we require loading conditions providing the boundary

stresses shown in Fig. 2.1.



FIGURE 2.1 Required Loading Conditions on Rectangular Sheet in Example 2.1
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Example 2.2
A more complex polynomial for the stress function is

f ¼ Ax3

6
þ Bx2y

2
þ Cxy2

2
þ Dy3

6

As before,

@4f
@x4

¼ @4f
@x2@y2

¼ @4f
@y4

¼ 0

so that the compatibility equation (2.9) is identically satisfied. The stresses are given by

sx ¼ @2f
@y2

¼ Cxþ Dy

sy ¼ @2f
@x2

¼ Axþ By

txy ¼ � @2f
@x @y

¼ �Bx� Cy

We may choose any number of values of the coefficients A, B, C, and D to produce a variety of loading conditions

on a rectangular plate. For example, if we assume A ¼ B ¼ C ¼ 0, then sx ¼ Dy, sy ¼ 0, and txy ¼ 0, so that, for

axes referred to an origin at the mid-point of a vertical side of the plate, we obtain the state of pure bending shown

in Fig. 2.2(a). Alternatively, Fig. 2.2(b) shows the loading conditions corresponding to A ¼ C ¼ D ¼ 0 in which

sx ¼ 0, sy ¼ By, and txy ¼ –Bx.



FIGURE 2.2 (a) Required Loading Conditions on Rectangular Sheet in Example 2.2 for A¼ B¼ C¼ 0; (b) as in (a) but

A ¼ C ¼ D ¼ 0
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By assuming polynomials of the second or third degree for the stress function, we ensure that the

compatibility equation is identically satisfied whatever the values of the coefficients. For polynomials

of higher degrees, compatibility is satisfied only if the coefficients are related in a certain way. For

example, for a stress function in the form of a polynomial of the fourth degree,

f ¼ Ax4

12
þ Bx3y

6
þ Cx2y2

2
þ Dxy3

6
þ Ey4

12

and

@4f
@x4

¼ 2A; 2
@4f

@x2 @y2
¼ 4C;

@4f
@y4

¼ 2E

Substituting these values in Eq. (2.9), we have

E ¼ �ð2Cþ AÞ
The stress components are then

sx ¼ @2f
@y2

¼ Cx2 þ Dxy� ð2Cþ AÞy2

sy ¼ @2f
@x2

¼ Ax2 þ Bxyþ Cy2

txy ¼ � @2f
@x @y

¼ �Bx2

2
� 2Cxy� Dy2

2

The coefficients A, B, C, and D are arbitrary and may be chosen to produce various loading con-

ditions, as in the previous examples.
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Example 2.3
A cantilever of length L and depth 2h is in a state of plane stress. The cantilever is of unit thickness is rigidly

supported at the end x ¼ L, and loaded as shown in Fig. 2.3. Show that the stress function

f ¼ Ax2 þ Bx2yþ Cy3 þ Dð5x2y3 � y5Þ
is valid for the beam and evaluate the constants A, B, C, and D.

The stress function must satisfy Eq. (2.9). From the expression for f,

@f
@x

¼ 2Axþ 2Bxyþ 10Dxy3

@2f
@x2

¼ 2Aþ 2Byþ 10Dy3 ¼ sy (i)

Also,

@f
@y

¼ Bx2 þ 3Cy2 þ 15Dx2y2 � 5Dy4

@2f
@y2

¼ 6Cyþ 30Dx2y� 20Dy3 ¼ sx (ii)

and

@2f
@x @y

¼ 2Bxþ 30Dxy2 ¼ �txy (iii)

Further,

@4f
@x4

¼ 0;
@4f
@y4

¼ �120Dy;
@4f

@x2 @y2
¼ 60Dy
h

q/unit area

h

L

y

x

FIGURE 2.3 Beam of Example 2.3
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Substituting in Eq. (2.9) gives

@4f
@x4

þ 2
@4f

@x2@y2
þ @4f

@y4
¼ 2� 60Dy� 120Dy ¼ 0

The biharmonic equation is therefore satisfied and the stress function is valid.

From Fig. 2.3, sy ¼ 0 at y ¼ h, so that, from Eq. (i),

2Aþ 2BH þ 10Dh3 ¼ 0 (iv)

Also, from Fig. 2.3, sy ¼ –q at y ¼ –h, so that, from Eq. (i),

2A� 2BH � 10Dh3 ¼ �q (v)

Again, from Fig. 2.3, txy ¼ 0 at y ¼ �h, giving, from Eq. (iii),

2Bxþ 30Dxh2 ¼ 0

so that

2Bþ 30Dh2 ¼ 0 (vi)

At x ¼ 0, no resultant moment is applied to the beam; that is,

Mx¼0 ¼
ðh
�h

sxydy ¼
ðh
�h

ð6Cy2 � 20Dy4Þ dy ¼ 0

so that

Mx¼0 ¼ 2Cy3 � 4Dy5
� �h

�h
¼ 0

or

C� 2Dh2 ¼ 0 (vii)

Subtracting Eq. (v) from (iv),

4Bhþ 20Dh3 ¼ q

or

Bþ 5Dh2 ¼ q

4h
(viii)

From Eq. (vi),

Bþ 15Dh2 ¼ 0 (ix)

so that, subtracting Eq. (viii) from Eq. (ix),

D ¼ � q

40h3

Then,

B ¼ 3q

8h
; A ¼ � q

4
; C ¼ � q

20h
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and

f ¼ q

40h3
�10h3x2 þ 15h2x2y� 2h2y3 � ð5x2y3 � y5Þ� �

The obvious disadvantage of the inverse method is that we are determining problems to fit assumed

solutions, whereas in structural analysis the reverse is the case. However, in some problems, the shape of

the body and the applied loading allow simplifying assumptions to bemade, thereby enabling a solution to

be obtained. St. Venant suggested a semi-inverse method for the solution of this type of problem, in which

assumptions are made as to stress or displacement components. These assumptions may be based on ex-

perimental evidence or intuition. St. Venant first applied the method to the torsion of solid sections

(Chapter 3) and to the problem of a beam supporting shear loads (Section 2.6).
Example 2.3 MATLAB
Repeat Example 2.3 using the Symbolic Math Toolbox in MATLAB.

Using Fig. 2.3, derivations of the constants A, B, C, and D, along with validation of the stress function f are

obtained through the following MATLAB file:

% Declare any needed symbolic variables

syms A B C D x y L h q sig_y sig_x tau_xy

% Define the given stress function

phi ¼ A*x̂ 2 þ B*x̂ 2*y þ C*ŷ 3 þ D*(5*x̂ 2*ŷ 3 - ŷ 5);

% Check Eq. (2.9)

check ¼ diff(phi,x,4) þ 2*diff(diff(phi,x,2),y,2) þ diff(phi,y,4);

if double(check) ¼¼ 0

disp(‘The stress function is valid’)

disp(‘ ’)

% Calculate expressions for sig_y, sig_x, and tau_xy

eqI ¼ diff(phi,x,2) - sig_y;

eqII ¼ diff(phi,y,2) - sig_x;

eqIII ¼ diff(diff(phi,x),y) þ tau_xy;

% From Fig. 2.3, sig_y¼0 at y¼h so that from eqI

eqIV ¼ subs(subs(eqI,y,h),sig_y,0);

% From Fig. 2.3, sig_y¼-q at y¼-h so that from eqI

eqV ¼ subs(subs(eqI,y,-h),sig_y,-q);

% From Fig. 2.3, tau_xy¼0 at y¼þ/-h so that from eqIII

eqVI ¼ subs(subs(eqIII,y,h),tau_xy,0);

% Calculate the expression of the applied moment

M ¼ int(solve(eqII,sig_x)*y, y, -h, h);
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% From Fig. 2.3, M¼0 at x¼0

eqVII ¼ subs(M,x,0);

% Solve eqIV, eqV, eqVI, and eqVII for A, B, C, and D

D_expr ¼ solve(subs(eqIV-eqV,B,solve(eqVI,B)), D);

C_expr ¼ solve(subs(eqVII,D,D_expr), C);

B_expr ¼ solve(subs(eqVI,D,D_expr), B);

A_expr ¼ solve(subs(subs(eqIV,D,D_expr),B,B_expr), A);

% Substitute the expressions for A, B, C, and D into phi

phi ¼ subs(subs(subs(subs(phi,A,A_expr),B,B_expr),C,C_expr),D,D_expr);

% Output the expression for phi to the Command Window

phi ¼ factor(phi)

else

disp(‘The stress function does not satisfy the biharmonic equation (Eq. (2.9))’)

disp(‘ ’)

end

The Command Window outputs resulting from this MATLAB file are as follows.

The stress function is valid.

phi ¼ �(q*(10*h 3̂*x 2̂ � 15*h 2̂*x 2̂*y þ 2*h 2̂*y 3̂ þ 5*x̂ 2*y 3̂ � y 5̂))/(40*ĥ 3)

2.4 ST. VENANT’S PRINCIPLE
In the examples of Section 2.3, we have seen that a particular stress function form may be applicable to

a variety of problems. Different problems are deduced from a given stress function by specifying, in the

first instance, the shape of the body then assigning a variety of values to the coefficients. The resulting

stress functions give stresses which satisfy the equations of equilibrium and compatibility at all points
within and on the boundary of the body. It follows that the applied loads must be distributed around the

boundary of the body in the same manner as the internal stresses at the boundary. In the case of pure

bending, for example (Fig. 2.2(a)), the applied bending moment must be produced by tensile and com-

pressive forces on the ends of the plate, their magnitudes being dependent on their distance from the

neutral axis. If this condition is invalidated by the application of loads in an arbitrary fashion or by

preventing the free distortion of any section of the body, then the solution of the problem is no longer

exact. As this is the case in practically every structural problem, it would appear that the usefulness of

the theory is strictly limited. To surmount this obstacle, we turn to the important principle of St. Venant,
which may be summarized as stating

that while statically equivalent systems of forces acting on a body produce substantially different

local effects, the stresses at sections distant from the surface of loading are essentially the same.

Therefore, at a section AA close to the end of a beam supporting two point loads P, the stress dis-
tribution varies as shown in Fig. 2.4, while at the section BB, a distance usually taken to be greater than

the dimension of the surface to which the load is applied, the stress distribution is uniform.



FIGURE 2.4 Stress Distributions Illustrating St. Venant’s Principle
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We may therefore apply the theory to sections of bodies away from points of applied loading or

constraint. The determination of stresses in these regions requires, for some problems, separate calcu-

lation (see Chapters 26 and 27 of Ref. 2).
2.5 DISPLACEMENTS
Having found the components of stress, Eqs. (1.47) (for the case of plane stress) are used to determine

the components of strain. The displacements follow from Eqs. (1.27) and (1.28). The integration of

Eqs. (1.27) yields solutions of the form

u ¼ exxþ a� by (2.10)
v ¼ eyyþ cþ bx (2.11)

in which a, b, and c are constants representing movement of the body as a whole or rigid body displace-
ments. Of these, a and c represent pure translatory motions of the body, while b is a small angular

rotation of the body in the xy plane. If we assume that b is positive in a counterclockwise sense, then

in Fig. 2.5, the displacement v 0 due to the rotation is given by

v 0 ¼ P0Q0 � PQ

¼ OP sinðyþ bÞ � OP siny

which, since b is a small angle, reduces to

v 0 ¼ bx

Similarly,

u0 ¼ �by; as stated



FIGURE 2.5 Displacements Produced by Rigid Body Rotation
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2.6 BENDING OF AN END-LOADED CANTILEVER
In his semi-inverse solution of this problem, St. Venant based his choice of stress function on the rea-

sonable assumptions that the direct stress is directly proportional to the bending moment (and therefore

distance from the free end) and height above the neutral axis. The portion of the stress function giving

shear stress follows from the equilibrium condition relating sx and txy. The appropriate stress function
for the cantilever beam shown in Fig. 2.6 is then

f ¼ Axyþ Bxy3

6
(2.12)
FIGURE 2.6 Bending of an End-Loaded Cantilever
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where A and B are unknown constants. Hence,

sx ¼ @2f
@y2

¼ Bxy

sy ¼ @2f
@x2

¼ 0

txy ¼ � @2f
@x @y

¼ �A� By2

2

9>>>>>>>>>=
>>>>>>>>>;

(2.13)

Substitution for f in the biharmonic equation shows that the form of the stress function satisfies com-

patibility for all values of the constants A and B. The actual values of A and B are chosen to satisfy the

boundary condition, namely, txy ¼ 0 along the upper and lower edges of the beam, and the resultant

shear load over the free end is equal to P.
From the first of these,

txy ¼ �A� By2

2
¼ 0 at y ¼ � b

2

giving

A ¼ �Bb2

8

From the second,

�
ðb=2
�b=2

txydy ¼ P ðsee sign convention for txyÞ

or

�
ðb=2
�b=2

Bb2

8
� By2

2

� �
dy ¼ P

from which

B ¼ 12P

b3

The stresses follow from Eqs. (2.13):

sx ¼ � 12Pxy

b3
¼ �Px

I
y

sy ¼ 0

txy ¼ � 12P

8b3
ðb2 � 4y2Þ ¼ � P

8I
ðb2 � 4y2Þ

9>>>>>=
>>>>>;

(2.14)

where I ¼ b3/12, the second moment of area of the beam cross-section (see Section 15.4).
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We note from the discussion of Section 2.4 that Eqs. (2.14) represent an exact solution subject to the

following conditions:

1. The shear force P is distributed over the free end in the same manner as the shear stress txy given
by Eqs. (2.14);

2. The distribution of shear and direct stresses at the built-in end is the same as those given by

Eqs. (2.14);

3. All sections of the beam, including the built-in end, are free to distort.

In practical cases, none of these conditions is satisfied, but by virtue of St. Venant’s principle, we

may assume that the solution is exact for regions of the beam away from the built-in end and the

applied load. For many solid sections, the inaccuracies in these regions are small. However,

for thin-walled structures, with which we are primarily concerned, significant changes occur and

the effects of structural and loading discontinuities on this type of structure are considered in

Chapters 26 and 27 of Ref. 2.

We now proceed to determine the displacements corresponding to the stress system of Eqs. (2.14).

Applying the strain–displacement and stress–strain relationships, Eqs. (1.27), (1.28), and (1.47),

we have

ex ¼ @u

@x
¼ sx

E
¼ �Pxy

EI
(2.15)

@v ns nPxy

ey ¼

@y
¼ � x

E
¼

EI
(2.16)
gxy ¼
@u

@y
þ @v

@x
¼ txy

G
¼ � P

8IG
ðb2 � 4y2Þ (2.17)

Integrating Eqs. (2.15) and (2.16) and noting that ex and ey are partial derivatives of the displacements,

we find

u ¼ �Px2y

2EI
þ f1ðyÞ; v ¼ nPxy2

2EI
þ f2x (2.18)

where f1(y) and f2(x) are unknown functions of x and y. Substituting these values of u and v in

Eq. (2.17),

�Px2

2EI
þ @f1ðyÞ

@y
þ nPy2

2EI
þ @f2ðxÞ

@x
¼ � P

8IG
ðb2 � 4y2Þ

Separating the terms containing x and y in this equation and writing

F1ðxÞ ¼ �Px2

2EI
þ @f2ðxÞ

@x
F2ðyÞ ¼ nPy2

2EI
� Py2

2IG
þ @f1ðyÞ

@y

we have

F1ðxÞ þ F2ðyÞ ¼ � Pb2

8IG
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The term on the right-hand side of this equation is a constant, which means that F1(x) and F2(y) must

be constants; otherwise, a variation in either x or y destroys the equality. Denoting F1(x) by C and F2(y)
by D gives

Cþ D ¼ � Pb2

8IG
(2.19)

and

@f2ðxÞ
@x

¼ Px2

2EI
þ C

@f1ðyÞ
@y

¼ Py2

2IG
� nPy2

2EI
þ D

so that

f2ðxÞ ¼ Px3

6EI
þ Cxþ F

and

f1ðyÞ ¼ Py3

6IG
� nPy3

6EI
þ Dyþ H

Therefore, from Eqs. (2.18),

u ¼ �Px2y

2EI
� nPy3

6EI
þ Py3

6IG
þ Dyþ H (2.20)

2 3
v ¼ nPxy
2EI

þ Px

6EI
þ Cxþ F (2.21)

The constants C, D, F, and H are now determined from Eq. (2.19) and the displacement boundary con-

ditions imposed by the support system. Assuming that the support prevents movement of the point K in

the beam cross-section at the built-in end, u ¼ v ¼ 0 at x ¼ l, y ¼ 0, and from Eqs. (2.20) and (2.21),

H ¼ 0; F ¼ � Pl3

6EI
� Cl

If we now assume that the slope of the neutral plane is zero at the built-in end, then @v/@x¼ 0 at x¼ l,
y ¼ 0 and, from Eq. (2.21),

C ¼ � Pl2

2EI

It follows immediately that

F ¼ Pl3

2EI

and, from Eq. (2.19),

D ¼ Pl2

2EI
� Pb2

8IG
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Substitution for the constants C, D, F, and H in Eqs. (2.20) and (2.21) now produces the equations for

the components of displacement at any point in the beam:

u ¼ �Px2y

2EI
� nPy3

6EI
þ Py3

6IG
þ Pl2

2EI
� Pb2

8IG

� �
y (2.22)

2 3 2 3
v ¼ nPxy
2EI

þ Px

6EI
� Pl x

2EI
þ Pl

3EI
(2.23)

The deflection curve for the neutral plane is

ðvÞy¼0 ¼
Px3

6EI
� Pl2x

2EI
þ Pl3

3EI
(2.24)

from which the tip deflection (x ¼ 0) is Pl3/3EI. This value is predicted by simple beam theory

(Chapter 15) and does not include the contribution to deflection of the shear strain. This was eliminated

when we assumed that the slope of the neutral plane at the built-in end was zero. A more detailed

examination of this effect is instructive. The shear strain at any point in the beam is given by Eq. (2.17):

gxy ¼ � P

8IG
ðb2 � 4y2Þ

and is obviously independent of x. Therefore, at all points on the neutral plane, the shear strain is con-
stant and equal to

gxy ¼ � Pb2

8IG

which amounts to a rotation of the neutral plane, as shown in Fig. 2.7. The deflection of the neutral

plane due to this shear strain at any section of the beam is therefore equal to

Pb2

8IG
ðl� xÞ

and Eq. (2.24) may be rewritten to include the effect of shear as

ðvÞy¼0 ¼
Px3

6EI
� Pl2x

2EI
þ Pl3

3EI
þ Pb2

8IG
ðl� xÞ (2.25)
FIGURE 2.7 Rotation of Neutral Plane Due to Shear in an End-Loaded Cantilever



FIGURE 2.8 (a) Distortion of the Cross-section Due to Shear; (b) Effect on Distortion of the Rotation Due to Shear
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Let us now examine the distorted shape of the beam section, which the analysis assumes is free to

take place. At the built-in end, when x ¼ l, the displacement of any point is, from Eq. (2.22),

u ¼ nPy3

6EI
þ Py3

6IG
� Pb2y

8IG
(2.26)

The cross-section would, therefore, if allowed, take the shape of the shallow reversed S shown in

Fig. 2.8(a). We have not included in Eq. (2.26) the previously discussed effect of rotation of the neutral

plane caused by shear. However, this merely rotates the beam section as indicated in Fig. 2.8(b).

The distortion of the cross-section is produced by the variation of shear stress over the depth of the

beam. Therefore, the basic assumption of simple beam theory that plane sections remain plane is not

valid when shear loads are present, although for long, slender beams, bending stresses are much greater

than shear stresses and the effect may be ignored.

We observe from Fig. 2.8 that an additional direct stress system is imposed on the beam at the sup-

port, where the section is constrained to remain plane. For most engineering structures, this effect is

small but, as mentioned previously, may be significant in thin-walled sections.
Reference
[1] Timoshenko S, Goodier JN. Theory of elasticity. 2nd ed. New York: McGraw-Hill; 1951.

[2] Megson THG. Aircraft Structures for Engineering Students. 6th ed. Elsevier; 2016.
PROBLEMS

P.2.1Ametal plate has rectangular axes Ox, Oymarked on its surface. The point O and the direction of

Ox are fixed in space and the plate is subjected to the following uniform stresses:
Co

Ten

An
mpressive, 3p, parallel to Ox,
sile, 2p, parallel to Oy,
aring, 4p, in planes parallel to Ox and Oy, in a sense tending to decrease the angle xOy.
She

Determine the direction in which a certain point on the plate is displaced; the coordinates of the point

are (2, 3) before straining. Poisson’s ratio is 0.25.
swer: 19.73� to Ox.



FIGURE P.2.2
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P.2.2What do you understand by an Airy stress function in two dimensions? A beam of length l, with a
thin rectangular cross-section, is built in at the end x ¼ 0 and loaded at the tip by a vertical force P
(Fig. P.2.2). Show that the stress distribution, as calculated by simple beam theory, can be represented

by the expression

f ¼ Ay3 þ By3xþ Cyx

as an Airy stress function and determine the coefficients A, B, and C.
An

FIGURE
swer: A ¼ 2Pl=td3; B ¼ �2P=td3; C ¼ 3P=2td
P.2.3 The cantilever beam shown in Fig. P.2.3 is in a state of plane strain and is rigidly supported at

x ¼ L. Examine the following stress function in relation to this problem:

f ¼ w

20h3
ð15h2x2y� 5x2y3 � 2h2y3 þ y5Þ
h

y

w/unit area

w/unit area

L

h

x

P.2.3
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Show that the stresses acting on the boundaries satisfy the conditions except for a distributed direct

stress at the free end of the beam, which exerts no resultant force or bending moment.
An

• A

• A

FIGURE
swer: The stress function satisfies the biharmonic equation:

t y ¼ h, sy ¼ w and txy ¼ 0, boundary conditions satisfied,

t y ¼ –h, sy ¼ –w and txy ¼ 0, boundary conditions satisfied.

ect stress at free end of beam is not zero, there is no resultant force or bending moment at the
Dir

free end.

P.2.4A thin rectangular plate of unit thickness (Fig. P.2.4) is loaded along the edge y¼þd by a linearly
varying distributed load of intensity w ¼ px with corresponding equilibrating shears along the vertical
edges at x¼ 0 and l. As a solution to the stress analysis problem, an Airy stress function f is proposed,

where

f ¼ p

120d3
5ðx3 � l2xÞðyþ dÞ2ðy� 2dÞ � 3yxðy2 � d2Þ2
h i

Show that f satisfies the internal compatibility conditions and obtain the distribution of

stresses within the plate. Determine also the extent to which the static boundary conditions are

satisfied.

px � �
Answer: sx ¼
20d3

5yðx2 � l2Þ � 10y3 þ 6d2y

sy ¼ px

4d3
y3 � 3yd2 � 2d3
� �

txy ¼ �p

40d3
5ð3x2 � l2Þðy2 � d2Þ � 5y4 þ 6y2d2 � d4
� �
boundary stress function values of txy do not agree with the assumed constant equilibrating
The

shears at x ¼ 0 and l.
P.2.4
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P.2.4 MATLAB Use the Symbolic Math Toolbox in MATLAB to show the Airy stress function

proposed in Problem P.2.4 satisfies the internal compatibility conditions. Also repeat the derivation

of the distribution of stresses within the plate, assuming that y ¼ –d, –d/2, 0, d /2, and d. Assume

that for all cases x ¼ l.
FIGURE
swer:
An ðiÞ sy ¼ 0; sx ¼ lp=5;
txy ¼ 0

ðiiÞ sy ¼ �5lp=32; sx ¼ �7lp=80;
txy ¼ �pðð9d4Þ=16� ð45d2l2Þ=2Þ=ð120d3Þ

ðiiiÞ sy ¼ �lp=2; sx ¼ 0;
txy ¼ pð3d4 þ 30d2l2Þ=ð120d3Þ

ðivÞ sy ¼ �27lp=32; sx ¼ 7lp=80;
txy ¼ �pðð9d4Þ=16� ð45d2l2Þ=2Þ=ð120d3Þ

ðvÞ sy ¼ �lp; sx ¼ �lp=5;
txy ¼ 0
P.2.5 The cantilever beam shown in Fig. P.2.5 is rigidly fixed at x¼ L and carries loading such that the

Airy stress function relating to the problem is

f ¼ w

40bc3
�10c3x2 � 15c2x2yþ 2c2y3 þ 5x2y3 � y5
� �

Find the loading pattern corresponding to the function and check its validity with respect to the

boundary conditions.
swer: The stress function satisfies the biharmonic equation. The beam is a cantilever under
An

a uniformly distributed load of intensity w/unit area with a self-equilibrating stress

application given by sx ¼ w(12c3y – 20y3)/40bc3 at x ¼ 0. There is zero shear stress

at y ¼ �c and x ¼ 0. At y ¼ þc, sy ¼ –w/b; and at y ¼ –c, sy ¼ 0.
c

c

b
y

L

x

P.2.5
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P.2.6 A two-dimensional isotropic sheet, having a Young’s modulus E and linear coefficient of

expansion a, is heated nonuniformly, the temperature being T (x, y). Show that the Airy stress

function f satisfies the differential equation

r2ðr2fþ EaTÞ ¼ 0

where

r2 ¼ @2

@x2
þ @2

@y2

is the Laplace operator.

P.2.7 Investigate the state of plane stress described by the following Airy stress function:

f ¼ 3Qxy

4a
� Qxy3

4a3

over the square region x ¼ –a to x ¼ þa, y ¼ –a to y ¼ þa. Calculate the stress resultants per unit

thickness over each boundary of the region.
An
swer: The stress function satisfies the biharmonic equation. Also,
when x ¼ a,

sx ¼ �3Qy

2a2

when x ¼ –a,

sx ¼ 3Qy

2a2

and

txy ¼ �3Q

4a
1� y2

a2

� �



CHAPTER
Torsion of solid sections
 3

The elasticity solution of the torsion problem for bars of arbitrary but uniform cross-section is accom-

plished by the semi-inverse method (Section 2.3), in which assumptions are made regarding either

stress or displacement components. The former method owes its derivation to Prandtl, the latter to

St. Venant. Both methods are presented in this chapter, together with the useful membrane analogy

introduced by Prandtl.
3.1 PRANDTL STRESS FUNCTION SOLUTION
Consider the straight bar of uniform cross-section shown in Fig. 3.1. It is subjected to equal but opposite

torques T at each end, both of which are assumed to be free from restraint so that warping displacements

w, that is, displacements of cross-sections normal to and out of their original planes, are unrestrained.

Further, we make the reasonable assumptions that, since no direct loads are applied to the bar,

sx ¼ sy ¼ sz ¼ 0

and that the torque is resisted solely by shear stresses in the plane of the cross-section, giving

txy ¼ 0

To verify these assumptions, we must show that the remaining stresses satisfy the conditions of

equilibrium and compatibility at all points throughout the bar and, in addition, fulfill the equilibrium

boundary conditions at all points on the surface of the bar.

If we ignore body forces, the equations of equilibrium (1.5), reduce, as a result of our assump-

tions, to

@txz
@z

¼ 0;
@tyz
@z

¼ 0;
@tzx
@x

þ @tyz
@y

¼ 0 (3.1)

The first two equations of Eqs. (3.1) show that the shear stresses txz and tyz are functions of x and y only.
They are therefore constant at all points along the length of the bar which have the same x and y
coordinates. At this stage, we turn to the stress function to simplify the process of solution. Prandtl

introduced a stress function f defined by

@f
@x

¼ �tzy;
@f
@y

¼ tzx (3.2)

which identically satisfies the third of the equilibrium equations (3.1) whatever form f may take. We

therefore have to find the possible forms of f which satisfy the compatibility equations and the
Introduction to Aircraft Structural Analysis, Third Edition. http://dx.doi.org/10.1016/B978-0-08-102076-0.00003-8
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FIGURE 3.1 Torsion of a Bar of Uniform, Arbitrary Cross-section

70 CHAPTER 3 Torsion of solid sections
boundary conditions, the latter being, in fact, the requirement that distinguishes one torsion problem

from another.

From the assumed state of stress in the bar, we deduce that

ex ¼ ey ¼ ez ¼ gxy ¼ 0

(see Eqs. (1.42) and (1.46)). Further, since txz and tyz and hence gxz and gyz are functions of x and y only,
the compatibility equations (1.21)–(1.23) are identically satisfied, as is Eq. (1.26). The remaining

compatibility equations, (1.24) and (1.25), are then reduced to

@

@x
� @gyz

@x
þ @gxz

@y

0
@

1
A ¼ 0

@

@y

@gyz
@x

� @gxz
@y

0
@

1
A ¼ 0

Substituting initially for gyz and gxz from Eqs. (1.46) and for tzy (¼ tyz) and tzx (¼ txz) from Eqs. (3.2)

gives

@

@x

@2f
@x2

þ @2f
@y2

0
@

1
A ¼ 0

� @

@y

@2f
@x2

þ @2f
@y2

0
@

1
A ¼ 0

or

@

@x
r2f ¼ 0; � @

@y
r2f ¼ 0 (3.3)
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where r2 is the two-dimensional Laplacian operator

@2

@x2
þ @2

@y2

� �

The parameterr2f is therefore constant at any section of the bar, so that the functionfmust satisfy the

equation

@2f
@x2

þ @2f
@y2

¼ constant ¼ FðsayÞ (3.4)

at all points within the bar.

Finally, we must ensure that f fulfills the boundary conditions specified by Eqs. (1.7). On the

cylindrical surface of the bar, there are no externally applied forces, so that X ¼ Y ¼ Z ¼ 0. The

direction cosine n is also zero, and therefore the first two equations of Eqs. (1.7) are identically

satisfied, leaving the third equation as the boundary condition; that is,

tyzmþ txzl ¼ 0 (3.5)

The direction cosines l and m of the normal N to any point on the surface of the bar are, by reference

to Fig. 3.2,

l ¼ dy

ds
; m ¼ � dx

ds
(3.6)

Substituting Eqs. (3.2) and (3.6) into (3.5), we have

@f
@x

dx

ds
þ @f

@y

dy

ds
¼ 0

or

@f
ds

¼ 0
FIGURE 3.2 Formation of the Direction Cosines l and m of the Normal to the Surface of the Bar



72 CHAPTER 3 Torsion of solid sections
Therefore, f is constant on the surface of the bar and, since the actual value of this constant does

not affect the stresses of Eq. (3.2), we may conveniently take the constant to be zero. Hence, on the

cylindrical surface of the bar, we have the boundary condition

f ¼ 0 (3.7)

On the ends of the bar, the direction cosines of the normal to the surface have the values l ¼ 0, m ¼ 0,

and n ¼ 1. The related boundary conditions, from Eqs. (1.7), are then

X ¼ tzx
Y ¼ tzy
Z ¼ 0

We now observe that the forces on each end of the bar are shear forces which are distributed over the

ends of the bar in the same manner as the shear stresses are distributed over the cross-section. The re-

sultant shear force in the positive direction of the x axis, which we shall call Sx, is

Sx ¼
ðð

X dx dy ¼
ðð

tzx dx dy

or, using the relationship of Eqs. (3.2),

Sx ¼
ðð

@f
@y

dx dy ¼
ð
dx

ð
@f
@y

dy ¼ 0

as f ¼ 0 at the boundary. In a similar manner, Sy, the resultant shear force in the y direction, is

Sy ¼ �
ð
dy

ð
@f
@x

dx ¼ 0

It follows that there is no resultant shear force on the ends of the bar and the forces represent a torque of

magnitude, referring to Fig. 3.3,

T ¼
ðð

ðtzy x� tzx yÞ dx dy

in which we take the sign of T as being positive in the counterclockwise sense.
FIGURE 3.3 Derivation of Torque on Cross-section of Bar
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Rewriting this equation in terms of the stress function f,

T ¼ �
ðð

@f
@x

x dx dy�
ðð

@f
@y

y dx dy

Integrating each term on the right-hand side of this equation by parts and noting again that f¼ 0 at all

points on the boundary, we have

T ¼ 2

ðð
f dx dy (3.8)

We are therefore in a position to obtain an exact solution to a torsion problem if a stress function

f(x, y) can be found which satisfies Eq. (3.4) at all points within the bar and vanishes on the surface of
the bar, and providing that the external torques are distributed over the ends of the bar in an identical

manner to the distribution of internal stress over the cross-section. Although the last proviso is gener-

ally impracticable, we know from St. Venant’s principle that only stresses in the end regions are af-

fected; therefore, the solution is applicable to sections at distances from the ends usually taken to be

greater than the largest cross-sectional dimension.We have now satisfied all the conditions of the prob-

lem without the use of stresses other than tzy and txz, demonstrating that our original assumptions were

justified.

Usually, in addition to the stress distribution in the bar, we need to know the angle of twist and the

warping displacement of the cross-section. First, however, we shall investigate the mode of displace-

ment of the cross-section. We have seen that, as a result of our assumed values of stress,

ex ¼ ey ¼ ez ¼ gxy ¼ 0

It follows, from Eqs. (1.18) and the second of Eqs. (1.20), that

@u

@x
¼ @v

@y
¼ @w

@z
¼ @v

@x
þ @u

@y
¼ 0

which result leads to the conclusions that each cross-section rotates as a rigid body in its own plane

about a center of rotation or twist and that, although cross-sections suffer warping displacements nor-

mal to their planes, the values of this displacement at points having the same coordinates along the

length of the bar are equal. Each longitudinal fiber of the bar therefore remains unstrained, as we have

in fact assumed.

Let us suppose that a cross-section of the bar rotates through a small angle y about its center of

twist assumed coincident with the origin of the axes Oxy (see Fig. 3.4). Some point P(r, a) will be dis-
placed to P0(r, a þ y), the components of its displacement being

u ¼ �ry sina; v ¼ ry cosa

or

u ¼ �yy; v ¼ yx (3.9)

Referring to Eqs. (1.20) and (1.46),

gzx ¼
@u

@z
þ @w

@x
¼ tzx

G
; gzy ¼

@w

@y
þ @v

@z
¼ tzy

G



FIGURE 3.4 Rigid Body Displacement in the Cross-section of the Bar
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Rearranging and substituting for u and v from Eqs. (3.9),

@w

@x
¼ tzx

G
þ dy

dz
y;

@w

@y
¼ tzy

G
� dy

dz
x (3.10)

For a particular torsion problem, Eqs. (3.10) enable the warping displacement w of the originally

plane cross-section to be determined. Note that, since each cross-section rotates as a rigid body, y is a

function of z only.
Differentiating the first of Eqs. (3.10) with respect to y, the second with respect to x, and subtracting,

we have

0 ¼ 1

G

@tzx
@y

� @tzy
@x

� �
þ 2

dy
dz

Expressing tzx and tzy in terms of f gives

@2f
@x2

þ @2f
@y2

¼ �2G
dy
dz

or, from Eq. (3.4),

�2G
dy
dz

¼ r2f ¼ FðconstantÞ (3.11)

It is convenient to introduce a torsion constant J, defined by the general torsion equation

T ¼ GJ
dy
dz

(3.12)

The product GJ is known as the torsional rigidity of the bar and may be written, from Eqs. (3.8)

and (3.11),

GJ ¼ � 4G

r2f

ðð
f dx dy (3.13)
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Consider now the line of constant f in Fig. 3.5. If s is the distance measured along this line from

some arbitrary point, then

@f
@s

¼ 0 ¼ @f
@y

dy

ds
þ @f

@x

dx

ds

Using Eqs. (3.2) and (3.6), we may rewrite this equation as

@f
@s

¼ tzxlþ tzym ¼ 0 (3.14)

From Fig. 3.5, the normal and tangential components of shear stress are

tzn ¼ tzxlþ tzym tzs ¼ tzyl� tzxm (3.15)

Comparing the first of Eqs. (3.15) with Eq. (3.14), we see that the normal shear stress is zero, so that the

resultant shear stress at any point is tangential to a line of constant f. These are known as lines of shear
stress or shear lines.

Substituting f in the second of Eqs. (3.15), we have

tzs ¼ � @f
@x

l� @f
@y

m

which may be written, from Fig. 3.5, as

tzx ¼ @f
@x

dx

dn
� @f

@y

dy

dn
¼ � @f

@n
(3.16)

where, in this case, the direction cosines l and m are defined in terms of an elemental normal of

length dn.
We have therefore shown that the resultant shear stress at any point is tangential to the line of shear

stress through the point and has a value equal to minus the derivative of f in a direction normal to

the line.
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Example 3.1
Determine the rate of twist and the stress distribution in a circular section bar of radius Rwhich is subjected to equal

and opposite torques T at each of its free ends.

If we assume an origin of axes at the center of the bar, the equation of its surface is given by

x2 þ y2 ¼ R2

If we now choose a stress function of the form

f ¼ C ðx2 þ y2 � R2Þ (i)

the boundary condition f ¼ 0 is satisfied at every point on the boundary of the bar and the constant C may be

chosen to fulfill the remaining requirement of compatibility. Therefore, from Eqs. (3.11) and (i),

4C ¼ �2G
dy
dz

so that

C ¼ �G

2

dy
dz

and

f ¼ �G
dy
dz

ðx2 þ y2 � R2Þ=2 (ii)

Substituting for f in Eq. (3.8),

T ¼ �G
dy
dz

ðð
x2 dx dyþ

ðð
y2 dx dy� R2

ðð
dx dy

� �

Both the first and second integrals in this equation have the value pR4/4, while the third integral is equal to pR2, the

area of cross-section of the bar. Then,

T ¼ �G
dy
dz

pR4

4
þ pR4

4
� pR4

� �

which gives

T ¼ pR4

2
G
dy
dz

that is,

T ¼ GJ
dy
dz

(iii)

in which J ¼ pR4/2 ¼ pD4/32 (D is the diameter), the polar second moment of area of the bar’s cross-section.

Substituting for G(dy/dz) in Eq. (ii) from (iii),

f ¼ � T

2J
x2 þ y2 � R2
� �
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and from Eqs. (3.2),

tzy ¼ � @f
@x

¼ Tx

J
; tzx ¼ @f

@y
¼ � Ty

J

The resultant shear stress at any point on the surface of the bar is then given by

t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2zy þ t2zx

q
that is,

t ¼ T

J

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
so that.

t ¼ TR

J
(iv)

This argument may be applied to any annulus of radius r within the cross-section of the bar, so that the stress

distribution is given by

t ¼ Tr

J

and therefore increases linearly from zero at the center of the bar to a maximum TR/J at the surface.
Example 3.2
A uniform bar has the elliptical cross-section shown in Fig. 3.6(a) and is subjected to equal and opposite torques T

at each of its free ends. Derive expressions for the rate of twist in the bar, the shear stress distribution, and the

warping displacement of its cross-section.

The semi-major and semi-minor axes are a and b, respectively, so that the equation of its boundary is

x2

a2
þ y2

b2
¼ 1

If we choose a stress function of the form

f ¼ C
x2

a2
þ y2

b2
� 1

� �
(i)

then the boundary condition f¼ 0 is satisfied at every point on the boundary and the constant Cmay be chosen to

fulfill the remaining requirement of compatibility. Thus, from Eqs. (3.11) and (i),

2C
1

a2
þ 1

b2

� �
¼ �2G

dy
dz

or

C ¼ �G
dy
dz

a2b2

a2 þ b2ð Þ (ii)
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giving

f ¼ �G
dy
dz

a2b2

a2 þ b2ð Þ
x2

a2
þ y2

b2
� 1

� �
(iii)

Substituting this expression forf in Eq. (3.8) establishes the relationship between the torque T and the rate of twist:

T ¼ �2G
dy
dz

a2b2

ða2 þ b2Þ
1

a2

ðð
x2 dx dyþ 1

b2

ðð
y2 dx dy�

ðð
dx dy

� �
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The first and second integrals in this equation are the second moments of area Iyy¼ pa3b/4 and Ixx¼ pab3/4, while
the third integral is the area of the cross-section A ¼ pab. Replacing the integrals by these values gives

T ¼ G
dy
dz

pa3b3

ða2 þ b2Þ (iv)

from which (see Eq. (3.12))

J ¼ pa3b3

ða2 þ b2Þ (v)

The shear stress distribution is obtained in terms of the torque by substituting for the product G(dy/dz) in
Eq. (iii) from (iv) and then differentiating as indicated by the relationships of Eqs. (3.2). Thus,

tzx ¼ � 2Ty

pab3
; tzy ¼ 2Tx

pa3b
(vi)

So far we have solved for the stress distribution, Eqs. (vi), and the rate of twist, Eq. (iv). It remains to determine

the warping distribution w over the cross-section. For this, we return to Eqs. (3.10), which become, on substituting

from the preceding for tzx, tzy, and dy/dz,

@w

@x
¼ � 2Ty

pab3G
þ T

G

ða2 þ b2Þ
pa3b3

y;
@w

@y
¼ 2Tx

pa3bG
� T

G

ða2 þ b2Þ
pa3b3

x

or

@w

@x
¼ T

pa3b3G
ðb2 � a2Þy; @w

@y
¼ T

pa3b3G
ðb2 � a2Þx (vii)

Integrating both of Eqs. (vii),

w ¼ Tðb2 � a2Þ
pa3b3G

yxþ f1ðyÞ w ¼ Tðb2 � a2Þ
pa3b3G

xyþ f2ðxÞ

The warping displacement given by each of these equations must have the same value at identical points (x, y). It

follows that f1(y) ¼ f2(x) ¼ 0. Hence,

w ¼ Tðb2 � a2Þ
pa3b3G

xy (viii)

Lines of constant w therefore describe hyperbolas with the major and minor axes of the elliptical cross-section

as asymptotes. Further, for a positive (counterclockwise) torque, the warping is negative in the first and third

quadrants (a > b) and positive in the second and fourth.



80 CHAPTER 3 Torsion of solid sections
Example 3.2 MATLAB
Calculate the warping displacement (w) along the boundary of the cross-section illustrated in Fig. 3.6(a) using the

equation forw derived in Example 3.2. Plot the resulting values ofw using the plot3 function inMATLAB. Assume

the following variable values: a ¼ 200 mm; b ¼ 300 mm; G ¼ 25,000 N/mm2; T ¼ 15 kNm.

Calculations ofw along the cross-section boundary and the code required to create the needed plot are obtained

through the following MATLAB file:

% Declare any needed variables

a ¼ 200;

b ¼ 300;

G ¼ 25000;

T ¼ 15*10̂ 6;

% Define (x,y) values for 1001 points along the cross-section boundary

steps ¼ 1000;

x ¼ zeros(stepsþ1,1);

y ¼ zeros(stepsþ1,1);

w ¼ zeros(stepsþ1,1);

for i¼1:1:steps/2

x(i) ¼ a - (4*a/steps)*(i-1);

y(i) ¼ b*sqrt(1-(x(i)/a)̂ 2);

end

for i¼1:1:steps/2þ1

x(steps/2þi) ¼ -a þ (4*a/steps)*(i-1);

y(steps/2þi) ¼ -b*sqrt(1-(x(i)/a)̂ 2);

end

% Calculate the warping displacement (w) at each point (x,y)

for i¼1:1:stepsþ1

w(i) ¼ T*(b̂ 2-â 2)*x(i)*y(i)/(pi*â 3*b̂ 3*G);

end

% Plot the values of w

figure(1)

plot3(x,y,w)

grid on

axis square

xlabel(‘x’)

ylabel(‘y’)

zlabel(‘w’)

view(-125,18)

The plot resulting from this MATLAB file is illustrated in Fig. 3.6(b) (MATLAB).
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3.2 ST. VENANT WARPING FUNCTION SOLUTION
In formulating his stress function solution, Prandtl made assumptions concerning the stress distribution

in the bar. The alternative approach presented by St. Venant involves assumptions as to the mode of

displacement of the bar; namely, that cross-sections of a bar subjected to torsion maintain their original

unloaded shape, although they may suffer warping displacements normal to their plane. The first of

these assumptions leads to the conclusion that cross-sections rotate as rigid bodies about a center

of rotation or twist. This fact was also found to derive from the stress function approach of

Section 3.1, so that, referring to Fig. 3.4 and Eq. (3.9), the components of displacement in the x
and y directions of a point P in the cross-section are

u ¼ �yy; v ¼ yx

It is also reasonable to assume that the warping displacement w is proportional to the rate of twist and is

therefore constant along the length of the bar. Hence, we may define w by the equation

w ¼ dy
dz

cðx; yÞ (3.17)

where c(x, y) is the warping function.
The assumed form of the displacements u, v, and wmust satisfy the equilibrium and force boundary

conditions of the bar. We note here that it is unnecessary to investigate compatibility, as we are

concerned with displacement forms that are single-valued functions and therefore automatically satisfy

the compatibility requirement.

The components of strain corresponding to the assumed displacements are obtained from

Eqs. (1.18) and (1.20) and are

ex ¼ ey ¼ ez ¼ gxy ¼ 0

gzx ¼
@w

@x
þ @u

@z
¼ dy

dz

@c
@x

� y

0
@

1
A

gzy ¼
@w

@y
þ @v

@z
¼ dy

dz

@c
@y

þ x

0
@

1
A

9>>>>>>>>=
>>>>>>>>;

(3.18)

The corresponding components of stress are, from Eqs. (1.42) and (1.46),

sx ¼ sy ¼ sz ¼ txy ¼ 0

tzx ¼ G
dy
dz

@c
@x

� y

0
@

1
A

tzy ¼ G
dy
dz

@c
@y

þ x

0
@

1
A

9>>>>>>>>=
>>>>>>>>;

(3.19)

Ignoring body forces, we see that these equations identically satisfy the first two of the equilibrium

equations (1.5) and also that the third is fulfilled if the warping function satisfies the equation
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@2c
@x2

þ @2c
@y2

¼ r2c ¼ 0 (3.20)

The direction cosine n is zero on the cylindrical surface of the bar and so the first two of the bound-
ary conditions (Eqs. (1.7)) are identically satisfied by the stresses of Eqs. (3.19). The third equation

simplifies to

@c
@y

þ x

� �
mþ @c

@x
� y

� �
l ¼ 0 (3.21)

It may be shown, but not as easily as in the stress function solution, that the shear stresses defined in

terms of the warping function in Eqs. (3.19) produce zero resultant shear force over each end of

the bar.1 The torque is found in a similar manner to that in Section 3.1, where, by reference to

Fig. 3.3, we have

T ¼
ðð

tzyx� tzxy
� �

dx dy

or

T ¼ G
dy
dz

ðð
@c
@y

þ x

� �
x� @c

@x
� y

� �
y

� �
dx dy (3.22)

By comparison with Eq. (3.12), the torsion constant J is now, in terms of c,

J ¼
ðð

@c
@y

þ x

� �
x� @c

@x
� y

� �
y

� �
dx dy (3.23)

The warping function solution to the torsion problem reduces to the determination of the warping

functionc, which satisfies Eqs. (3.20) and (3.21). The torsion constant and the rate of twist follow from

Eqs. (3.23) and (3.22); the stresses and strains from Eqs. (3.19) and (3.18); and finally, the warping

distribution from Eq. (3.17).
3.3 THE MEMBRANE ANALOGY
Prandtl suggested an extremely useful analogy relating the torsion of an arbitrarily shaped bar to the

deflected shape of a membrane. The latter is a thin sheet of material which relies for its resistance to

transverse loads on internal in-plane or membrane forces.

Suppose that a membrane has the same external shape as the cross-section of a torsion bar

(Fig. 3.7(a)). It supports a transverse uniform pressure q and is restrained along its edges by a uniform
tensile force N/unit length, as shown in Figs. 3.7(a) and (b). It is assumed that the transverse displace-

ments of the membrane are small, so that N remains unchanged as the membrane deflects. Consider the

equilibrium of an element dxdy of the membrane. Referring to Fig. 3.8 and summing forces in the z
direction, we have

�Ndy
@w

@x
� Ndy � @w

@x
� @2w

@x2
dx

� �
� Ndx

@w

@y
� Ndx � @w

@y
� @2w

@y2
dy

� �
þ qdxdy ¼ 0



FIGURE 3.8 Equilibrium of Element of Membrane

FIGURE 3.7 Membrane Analogy: (a) In-plane and (b) Transverse Loading

833.3 The membrane analogy
or

@2w

@x2
þ @2w

@y2
¼ r2w ¼ � q

N
(3.24)

Equation (3.24) must be satisfied at all points within the boundary of the membrane. Furthermore, at all

points on the boundary,

w ¼ 0 (3.25)

and we see that, by comparing Eqs. (3.24) and (3.25) with Eqs. (3.11) and (3.7), w is analogous to

f when q is constant. Thus, if the membrane has the same external shape as the cross-section of

the bar, then

w ðx; yÞ ¼ fðx; yÞ
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and

q

N
¼ �F ¼ 2G

dy
dz

The analogy now being established, we may make several useful deductions relating the deflected

form of the membrane to the state of stress in the bar.

Contour lines or lines of constant w correspond to lines of constant f or lines of shear stress in the

bar. The resultant shear stress at any point is tangential to the membrane contour line and equal in value

to the negative of the membrane slope, @w/@n, at that point, the direction n being normal to the contour

line (see Eq. (3.16)). The volume between the membrane and the xy plane is

Vol ¼
ðð

w dx dy

and we see that, by comparison with Eq. (3.8),

T ¼ 2 Vol

The analogy therefore provides an extremely useful method of analyzing torsion bars possessing

irregular cross-sections for which stress function forms are not known. Hetényi2 describes experimen-

tal techniques for this approach. In addition to the strictly experimental use of the analogy, it is also

helpful in the visual appreciation of a particular torsion problem. The contour lines often indicate a

form for the stress function, enabling a solution to be obtained by the method of Section 3.1. Stress

concentrations are made apparent by the closeness of contour lines where the slope of the membrane

is large. These are in evidence at sharp internal corners, cut-outs, discontinuities, and the like.
3.4 TORSION OF A NARROW RECTANGULAR STRIP
In Chapter 17, we investigate the torsion of thin-walled open-section beams; the development of the

theory being based on the analysis of a narrow rectangular strip subjected to torque. We now conve-

niently apply the membrane analogy to the torsion of such a strip, shown in Fig. 3.9. The corresponding

membrane surface has the same cross-sectional shape at all points along its length except for small

regions near its ends, where it flattens out. If we ignore these regions and assume that the shape of

the membrane is independent of y, then Eq. (3.11) simplifies to

d2f
dx2

¼ �2G
dy
dz

Integrating twice,

f ¼ �G
dy
dz

x2 þ Bxþ C

Substituting the boundary conditions f ¼ 0 at x ¼ � t/2, we have

f ¼ �G
dy
dz

x2 � t

2

	 
2
� �

(3.26)



FIGURE 3.9 Torsion of a Narrow Rectangular Strip

853.4 Torsion of a narrow rectangular strip
Although f does not disappear along the short edges of the strip and therefore does not give an exact

solution, the actual volume of the membrane differs only slightly from the assumed volume, so that

the corresponding torque and shear stresses are reasonably accurate. Also, the maximum shear stress

occurs along the long sides of the strip, where the contours are closely spaced, indicating, in any case,

that conditions in the end region of the strip are relatively unimportant.

The stress distribution is obtained by substituting Eq. (3.26) in Eqs. (3.2), then

tzy ¼ 2Gx
dy
dz

tzx ¼ 0 (3.27)

the shear stress varying linearly across the thickness and attaining a maximum

tzy;max ¼ �Gt
dy
dz

(3.28)

at the outside of the long edges, as predicted. The torsion constant J follows from the substitution of

Eq. (3.26) into (3.13), giving

J ¼ st3

3
(3.29)

and

tzy;max ¼ 3T

st3

These equations represent exact solutions when the assumed shape of the deflected membrane is the

actual shape. This condition arises only when the ratio s/t approaches infinity; however, for ratios in
excess of 10, the error is on the order of only 6 percent. Obviously, the approximate nature of the so-

lution increases as s/t decreases. Therefore, to retain the usefulness of the analysis, a factor m is included
in the torsion constant; that is,

J ¼ mst3

3



FIGURE 3.10 Warping of a Thin Rectangular Strip
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Values of m for different types of section are found experimentally and quoted in various references.3,4

We observe that, as s/t approaches infinity, m approaches unity.

The cross-section of the narrow rectangular strip of Fig. 3.9 does not remain plane after loading but

suffers warping displacements normal to its plane; this warping may be determined using either of

Eqs. (3.10). From the first of these equations,

@w

@x
¼ y

dy
dz

(3.30)

since tzx ¼ 0 (see Eqs. (3.27)). Integrating Eq. (3.30), we obtain

w ¼ xy
dy
dz

þ constant (3.31)

Since the cross-section is doubly symmetrical, w ¼ 0 at x ¼ y ¼ 0, so that the constant in Eq. (3.31) is

zero. Therefore,

w ¼ xy
dy
dz

(3.32)

and the warping distribution at any cross-section is as shown in Fig. 3.10.

We should not close this chapter without mentioning alternative methods of solution of the torsion

problem. These in fact provide approximate solutions for the wide range of problems for which exact

solutions are not known. Examples of this approach are the numerical finite difference method and the

Rayleigh–Ritz method based on energy principles.5
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PROBLEMS

P.3.1 Show that the stress functionf¼ k (r2� a2) is applicable to the solution of a solid circular section
bar of radius a. Determine the stress distribution in the bar in terms of the applied torque, the rate of

twist, and the warping of the cross-section. Is it possible to use this stress function in the solution for a

circular bar of hollow section?

Answer: t ¼ Tr=Ip; where Ip ¼ pa4=2;
dy=dz ¼ 2T=Gpa4; w ¼ 0 everywhere:
P.3.2Deduce a suitable warping function for the circular section bar of P.3.1 and derive the expressions

for stress distribution and rate of twist.

Answer: c ¼ 0; tzx ¼ � Ty

Ip
; tzy ¼ Tx

Ip
; tzs ¼ Tr

Ip
;

dy
dz

¼ T

GIP

P.3.3 Show that the warping functionc¼ kxy, in which k is an unknown constant, may be used to solve

the torsion problem for the elliptical section of Example 3.2.

P.3.4 Show that the stress function

f ¼ �G
dy
dz

1

2
ðx2 þ y2Þ � 1

2a
ðx3 � 3xy2Þ � 2

27
a2

� �

is the correct solution for a bar having a cross-section in the form of the equilateral triangle shown in

Fig. P.3.4. Determine the shear stress distribution, the rate of twist, and the warping of the cross-section.

Find the position and magnitude of the maximum shear stress.
FIGURE P.3.4
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Answer: tzy ¼ G
dy
dz

x� 3x2

2a
þ 3y2

2a

0
@

1
A

tzx ¼ �G
dy
dz

yþ 3xy

a

0
@

1
A

tmax (at center of each side) ¼ � a

2
G
dy
dz

dy
dz

¼ 15
ffiffiffi
3

p
T

Ga4

w ¼ 1

2a

dy
dz

y3 � 3x2y
� �

P.3.5 Determine the maximum shear stress and the rate of twist in terms of the applied torque T for the

section made up of narrow rectangular strips shown in Fig. P.3.5.
An

An

FIGURE
swer: tmax ¼ 3T=ð2aþ bÞt2; dy=dz ¼ 3T=Gð2aþ bÞt3
P.3.5 MATLABUse the Symbolic Math Toolbox in MATLAB to repeat Problem P.3.5, assuming that

the vertical rectangular strip of length b in Fig. P.3.5 has a thickness of 2t.
swer: tmax ¼ 3T=½2t2ðaþ 4bÞ�; dy=dz ¼ 3T=½2Gt3ðaþ 4bÞ�
P.3.5



CHAPTER
Virtual work and energy methods
 4

Many structural problems are statically determinate; that is, the support reactions and internal force sys-

tems may be found using simple statics, where the number of unknowns is equal to the number of equa-

tions of equilibrium available. In cases where the number of unknowns exceeds the possible number of

equations of equilibrium, for example, a propped cantilever beam, other methods of analysis are required.

The methods fall into two categories and are based on two important concepts; the first, which is

presented in this chapter, is the principle of virtual work. This is the most fundamental and powerful

tool available for the analysis of statically indeterminate structures and has the advantage of being able

to deal with conditions other than those in the elastic range. The second, based on strain energy, can
provide approximate solutions of complex problems for which exact solutions do not exist and is

discussed in Chapter 5. In some cases, the two methods are equivalent, since, although the governing

equations differ, the equations themselves are identical.

In modern structural analysis, computer-based techniques are widely used; these include the flex-

ibility and stiffness methods (see Chapter 6). However, the formulation of, say, stiffness matrices for

the elements of a complex structure is based on one of the previous approaches, so that a knowledge and

understanding of their application is advantageous.
4.1 WORK
Before we consider the principle of virtual work in detail, it is important to clarify exactly what is meant

by work. The basic definition of work in elementary mechanics is that “work is done when a force

moves its point of application.” However, we require a more exact definition since we are concerned

with work done by both forces and moments and with the work done by a force when the body on which

it acts is given a displacement that is not coincident with the line of action of the force.

Consider the force, F, acting on a particle, A, in Fig. 4.1(a). If the particle is given a displacement,D,
by some external agency so that it moves to A0 in a direction at an angle a to the line of action of F, the
work, WF, done by F is given by

WF ¼ F ðD cosaÞ (4.1)

or

WF ¼ ðF cosaÞD (4.2)

We see therefore that the work done by the force, F, as the particle moves fromA to A0 may be regarded

as either the product of F and the component ofD in the direction of F (Eq. (4.1)) or as the product of the

component of F in the direction of D and D (Eq. (4.2)).
Introduction to Aircraft Structural Analysis, Third Edition. http://dx.doi.org/10.1016/B978-0-08-102076-0.00004-X
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FIGURE 4.1 Work Done by a Force and a Moment
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Now, consider the couple (pure moment) in Fig. 4.1(b) and suppose that the couple is given a small

rotation of y radians. The work done by each force F is then F(a/2)y, so that the total work done, WC,

by the couple is

WC ¼ F
a

2
yþ F

a

2
y ¼ Fay

It follows that the work done, WM, by the pure moment, M, acting on the bar AB in Fig. 4.1(c) as it is

given a small rotation, y, is

WM ¼ My (4.3)

Note that in this equation the force, F, and moment, M, are in position before the displacements take

place and are not the cause of them. Also, in Fig. 4.1(a), the component of D parallel to the direction of

F is in the same direction as F; if it had been in the opposite direction, the work done would have been
negative. The same argument applies to the work done by the moment,M, where we see in Fig. 4.1(c)

that the rotation, y, is in the same sense as M. Note also that if the displacement, D, had been perpen-

dicular to the force, F, no work would have been done by F.
Finally, it should be remembered that work is a scalar quantity, since it is not associated with

direction (in Fig. 4.1(a), the force F does work if the particle is moved in any direction). Therefore,

the work done by a series of forces is the algebraic sum of the work done by each force.
4.2 PRINCIPLE OF VIRTUAL WORK
The establishment of the principle is carried out in stages. First, we consider a particle, then a rigid

body, and finally a deformable body, which is the practical application we require when analyzing

structures.



934.2 Principle of virtual work
4.2.1 Principle of virtual work for a particle
In Fig. 4.2, a particle, A, is acted upon by a number of concurrent forces, F1, F2, . . . , Fk, . . . , Fr; the

resultant of these forces is R. Suppose that the particle is given a small arbitrary displacement, Dv, to A
0

in some specified direction; Dv is an imaginary or virtual displacement and is sufficiently small so that

the directions of F1,F2, etc., are unchanged. Let yR be the angle that the resultant,R, of the forces makes

with the direction of Dv and y1, y2, . . . , yk, . . . , yr the angles that F1, F2, . . . , Fk, . . . , Frmake with the

direction ofDv, respectively. Then, from either of Eqs. (4.1) or (4.2). the total virtual work,WF, done by

the forces F as the particle moves through the virtual displacement, Dv, is given by

WF ¼ F1Dv cosy1 þ F2Dv cosy2 þ � � � þ FkDv cosyk þ � � � þ FrDv cosyr

Therefore,

WF ¼
Xr

k¼1

FkDv cosyk

or, since Dv is a fixed, although imaginary displacement,

WF ¼ Dv

Xr

k¼1

Fk cosyk (4.4)

In Eq. (4.4),
Pr

k¼1Fk cosyk is the sum of all the components of the forces, F, in the direction of Dv

and therefore must be equal to the component of the resultant, R, of the forces, F, in the direction of Dv;

that is,

WF ¼ Dv

Xr

k¼1

Fk cosyk ¼ DvR cosyR (4.5)

If the particle, A, is in equilibrium under the action of the forces, F1, F2, . . . , Fk, . . . , Fr, the resultant,

R, of the forces is zero. It follows from Eq. (4.5) that the virtual work done by the forces, F, during the
virtual displacement, Dv, is zero.
F2

Fk

Fr

F1

A

R

A�

u1

uR

�v

FIGURE 4.2 Virtual Work for a System of Forces Acting on a Particle
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We can therefore state the principle of virtual work for a particle as follows:

If a particle is in equilibrium under the action of a number of forces, the total work done by the forces

for a small arbitrary displacement of the particle is zero.

It is possible for the total work done by the forces to be zero even though the particle is not in equi-

librium, if the virtual displacement is taken to be in a direction perpendicular to their resultant, R. We

cannot, therefore, state the converse of this principle unless we specify that the total work done must be

zero for any arbitrary displacement. Thus,

A particle is in equilibrium under the action of a system of forces if the total work done by the forces is

zero for any virtual displacement of the particle.

Note that, in this, Dv is a purely imaginary displacement and is not related in any way to the possible

displacement of the particle under the action of the forces, F. The virtual displacement Dv has been

introduced purely as a device for setting up the work–equilibrium relationship of Eq. (4.5). The forces,

F, therefore remain unchanged in magnitude and direction during this imaginary displacement; this

would not be the case if the displacement were real.

4.2.2 Principle of virtual work for a rigid body
Consider the rigid body shown in Fig. 4.3, which is acted upon by a system of external forces, F1, F2,

. . . , Fk, . . . , Fr. These external forces induce internal forces in the body, which may be regarded as

comprising an infinite number of particles; on adjacent particles, such as A1 and A2, these internal

forces are equal and opposite, in other words, self-equilibrating. Suppose now that the rigid body is

given a small, imaginary, that is, virtual, displacement, Dv (or a rotation or a combination of both)

in some specified direction. The external and internal forces then do virtual work and the total virtual

work done,Wt, is the sum of the virtual work,We, done by the external forces and the virtual work,Wi,

done by the internal forces. Thus,

Wt ¼ We þWi (4.6)

Since the body is rigid, all the particles in the body move through the same displacement, Dv, so that the

virtual work done on all the particles is numerically the same. However, for a pair of adjacent particles,
Self-equilibrating internal forces

F1

Fr Fk

F2

A1 A2

FIGURE 4.3 Virtual Work for a Rigid Body
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such as A1 and A2 in Fig. 4.3, the self-equilibrating forces are in opposite directions, which means that

the work done on A1 is opposite in sign to the work done on A2. Therefore, the sum of the virtual work

done on A1 and A2 is zero. The argument can be extended to the infinite number of pairs of particles in

the body, fromwhich we conclude that the internal virtual work produced by a virtual displacement in a

rigid body is zero. Equation (4.6) then reduces to

Wt ¼ We (4.7)

Since the body is rigid and the internal virtual work is therefore zero, we may regard the body as a large

particle. It follows that if the body is in equilibrium under the action of a set of forces, F1, F2, . . . , Fk,

. . . , Fr, the total virtual work done by the external forces during an arbitrary virtual displacement of the

body is zero.
Example 4.1
Calculate the support reactions in the cantilever beam AB shown in Fig. 4.4(a).

The concentrated load, W, induces a vertical reaction, RA, and also one of moment, MA, at A.

Suppose that the beam is given a small imaginary, that is virtual, rotation, yv,A, at A, as shown in Fig. 4.4(b).

Since we are concerned here with only external forces, we may regard the beam as a rigid body, so that the beam

remains straight and B is displaced to B0. The vertical displacement of B, Dv,B, is then given by

Dv;B ¼ yv;AL

or

yv;A ¼ Dv;B=L (i)

The total virtual work, Wt, done by all the forces acting on the beam is given by

Wt ¼ WDv;B �MAyv;A (ii)

Note that the contribution ofMA to the total virtual work done is negative, since the assumed direction ofMA is in

the opposite sense to the virtual displacement, yv,A. Note also that there is no linear movement of the beam at A so

that RA does no work. Substituting in Eq. (ii) for yv,A from Eq. (i), we have

Wt ¼ WDv;B �MADv;B=L (iii)

Since the beam is in equilibrium, Wt ¼ 0, from the principle of virtual work. Therefore,

0 ¼ WDv;B �MADv;B=L
MA
MA

A A

W

B

W W

B

B¢B¢ A¢

B A

Dv,B Dv

qv,A

RA RA

L L L

(a) (b) (c)

FIGURE 4.4 Use of the Principle of Virtual Work to Calculate Support Reactions
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so that
MA ¼ WL

which is the result which would have been obtained from considering themoment equilibrium of the beam about A.

Suppose now that the complete beam is given a virtual displacement, Dv, as shown in Fig. 4.4(c). There is no

rotation of the beam, so that MA does no work. The total virtual work done is then given by

Wt ¼ WDv � RADv (iv)

The contribution of RA is negative, since its line of action is in the direction opposite to Dv. The beam is in equi-

librium, so that Wt ¼ 0. Therefore, from Eq. (iv),

RA ¼ W

which is the result we would have obtained by resolving forces vertically.
Example 4.2
Calculate the support reactions in the cantilever beam shown in Fig. 4.5(a).

In this case, we obtain a solution by simultaneously giving the beam a virtual displacement, Dv,A, at A and a

virtual rotation, yv,A, at A. The total deflection at B is then Dv,A þ yv,AL and at a distance x from A is Dv,A þ yv,Ax.
Since the beam carries a uniformly distributed load, we find the virtual work done by the load by first con-

sidering an elemental length, dx, of the load a distance x from A. The load on the element is wdx and the virtual

work done by this elemental load is given by

dW ¼ wdxðDv;A þ yv;AxÞ
The total virtual work done on the beam is given by

Wt ¼
ðL
0

wðDv;A þ yv;AxÞdx�MAyv;A � RADv;A

which simplifies to

Wt ¼ ðwL� RAÞDv;A þ ½ðwL2=2Þ �MA�yv;A ¼ 0 (i)
δx

θv,A

Δv,A + θv,AL

Δv,A

x

MA

MA w

RA

A¢

A

RA

L L

A B

w

(a) (b)

B
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FIGURE 4.5 Calculation of Support Reactions Using the Principle of Virtual Work
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since the beam is in equilibrium. Equation (i) is valid for all values of Dv,A and yv,A, so that

wL� RA ¼ 0 and ðwL2=2Þ �MA ¼ 0

Therefore,

RA ¼ wL andMA ¼ wL2=2

the results which would have been obtained by resolving forces vertically and taking moments about A.
Example 4.3
Calculate the reactions at the built-in end of the cantilever beam shown in Fig. 4.6(a).

In this example the load, W, produces reactions of vertical force, moment, and torque at the built-in end. The

vertical force and moment are the same as in Example 4.1. To determine the torque reaction we impose a small,

virtual displacement,Dv,C , vertically downwards at C. This causes the beamAB to rotate as a rigid body through an

angle, yv,AB, which is given by

yv;AB ¼ Dv;C=a (i)

Alternatively, we could have imposed a small virtual rotation, yv,AB, on the beam, which would have resulted in a

virtual vertical displacement of C equal to ayv,AB; clearly the two approaches produce identical results.

The total virtual work done on the beam is then given by

Wt ¼ WDv;C � TAyv;AB ¼ 0 (ii)

since the beam is in equilibrium. Substituting for yv,AB, in Eq. (ii) from Eq. (i), we have

TA ¼ Wa

which is the result which would have been obtained by considering the statical equilibrium of the beam.
MA TA

RA

W

C

B

L

a

A

FIGURE 4.6 Beam of Example 4.3
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Example 4.4
Calculate the support reactions in the simply supported beam shown in Fig. 4.7.

Only a vertical load is applied to the beam, so that only vertical reactions, RA and RC, are produced.

Suppose that the beam at C is given a small imaginary, that is, a virtual, displacement, Dv,C, in the direction of

RC as shown in Fig. 4.7(b). Since we are concerned here solely with the external forces acting on the beam, we may
W
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FIGURE 4.7 Use of the Principle of Virtual Work to Calculate Support Reactions
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regard the beam as a rigid body. The beam therefore rotates about A so that C moves to C0 and Bmoves to B0. From
similar triangles. we see that

Dv;B ¼ a

aþ b
Dv;C ¼ a

L
Dv;C (i)

The total virtual work, Wt, done by all the forces acting on the beam is given by

Wt ¼RCDv;C �WDv;B (ii)

Note that the work done by the load,W, is negative, since Dv,B is in the opposite direction to its line of action. Note

also that the support reaction, RA, does no work, since the beam rotates only about A. Now substituting for Dv,B in

Eq. (ii) from Eq. (i), we have

Wt ¼ RCDv;C �W
a

L
Dv;C (iii)

Since the beam is in equilibrium, Wt is zero from the principle of virtual work. Hence, from Eq. (iii),

RCDv;C �W
a

L
Dv;C ¼ 0

which gives

RC ¼ W
a

L

which is the result which would have been obtained from a consideration of the moment equilibrium of the beam

about A. The determination of RA follows in a similar manner. Suppose now that, instead of the single displacement

Dv,C, the complete beam is given a vertical virtual displacement, Dv, together with a virtual rotation, yv, about A, as
shown in Fig. 4.7(c). The total virtual work, Wt, done by the forces acting on the beam is now given by

Wt ¼ RADv �W ðDv þ ayvÞ þ RC ðDv þ LyvÞ ¼ 0 (iv)

since the beam is in equilibrium. Rearranging Eq. (iv),

ðRA þ RC �WÞDv þ ðRCL�WaÞyv ¼ 0 (v)

Equation (v) is valid for all values of Dv and yv so that

RA þ RC �W ¼ 0; RCL�Wa ¼ 0

which are the equations of equilibrium we would have obtained by resolving forces vertically and taking moments

about A.

It is not being suggested here that the application of the principles of statics should be abandoned in

favor of the principle of virtual work. The purpose of Examples 4.1–4.4 is to illustrate the application of

a virtual displacement and the manner in which the principle is used.

4.2.3 Virtual work in a deformable body
In structural analysis, we are not generally concerned with forces acting on a rigid body. Structures and

structural members deform under load, which means that, if we assign a virtual displacement to a par-

ticular point in a structure, not all points in the structure suffer the same virtual displacement, as would

be the case if the structure were rigid. This means that the virtual work produced by the internal forces is
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not zero, as it is in the rigid body case, since the virtual work produced by the self-equilibrating forces on

adjacent particles does not cancel out. The total virtual work produced by applying a virtual displace-

ment to a deformable body acted upon by a system of external forces is therefore given by Eq. (4.6).

If the body is in equilibrium under the action of the external force system, then every particle in the

body is also in equilibrium. Therefore, from the principle of virtual work, the virtual work done by the

forces acting on the particle is zero, irrespective of whether the forces are external or internal. It follows

that, since the virtual work is zero for all particles in the body, it is zero for the complete body and

Eq. (4.6) becomes

We þWi ¼ 0 (4.8)

Note that, in this argument, only the conditions of equilibrium and the concept of work are employed.

Equation (4.8) therefore does not require the deformable body to be linearly elastic (i.e., it need not obey

Hooke’s law), so that the principle of virtual work may be applied to any body or structure that is rigid,

elastic, or plastic. The principle does require that displacements, whether real or imaginary, must be

small, so that wemay assume that external and internal forces are unchanged inmagnitude and direction

during the displacements. In addition, the virtual displacements must be compatible with the geometry

of the structure and the constraints that are applied, such as those at a support. The exception is the sit-

uation we have in Examples 4.1–4.4, where we apply a virtual displacement at a support. This approach

is valid, since we include the work done by the support reactions in the total virtual work equation.
4.2.4 Work done by internal force systems
The calculation of the work done by an external force is straightforward in that it is the product of the

force and the displacement of its point of application in its own line of action (Eqs. (4.1), (4.2), or (4.3)),

whereas the calculation of the work done by an internal force system during a displacement is much

more complicated. Generally, no matter how complex a loading system is, it may be simplified to a

combination of up to four load types: axial load, shear force, bending moment, and torsion; these in

turn produce corresponding internal force systems. We now consider the work done by these internal

force systems during arbitrary virtual displacements.

Axial force
Consider the elemental length, dx, of a structural member as shown in Fig. 4.8 and suppose that it is

subjected to a positive internal force system comprising a normal force (i.e., axial force), N; a shear

force, S; a bending moment, M; and a torque, T, produced by some external loading system acting

on the structure of which the member is part. The stress distributions corresponding to these internal

forces are related to an axis systemwhose origin coincides with the centroid of area of the cross-section.

We are, in fact, using these stress distributions in the derivation of expressions for internal virtual work

in linearly elastic structures, so that it is logical to assume the same origin of axes here; we also assume

that the y axis is an axis of symmetry. Initially, we consider the normal force, N.
The direct stress, s, at any point in the cross-section of the member is given by s¼ N/A. Therefore

the normal force on the element dA at the point (z, y) is

dN ¼ sdA ¼ N

A
dA
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Suppose now that the structure is given an arbitrary virtual displacement, which produces a virtual axial

strain, ev, in the element. The internal virtual work, dwi,N, done by the axial force on the elemental

length of the member is given by

dwi;N ¼
ð
A

N

A
dAevdx

which, since
Ð
AdA ¼ A, reduces to

dwi;N ¼ Nevdx (4.9)

In other words, the virtual work done by N is the product of N and the virtual axial displacement of the

element of the member. For a member of length L, the virtual work, wi,N, done during the arbitrary

virtual strain is then

wi;N ¼
ð
L

Nev dx (4.10)

For a structure comprising a number of members, the total internal virtual work, Wi,N, done by axial

force is the sum of the virtual work of each of the members. Therefore,

wi;N ¼
Xð

L

Nev dx (4.11)

Note that, in the derivation of Eq. (4.11), we make no assumption regarding the material properties of

the structure, so that the relationship holds for non-elastic as well as elastic materials. However, for a
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linearly elastic material, that is, one that obeys Hooke’s law, we can express the virtual strain in terms

of an equivalent virtual normal force:

ev ¼ sv

E
¼ Nv

EA

Therefore, if we designate the actual normal force in a member by NA, Eq. (4.11) may be expressed in

the form

wi;N ¼
Xð

L

NANv

EA
(4.12)

Shear force
The shear force, S, acting on the member section in Fig. 4.8 produces a distribution of vertical shear

stress that depends upon the geometry of the cross-section. However, since the element, dA, is infin-
itesimally small, we may regard the shear stress, t, as constant over the element. The shear force, dS, on
the element is then

dS ¼ tdA (4.13)

Suppose that the structure is given an arbitrary virtual displacement which produces a virtual shear

strain, gv, at the element. This shear strain represents the angular rotation in a vertical plane of the

element dA � dx relative to the longitudinal centroidal axis of the member. The vertical displacement

at the section being considered is therefore gvdx. The internal virtual work, dwi,S, done by the shear

force, S, on the elemental length of the member is given by

dwi;S ¼
ð
A

t dAgvdx

A uniform shear stress through the cross-section of a beam may be assumed if we allow for the actual

variation by including a form factor, b.1 The expression for the internal virtual work in the member may

then be written

dwi;S ¼
ð
A

b
S

A

� �
dAgvdx

or

dwi;S ¼ bSgvdx (4.14)

Hence, the virtual work done by the shear force during the arbitrary virtual strain in a member of

length L is

wi;S ¼ b
ð
L

Sgv dx (4.15)

For a linearly elastic member, as in the case of axial force, we may express the virtual shear strain, gv, in
terms of an equivalent virtual shear force, Sv:

gv ¼
tv
G

¼ Sv
GA
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so that, from Eq. (4.15),

wi;S ¼ b
ð
L

SASv
GA

dx (4.16)

For a structure comprising a number of linearly elastic members, the total internal work,Wi,S, done by

the shear forces is

Wi;S ¼
X

b
ð
L

SASv
GA

dx (4.17)

Bending moment
The bending moment, M, acting on the member section in Fig. 4.8 produces a distribution of direct

stress, s, through the depth of the member cross-section. The normal force on the element, dA, corre-
sponding to this stress is therefore sdA. Again, we suppose that the structure is given a small arbitrary

virtual displacement which produces a virtual direct strain, ev, in the element dA � dx. Therefore, the
virtual work done by the normal force acting on the element dA issdAevdx. Hence, integrating over the
complete cross-section of the member, we obtain the internal virtual work, dwi,M, done by the bending

moment, M, on the elemental length of member:

dwi;M ¼
ð
A

s dAevdx (4.18)

The virtual strain, ev, in the element dA � dx is, from Eq. (15.2), given by

ev ¼ y

Rv

whereRv is the radius of curvature of the member produced by the virtual displacement. Thus, substitut-

ing for ev in Eq. (4.18), we obtain

dwi;M ¼
ð
A

s
y

Rv

dAdx

or, since sydA is the moment of the normal force on the element, dA, about the z axis,

dwi;M ¼ M

Rv

dx

Therefore, for a member of length L, the internal virtual work done by an actual bending moment,MA,

is given by

wi;M ¼
ð
L

M

Rv

dx (4.19)

In the derivation of Eq. (4.19), no specific stress–strain relationship has been assumed, so that it is ap-

plicable to a non-linear system. For the particular case of a linearly elastic system, the virtual curvature

1/Rv may be expressed in terms of an equivalent virtual bending moment, Mv, using the relationship

of Eq. (15.8):

1

Rv

¼ Mv

EI
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Substituting for 1/Rv in Eq. (4.19), we have

wi;M ¼
ð
L

MAMv

EI
dx (4.20)

so that, for a structure comprising a number of members, the total internal virtual work,Wi,M, produced

by bending is

Wi;M ¼
Xð

L

MAMv

EI
dx (4.21)

Torsion
The internal virtual work, wi,T, due to torsion in the particular case of a linearly elastic circular section

bar may be found in a similar manner and is given by

wi;T ¼
ð
L

TATv

GIo
dx (4.22)

in which Io is the polar second moment of area of the cross-section of the bar (see Example 3.1). For

beams of a non-circular cross-section, Io is replaced by a torsion constant, J, which, for many practical

beam sections, is determined empirically.
Hinges
In some cases, it is convenient to impose a virtual rotation, yv, at some point in a structural member

where, say, the actual bending moment isMA. The internal virtual work done byMA is thenMAyv (see
Eq. (4.3)); physically this situation is equivalent to inserting a hinge at the point.
Sign of internal virtual work
So far, we have derived expressions for internal work without considering whether it is positive or neg-

ative in relation to external virtual work.

Suppose that the structural member, AB, in Fig. 4.9(a) is, say, a member of a truss and that it is in

equilibrium under the action of two externally applied axial tensile loads, P; clearly the internal axial,
that is normal, force at any section of the member is P. Suppose now that the member is given a virtual

extension, dv, such that B moves to B0. Then, the virtual work done by the applied load, P, is positive,
since the displacement, dv, is in the same direction as its line of action. However, the virtual work done

by the internal force, N (¼ P), is negative, since the displacement of B is in the opposite direction to its

line of action; in other words, work is done on the member. Thus, from Eq. (4.8), we see that, in this

case,

We ¼ Wi (4.23)

Equation (4.23) applies if the virtual displacement is a contraction and not an extension, in which case,

the signs of the external and internal virtual work in Eq. (4.8) are reversed. Clearly, this applies equally

if P is a compressive load. The arguments may be extended to structural members subjected to shear,

bending, and torsional loads, so that Eq. (4.23) is generally applicable.
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4.2.5 Virtual work due to external force systems
So far in our discussion, we have only considered the virtual work produced by externally applied con-

centrated loads. For completeness, we must also consider the virtual work produced by moments, tor-

ques, and distributed loads.

In Fig. 4.10, a structural member carries a distributed load, w(x), and, at a particular point, a con-
centrated load, W; a moment, M; and a torque, T; together with an axial force, P. Suppose that, at the
point, a virtual displacement is imposed having translational components, Dv,y and Dv,x, parallel to the y
and x axes, respectively, and rotational components, yv and fv, in the yx and zy planes, respectively.

If we consider a small element, dx, of the member at the point, the distributed load may be regarded

as constant over the length dx and acting, in effect, as a concentrated load w(x)dx. The virtual work, we,

done by the complete external force system is therefore given by

we ¼ WDv;y þ PDv;x þMyv þ Tfv þ
ð
L

wðxÞDv;y dx

For a structure comprising a number of load positions, the total external virtual work done is then

We ¼
X

WDv;y þ PDv;x þMyv þ Tfv þ
ð
L

wðxÞDv;y dx

� �
(4.24)
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FIGURE 4.10 Virtual Work Due to Externally Applied Loads
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In Eq. (4.24), a complete set of external loads need not be applied at every loading point so, in fact, the

summation is for the appropriate number of loads. Further, the virtual displacements in the equation are

related to forces and moments applied in a vertical plane. We could, of course, have forces and mo-

ments and components of the virtual displacement in a horizontal plane, in which case Eq. (4.24) is

extended to include their contribution.

The internal virtual work equivalent of Eq. (4.24) for a linear system is, from Eqs. (4.12), (4.17),

(4.21), and (4.22),

Wi ¼
X ð

L

NANv

EA
dxþ b

ð
L

SASv
GA

dxþ
ð
L

MAMv

EI
dxþ

ð
L

TATv

GJ
dxþMAyv

� �
(4.25)

in which the last term on the right-hand side is the virtual work produced by an actual internal moment

at a hinge (see previous text). Note that the summation in Eq. (4.25) is taken over all themembers of the
structure.

4.2.6 Use of virtual force systems
So far, in all the structural systemswe have considered, virtual work is produced by actual forcesmoving

through imposed virtual displacements. However, the actual forces are not related to the virtual displace-

ments in any way, since, as we have seen, the magnitudes and directions of the actual forces are

unchanged by the virtual displacements so long as the displacements are small. Thus, the principle of

virtual work applies for any set of forces in equilibrium and any set of displacements. Equally, therefore,

we could specify that the forces are a set of virtual forces in equilibrium and that the displacements are

actual displacements. Therefore, instead of relating actual external and internal force systems through

virtual displacements, we can relate actual external and internal displacements through virtual forces.

If we apply a virtual force system to a deformable body it induces an internal virtual force system

that moves through the actual displacements; internal virtual work therefore is produced. In this case,

for example, Eq. (4.10) becomes

wi;N ¼
ð
L

NveA dx

in which Nv is the internal virtual normal force and eA is the actual strain. Then, for a linear system, in

which the actual internal normal force is NA, eA ¼ NA/EA, so that, for a structure comprising a number

of members, the total internal virtual work due to a virtual normal force is

Wi;N ¼
Xð

L

NvNA

EA
dx

which is identical to Eq. (4.12). Equations (4.17), (4.21), and (4.22) may be shown to apply to virtual

force systems in a similar manner.
4.3 APPLICATIONS OF THE PRINCIPLE OF VIRTUAL WORK
We have now seen that the principle of virtual work may be used in the form of either imposed virtual

displacements or imposed virtual forces. Generally, the former approach, as we saw in Example 4.4, is

used to determine forces, while the latter is used to obtain displacements.
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For statically determinate structures, the use of virtual displacements to determine force systems is a

relatively trivial use of the principle, although problems of this type provide a useful illustration of the

method. The real power of this approach lies in its application to the solution of statically indeterminate

structures. However, the use of virtual forces is particularly useful in determining actual displacements

of structures. We shall illustrate both approaches by examples.
Example 4.5
Determine the bending moment at the point B in the simply supported beam ABC shown in Fig. 4.11(a).

We determined the support reactions for this particular beam in Example 4.4. In this example, however, we

are interested in the actual internal moment, MB, at the point of application of the load. We must therefore im-

pose a virtual displacement that relates the internal moment at B to the applied load and excludes other unknown

external forces, such as the support reactions, and unknown internal force systems, such as the bending moment

distribution along the length of the beam. Therefore, if we imagine that the beam is hinged at B and that the

lengths AB and BC are rigid, a virtual displacement, Dv,B, at B results in the displaced shape shown in

Fig. 4.11(b).

Note that the support reactions at A and C do no work and that the internal moments in AB and BC do no work

because AB and BC are rigid links. From Fig. 4.11(b),

Dv;B ¼ ab ¼ ba (i)

Hence,

a ¼ a

b
b

W

B CA

(a)

a b

L

W

B�

CA

(b)

�

�

�

��v,B

FIGURE 4.11 Determination of Bending Moment at a Point in the Beam of Example 4.5 Using Virtual Work
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and the angle of rotation of BC relative to AB is then

yB ¼ bþ a ¼ b 1þ a

b

� �
¼ L

b
b (ii)

Now, equating the external virtual work done by W to the internal virtual work done by MB (see Eq. (4.23)),

we have

WDv;B ¼ MByB (iii)

Substituting in Eq. (iii) for Dv,B from Eq. (i) and for yB from Eq. (ii), we have

Wab ¼ MB

L

b
b

which gives

MB ¼ Wab

L

which is the result we would have obtained by calculating the moment of RC (¼Wa/L from Example 4.4) about B.
Example 4.6
Determine the force in the member AB of the truss shown in Fig. 4.12(a).

We are required to calculate the force in themember AB, so that again we need to relate this internal force to the

externally applied loads without involving the internal forces in the remaining members of the truss. We therefore

impose a virtual extension, Dv,B, at B in the member AB, such that B moves to B0. If we assume that the remaining

members are rigid, the forces in them do no work. Further, the triangle BCD rotates as a rigid body about D to

B0C0D, as shown in Fig. 4.12(b). The horizontal displacement of C, DC, is then given by

DC ¼ 4a

while

Dv;B ¼ 3a

Hence,

DC ¼ 4Dv;B

3
(i)

Equating the external virtual work done by the 30 kN load to the internal virtual work done by the force, FBA, in the

member, AB, we have (see Eq. (4.23) and Fig. 4.9)

30DC ¼ FBADv;B (ii)

Substituting for DC from Eq. (i) in Eq. (ii),

30� 4

3
Dv;B ¼ FBADv;B
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FIGURE 4.12 Determination of the Internal Force in a Member of a Truss Using Virtual Work
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from which

FBA ¼ þ40 kN

In the preceding, we are, in effect, assigning a positive (that is, FBA is tensile) sign to FBA by imposing a virtual

extension on the member AB.

The actual sign of FBA is then governed by the sign of the external virtual work. Thus, if the 30 kN load were in

the opposite direction to DC, the external work done would have been negative, so that FBA would be negative and

therefore compressive. This situation can be verified by inspection. Alternatively, for the loading shown in

Fig. 4.12(a), a contraction in AB implies that FBA is compressive. In this case, DC would have rotated in a coun-

terclockwise sense,DC would have been in the opposite direction to the 30 kN load so that the external virtual work

done would be negative, resulting in a negative value for the compressive force FBA; FBA would therefore be ten-

sile, as before. Note also that the 10 kN load at D does no work, since D remains undisplaced.

We now consider problems involving the use of virtual forces. Generally, we require the displace-

ment of a particular point in a structure, so that, if we apply a virtual force to the structure at the point

and in the direction of the required displacement, the external virtual work done will be the product of

the virtual force and the actual displacement, which may then be equated to the internal virtual work

produced by the internal virtual force systemmoving through actual displacements. Since the choice of

the virtual force is arbitrary, we may give it any convenient value; the simplest type of virtual force is

therefore a unit load and the method then becomes the unit load method (see also Section 5.5).
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Example 4.7
Determine the vertical deflection of the free end of the cantilever beam shown in Fig. 4.13(a).

Let us suppose that the actual deflection of the cantilever at B produced by the uniformly distributed load is vB
and that a vertically downward virtual unit load is applied at B before the actual deflection takes place. The external

virtual work done by the unit load is, from Fig. 4.13(b), 1vB. The deflection, vB, is assumed to be caused by bending

only; that is, we ignore any deflections due to shear. The internal virtual work is given by Eq. (4.21), which, since

only one member is involved, becomes

Wi;M ¼
ðL
0

MAMv

EI
dx (i)

The virtual moments, Mv, are produced by a unit load, so we replace Mv by M1. Then,

Wi;M ¼
ðL
0

MAM1

EI
dx (ii)

At any section of the beam a distance x from the built-in end,

MA ¼ �w

2
ðL� xÞ2; M1 ¼ �1ðL� xÞ

Substituting for MA and M1 in Eq. (ii) and equating the external virtual work done by the unit load to the internal

virtual work, we have

1vB ¼
ðL
0

w

2EI
L� xð Þ3 dx
w

A BEI

L

x

(a)

A

B

1 (Unit load)

(b)

vB

FIGURE 4.13 Deflection of the Free End of a Cantilever Beam Using the Unit Load Method
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which gives

1vB ¼ � w

2EI

1

4
L� xð Þ4

� �L
0

so that

vB ¼ wL4

8EI

Note that vB is in fact negative, but the positive sign here indicates that it is in the same direction as the unit load.
Example 4.7 MATLAB
Repeat Example 4.7 using the Symbolic Math Toolbox in MATLAB.

Calculation of the vertical deflection of the free end of the cantilever shown in Fig. 4.13(a) is obtained through

the following MATLAB file:

% Declare any needed variables

syms M_A M_V W_e W_i E I w x L v_B

% Define the moments due to the applied load (M_A) and the unit virtual load (M_V)

M_A ¼ -0.5*w*(L-x)̂ 2;

M_V ¼ -1*(L-x);

% Define equations for the external (W_e) and internal (W_i) virtual work

W_e ¼ 1*v_B;

W_i ¼ int(M_A*M_V/(E*I),x,0,L); % From Eq. (4.21)

% Equate W_e and W_i, and solve for the free end vertical displacement (v_B)

v_B ¼ solve(W_e-W_i,v_B);

% Output v_B to the Command Window

disp([‘v_B ¼’ char(v_B)])

The Command Window output resulting from this MATLAB file is as follows:

v_B ¼ (L̂ 4*w)/(8*E*I)
Example 4.8
Determine the rotation, that is, the slope, of the beam ABC shown in Fig. 4.14(a) at A.

The actual rotation of the beam at A produced by the actual concentrated load, W, is yA. Let us suppose that
a virtual unit moment is applied at A before the actual rotation takes place, as shown in Fig. 4.14(b). The virtual

unit moment induces virtual support reactions of Rv,A (¼ 1/L) acting downward and Rv,C (¼ 1/L) acting upward.

The actual internal bending moments are
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L
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FIGURE 4.14 Determination of the Rotation of a Simply Supported Beam at a Support Using the Unit Load Method
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MA ¼ þW

2
x; 0 � x � L=2

MA ¼ þW

2
ðL� xÞ; L=2 � x � L

The internal virtual bending moment is

Mv ¼ 1� 1

L
x; 0 � x � L

The external virtual work done is 1yA (the virtual support reactions do no work, as there is no vertical displacement

of the beam at the supports), and the internal virtual work done is given by Eq. (4.21). Hence,

1yA ¼ 1

EI

ðL=2
0

W

2
x 1� x

L

� �
dxþ

ðL
L=2

W

2
ðL� xÞ 1� x

L

� �
dx

" #
(i)

Simplifying Eq. (i), we have

yA ¼ W

2EIL

ðL=2
0

ðLx� x2Þ dxþ
ðL
L=2

ðL� xÞ2 dx

" #
(ii)
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Hence,

yA ¼ W

2EIL
L
x2

2
� x3

3

� �L=2
0

� 1

3
L� xð Þ3

h iL
L=2

( )

from which

yA ¼ WL2

16EI
Example 4.8 MATLAB
Repeat Example 4.8 using the Symbolic Math Toolbox in MATLAB.

Calculation of the slope of the beam shown in Fig. 4.14(a) at A is obtained through the following

MATLAB file:

% Declare any needed variables

syms M_A M_V W x L theta_A E I

% Define the moments due to the applied load (M_A) and the unit virtual load (M_V)

M_A ¼ [W/2*x; % 0 >¼ x >¼ L/2

W/2*(L-x)]; % L/2 >¼ x >¼ L

M_V ¼ 1 - x/L; % 0 >¼ x >¼ L

% Define equations for the external (W_e) and internal (W_i) virtual work

W_e ¼ 1*theta_A;

W_i ¼ (int(M_A(1)*M_V,x,0,L/2) þ int(M_A(2)*M_V,x,L/2,L))/(E*I); % From Eq. (4.21)

% Equate W_e and W_i, and solve for the slope of the beam (theta_A)

theta_A ¼ solve(W_e-W_i,theta_A);

% Output theta_A to the Command Window

disp([‘theta_A ¼’ char(theta_A)])

The Command Window output resulting from this MATLAB file is as follows:

theta_A¼(L̂ 2*W)/(16*E*I)
Example 4.9
Calculate the vertical deflection of the joint B and the horizontal movement of the support D in the truss shown in

Fig. 4.15(a). The cross-sectional area of each member is 1800 mm2 and Young’s modulus, E, for the material of the

members is 200,000 N/mm2.

The virtual force systems, that is, unit loads, required to determine the vertical deflection of B and the hori-

zontal deflection of D are shown in Figs. 4.15(b) and (c), respectively. Therefore, if the actual vertical deflection at
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FIGURE 4.15 Deflection of a Truss Using the Unit Load Method
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B is dB,v and the horizontal deflection at D is dD,h, the external virtual work done by the unit loads is 1dB,v and 1dD,h,
respectively. The internal actual and virtual force systems constitute axial forces in all the members.

These axial forces are constant along the length of each member, so that, for a truss comprising n members,

Eq. (4.12) reduces to

Wi;N ¼
Xn
j¼1

FA;jFv;jLj
EjAj

(i)

in which FA,j and Fv,j are the actual and virtual forces in the jth member, which has a length Lj, an area of cross-

section Aj, and a Young’s modulus Ej.

Since the forces Fv,j are due to a unit load, we write Eq. (i) in the form

Wi;N ¼
Xn
j¼1

FA;jF1;jLj
EjAj

(ii)

Also, in this particular example, the area of cross-section, A, and Young’s modulus, E, are the same for all mem-

bers, so that it is sufficient to calculate
Pn

j¼1FA;jF1;jLj then divide by EA to obtain Wi,N.

The forces in the members, whether actual or virtual, may be calculated by the method of joints.1 Note that the

support reactions corresponding to the three sets of applied loads (one actual and two virtual) must be calculated

before the internal force systems can be determined. However, in Fig. 4.15(c), it is clear from inspection that

F1,AB ¼ F1,BC ¼ F1,CD ¼ þ1, while the forces in all other members are zero. The calculations are presented

in Table 4.1; note that positive signs indicate tension and negative signs compression.



Table 4.1 Example 4.9

Member L (m) FA (kN) F1,B F1,D FAF1,BL (kN m) FA F1,DL (kN m)

AE 5.7 –84.9 –0.94 0 þ451.4 0

AB 4.0 þ60.0 þ0.67 þ1.0 þ160.8 þ240.0

EF 4.0 –60.0 –0.67 0 þ160.8 0

EB 4.0 þ20.0 þ0.67 0 þ53.6 0

BF 5.7 –28.3 þ0.47 0 –75.2 0

BC 4.0 þ80.0 þ0.33 þ1.0 þ105.6 þ320.0

CD 4.0 þ80.0 þ0.33 þ1.0 þ105.6 þ320.0

CF 4.0 þ100.0 0 0 0 0

DF 5.7 –113.1 –0.47 0 þ301.0 0P ¼þ1263.6
P ¼þ880.0
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Equating internal and external virtual work done (Eq. (4.23)), we have

1dB;v ¼ 1263:6� 106

200; 000� 1; 800

from which

dB;v ¼ 3:51 mm

and

1dD;h ¼ 880� 106

200; 000� 1; 800

which gives

dD;h ¼ 2:44 mm

Both deflections are positive, which indicates that the deflections are in the directions of the applied unit loads.

Note that, in the preceding, it is unnecessary to specify units for the unit load, since the unit load appears, in effect,

on both sides of the virtual work equation (the internal F1 forces are directly proportional to the unit load).
Example 4.10
Determine the components of the deflection of the point C in the frame shown in Fig. 4.16(a); consider the effect of

bending only.

The horizontal and vertical components of the deflection of C may be found by applying unit loads in turn at C,

as shown in Figs. 4.16(b) and (c). The internal work done by this virtual force system, that is, the unit loads acting

through real displacements, is given by Eq. (4.20), in which, for AB,

MA ¼ WL� ðwx2=2 ), Mv ¼ 1Lðhoriz:Þ; Mv ¼ �1x ðvert:Þ
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FIGURE 4.16 Frame of Example 4.10
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for BC,

MA ¼ Wy; Mv ¼ 1y ðhoriz:Þ; Mv ¼ 0 ðvert:Þ
Considering the horizontal deflection first, the total internal virtual work is

Wi ¼
ðL
0

ðWy2=EIÞ dyþ
ð2L
0

½WL� ðwx2=2Þ�ðL=2EIÞ dx

that is,

Wi ¼ ðW=EIÞ½y3=3�L0 þ ðL=2EIÞ½WLx� ðwx3=6Þ�2L0
which gives

Wi ¼ 2L3ð2W � wLÞ=3EI (i)

The virtual external work done by the unit load is 1dC,H, where dC,H is the horizontal component of the deflection

of C. Equating this to the internal virtual work given by Eq. (i) gives

dC;H ¼ 2L3ð2W � wLÞ=3EI (ii)

Now, considering the vertical component of deflection,

Wi ¼ ð1=2EIÞ
ð2L
0

½WL� ðwx2=2Þ�ð�xÞdx

Note that, for BC, Mv ¼ 0. Integrating this expression and substituting the limits gives

Wi ¼ L3ð�W þ wLÞ=EI (iii)

The external virtual work done is 1dC,V, where dC,V is the vertical component of the deflection of C. Equating the

internal and external virtual work gives

dC;V ¼ L3ð�W þ wLÞ=EI (iv)

Note that the components of deflection can be either positive or negative, depending on the relative magnitudes of

W and w. A positive value indicates a deflection in the direction of the applied unit load, a negative one indicates a

deflection in the opposite direction to the applied unit load.
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Example 4.11
A cantilever beamAB takes the form of a quadrant of a circle of radius, R, and is positioned on a horizontal plane. If

the beam carries a vertically downward load,W, at its free end and its bending and torsional stiffnesses are EI and

GJ, respectively, calculate the vertical component of the deflection at its free end.

A plan view of the beam is shown in Fig. 4.17. To determine the vertical displacement of B, we apply a virtual

unit load at B vertically downward (i.e., into the plane of the paper).

At a section of the beam where the radius at the section makes an angle, a, with the radius through B,

MA ¼ Wp ¼ WR sina; Mv ¼ 1R sina;
TA ¼ WðR� R cosaÞ; Tv ¼ 1ðR� R cosaÞ

The total internal virtual work done is given by the summation of Eqs. (4.20) and (4.22), that is,
Wi ¼ ð1=EIÞ
ðp=2
0

WR2 sin2aRdaþ ð1=GJÞ
ðp=2
0

WR2ð1� cosaÞ2R da (i)

Integrating and substituting the limits in Eq. (i) gives
Wi ¼ WR3fðp=4EIÞ þ ð1=GJÞ½ð3p=4Þ � 2�g (ii)

The external virtual work done by the unit load is 1d , so that equating with Eq. (ii), we obtain
B

dB ¼ WR3fðp=4EIÞ þ ð1=GJÞ½ð3p=4Þ � 2�g
B

p

R

A

α

FIGURE 4.17 Cantilever Beam of Example 4.11
Reference
[1] Megson THG. Structural and stress analysis. 3rd ed. Oxford: Elsevier; 2014.



118 CHAPTER 4 Virtual work and energy methods
PROBLEMS

P.4.1 Use the principle of virtual work to determine the support reactions in the beam ABCD shown in

Fig. P.4.1.

Answer: RA ¼ 1:25W; RD ¼ 1:75W

P.4.2 Find the support reactions in the beam ABC shown in Fig. P.4.2 using the principle of

virtual work.

Answer: RA ¼ ðW þ 2wLÞ=4; Rc ¼ ð3W þ 2wLÞ=4
P.4.2MATLABUse the Symbolic Math Toolbox in MATLAB to repeat Problem P.4.2, assuming that

the vertical force W in Fig. P.4.2 is located 3L/5 from A.

Answer: RA ¼ 2W=5þ wL=2; RC ¼ 3W=5þ wL=2

P.4.3 Determine the reactions at the built-in end of the cantilever beam ABC shown in Fig. P.4.3 using

the principle of virtual work.

Answer: RA ¼ 3W; MA ¼ 2:5WL
A B C D

W2W

L/4 L/4L/2

FIGURE P.4.1
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B

C

W

w

L/43L/4

FIGURE P.4.2
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P.4.4 Find the bending moment at the three-quarter-span point in the beam shown in Fig. P.4.4. Use the

principle of virtual work.

Answer: 3wL2/32

P.4.5 Calculate the forces in the members FG, GD, and CD of the truss shown in Fig. P.4.5 using the

principle of virtual work. All horizontal and vertical members are 1 m long.

Answer: FG ¼ þ20 kN; GD ¼ þ28. 3 kN; CD ¼ �20 kN
A B

w

L

FIGURE P.4.4
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P.4.6 Use the principle of virtual work to calculate the vertical displacements at the quarter- and

mid-span points in the beam shown in Fig. P.4.6.

Answer: 19wL4/2048EI, 5wL4/384EI (both downward)

P.4.6 MATLAB Use the Symbolic Math Toolbox in MATLAB to repeat Problem P.4.6. Calculate the

vertical displacements at increments of L/8 along the beam.

Answer:
Distance from A Vertical Displacement

0 0

L/8 497L4w/98,304EI

L/4 19L4w/2,048EI

3L/8 395L4w/32,768EI

L/2 5L4w/384EI

5L/8 395L4w/32,768EI

3L/5 19L4w/2,048EI

7L/8 497L4w/9,8304EI

L 0
P.4.7 The frame shown in Fig. P.4.7 consists of a cranked beam simply supported at A and F and

reinforced by a tie bar pinned to the beam at B and E. The beam carries a uniformly distributed load

of intensity, w, over the outer parts AB and EF. Considering the effects of bending and axial load

only determine the axial force in the tie bar and the bending moments at B and C. The bending

stiffness of the beam is EI and its cross-sectional area is 3A, while the corresponding values for the

tie bar are EI and A.

Answer: Force in tie bar is 9wL3=8½L2 þ ð4I=AÞ�; Mðat BÞ ¼ wL2=2 ðcounterclockwiseÞ;
Mðat CÞ ¼ ðTL� wL2Þ=2 ðclockwiseÞ:
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P.4.8 The flat tension spring shown in Fig. P.4.8 consists of a length of wire of circular cross-section

having a diameter, d, and Young’s modulus, E. The spring consists of n open loops each of which

subtends an angle of 3p/2 radians at its center; the length between the ends of the spring is L.
Considering bending and axial strains only calculate the stiffness of the spring.

Answer: ð ffiffiffi
2

p ÞpEd2=Lf½48L2ðpþ 1Þ=n2d2� þ ð3p� 2Þg
P.4.9 The circular fuselage frame shown in Fig. P.4.9 has a cut-out at the bottom and is loaded as

shown. The member AB is pinned to the frame at A and B. If the second moment of area of the

cross-section of the frame is 416,000 mm4 and it has a Young’s modulus of 267,000 N/mm2 while the

area of cross-section of the member AB is 130 mm2 and its Young’s modulus is 44,800 N/mm2,

calculate the axial force in the member AB.

Answer: 15.8 kN
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CHAPTER
Energy methods
 5

In Chapter 2, we saw that the elasticity method of structural analysis embodies the determination of

stresses and displacements by employing equations of equilibrium and compatibility in conjunction

with the relevant force–displacement or stress–strain relationships. In addition, in Chapter 4, we inves-

tigated the use of virtual work in calculating forces, reactions, and displacements in structural systems.

A powerful alternative but equally fundamental approach is the use of energy methods. These, while

providing exact solutions for many structural problems, find their greatest use in the rapid approximate

solution of problems for which exact solutions do not exist. Also, many structures which are statically

indeterminate, that is, they cannot be analyzed by the application of the equations of statical equilib-

rium alone, may be conveniently analyzed using an energy approach. Further, energy methods provide

comparatively simple solutions for deflection problems not readily solved by more elementary means.

Generally, as we shall see, modern analysis1 uses the methods of total complementary energy and
total potential energy. Either method may be employed to solve a particular problem, although as a

general rule, deflections are more easily found using complementary energy and forces by potential

energy.

Although energy methods are applicable to a wide range of structural problems and may even be

used as indirect methods of forming equations of equilibrium or compatibility,1,2 we shall be concerned

in this chapter with the solution of deflection problems and the analysis of statically indeterminate

structures. We also include some methods restricted to the solution of linear systems, that is, the unit
load method, the principle of superposition, and the reciprocal theorem.
5.1 STRAIN ENERGY AND COMPLEMENTARY ENERGY
Figure 5.1(a) shows a structural member subjected to a steadily increasing load P. As the member

extends, the load P does work, and from the law of conservation of energy, this work is stored in

the member as strain energy. A typical load–deflection curve for a member possessing nonlinear elastic

characteristics is shown in Fig. 5.1(b). The strain energy U produced by a load P and corresponding

extension y is then

U ¼
ðy
0

P dy (5.1)

and is clearly represented by the area OBD under the load–deflection curve. Engesser (1889) called the

area OBA above the curve the complementary energy C, and from Fig. 5.1(b),

C ¼
ðP
0

y dP (5.2)
Introduction to Aircraft Structural Analysis, Third Edition. http://dx.doi.org/10.1016/B978-0-08-102076-0.00005-1

Copyright © 2018 T.H.G. Megson. Published by Elsevier Ltd. All rights reserved.
123



FIGURE 5.1 (a) Strain Energy of a Member Subjected to Simple Tension; (b) Load–Deflection Curve for a Nonlinearly

Elastic Member
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Complementary energy, as opposed to strain energy, has no physical meaning, being purely a conve-

nient mathematical quantity. However, it is possible to show that complementary energy obeys the law

of conservation of energy in the type of situation usually arising in engineering structures, so that its use

as an energy method is valid.

Differentiation of Eqs. (5.1) and (5.2) with respect to y and P, respectively, gives

dU

dy
¼ P;

dC

dP
¼ y

Bearing these relationships in mind, we can now consider the interchangeability of strain and

complementary energy. Suppose that the curve of Fig. 5.1(b) is represented by the function

P ¼ byn

where the coefficient b and exponent n are constants. Then,

U ¼
ðy
0

P dy ¼ 1

n

ðP
0

�
P

b

�1=n

dP

C ¼
ðP
0

y dP ¼ n

ðy
0

byn dy

Hence,

dU

dy
¼ P;

dU

dP
¼ 1

n

P

b

� �1=n

¼ 1

n
y (5.3)

dC dC
dP
¼ y;

dy
¼ bnyn ¼ nP (5.4)



FIGURE 5.2 Load–Deflection Curve for a Linearly Elastic Member

1255.2 Principle of the stationary value of the total complementary energy
When n ¼ 1,

dU

dy
¼ dC

dy
¼ P

dU

dP
¼ dC

dP
¼ y

9>>>=
>>>;

(5.5)

and the strain and complementary energies are completely interchangeable. Such a condition is found

in a linearly elastic member; its related load–deflection curve being that shown in Fig. 5.2. Clearly, area

OBD (U) is equal to area OBA (C).
We see that the latter of Eqs. (5.5) is in the form of what is commonly known as Castigliano’s first

theorem, in which the differential of the strain energy U of a structure with respect to a load is equated

to the deflection of the load. To be mathematically correct, however, the differential of the comple-

mentary energy C is what should be equated to deflection (compare Eqs. (5.3) and (5.4)).
5.2 PRINCIPLE OF THE STATIONARY VALUE OF THE TOTAL
COMPLEMENTARY ENERGY
Consider an elastic system in equilibrium supporting forces P1, P2, . . . , Pn, which produce real corre-

sponding displacements D1, D2, . . ., Dn. If we impose virtual forces dP1, dP2, . . . , dPn on the system

acting through the real displacements, then the total virtual work done by the system is (see Chapter 4)

�
ð
vo1

y dPþ
Xn
r¼1

DrdPr

The first term in this expression is the negative virtual work done by the particles in the elastic body,

while the second term represents the virtual work of the externally applied virtual forces. From the

principle of virtual work,

�
ð
vo1

y dPþ
Xn
r¼1

DrdPr ¼ 0 (5.6)
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Comparing Eq. (5.6) with Eq. (5.2), we see that each term represents an increment in complementary

energy; the first, of the internal forces, the second, of the external loads. Equation (5.6) may therefore

be rewritten

d Ci þ Ceð Þ ¼ 0 (5.7)

where

Ci ¼
ð
vo1

ðP
0

ydP and Ce ¼ �
Xn
r¼1

DrPr (5.8)

We now call the quantity (Ci þ Ce) the total complementary energy C of the system.

The displacements specified in Eq. (5.6) are real displacements of a continuous elastic body; they

therefore obey the condition of compatibility of displacement, so that Eqs. (5.6) and (5.7) are equations

of geometrical compatibility. The principle of the stationary value of the total complementary energy
may then be stated as follows:

For an elastic body in equilibrium under the action of applied forces, the true internal forces (or

stresses) and reactions are those for which the total complementary energy has a stationary value.

In other words, the true internal forces (or stresses) and reactions are those which satisfy the condition

of compatibility of displacement. This property of the total complementary energy of an elastic system is

particularly useful in the solution of statically indeterminate structures, in which an infinite number of

stress distributions and reactive forces may be found to satisfy the requirements of equilibrium.
5.3 APPLICATION TO DEFLECTION PROBLEMS
Generally, deflection problems are most readily solved by the complementary energy approach,

although for linearly elastic systems, there is no difference between the methods of complementary

and potential energy, since, as we have seen, complementary and strain energy then become completely

interchangeable. We illustrate the method by reference to the deflections of frames and beams, which

may or may not possess linear elasticity.

Let us suppose that we must find the deflection D2 of the load P2 in the simple pin-jointed frame-

work consisting, say, of k members and supporting loads P1, P2, . . ., Pn, as shown in Fig. 5.3. From

Eqs. (5.8), the total complementary energy of the framework is given by

C ¼
Xk
i¼1

ðFi

0

li dFi �
Xn
r¼1

DrPr (5.9)

where li is the extension of the ith member, Fi is the force in the ith member, and Dr is the correspond-

ing displacement of the rth load Pr. From the principle of the stationary value of the total complemen-

tary energy,

@C

@P2

¼
Xk
i¼1

li
@Fi

@P2

� D2 ¼ 0 (5.10)



FIGURE 5.3 Determination of the Deflection of a Point on a Framework by the Method of Complementary Energy

1275.3 Application to deflection problems
from which

D2 ¼
Xk
i¼1

li
@Fi

@P2

(5.11)

Equation (5.10) is seen to be identical to the principle of virtual forces in which virtual forces dF and dP
act through real displacements l andD. Clearly, the partial derivatives with respect to P2 of the constant

loads P1, P2, . . ., Pn vanish, leaving the required deflection D2 as the unknown. At this stage, before D2

can be evaluated, the load–displacement characteristics of the members must be known. For linear

elasticity,

li ¼ FiLi
AiEi

where Li, Ai, and Ei are the length, cross-sectional area, and modulus of elasticity of the ith member.

On the other hand, if the load–displacement relationship is of a nonlinear form, say,

Fi ¼ b lið Þc

in which b and c are known, then Eq. (5.11) becomes

D2 ¼
Xk
i¼1

Fi

b

� �1=c
@Fi

@P2

The computation of D2 is best accomplished in tabular form, but before the procedure is illustrated by

an example, some aspects of the solution merit discussion.

We note that the support reactions do not appear in Eq. (5.9). This convenient absence derives from

the fact that the displacements D1, D2, . . ., Dn are the real displacements of the frame and fulfill the

conditions of geometrical compatibility and boundary restraint. The complementary energy of the re-

action at A and the vertical reaction at B is therefore zero, since both their corresponding displacements

are zero. If we examine Eq. (5.11), we note that li is the extension of the ith member of the framework

due to the applied loads P1, P2, . . ., Pn. Therefore, the loads Fi in the substitution for li in Eq. (5.11) are
those corresponding to the loads P1, P2, . . ., Pn. The term @Fi/@P2 in Eq. (5.11) represents the rate of

change of Fi with P2 and is calculated by applying the load P2 to the unloaded frame and determining

the corresponding member loads in terms of P2. This procedure indicates a method for obtaining the

displacement of either a point on the frame in a direction not coincident with the line of action of a load
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or, in fact, a point such as C that carries no load at all. We place at the point and in the required direction

a fictitious or dummy load, say Pf, the original loads being removed. The loads in the members due to Pf

are then calculated and @F/@Pf obtained for each member. Substitution in Eq. (5.11) produces the

required deflection.

It must be pointed out that it is not absolutely necessary to remove the actual loads during the appli-

cation of Pf. The force in each member is then calculated in terms of the actual loading and Pf. Fi follows

by substituting Pf ¼ 0 and @Fi/@Pf is found by differentiation with respect to Pf. Obviously, the two

approaches yield the same expressions for Fi and @Fi/@Pf, although the latter is arithmetically clumsier.
Example 5.1
Calculate the vertical deflection of the point B and the horizontal movement of D in the pin-jointed framework

shown in Fig. 5.4(a). All members of the framework are linearly elastic and have cross-sectional areas of

1800 mm2. The value of E for the material of the members is 200,000 N/mm2.

The members of the framework are linearly elastic, so that Eq. (5.11) may be written

D ¼
Xk
i¼1

FiLi
AiEi

@Fi

@P
(i)

or, since each member has the same cross-sectional area and modulus of elasticity,

D ¼ 1

AE

Xk
i¼1

FiLi
@Fi

@P
(ii)
FIGURE 5.4 (a) Actual Loading of Framework; (b) Determination of Vertical Deflection of B; (c) Determination of

Horizontal Deflection of D



Table 5.1 Example 5.1

➀
Member

➁
L (mm)

➂
F (N)

➃
FB, f (N)

➄
@FB, f /@PB, f

➅
FD, f (N)

➆
@FD, f /@PD, f

➇ � 106

FL@FB, f /@PB, f

➈ � 106

FL@FD, f /@PD, f

AE 4,000
ffiffiffi
2

p
–60,000

ffiffiffi
2

p �2
ffiffiffi
2

p
PB, f /3 �2

ffiffiffi
2

p
=3 0 0 320

ffiffiffi
2

p
0

EF 4,000 –60,000 –2PB, f /3 �2/3 0 0 160 0

FD 4,000
ffiffiffi
2

p
–80,000

ffiffiffi
2

p � ffiffiffi
2

p
PB, f /3 � ffiffiffi

2
p

=3 0 0 640
ffiffiffi
2

p
=3 0

DC 4,000 80,000 PB, f /3 1/3 PD,f 1 320/3 320

CB 4,000 80,000 PB, f /3 1/3 PD,f 1 320/3 320

BA 4,000 60,000 2PB, f /3 2/3 PD,f 1 480/3 240

EB 4,000 20,000 2PB, f /3 2/3 0 0 160/3 0

FB 4,000
ffiffiffi
2

p
–20,000

ffiffiffi
2

p ffiffiffi
2

p
PB, f /3

ffiffiffi
2

p
=3 0 0 �160

ffiffiffi
2

p
=3 0

FC 4,000 100,000 0 0 0 0 0 0P¼1268
P¼880

1295.3 Application to deflection problems
The solution is completed in Table 5.1, in which F are the member forces due to the actual loading of Fig. 5.4(a),

FB,f are the member forces due to the fictitious load PB,f in Fig. 5.4(b), and FD,f are the forces in the members

produced by the fictitious load PD,f in Fig. 5.4(c). We take tensile forces as positive and compressive forces as

negative.

The vertical deflection of B is

DB;v ¼ 1; 268� 106

1;800� 200;000
¼ 3:52 mm

and the horizontal movement of D is

DD;h ¼ 880� 106

1;800� 200;000
¼ 2:44 mm

which agree with the virtual work solution (Example 4.9).

The positive values of DB,v and DD,h indicate that the deflections are in the directions of PB, f and PD, f.

The analysis of beam deflection problems by complementary energy is similar to that of pin-jointed

frameworks, except that we assume initially that displacements are caused primarily by bending action.

Shear force effects are discussed later in the chapter.
Example 5.2
Determine the deflection of the free end of the tip-loaded cantilever beam shown in Fig. 5.5; the bending stiffness

of the beam is EI.

The total complementary energy C of the system is given by

C ¼
ð
L

ðM
0

dy dM � PDv (i)



FIGURE 5.5 Beam Deflection by the Method of Complementary Energy
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in which
ÐM
0

dy dM is the complementary energy of an element dz of the beam. This element subtends an angle dy
at its center of curvature due to the application of the bending momentM. From the principle of the stationary value

of the total complementary energy,

@C

@P
¼
ð
L

dy
dM

dP
� Dv ¼ 0

or

Dv ¼
ð
L

dy
dM

dP
(ii)

Equation (ii) is applicable to either a nonlinear or linearly elastic beam. To proceed further, therefore, we require

the load–displacement (M–y) and bending moment–load (M–P) relationships. It is immaterial for the purposes of

this illustrative problem whether the system is linear or nonlinear, since the mechanics of the solution are the same

in either case. We choose therefore a linearM–y relationship, as this is the case in the majority of the problems we

consider. Hence, from Fig. 5.5,

dy ¼ Kdz

or

dy ¼ M

EI
dz

1

K
¼ EI

M
from simple beam theory

� �

where the product modulus of elasticity � second moment of area of the beam cross-section is known as the

bending or flexural rigidity of the beam. Also,

M ¼ Pz

so that

dM

dP
¼ z

Substitution for dy, M, and dM/dP in Eq. (ii) gives

Dv ¼
ðL
0

Pz2

EI
dz
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or

Dv ¼ PL3

3EI

The fictitious load method of the framework example may be employed in the solution of beam deflection

problems where we require deflections at positions on the beam other than concentrated load points.
Example 5.3
Determine the deflection of the tip of the cantilever beam shown in Fig. 5.6; the bending stiffness of the beam is EI.

First, we apply a fictitious load Pf at the point where the deflection is required. The total complementary

energy of the system is then

C ¼
ð
L

ðM
0

dy dM � DTPf �
ðL
0

Dw dz

where the symbols take their previous meanings and D is the vertical deflection of any point on the beam. Then,

@C

@Pf
¼
ðL
0

dy
@M

@Pf
� DT ¼ 0 (i)

As before,

dy ¼ M

EI
dz

but

M ¼ Pf zþ wz2

2
Pf ¼ 0
� �

Hence,

@M

@Pf
¼ z

Substituting in Eq. (i) for dy, M, and @M/@Pf and remembering that Pf ¼ 0, we have

DT ¼
ðL
0

wz3

2EI
dz
FIGURE 5.6 Deflection of a Uniformly Loaded Cantilever by the Method of Complementary Energy
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giving

DT ¼ wL4

8EI

Note that here, unlike the method for the solution of the pin-jointed framework, the fictitious load is applied to

the loaded beam. However, no arithmetical advantage is gained by the former approach, although the result ob-

viously is the same, since M would equal wz2/2 and @M/@Pf would have the value z.
Example 5.4
Calculate the vertical displacements of the quarter- and mid-span points B and C of the simply supported beam of

length L and flexural rigidity EI loaded, as shown in Fig. 5.7.

The total complementary energy C of the system including the fictitious loads PB,f and PC,f is

C ¼
ð
L

ðM
0

dy dM � PB; fDB � PC; fDC �
ðL
0

Dw dz (i)

Hence,

@C

@PB; f
¼
ð
L

dy
@M

@PB; f
� DB ¼ 0 (ii)

and

@C

@PC; f
¼
ð
L

dy
@M

@PC; f
� DC ¼ 0 (iii)

Assuming a linearly elastic beam, Eqs. (ii) and (iii) become

DB ¼ 1

EI

ðL
0

M
@M

@PB; f
dz (iv)

ðL

DC ¼ 1

EI 0

M
@M

@PC; f
dz (v)
FIGURE 5.7 Deflection of a Simply Supported Beam by the Method of Complementary Energy
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From A to B,

M ¼ 3

4
PB; f þ 1

2
PC; f þ wL

2

� �
z� wz2

2

so that

@M

@PB; f
¼ 3

4
z;

@M

@PC; f
¼ 1

2
z

From B to C,

M ¼ 3

4
PB; f þ 1

2
PC; f þ wL

2

� �
z� wz2

2
� PB; f z� L

4

� �
giving

@M

@PB; f
¼ 1

4
ðL� zÞ; @M

@PC; f
¼ 1

2
z

From C to D,

M ¼ 1

4
PB; f þ 1

2
PC; f þ wL

2

� �
ðL� zÞ � w

2
ðL� zÞ2

so that

@M

@PB; f
¼ 1

4
ðL� zÞ; @M

@PC; f
¼ 1

2
ðL� zÞ

Substituting these values in Eqs. (iv) and (v) and remembering that PB,f ¼ PC,f ¼ 0, we have, from Eq. (iv)

DB ¼ 1

EI

ðL=4
0

wLz

2
� wz2

2

0
@

1
A 3

4
z dzþ

ðL=2
L=4

wLz

2
� wz2

2

0
@

1
A 1

4
L� zð Þdzþ

ðL
L=2

wLz

2
� wz2

2

0
@

1
A 1

4
L� zð Þdz

8<
:

9=
;

from which

DB ¼ 57wL4

6; 144EI

Similarly,

DC ¼ 5wL4

384EI
Example 5.5
Use the principle of the stationary value of the total complementary energy of a system to calculate the horizontal

displacement of the point C in the frame of Example 4.10.

Referring to Fig. 4.16, we apply a horizontal fictitious load, PC,f, at C. The total complementary energy of the

system, including the fictitious load, is given by

C ¼
ð
L

ðM
0

dy dM � PC; fDC;h �
ð2L
0

Dw dx�WDC;h (i)
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where DC,h is the actual horizontal displacement of C. Then,

@C=@PC ; f ¼
ð
L

dy @M=@PC; f

� �� DC ;h ¼ 0 (ii)

Therefore, from Eq. (ii),

DC;h ¼ ð1=2EIÞ
ð2L
0

Mð@M=@PC; f Þdxþ ð1=EIÞ
ðL
0

Mð@M=@PC; f Þdy (iii)

In AB,

M ¼ W þ PC; f

� �
L� wx2=2

� �
so that

@M=@PC ; f ¼ L

In BC,

M ¼ W þ PC ; f

� �
y

and

@M=@PC ; f ¼ y

Substituting these expressions in Eq. (iii) and remembering that PC,f ¼ 0, we have

DC;h ¼ ð1=2EIÞ
ð2L
0

½WL� ðwx2=2Þ�L dxþ ð1=EIÞ
ðL
0

Wy2 dy (iv)

Integrating Eq. (iv) and substituting the limits gives

DC ;h ¼ 2L3=3EI
� �

2W � wLð Þ
which is the solution produced in Example 4.10.
Example 5.6
Using the principle of the stationary value of the total complementary energy of a system, calculate the vertical

displacement of the point B in the cantilever beam of Ex. 4.11.

In this example, we need to consider the torsional contribution to the total complementary energy in addition to

that due to bending. By comparison with Eq. (i) of Example 5.2, we see that the internal complementary energy of a

bar subjected to torsion is given by

Ci;T ¼
ð
L

ðT
0

dg dT (i)

where g is the angle of twist at any section of the bar.

Suppose that an imaginary load, PB,f, is applied vertically at B (i.e., into the plane of the paper) in the cantilever

beam of Example 4.11. The total complementary energy of the beam is then given by

C ¼
ð
L

ðM
0

dy dM þ
ð
L

ðT
0

dg dT � PB; fDB (ii)
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where DB is the vertical deflection of B. Then,
@C=@PB; f ¼
ð
L

dy dM=dPB; f

� �þ ð
L

dg dT=dPB ; f

� �� DB (iii)

The first term on the right-hand side of Eq. (iii) is replaced as in Example 5.2. The second term is replaced in a

similar manner using Eq. (3.12). Then,

DB ¼ ð1=EIÞ
ðL
0

MðdM=dPB; f Þ dzþ ð1=GJÞ
ðL
0

TðdT=dPB; f Þ dz (iv)

Referring to Fig. 4.17,

M ¼ ðW þ PB; f Þp ¼ ðW þ PB; f ÞR sina

Then,

ðdM=dPB ; f Þ ¼ R sina

Also ,

T ¼ ðW þ PB; f ÞðR� R cosaÞ
And

ðdT=dPB ; f Þ ¼ Rð1� cosaÞ
Substituting these expressions in Eq. (iv) and remembering that PB,f ¼ 0 gives

DB ¼ ð1=EIÞ
ðp=2
0

WR2 sin2aR daþ ð1=GJÞ
ðp=2
0

WR2ð1� cos aÞ2R da (v)

The right-hand side of Eq. (v) is identical to the expression for the internal work done in Example 4.11. Therefore,

DB ¼ WR3fðp=4EIÞ þ ð1=GJÞ½ð3p=4Þ � 2�g
as before.

The fictitious load method of determining deflections may be streamlined for linearly elastic

systems and is then termed the unit load method; this we discuss later in the chapter.
5.4 APPLICATION TO THE SOLUTION OF STATICALLY
INDETERMINATE SYSTEMS
In a statically determinate structure, the internal forces are determined uniquely by simple statical equi-

librium considerations. This is not the case for a statically indeterminate system, in which, as already

noted, an infinite number of internal force or stress distributions may be found to satisfy the conditions

of equilibrium. The true force system is, as demonstrated in Section 5.2, the one satisfying the conditions

of compatibility of displacement of the elastic structure or, alternatively, that for which the total com-

plementary energy has a stationary value. We apply the principle to a variety of statically indeterminate

structures, beginning with the relatively simple singly redundant pin-jointed frame of Example 5.7.
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Example 5.7
Determine the forces in the members of the pin-jointed framework shown in Fig. 5.8. Each member has the same

value of the product AE.

The first step is to choose the redundant member. In this example, no advantage is gained by the choice of any

particular member, although in some cases careful selection can result in a decrease in the amount of arithmetical

labor. Taking BD as the redundant member, we assume that it sustains a tensile force R due to the external loading.

The total complementary energy of the framework is, with the notation of Eq. (5.9),

C ¼
Xk
i¼1

ðFi

0

li dFi � PD

Hence,

@C

@R
¼
Xk
i¼1

li
@Fi

@R
¼ 0 (i)

or, assuming linear elasticity,

1

AE

Xk
i¼1

FiLi
@Fi

@R
¼ 0 (ii)

The solution is now completed in Table 5.2, where, as in Table 5.1, positive signs indicate tension.

Hence, from Eq. (ii),

4:83RLþ 2:707PL ¼ 0

or

R ¼ �0:56P

Substitution for R in column ➂ of Table 5.2 gives the force in each member. Having determined the forces in the

members, the deflection of any point on the framework may be found by the method described in Section 5.3.

Unlike the statically determinate type, statically indeterminate frameworks may be subjected to self-straining.

Therefore, internal forces are present before external loads are applied. Such a situation may be caused by a local
FIGURE 5.8 Analysis of a Statically Indeterminate Framework by the Method of Complementary Energy



Table 5.2 Example 5.7

➀
Member

➁
Length

➂
F

➃
@F/@R

➄
FL@F/@R

AB L �R=
ffiffiffi
2

p �1=
ffiffiffi
2

p
RL/2

BC L �R=
ffiffiffi
2

p �1=
ffiffiffi
2

p
RL/2

CD L � Pþ R=
ffiffiffi
2

p� � �1=
ffiffiffi
2

p
L Pþ R=

ffiffiffi
2

p� �
=
ffiffiffi
2

p
)

DA L �R=
ffiffiffi
2

p �1=
ffiffiffi
2

p
RL/2

AC
ffiffiffi
2

p
L

ffiffiffi
2

p
Pþ R 1 L 2Pþ ffiffiffi

2
p

R
� �

BD
ffiffiffi
2

p
L R 1

ffiffiffi
2

p
RLP ¼ 4.83RL þ 2.707PL
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temperature change or by an initial lack of fit of a member. Suppose that the member BD of the framework of

Fig. 5.8 is short by a known amount DR when the framework is assembled but is forced to fit. The load R in

BD has suffered a displacement DR in addition to that caused by the change in length of BD produced by the

load P. The total complementary energy is then

C ¼
Xk
i¼1

ðFi

0

li dFi � PD� RDR

and

@C

@R
¼
Xk
i¼1

li
@Fi

@R
� DR ¼ 0

or

DR ¼ 1

AE

Xk
i¼1

FiLi
@Fi

@R
(iii)

Obviously, the summation term in Eq. (iii) has the same value as in the previous case, so that

R ¼ �0:56Pþ AE

4:83L
DR

Hence, the forces in the members due to both applied loads and an initial lack of fit.

Some care should be given to the sign of the lack of fit DR. We note here that the member BD is short by an

amount DR, so that the assumption of a positive sign for DR is compatible with the tensile force R. If BD were

initially too long, then the total complementary energy of the system would be written

C ¼
Xk
i¼1

ðFi

0

li dFi � PD� R �DRð Þ

giving

�DR ¼ 1

AE

Xk
i¼1

FiLi
@Fi

@R
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Example 5.8
Calculate the loads in the members of the singly redundant pin-jointed framework shown in Fig. 5.9. The members

AC and BD are 30 mm2 in cross-section, and all other members are 20 mm2 in cross-section. The members AD,

BC, and DC are each 800 mm long. E ¼ 200,000 N/mm2.

From the geometry of the framework AB̂D ¼ CB̂D ¼ 30�; therefore, BD ¼ AC¼ 800
ffiffiffi
3

p
mm: Choosing CD

as the redundant member and proceeding from Eq. (ii) of Example 5.7, we have

1

E

Xk
i¼1

FiLi
Ai

@Fi

@R
¼ 0 (i)

From Table 5.3, we have

Xk
i¼1

FiLi
Ai

@Fi

@R
¼ �268þ 129:2R ¼ 0

Hence, R ¼ 2.1 N and the forces in the members are tabulated in column ➆ of Table 5.3.
FIGURE 5.9 Framework of Example 5.8

Table 5.3 Example 5.8 (tension positive)

➀
Member

➁
L (mm)

➂
A (mm2)

➃
F (N)

➄
@F/@R

➅
(FL/A)@F/@R

➆
Force (N)

AC 800
ffiffiffi
3

p
30 50� ffiffiffi

3
p

R=2 � ffiffiffi
3

p
=2 �2000þ 20

ffiffiffi
3

p
R 48.2

CB 800 20 86.6þR/2 1/2 1732 þ 10R 87.6

BD 800
ffiffiffi
3

p
30 –

ffiffiffi
3

p
R=2 � ffiffiffi

3
p

=2 20
ffiffiffi
3

p
R –1.8

CD 800 20 R 1 40R 2.1

AD 800 20 R/2 1/2 10R 1.0P ¼ –268 þ 129.2R
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Example 5.8 MATLAB
Repeat Example 5.8 using MATLAB and columns 1–4 of Table 5.3.

Values for R and the member forces, rounded to the first decimal place, are obtained through the following

MATLAB file:

% Declare any needed variables

syms F L A E R

E ¼ 200000;

% Define L, A, and F using columns 2-4 of Table 5.3

L ¼ [800*sqrt(3); % L_AC

800; % L_CB

800*sqrt(3); % L_BD

800; % L_CD

800]; % L_AD

A ¼ sym([30; % A_AC

20; % A_CB

30; % A_BD

20; % A_CD

20]); % A_AD

F ¼ [50-sqrt(3)*R/2; % F_AC

86.6þR/2; % F_CB

-sqrt(3)*R/2; % F_BD

R; % F_CD

R/2]; % F_AD

% Use Eq. (5.16) to solve for R

eqI ¼ F.*L.*diff(F,R)./(A.*E); % Eq. (5.16)

R_val ¼ solve(sum(eqI),R);

% Substitute R_val into F to calculate the member forces

Force ¼ subs(F,R,R_val);

% Output R and the member forces, rounded to the first decimal place, to the Command

Window

R ¼ round(double(R_val)*10)/10;

Force ¼ round(double(Force)*10)/10;

disp([‘R ¼’ num2str(R) ‘N’])

disp([‘Force ¼ [‘num2str(Force(1))’, ‘num2str(Force(2))’, ‘num2str(Force(3))’,

‘num2str(Force(4))’, ‘num2str(Force(5))’] N’])

The Command Window outputs resulting from this MATLAB file are as follows:

R ¼ 2.1 N

Force ¼ [48.2, 87.6, -1.8, 2.1, 1] N
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Example 5.9
A plane, pin-jointed framework consists of six bars forming a rectangle ABCD 4000 mm � 3000 mm with two

diagonals, as shown in Fig. 5.10. The cross-sectional area of each bar is 200 mm2 and the frame is unstressed when

the temperature of each member is the same. Due to local conditions, the temperature of one of the 3000 mm

members is raised by 30�C. Calculate the resulting forces in all the members if the coefficient of linear expansion

a of the bars is 7 � 10–6/�C and E ¼ 200,000 N/mm2.

Suppose that BC is the heated member, then the increase in length of BC¼ 3000� 30� 7� 10–6¼ 0.63 mm.

Therefore, from Eq. (iii) of Example 5.7,

�0:63 ¼ 1

200� 200;000

Xk
i¼1

FiLi
@Fi

@R
(i)

Substitution from the summation of column ➄ in Table 5.4 into Eq. (i) gives

R ¼ �0:63� 200� 200;000

48;000
¼ �525 N

Column ➅ of Table 5.4 is now completed for the force in each member.

So far, our analysis has been limited to singly redundant frameworks, although the same procedure

may be adopted to solve a multi-redundant framework of, say, m redundancies. Therefore, instead of a

single equation of the type (i) in Example 5.7, we would have m simultaneous equations
FIGURE 5.10 Framework of Example 5.9

Table 5.4 Example 5.9 (tension positive)

➀
Member

➁
L (mm)

➂
F(N)

➃
@F/@R

➄
FL@F/@R

➅
Force (N)

AB 4,000 4R/3 4/3 64,000R/9 �700

BC 3,000 R 1 3,000R �525

CD 4,000 4R/3 4/3 64,000R/9 �700

DA 3,000 R 1 3,000R �525

AC 5,000 �5R/3 �5/3 125,000R/9 875

DB 5,000 �5R/3 �5/3 125,000R/9 875P ¼ 48,000R
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@C

@Rj
¼
Xk
i¼1

li
@Fi

@Rj
¼ 0 ðj ¼ 1; 2; . . . ; mÞ

from which the m unknowns R1, R2, . . ., Rm are obtained. The forces F in the members follow, being

expressed initially in terms of the applied loads and R1, R2, . . ., Rm.

Other types of statically indeterminate structure are solved by the application of total complemen-

tary energy with equal facility. The propped cantilever of Fig. 5.11 is an example of a singly redundant

beam structure for which total complementary energy readily yields a solution.

The total complementary energy of the system is, with the notation of Eq. (i) of Example 5.2,

C ¼
ð
L

ðM
0

dy dM � PDC � RBDB

where DC and DB are the deflections at C and B, respectively. Usually, in problems of this type, DB is

either zero for a rigid support or a known amount (sometimes in terms of RB) for a sinking support.

Hence, for a stationary value of C,

@C

@RB

¼
ð
L

dy
@M

@RB

� DB ¼ 0

from which equation RB may be found; RB being contained in the expression for the bending moment

M.

Obviously, the same procedure is applicable to a beam having a multiredundant support system, for

example, a continuous beam supporting a series of loads P1, P2, . . ., Pn. The total complementary en-

ergy of such a beam is given by

C ¼
ð
L

ðM
0

dydM �
Xm
j¼1

RjDj �
Xn
r¼1

PrDr

where Rj and Dj are the reaction and known deflection (at least in terms of Rj) of the jth support point in
a total of m supports. The stationary value of C gives

@C

@Rj
¼
ð
L

dy
@M

@Rj
� Dj ¼ 0 ð j ¼ 1; 2; . . . ; mÞ

producing m simultaneous equations for the m unknown reactions.

The intention here is not to suggest that continuous beams are best or most readily solved by the

energy method; the moment distribution method produces a more rapid solution, especially for beams

in which the degree of redundancy is large. Instead the purpose is to demonstrate the versatility and

power of energy methods in their ready solution of a wide range of structural problems. A complete

investigation of this versatility is impossible here due to restrictions of space; in fact, whole books have
FIGURE 5.11 Analysis of a Propped Cantilever by the Method of Complementary Energy
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been devoted to this topic. We therefore limit our analysis to problems peculiar to the field of aircraft

structures, with which we are primarily concerned. The remaining portion of this section is therefore

concerned with the solution of frames and rings possessing varying degrees of redundancy.

The frameworks we considered in the earlier part of this section and in Section 5.3 comprised mem-

bers capable of resisting direct forces only. Of a more general type are composite frameworks, in which

some or all of the members resist bending and shear loads in addition to direct loads. It is usual, how-

ever, except for the thin-walled structures in Part B of this book, to ignore deflections produced by shear

forces. We, therefore, only consider bending and direct force contributions to the internal complemen-

tary energy of such structures. The method of analysis is illustrated in Ex. 5.10.
Example 5.9 MATLAB
Repeat Example 5.9 using MATLAB and columns 1–3 of Table 5.4.

Values for R and the member forces are obtained through the following MATLAB file:

% Declare any needed variables

syms delta_R alpha F L A E R T

A ¼ 200;

alpha ¼ 7*10̂ (-6);

E ¼ 200000;

T ¼ 30;

% Define L and F using columns 2-3 of Table 5.4

L ¼ [4000; % L_AB

3000; % L_BC

4000; % L_CD

3000; % L_DA

5000; % L_AC

5000]; % L_DB

F ¼ [4*R/3; % F_AB

R; % F_BC

4*R/3; % F_CD

R; % F_DA

-5*R/3; % F_AC

-5*R/3]; % F_DB

% Use Eq. (5.17) to solve for R assuming BC is the heated member

delta_R ¼ L(2)* T*alpha;

eqI ¼ F.*L.*diff(F,R)./(A*E); % Eq. (5.17)

R_val ¼ solve(sum(eqI)þdelta_R,R);

% Substitute R_val into F to calculate the member forces

Force ¼ subs(F,R,R_val);

% Output R and the member forces to the Command Window

R ¼ round(double(R_val));
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Force ¼ round(double(Force));

disp([‘R ¼’ num2str(R) ‘N’])

disp([‘Force ¼ [‘num2str(Force(1))’, ‘num2str(Force(2))’, ‘num2str(Force(3))’,

‘num2str(Force(4))’, ‘num2str(Force(5))’, ‘num2str(Force(6))’] N’])

The Command Window output resulting from this MATLAB file is as follows:

R ¼ -525 N

Force ¼ [-700, -525, -700, -525, 875, 875] N
Example 5.10
The simply supported beam ABC shown in Fig. 5.12 is stiffened by an arrangement of pin-jointed bars capable

of sustaining axial loads only. If the cross-sectional area of the beam is AB and that of the bars is A, calculate the

forces in the members of the framework, assuming that displacements are caused by bending and direct force

action only.

We observe that, if the beamwere capable of supporting only direct loads, then the structure would be a relatively

simple statically determinate pin-jointed framework. Since the beam resists bending moments (we are ignoring shear

effects), the system is statically indeterminate with a single redundancy, the bending moment at any section of

the beam. The total complementary energy of the framework is given, with the notation previously developed, by

C ¼
ð
ABC

ðM
0

dy dM þ
Xk
i¼1

li dFi � PD (i)

If we suppose that the tensile load in the member ED is R, then, for C to have a stationary value,

@C

@R
¼
ð
ABC

dy
@M

@R
þ
Xk
i¼1

li
@Fi

@R
¼ 0 (ii)
FIGURE 5.12 Analysis of a Trussed Beam by the Method of Complementary Energy
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At this point, we assume the appropriate load–displacement relationships; again we take the system to be linear so

that Eq. (ii) becomes ðL
0

M

EI

@M

@R
dzþ

Xk
i¼1

FiLi
AiE

@Fi

@R
¼ 0 (iii)

The two terms in Eq. (iii) may be evaluated separately, bearing in mind that only the beam ABC contributes to the

first term, while the complete structure contributes to the second. Evaluating the summation term by a tabular

process, we have Table 5.5.

Summation of column ➅ in Table 5.5 gives

Xk
i¼1

FiLi
AiE

@Fi

@R
¼ RL

4E

1

AB

þ 10

A

� �
(iv)

The bending moment at any section of the beam between A and F is

M ¼ 3

4
Pz�

ffiffiffi
3

p

2
Rz; hence;

@M

@R
¼ �

ffiffiffi
3

p

2
z

between F and B is

M ¼ P

4
ðL� zÞ �

ffiffiffi
3

p

2
Rz; hence;

@M

@R
¼ �

ffiffiffi
3

p

2
z

and between B and C is

M ¼ P

4
ðL� zÞ �

ffiffiffi
3

p

2
RðL� zÞ; hence;

@M

@R
¼ �

ffiffiffi
3

p

2
ðL� zÞ

Therefore, ðL
0

M

EI

@M

@R
dz ¼ 1

EI

ðL=4
0

� 3

4
Pz�

ffiffiffi
3

p

2
Rz

0
@

1
A ffiffiffi

3
p

2
z dz

8<
:

þ
ðL=2
L=4

P

4
L� zð Þ �

ffiffiffi
3

p

2
Rz

2
4

3
5 �

ffiffiffi
3

p

2
z

0
@

1
Adz

þ
ðL
L=2

� P

4
L� zð Þ �

ffiffiffi
3

p

2
R L� zð Þ

2
4

3
5 ffiffiffi

3
p

2
L� zð Þdz

9=
;

Table 5.5 Example 5.10 (tension positive)

➀
Member

➁
Length

➂
Area

➃
F

➄
@F/@R

➅
(F/A)@F/@R

AB L/2 AB �R/2 �1/2 R/4AB

BC L/2 AB �R/2 �1/2 R/4AB

CD L/2 A R 1 R/A

DE L/2 A R 1 R/A

BD L/2 A �R �1 R/A

EB L/2 A �R �1 R/A

AE L/2 A R 1 R/A



1455.4 Application to the solution of statically indeterminate systems
giving ðL
0

M

EI

@M

@R
dz ¼ �11

ffiffiffi
3

p
PL3

768EI
þ RL3

16EI
(v)

Substituting from Eqs. (iv) and (v) into Eq. (iii)

� 11
ffiffiffi
3

p
PL3

768EI
þ RL3

16EI
þ RL

4E

Aþ 10AB

ABA

� �
¼ 0

from which

R ¼ 11
ffiffiffi
3

p
PL2ABA

48½L2ABAþ 4IðAþ 10ABÞ�

hence, the forces in each member of the framework. The deflection D of the load P or any point on the framework

may be obtained by the method of Section 5.3. For example, the stationary value of the total complementary energy

of Eq. (i) gives D; that is,

@C

@P
¼
ð
ABC

dy
@M

@R
þ
Xk
i¼1

li
@Fi

@P
� D ¼ 0

Although braced beams are still found in modern light aircraft in the form of braced wing structures, a

much more common structural component is the ring frame. The role of this particular component is

discussed in detail in Chapter 11; it is therefore sufficient for the moment to say that ring frames form

the basic shape of semi-monocoque fuselages reacting to shear loads from the fuselage skins, point loads

from wing spar attachments, and distributed loads from floor beams. Usually, a ring is two-dimensional,

supporting loads applied in its own plane. Our analysis is limited to the two-dimensional case.
Example 5.11
Determine the bending moment distribution in the two-dimensional ring shown in Fig. 5.13; the bending stiffness

of the ring is EI.

A two-dimensional ring has redundancies of direct load, bendingmoment, and shear at any section, as shown in

Fig. 5.13. However, in some special cases of loading, the number of redundancies may be reduced. For example, on

a plane of symmetry, the shear loads and sometimes the normal or direct loads are zero, while on a plane of anti-

symmetry the direct loads and bending moments are zero. Let us consider the simple case of the doubly symmet-

rical ring shown in Fig. 5.14(a). At a section in the vertical plane of symmetry, the internal shear and direct loads

vanish, leaving one redundancy, the bending momentMA (Fig. 5.14(b)). Note that, in the horizontal plane of sym-

metry, the internal shears are zero but the direct loads have a value P/2. The total complementary energy of the

system (again ignoring shear strains) is

C ¼
ð
ring

ðM
0

dy dM � 2
P

2
D

� �



FIGURE 5.13 Internal Force System in a Two-Dimensional Ring

FIGURE 5.14 Doubly Symmetric Ring
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taking the bending moment as positive when it increases the curvature of the ring. In this expression for C, D is the

displacement of the top, A, of the ring relative to the bottom, B. Assigning a stationary value to C, we have

@C

@MA

¼
ð
ring

dy
@M

@MA

¼ 0

or assuming linear elasticity and considering, from symmetry, half the ring,ðpR
0

M

EI

@M

@MA

ds ¼ 0



FIGURE 5.15 Distribution of Bending Moment in a Doubly Symmetric Ring
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Therefore, since

M ¼ MA � P

2
R siny;

@M

@MA

¼ 1

and we have ðp
0

MA � P

2
R siny

� �
R dy ¼ 0

or

MAyþ P

2
R cosy

� �p
0

¼ 0

from which

MA ¼ PR

p

The bending moment distribution is then

M ¼ PR
1

p
� siny

2

� �

and is shown diagrammatically in Fig. 5.15.

We shall now consider a more representative aircraft structural problem.
Example 5.12
The circular fuselage frame shown in Fig. 5.16(a) supports a load,P, which is reacted to by a shear flow, q (i.e., a shear

force per unit length, see Chapter 16), distributed around the circumference of the frame from the fuselage skin. If the

bending stiffness of the frame is EI, calculate the distribution of bending moment round the frame.

The value and direction of this shear flow are quoted here but are derived from theory established in

Section 16.3. From our previous remarks on the effect of symmetry, we observe that there is no shear force at



FIGURE 5.16 Determination of Bending Moment Distribution in a Shear and Direct Loaded Ring
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the section A on the vertical plane of symmetry. The unknowns are therefore the bending momentMA and normal

force NA. We proceed, as in the previous example, by writing down the total complementary energy C of the

system. Then, neglecting shear strains,

C ¼
ð
ring

ðM
0

dy dM � PD (i)

in which D is the deflection of the point of application of P relative to the top of the frame. Note thatMA and NA do

not contribute to the complement of the potential energy of the system, since, by symmetry, the rotation and hor-

izontal displacements at A are zero. From the principle of the stationary value of the total complementary energy,

@C

@MA

¼
ð
ring

dy
@M

@MA

¼ 0 (ii)
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and

@C

@NA

¼
ð
ring

dy
@M

@NA

¼ 0 (iii)

The bending moment at a radial section inclined at an angle y to the vertical diameter is, from Fig. 5.16(c),

M ¼ MA þ NAR 1� cosyð Þ þ
ðy
0

qBDR da

or

M ¼ MA þ NARð1� cosyÞ þ
ðy
0

P

pR
sin a½R� R cosðy� aÞ�R da

which gives

M ¼ MA þ NARð1� cosyÞ þ PR

p
ð1� cosy� 1

2
y sin yÞ (iv)

Hence,

@M

@MA

¼ 1;
@M

@NA

¼ Rð1� cosyÞ (v)

Assuming that the fuselage frame is linearly elastic, we have, from Eqs. (ii) and (iii),

2

ðp
0

M

EI

@M

@MA

R dy ¼ 2

ðp
0

M

EI

@M

@NA

R dy ¼ 0 (vi)

Substituting from Eqs. (iv) and (v) into Eq. (vi) gives two simultaneous equations:

�PR

2p
¼ MA þ NAR (vii)

7PR 3
�
8p

¼ MA þ
2
NAR (viii)

These equations may be written in matrix form as follows:

PR

p
�1=2
�7=8

	 

¼ 1 R

1 3R=2

� �
MA

NA

	 

(ix)

so that

MA

NA

	 

¼ PR

p
1 R
1 3R=2

� ��1 �1=2
�7=8

	 


or

MA

NA

	 

¼ PR

p
3 �2

�2=R 2=R

� � �1=2
�7=8

	 


which gives

MA ¼ PR

4p
; NA ¼ �3P

4p



150 CHAPTER 5 Energy methods
The bending moment distribution follows from Eq. (iv) and is

M ¼ PR

4p
2� cosy� 2y sinyð Þ (x)

The solution of Eq. (ix) involves the inversion of the matrix

1 R
1 3R=2

� �

which may be carried out using any of the standard methods detailed in texts on matrix analysis. In this example,

Eqs. (vii) and (viii) are clearly most easily solved directly; however, the matrix approach illustrates the technique

and serves as a useful introduction to the more detailed discussion in Chapter 6.
Example 5.13
A two-cell fuselage has circular frames with a rigidly attached straight member across the middle. The bending

stiffness of the lower half of the frame is 2EI, while that of the upper half and also the straight member is EI.

Calculate the distribution of the bending moment in each part of the frame for the loading system shown in

Fig. 5.17(a). Illustrate your answer by means of a sketch and show clearly the bending moment carried by each part

of the frame at the junction with the straight member. Deformations due only to bending strains need be taken into

account.

The loading is antisymmetrical, so that there are no bending moments or normal forces on the plane of anti-

symmetry; there remain three shear loads SA, SD, and SC, as shown in Fig. 5.17(b). The total complementary energy

of the half-frame is then (neglecting shear strains)

C ¼
ð
half-frame

ðM
0

dydM �M0aB �M0

r
DB (i)
FIGURE 5.17 Determination of Bending Moment Distribution in an Antisymmetrical Fuselage Frame
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where aB and DB are the rotation and deflection of the frame at B caused by the applied moment M0 and concen-

trated loadM0/r, respectively. From antisymmetry, there is no deflection at A, D, or C so that SA, SC, and SD make

no contribution to the total complementary energy. In addition, overall equilibrium of the half-frame gives

SA þ SD þ SC ¼ M0

r
(ii)

Assigning stationary values to the total complementary energy and considering the half-frame only, we have

@C

@SA
¼
ð
half-frame

dy
@M

@SA
¼ 0

and

@C

@SD
¼
ð
half-frame

dy
@M

@SD
¼ 0

or, assuming linear elasticity, ð
half-frame

M

EI

@M

@SA
ds ¼

ð
half-frame

M

EI

@M

@SD
ds ¼ 0 (iii)

In AB,

M ¼ �SAr siny and
@M

@SA
¼ �r siny;

@M

@SD
¼ 0

In DB,

M ¼ SDx and
@M

@SA
¼ 0;

@M

@SD
¼ x

In CB,

M ¼ SCr sinf ¼ M0

r
� SA � SD

� �
r sinf

Thus,

@M

@SA
¼ �r sinf and

@M

@SD‘
¼ �r sinf

Substituting these expressions in Eq. (iii) and integrating, we have

3:365SA þ SC ¼ M0=r (iv)

S þ 2:178S ¼ M =r (v)
A C 0

which, with Eq. (ii), enable SA, SD, and SC to be found. In matrix form, these equations are written

M0=r
M0=r
M0=r

8<
:

9=
; ¼

1 1 1

3:365 0 1

1 0 2:178

2
4

3
5 SA

SD
SC

8<
:

9=
; (vi)

from which we obtain

SA
SD
SC

8<
:

9=
; ¼

0 0:345 �0:159
1 �0:187 �0:373
0 �0:159 0:532

2
4

3
5 M0=r

M0=r
M0=r

8<
:

9=
; (vii)



FIGURE 5.18 Distribution of Bending Moment in the Frame of Example 5.13
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which give

SA ¼ 0:187 M0=r; SD ¼ 0:44 M0=r; SC ¼ 0:373 M0=r

Again, the square matrix of Eq. (vi) has been inverted to produce Eq. (vii).

The bending moment distribution with directions of bending moment is shown in Fig. 5.18.

So far in this chapter we considered the application of the principle of the stationary value of the

total complementary energy of elastic systems in the analysis of various types of structure. Although

the majority of the examples used to illustrate the method are of linearly elastic systems, it was pointed

out that generally they may be used with equal facility for the solution of nonlinear systems.

In fact, the question of whether a structure possesses linear or non-linear characteristics arises only after

the initial step of writing down expressions for the total potential or complementary energies. However, a

great number of structures are linearly elastic and possess unique properties which enable solutions, in some

cases, to be more easily obtained. The remainder of this chapter is devoted to these methods.
5.5 UNIT LOAD METHOD
In Section 5.3, we discussed the dummy or fictitious load method of obtaining deflections of structures.

For a linearly elastic structure, the method may be streamlined as follows.

Consider the framework of Fig. 5.3, in which we require, say, to find the vertical deflection of

the point C. Following the procedure of Section 5.3, we would place a vertical dummy load Pf at C

and write down the total complementary energy of the framework (see Eq. (5.9)):

C ¼
Xk
I¼1

ðFi

0

li dFi �
Xn
r¼1

DrPr
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For a stationary value of C,

@C

@Pf
¼
Xk
i¼1

li
@Fi

@Pf
� DC ¼ 0 (5.12)

from which

DC ¼
Xk
i¼1

li
@Fi

@Pf
(5.13)

as before. If, instead of the arbitrary dummy load Pf, we had placed a unit load at C, then the load in the

ith linearly elastic member would be

Fi ¼ @Fi

@Pf
1

Therefore, the term @Fi/@Pf in Eq. (5.13) is equal to the load in the ith member due to a unit load at C,

and Eq. (5.13) may be written

DC ¼
Xk
i¼1

Fi;0Fi;1Li
AiEi

(5.14)

where Fi,0 is the force in the ith member due to the actual loading and Fi,1 is the force in the ith member

due to a unit load placed at the position and in the direction of the required deflection. Thus, in Example

5.1, columns ➃ and ➅ in Table 5.1 would be eliminated, leaving column ➄ as FB,1 and column ➆ as

FD,1. Obviously column ➂ is F0.

Similar expressions for deflection due to bending and torsion of linear structures follow from the

well-known relationships between bending and rotation and torsion and rotation. Hence, for a member

of length L and flexural and torsional rigidities EI and GJ, respectively,

DB:M ¼
ð
L

M0M1

EI
dz; DT ¼

ð
L

T0T1
GJ

dz (5.15)

where M0 is the bending moment at any section produced by the actual loading and M1 is the bending

moment at any section due to a unit load applied at the position and in the direction of the required

deflection; similarly for torsion.

Generally, shear deflections of slender beams are ignored but may be calculated when required for

particular cases. Of greater interest in aircraft structures is the calculation of the deflections produced by

the large shear stresses experienced by thin-walled sections. This problem is discussed in Chapter 19.
Example 5.14
A steel rod of uniform circular cross-section is bent as shown in Fig. 5.19, AB and BC being horizontal and CD

vertical. The arms AB, BC, and CD are of equal length. The rod is encastré at A and the other end D is free. A

uniformly distributed load covers the length BC. Find the components of the displacement of the free end D in

terms of EI and GJ.

Since the cross-sectional area A and modulus of elasticity E are not given, we assume that displacements due to

axial distortion are to be ignored. We place, in turn, unit loads in the assumed positive directions of the axes xyz.



FIGURE 5.19 Deflection of a Bent Rod
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First, consider the displacement in the direction parallel to the x axis. From Eqs. (5.15),

Dx ¼
ð
L

M0M1

EI
dsþ

ð
L

T0T1
GJ

ds

Employing a tabular procedure,

Plane

CD

CB

BA

xy xz yz
0 0 0

0 0 �wz2=2
�wlx 0 0

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{M0

xy xz yz
y 0 0

0 z 0

l l 0

zfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflffl{M1

xy xz yz
0 0 0

0 0 0

0 0 wl2=2

zfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflffl{T0

xy xz yz
0 0 0

l 0 0

0 0 0

zfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflffl{T1

Hence,

Dx ¼
ðl
0

�wl2x

EI
dx

or

Dx ¼ � wl4

2EI

Similarly,

Dy ¼ wl4
11

24EI
þ 1

2GJ

� �
� �
Dz ¼ wl4
1

6EI
þ 1

2GJ
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5.6 FLEXIBILITY METHOD
An alternative approach to the solution of statically indeterminate beams and frames is to release the

structure, that is, remove redundant members or supports, until the structure becomes statically deter-

minate. The displacement of some point in the released structure is then determined by, say, the unit

load method. The actual loads on the structure are removed and unknown forces applied to the points

where the structure has been released; the displacement at the point produced by these unknown forces

must, from compatibility, be the same as that in the released structure. The unknown forces are then

obtained; this approach is known as the flexibility method.
Example 5.15
Determine the forces in the members of the truss shown in Fig. 5.20(a); the cross-sectional area A and Young’s

modulus E are the same for all members.

The truss in Fig. 5.20(a) is clearly externally statically determinate but has a degree of internal statical inde-

terminacy equal to 1.We therefore release the truss so that it becomes statically determinate by “cutting” one of the

members, say BD, as shown in Fig. 5.20(b). Due to the actual loads (P in this case) the cut ends of the member BD

separate or come together, depending on whether the force in the member (before it was cut) is tensile or com-

pressive; we shall assume that it was tensile.

We are assuming that the truss is linearly elastic, so that the relative displacement of the cut ends of the member

BD (in effect, the movement of B and D away from or toward each other along the diagonal BD)may be found using,

say, the unit load method. Thus, we determine the forces Fa,j, in the members produced by the actual loads. We then

apply equal and opposite unit loads to the cut ends of the member BD, as shown in Fig. 5.20(c), and calculate the

forces, F1,j in the members. The displacement of B relative to D, DBD (see Eq. (ii) in Ex. 4.9), is given by

DBD ¼
Xn
j¼1

Fa;jF1;jLj
AE
A A A

Cut

B B BC C C

1

1

P

XBD

XBD

P

L

D D D

(a) (b) (c)

45°

FIGURE 5.20 Analysis of a Statically Indeterminate Truss
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The forces, Fa,j, are the forces in the members of the released truss due to the actual loads and are not, therefore, the

actual forces in the members of the complete truss. We therefore redesignate the forces in the members of the

released truss as F0,j. The expression for DBD becomes

DBD ¼
Xn
j¼1

F0jF1jLj
AE

(i)

In the actual structure, this displacement is prevented by the force, XBD, in the redundant member BD. If, therefore,

we calculate the displacement, aBD, in the direction of BD produced by a unit value of XBD, the displacement due to

XBD is XBDaBD. Clearly, from compatibility,

DBD þ XBDaBD ¼ 0 (ii)

from which XBD is found, aBD is a flexibility coefficient. Having determined XBD, the actual forces in the members

of the complete truss may be calculated by, say, the method of joints or the method of sections.

In Eq. (ii), aBD is the displacement of the released truss in the direction of BD produced by a unit load. There-

fore, in using the unit load method to calculate this displacement, the actual member forces (F1,j) and the member

forces produced by the unit load (Fl,j) are the same. Therefore, from Eq. (i),

aBD ¼
Xn
j¼1

F2
1;jLj

AE
(iii)

The solution is completed in Table 5.6.

From Table 5.6,

DBD ¼ 2:71PL

AE
; aBD ¼ 4:82L

AE

Substituting these values in Eq. (i), we have

2:71PL

AE
þ XBD

4:82L

AE
¼ 0

from which

XBD ¼ �0:56P

(i.e., compression). The actual forces, Fa,j, in the members of the complete truss of Fig. 5.20(a) are now calculated

using the method of joints and are listed in the final column of Table 5.6.
Table 5.6 Example 5.15

Member Lj (m) F0,j F1,j F0,jF1,jLj F1j
2Lj Fa,j

AB L 0 �0.71 0 0.5 L þ0.40P

BC L 0 �0.71 0 0.5 L þ0.40P

CD L �P �0.71 0.71PL 0.5 L �0.60P

BD 1.41 L — 1.0 — 1.41 L �0.56P

AC 1.41 L 1.41P 1.0 2.0PL 1.41 L þ0.85P

AD L 0 �0.71 0 0.5 L þ0.40PP ¼ 2. 71 PL
P ¼ 4. 82 L
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We note in the preceding that DBD is positive, which means that DBD is in the direction of the unit loads; that is,

B approaches D and the diagonal BD in the released structure decreases in length. Therefore, in the complete struc-

ture, the member BD, which prevents this shortening, must be in compression as shown; also aBD will always be

positive, since it contains the term F1,j
2. Finally, we note that the cut member BD is included in the calculation of

the displacements in the released structure, since its deformation, under a unit load, contributes to aBD.
Example 5.16
Calculate the forces in the members of the truss shown in Fig. 5.21(a). All members have the same cross-sectional

area A and Young’s modulus E.

By inspection we see that the truss is both internally and externally statically indeterminate, since it would

remain stable and in equilibrium if one of the diagonals, AD or BD, and the support at C were removed; the degree

of indeterminacy is therefore 2. Unlike the truss in Example 5.15, we could not remove anymember, since, if BC or
A

A A

A

E

E E

ED

D D

D

(a)

(c) (d)

(b)

C

C
C

C

B

B B

B

1 m

10 kN 10 kN

1 m

1
1

1

1 m

X1

R2

FIGURE 5.21 Statically Indeterminate Truss of Example 5.16
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CD were removed, the outer half of the truss would become a mechanism while the portion ABDE would remain

statically indeterminate. Therefore, we select AD and the support at C as the releases, giving the statically deter-

minate truss shown in Fig. 5.21(b); we designate the force in the member AD as X1 and the vertical reaction at

C as R2.

In this case, we shall have two compatibility conditions, one for the diagonal AD and one for the support at C.

We therefore need to investigate three loading cases: one in which the actual loads are applied to the released

statically determinate truss in Fig. 5.21(b), a second in which unit loads are applied to the cut member AD

(Fig. 5.21(c)), and a third in which a unit load is applied at C in the direction of R2 (Fig. 5.21(d)). By comparison

with the previous example, the compatibility conditions are

DAD þ a11X1 þ a12R2 ¼ 0 (i)

v þ a X þ a R ¼ 0 (ii)
C 21 1 22 2

in which DAD and vC are, respectively, the change in length of the diagonal AD and the vertical displacement of C

due to the actual loads acting on the released truss, while a11, a12, and so forth, are flexibility coefficients, which we

have previously defined. The calculations are similar to those carried out in Example 5.15 and are shown in

Table 5.7. From Table 5.7,

DAD ¼
Xn
j¼1

F0;jF1;jðX1ÞLj
AE

¼ �27:1

AE
ði:e ., AD increases in lengthÞ

vC ¼
Xn
j¼1

F0;jF1;jðR2ÞLj
AE

¼ �48:11

AE
ði:e ., C is displaced downwardÞ

a11 ¼
Xn
j¼1

F2
1;jðX1ÞLj
AE

¼ 4:32

AE

a22 ¼
Xn
j¼1

F2
1;j R2ð ÞLj
AE

¼ 11:62

AE

a12 ¼ a21
Xn
j¼1

F1;j X1ð ÞF1;j R2ð ÞLj
AE

¼ 2:7

AE
Table 5.7 Example 5.16

Member Lj F0j

F1,j

(X1)

F1,j

(R2)

F0,jF1,j

(X1) Lj

F0,jF1,j

(R2) Lj

F12,j

(X1)Lj

F12,j

(R2)Lj

F1,j (X1)

F1,j (R2) Lj Faj

AB 1 10.0 �0.71 �2.0 �7.1 �20.0 0.5 4.0 1.41 0.67

BC 1.41 0 0 �1.41 0 0 0 2.81 0 �4.45

CD 1 0 0 1.0 0 0 0 1.0 0 3.15

DE 1 0 �0.71 1.0 0 0 0.5 1.0 �0.71 0.12

AD 1.41 0 1.0 0 0 0 1.41 0 0 4.28

BE 1.41 �14.14 1.0 1.41 �20.0 �28.11 1.41 2.81 2.0 �5.4

BD 1 0 �0.71 0 0 0 0.5 0 0 �3.03P¼�27.1
P¼�48.11

P¼ 4.32
P¼11.62

P¼ 2. 7
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Substituting in Eqs. (i) and (ii) and multiplying through by AE, we have

�27:1þ 4:32X1 þ 2:7R2 ¼ 0 (iii)

�48:11þ 2:7X þ 11:62R ¼ 0 (iv)
1 2

Solving Eqs. (iii) and (iv), we obtain

X1 ¼ 4:28kN;R2 ¼ 3:15kN

The actual forces, Fa,j, in the members of the complete truss are now calculated by the method of joints and are

listed in the final column of Table 5.7.

5.6.1 Self-straining trusses
Statically indeterminate trusses, unlike the statically determinate type, may be subjected to self-

straining, in which internal forces are present before external loads are applied. Such a situation

may be caused by a local temperature change or by an initial lack of fit of a member. In cases such

as these, the term on the right-hand side of the compatibility equations, Eq. (ii) in Example 5.15

and Eqs. (i) and (ii) in Example 5.16, would not be zero.
Example 5.17
The truss shown in Fig. 5.22(a) is unstressed when the temperature of each member is the same, but due to local

conditions, the temperature in the member BC is increased by 30�C. If the cross-sectional area of each member is

200 mm2 and the coefficient of linear expansion of the members is 7� 10–6/�C, calculate the resulting forces in the
members; Young’s modulus E ¼ 200,000 N/mm2.

Due to the temperature rise, the increase in length of the member BC is 3 � 103 � 30 � 7 � 10–6 ¼ 0.63 mm.

The truss has a degree of internal statical indeterminacy equal to 1 (by inspection).We therefore release the truss by

cutting the member BC, which has experienced the temperature rise, as shown in Fig. 5.22(b); we suppose that the

force in BC is X1. Since there are no external loads on the truss, DBC is zero and the compatibility condition

becomes

a11X1 ¼ �0:63 (i)
A A A

D D DC C C

1

1

X1

X1

(a) (b) (c)

B B B

3 m

4 m

FIGURE 5.22 Self-Straining Due to a Temperature Change



Table 5.8 Example 5.17

Member Lj (mm) F1,j F1,j
2 Lj Fa,j (N)

AB 4,000 1.33 7,111.1 �700

BC 3,000 1.0 3,000.0 �525

CD 4,000 1.33 7,111.1 �700

DA 3,000 1.0 3,000.0 �525

AC 5,000 �1.67 13,888.9 875

DB 5,000 �1.67 13,888.9 875P ¼ 48,000.0
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in which, as before,

a11 ¼
Xn
j¼1

F2
1; jLj

AE

Note that the extension of BC is negative, since it is opposite in direction to X1. The solution is now completed in

Table 5.8. Hence,

a11 ¼ 48;000

200� 200;000
¼ 1:2� 10�3

Then, from Eq. (i),

X1 ¼ �525 N

The forces, Fa,j, in the members of the complete truss are given in the final column of Table 5.8. Compare the

preceding with the solution of Example 5.9.

5.7 TOTAL POTENTIAL ENERGY
In the spring–mass system shown in its unstrained position in Fig. 5.23(a), we normally define the

potential energy of the mass as the product of its weight,Mg, and its height, h, above some arbitrarily

fixed datum. In other words, it possesses energy by virtue of its position. After deflection to an
FIGURE 5.23 (a) Potential Energy of a Spring–Mass System; (b) Loss in Potential Energy Due to a Change in Position
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equilibrium state (Fig. 5.23(b)), the mass has lost an amount of potential energy equal to Mgy. There-
fore, we may associate deflection with a loss of potential energy. Alternatively, we may argue that the

gravitational force acting on the mass does work during its displacement, resulting in a loss of energy.

Applying this reasoning to the elastic system of Fig. 5.1(a) and assuming that the potential energy of the

system is zero in the unloaded state, the loss of potential energy of the load P as it produces a deflection

y is Py. Thus, the potential energy V of P in the deflected equilibrium state is given by

V ¼ �Py

We now define the total potential energy (TPE) of a system in its deflected equilibrium state as the sum

of its internal or strain energy and the potential energy of the applied external forces. Hence, for the

single member–force configuration of Fig. 5.1(a),

TPE ¼ U þ V ¼
ðy
0

P dy� Py

For a general system consisting of loads P1, P2, . . ., Pn producing corresponding displacements (i.e.,
displacements in the directions of the loads; see Section 5.10), D1, D2, . . ., Dn the potential energy of all

the loads is

V ¼
Xn
r¼1

Vr ¼
Xn
r¼1

ð�PrDrÞ

and the total potential energy of the system is given by

TPE ¼ U þ V ¼ U þ
Xn
r¼1

ð�PrDrÞ (5.16)

5.8 PRINCIPLE OF THE STATIONARY VALUE OF THE TOTAL
POTENTIAL ENERGY
Let us now consider an elastic body in equilibrium under a series of external loads, P1, P2, . . ., Pn, and

suppose that we impose small virtual displacements dD1, dD2, . . ., dDn in the directions of the loads.

The virtual work done by the loads is

Xn
r¼1

PrdDr

This work is accompanied by an increment of strain energy dU in the elastic body, since by specifying

virtual displacements of the loads, we automatically impose virtual displacements on the particles of

the body itself, as the body is continuous and is assumed to remain so. This increment in strain energy

may be regarded as negative virtual work done by the particles so that the total work done during the

virtual displacement is

�dU þ
Xn
r¼1

PrdDr
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The body is in equilibrium under the applied loads, so that by the principle of virtual work, this

expression must be equal to zero. Hence,

dU �
Xn
r¼1

PrdDr ¼ 0 (5.17)

The loads Pr remain constant during the virtual displacement; therefore, Eq. (5.17) may be written

dU � d
Xn
r¼1

PrDr ¼ 0

or, from Eq. (5.16),

d U þ Vð Þ ¼ 0 (5.18)

Thus, the total potential energy of an elastic system has a stationary value for all small displacements

if the system is in equilibrium. It may also be shown that, if the stationary value is a minimum, the

equilibrium is stable. A qualitative demonstration of this fact is sufficient for our purposes, although

mathematical proofs exist1. In Fig. 5.24, the positions A, B, and C of a particle correspond to different

equilibrium states. The total potential energy of the particle in each of its three positions is proportional

to its height h above some arbitrary datum, since we are considering a single particle for which the

strain energy is zero. Clearly, at each position, the first-order variation, @(Uþ V)/@u, is zero (indicating
equilibrium), but only at B, where the total potential energy is a minimum is the equilibrium stable. At

A and C, we have unstable and neutral equilibrium, respectively.

To summarize, the principle of the stationary value of the total potential energy may be stated as

follows:

The total potential energy of an elastic system has a stationary value for all small displacements when

the system is in equilibrium; further, the equilibrium is stable if the stationary value is a minimum.

This principle is often used in the approximate analysis of structures where an exact analysis

does not exist. We illustrate the application of the principle in Example 5.18, where we suppose

that the displaced form of the beam is unknown and must be assumed; this approach is called the

Rayleigh–Ritz method.
FIGURE 5.24 States of Equilibrium of a Particle
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Example 5.18
Determine the deflection of the mid-span point of the linearly elastic, simply supported beam shown in Fig. 5.25;

the flexural rigidity of the beam is EI.

The assumed displaced shape of the beam must satisfy the boundary conditions for the beam. Generally, trig-

onometric or polynomial functions have been found to be the most convenient, where, however, the simpler the

function, the less accurate is the solution. Let us suppose that the displaced shape of the beam is given by

v ¼ vB sin
pz
L

(i)

in which nB is the displacement at the mid-span point. From Eq. (i), we see that v ¼ 0 when z ¼ 0 and z ¼ L and

that v ¼ vB when z ¼ L/2. Also dv/dz ¼ 0 when z ¼ L/2, so that the displacement function satisfies the boundary

conditions of the beam.

The strain energy, U, due to bending of the beam, is given by3

U ¼
ð
L

M2

2EI
dz (ii)

Also,

M ¼ �EI
d2v

dz2
ðsee Chapter 15Þ (iii)

Substituting in Eq. (iii) for v from Eq. (i) and for M in Eq. (ii) from (iii),

U ¼ EI

2

ðL
0

v2Bp
4

L4
sin2

pz
L

dz

which gives

U ¼ p4Elv2B
4L3

The total potential energy of the beam is then given by

TPE ¼ U þ V ¼ p4Elv2B
4L3

�WvB
FIGURE 5.25 Approximate Determination of Beam Deflection Using Total Potential Energy
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Then, from the principle of the stationary value of the total potential energy,

@ðU þ VÞ
@vB

¼ p4ElvB
2L3

�W ¼ 0

from which

vB ¼ 2WL3

p4EI
¼ 0:02053

WL3

EI
(iv)

The exact expression for the mid-span displacement is3

vB ¼ WL3

48EI
¼ 0:02083

WL3

EI
(v)

Comparing the exact (Eq. (v)) and approximate results (Eq. (iv)), we see that the difference is less than 2 percent.

Further, the approximate displacement is less than the exact displacement, since, by assuming a displaced shape,

we have, in effect, forced the beam into taking that shape by imposing restraint; the beam is therefore stiffer.

5.9 PRINCIPLE OF SUPERPOSITION
An extremely useful principle employed in the analysis of linearly elastic structures is that of super-

position. The principle states that, if the displacements at all points in an elastic body are proportional to

the forces producing them, that is, the body is linearly elastic, the effect on such a body of a number of

forces is the sum of the effects of the forces applied separately. Wemake immediate use of the principle

in the derivation of the reciprocal theorem in the following section.
5.10 RECIPROCAL THEOREM
The reciprocal theorem is an exceptionally powerful method of analysis of linearly elastic structures

and is accredited in turn to Maxwell, Betti, and Rayleigh. However, before we establish the theorem,

we consider a useful property of linearly elastic systems resulting from the principle of superposition.

This principle enables us to express the deflection of any point in a structure in terms of a constant

coefficient and the applied loads. For example, a load P1 applied at a point 1 in a linearly elastic body

produces a deflection D1 at the point given by

D1 ¼ a11P1

in which the influence or flexibility coefficient a11 is defined as the deflection at the point 1 in the di-

rection of P1, produced by a unit load at the point 1 applied in the direction of P1. Clearly, if the body

supports a system of loads such as those shown in Fig. 5.26, each of the loads P1, P2, . . ., Pn contributes

to the deflection at the point 1. Thus, the corresponding deflection D1 at the point 1 (i.e., the total

deflection in the direction of P1 produced by all the loads) is

D1 ¼ a11P1 þ a12P2 þ � � � þ a1nPn



FIGURE 5.26 Linearly Elastic Body Subjected to Loads P1, P2, P3, . . ., Pn
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where a12 is the deflection at the point 1 in the direction of P1 produced by a unit load at the point 2 in

the direction of the load P2, and so on. The corresponding deflections at the points of application of the

complete system of loads are

D1 ¼ a11P1 þ a12P2 þ a13P3 þ � � � þ a1nPn

D2 ¼ a21P1 þ a22P2 þ a23P3 þ � � � þ a2nPn

D3 ¼ a31P1 þ a32P2 þ a33P3 þ � � � þ a3nPn

..

.

Dn ¼ an1P1 þ an2P2 þ an3P3 þ � � � þ annPn

9>>>>>=
>>>>>;

(5.19)

or, in matrix form,

D1

D2

D3

..

.

Dn

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

¼

a11 a12 a13 � � � a1n
a21 a22 a23 � � � a2n
a31 a32 a33 � � � a3n
..
. ..

. ..
. ..

. ..
.

an1 an2 an3 � � � ann

2
666664

3
777775

P1

P2

P3

..

.

Pn

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

which may be written in shorthand matrix notation as

Df g ¼ A½ � Pf g
Suppose now that an elastic body is subjected to a gradually applied force P1 at a point 1 and then,

while P1 remains in position, a force P2 is gradually applied at another point 2. The total strain energyU
of the body is given by

U1 ¼ P1

2
ða11P1Þ þ P2

2
ða22P2Þ þ P1ða12P2Þ (5.20)

The third term on the right-hand side of Eq. (5.20) results from the additional work done by P1 as it is

displaced through a further distance a12P2 by the action of P2. If we now remove the loads and apply P2

followed by P1, we have

U2 ¼ P2

2
ða22P2Þ þ P1

2
ða11P1Þ þ P2ða21P1Þ (5.21)
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By the principle of superposition, the strain energy stored is independent of the order in which the loads

are applied. Hence,

U1 ¼ U2

and it follows that

a12 ¼ a21 (5.22)

Thus, in its simplest form, the reciprocal theorem states the following:

The deflection at point 1 in a given direction due to a unit load at point 2 in a second direction is equal

to the deflection at point 2 in the second direction due to a unit load at point 1 in the first direction.

In a similar manner, we derive the relationship between moments and rotations:

The rotation at a point 1 due to a unit moment at a point 2 is equal to the rotation at point 2 produced

by a unit moment at point 1.

Finally, we have

The rotation at point 1 due to a unit load at point 2 is numerically equal to the deflection at point 2 in

the direction of the unit load due to a unit moment at point 1.
Example 5.19
A cantilever 800 mm long with a prop 500 mm from the wall deflects in accordance with the following observa-

tions when a point load of 40 N is applied to its end:

Distance ðmmÞ 0 100 200 300 400 500 600 700 800

Deflection ðmmÞ 0 �0:3 �1:4 �2:5 �1:9 0 2:3 4:8 10:6

What is the angular rotation of the beam at the prop due to a 30 N load applied 200 mm from the wall, together

with a 10 N load applied 350 mm from the wall?

The initial deflected shape of the cantilever is plotted as shown in Fig. 5.27(a) and the deflections at D and E

produced by the 40 N load determined. The solution then proceeds as follows.

Deflection at D due to 40 N load at C ¼ –1.4 mm.

Hence, from the reciprocal theorem, the deflection at C due to a 40 N load at D ¼ –1.4 mm.
FIGURE 5.27 (a) Given Deflected Shape of Propped Cantilever; (b) Determination of the Deflection of C
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It follows that the deflection at C due to a 30 N load at D ¼ –3/4 � 1.4 ¼ –1.05 mm.

Similarly, the deflection at C due to a 10 N load at E ¼ – 1/4 � 2.4 ¼ –0.6 mm.

Therefore, the total deflection at C, produced by the 30 and 10 N loads acting simultaneously (Fig. 5.27(b)),

is –1.05 – 0.6 ¼ –1.65 mm, from which the angular rotation of the beam at B, yB, is given by

yB ¼ tan�1 1:65

300
¼ tan�1 0:0055

or

yB ¼ 0�190
Example 5.20
An elastic member is pinned to a drawing board at its ends A and B. When a momentM is applied at A, A rotates

yA, B rotates yB, and the center deflects d1. The same momentM applied to B rotates B, yC, and deflects the center
through d2. Find the moment induced at A when a loadW is applied to the center in the direction of the measured

deflections, both A and B being restrained against rotation.

The three load conditions and the relevant displacements are shown in Fig. 5.28. From Figs. 5.28(a) and (b),

the rotation at A due to M at B is, from the reciprocal theorem, equal to the rotation at B due to M at A. Hence,

yAðbÞ ¼ yB

It follows that the rotation at A due to MB at B is

yA cð Þ;1 ¼ ðMB=MÞyB (i)

Also the rotation at A due to unit load at C is equal to the deflection at C due to unit moment at A. Therefore,

yAðcÞ;2
W

¼ d1
M

or

yAðcÞ;2 ¼ W

M
d1 (ii)
FIGURE 5.28 Model Analysis of a Fixed Beam
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where yA(c),2 is the rotation at A due toW at C. Finally, the rotation at A due toMA at A is, fromFig. 5.28(a) and (c),

yAðcÞ;3 ¼ MA

M
yA (iii)

The total rotation at A produced by MA at A, W at C, and MB at B is, from Eqs. (i), (ii), and (iii),

yAðcÞ;1 þ yAðcÞ;2 þ yAðcÞ;3 ¼ MB

M
yB þW

M
d1 þMA

M
yA ¼ 0 (iv)

since the end A is restrained from rotation. Similarly, the rotation at B is given by

MB

M
yC þW

M
d2 þMA

M
yB ¼ 0 (v)

Solving Eqs. (iv) and (v) for MA gives

MA ¼ W
d2yB � d1yC
yAyC � y2B

 !

The fact that the arbitrary moment M does not appear in the expression for the restraining moment at A (sim-

ilarly it does not appear inMB), produced by the loadW, indicates an extremely useful application of the reciprocal

theorem, namely, the model analysis of statically indeterminate structures. For example, the fixed beam of

Fig. 5.28(c) could be a full-scale bridge girder. It is then only necessary to construct a model, say of Perspex, having

the same flexural rigidity EI as the full-scale beam and measure rotations and displacements produced by an ar-

bitrary moment M to obtain fixing moments in the full-scale beam supporting a full-scale load.

5.11 TEMPERATURE EFFECTS
A uniform temperature applied across a beam section produces an expansion of the beam, as shown in

Fig. 5.29, provided there are no constraints. However, a linear temperature gradient across the beam sec-

tion causes the upper fibers of the beam to expandmore than the lower ones, producing a bending strain, as

shown in Fig. 5.30, without the associated bending stresses, again provided no constraints are present.

Consider an element of the beam of depth h and length dz subjected to a linear temperature gradient

over its depth, as shown in Fig. 5.31(a). The upper surface of the element increases in length to

dz (1 þ at) (see Section 1.15.1), where a is the coefficient of linear expansion of the material of

the beam. Thus, from Fig. 5.31(b),
R

dz
¼ Rþ h

dz 1þ atð Þ
FIGURE 5.29 Expansion of Beam Due to Uniform Temperature



FIGURE 5.30 Bending of Beam Due to Linear Temperature Gradient

FIGURE 5.31 (a) Linear Temperature Gradient Applied to Beam Element; (b) Bending of Beam Element Due to

Temperature Gradient
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giving

R¼h=at (5.23)

Also.

dy¼dz=R

so that, from Eq. (5.23).

dy ¼ dzat
h

(5.24)

We may now apply the principle of the stationary value of the total complementary energy in conjunc-

tion with the unit loadmethod to determine the deflectionDTe, due to the temperature of any point of the

beam shown in Fig. 5.30. We have seen that this principle is equivalent to the application of the prin-

ciple of virtual work, where virtual forces act through real displacements. Therefore, we may specify

that the displacements are those produced by the temperature gradient, while the virtual force system is

the unit load. Thus, the deflectionDTe,B of the tip of the beam is found by writing down the increment in
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total complementary energy caused by the application of a virtual unit load at B and equating the result-

ing expression to zero (see Eqs. (5.7) and Eq. (i) of Example 5.2). Thus,

dC ¼
ð
L

M1 dy� 1DTe;B ¼ 0

or

DTe;B ¼
ð
L

M1 dy (5.25)

whereM1 is the bending moment at any section due to the unit load. Substituting for dy from Eq. (5.24),

we have

DTe;B ¼
ð
L

M1

at
h

dz (5.26)

where t can vary arbitrarily along the span of the beam but only linearly with depth. For a beam

supporting some form of external loading, the total deflection is given by the superposition of the

temperature deflection from Eq. (5.26) and the bending deflection from Eq. (5.15); thus,

D ¼
ð
L

M1

M0

EI
þ at

h

� �
dz (5.27)
Example 5.21
Determine the deflection of the tip of the cantilever in Fig. 5.32 with the temperature gradient shown.

Applying a unit load vertically downward at B, M1 ¼ 1 � z. Also the temperature t at a section z is t0 (l –z)/l.

Substituting in Eq. (5.26) gives

DTe;B ¼
ðl
0

z
a
h

t0
l
ðl� zÞdz (i)

Integrating Eq. (i) gives

DTe;B ¼ at0l2

6h
ði:e:; downwardÞ
FIGURE 5.32 Beam of Example 5.21
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PROBLEMS

P.5.1. Find the magnitude and the direction of the movement of the joint C of the plane pin-jointed

frame loaded as shown in Fig. P.5.1. The value of L/AE for each member is 1/20 mm/N.

Answer: 5.24 mm at 14.7� to left of vertical

P.5.2. A rigid triangular plate is suspended from a horizontal plane by three vertical wires attached to

its corners. The wires are each 1 mm diameter, 1440 mm long, with a modulus of elasticity of

196,000 N/mm2. The ratio of the lengths of the sides of the plate is 3:4:5. Calculate the deflection at

the point of application due to a 100 N load placed at a point equidistant from the three sides of the plate.

Answer: 0.33 mm

P.5.3. The pin-jointed space frame shown in Fig. P.5.3 is attached to rigid supports at points 0, 4, 5, and

9 and is loaded by a force P in the x direction and a force 3P in the negative y direction at the point 7.

Find the rotation of member 27 about the z axis due to this loading. Note that the plane frames 01234

and 56789 are identical. All members have the same cross-sectional area A and Young’s modulus E.

Answer: 382P/9AE
FIGURE P.5.1



FIGURE P.5.3
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P.5.4.A horizontal beam is of uniformmaterial throughout but has a second moment of area of I for the
central half of the span L and I/2 for each section in both outer quarters of the span. The beam carries a

single central concentrated load P.
(b)

An

FIGURE
Derive a formula for the central deflection of the beam, due to P, when simply supported at each
(a)

end of the span.
If both ends of the span are encastré determine the magnitude of the fixed end moments.

swer: 3PL3/128EI, 5PL/48 (hogging)
P.5.5. The tubular steel post shown in Fig. P.5.5 supports a load of 250 N at the free end C. The outside

diameter of the tube is 100 mm and the wall thickness is 3 mm. Neglecting the weight of the tube find

the horizontal deflection at C. The modulus of elasticity is 206,000 N/mm2.

Answer: 53.3 mm
P.5.5
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P.5.6.A simply supported beamAB of span L and uniform section carries a distributed load of intensity

varying from zero at A to w0/unit length at B according to the law

w ¼ 2w0z

L
1� z

2L

� 
per unit length. If the deflected shape of the beam is given approximately by the expression

v ¼ a1 sin
pz
L
þ a2 sin

2pz
L

evaluate the coefficients a1 and a2 and find the deflection of the beam at mid-span.

Answer: a1 ¼ 2w0L
4 p2 þ 4ð Þ=EIp7; a2 ¼ �w0L

4=16EIp5; 0:00918 w0L
4=EI:

P.5.7. A uniform simply supported beam, span L, carries a distributed loading which varies according

to a parabolic law across the span. The load intensity is zero at both ends of the beam and w0 at its

mid-point. The loading is normal to a principal axis of the beam cross-section and the relevant flexural

rigidity is EI. Assuming that the deflected shape of the beam can be represented by the series

v ¼
X1
i¼1

ai sin
ipz
L

find the coefficients ai and the deflection at the mid-span of the beam using only the first term in this

series.

Answer: ai ¼ 32w0L
4=EIp7i7 i oddð Þ; w0L

4=94:4EI:

P.5.8. Figure P.5.8 shows a plane pin-jointed framework pinned to a rigid foundation. All its members

are made of the samematerial and have equal cross-sectional area A, except member 12, which has area

A
ffiffiffi
2

p
:Under some system of loading, member 14 carries a tensile stress of 0.7 N/mm2. Calculate the

change in temperature which, if applied to member 14 only, reduces the stress in that member to zero.

Take the coefficient of linear expansion as a¼ 24� 10–6/�C and Young’s modulusE¼ 70,000 N/mm2.
An

An
swer: 5.6�C
P.5.8.MATLABUse the Symbolic Math Toolbox inMATLAB to repeat Problem P.5.8, assuming that

member 14 carries tensile stresses of 0.5, 0.7, 0.9, and 1.1 N/mm2.
swer: (i) 4.0�C

(ii) 5.6�C
(iii) 7.2�C
(iv) 8.8�C
P.5.9. The plane, pin-jointed rectangular framework shown in Fig. P.5.9(a) has one member (24) which

is loosely attached at joint 2, so that relative movement between the end of the member and the joint

may occur when the framework is loaded. This movement is a maximum of 0.25 mm and takes place

only in the direction 24. Figure P.5.9(b) shows joint 2 in detail when the framework is not loaded. Find

the value of the load P at which member 24 just becomes an effective part of the structure and also the

loads in all the members when P is 10,000 N. All bars are of the same material (E ¼ 70,000 N/mm2)

and have a cross-sectional area of 300 mm2.



FIGURE P.5.8

FIGURE P.5.9
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swer: P ¼ 294 N; F12 ¼ 2481:6 N Tð Þ; F23 ¼ 1861:2 N Tð Þ; F34 ¼ 2481:6 N Tð Þ;
An

F41 ¼ 5638:9 N Cð Þ; F13 ¼ 9398:1 N Tð Þ; F24 ¼ 3102:0 N Cð Þ:
P.5.10. The plane frame ABCD of Fig. P.5.10 consists of three straight members with rigid joints at B

and C, freely hinged to rigid supports at A and D. The flexural rigidity of AB and CD is twice that of

BC. A distributed load is applied to AB, varying linearly in intensity from zero at A to w per unit length



FIGURE P.5.10
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at B. Determine the distribution of bending moment in the frame, illustrating your results with a sketch

showing the principal values.
Answer: MB ¼ 7 wl2=45; MC ¼ 8 wl2=45;

Cubic distribution on AB, linear on BC and CD

P.5.11. A bracket BAC is composed of a circular tube AB, whose second moment of area is 1.5I, and a
beam AC, whose second moment of area is I and which has negligible resistance to torsion. The two

members are rigidly connected together at A and built into a rigid abutment at B and C, as shown in

Fig. P.5.11. A load P is applied at A in a direction normal to the plane of the figure. Determine the

fraction of the load supported at C. Both members are of the same material, for which G ¼ 0.38E.
An
swer: 0.72P.
P.5.12. In the plane pin-jointed framework shown in Fig. P.5.12, bars 25, 35, 15, and 45 are linearly

elastic with modulus of elasticity E. The remaining three bars obey a nonlinear elastic stress–strain law

given by

e ¼ t
E

1þ t
t0

� �n� �

where t is the stress corresponding to strain e. Each of bars 15, 45, and 23 has a cross-sectional area A,
and each of the remainder has an area of A=

ffiffiffi
3

p
: The length of member 12 is equal to the length of

member 34¼ 2 L. If a vertical load P0 is applied at joint 5, as shown, show that the force in the member

23, that is, F23, is given by the equation

anxnþ1 þ 3:5xþ 0:8 ¼ 0



FIGURE P.5.12

FIGURE P.5.11
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where

x ¼ F23=P0 and a ¼ P0=At0

P.5.13. Figure P.5.13 shows a plan view of two beams, AB 9150 mm long and DE 6100 mm long. The

simply supported beam AB carries a vertical load of 100,000 N applied at F, a distance one third of

the span from B. This beam is supported at C on the encastré beamDE. The beams are of uniform cross-

section and have the same second moment of area 83.5� 106 mm4. E¼ 200,000 N/mm2. Calculate the

deflection of C.
An

An
swer: 5.6 mm
P.5.14. The plane structure shown in Fig. P.5.14 consists of a uniform continuous beam ABC pinned to

a fixture at A and supported by a framework of pin-jointed members. All members other than ABC

have the same cross-sectional area A. For ABC, the area is 4A and the second moment of area for bend-

ing is Aa2/16. The material is the same throughout. Find (in terms of w, A, a, and Young’s modulus E)
the vertical displacement of point D under the vertical loading shown. Ignore shearing strains in the

beam ABC.
swer: 30,232 wa2/3AE



FIGURE P.5.13

FIGURE P.5.14
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P.5.15. The fuselage frame shown in Fig. P.5.15 consists of two parts, ACB and ADB, with frictionless

pin joints at A and B. The bending stiffness is constant in each part, with value EI for ACB and xEI for
ADB. Find x so that the maximum bending moment in ADB is one half of that in ACB. Assume that the

deflections are due to bending strains only.
An

An
swer: 0.092
P.5.16.A transverse frame in a circular section fuel tank is of radius r and constant bending stiffness EI.
The loading on the frame consists of the hydrostatic pressure due to the fuel and the vertical support

reaction P, which is equal to the weight of fuel carried by the frame, shown in Fig. P.5.16. Taking into

account only strains due to bending, calculate the distribution of bending moment around the frame in

terms of the force P, the frame radius r, and the angle y.
swer: M ¼ Pr 0:160� 0:080 cosy� 0:159y sinyð Þ

P.5.17. The frame shown in Fig. P.5.17 consists of a semi-circular arc, center B, radius a, of constant
flexural rigidity EI jointed rigidly to a beam of constant flexural rigidity 2EI. The frame is subjected to

an outward loading, as shown, arising from an internal pressure p0. Find the bending moment at points



FIGURE P.5.15

FIGURE P.5.16

FIGURE P.5.17
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A, B, and C and locate any points of contraflexure. A is the mid-point of the arc. Neglect deformations

of the frame due to shear and normal forces.
An

FIGURE
swer: MA ¼ �0:057p0a
2; MB ¼ �0:292p0a

2; MC ¼ 0:208p0a
2

Points of contraflexure: in AC, at 51.7� from horizontal; in BC, 0.764a from B
P.5.18. The rectangular frame shown in Fig. P.5.18 consists of two horizontal members 123 and 456

rigidly joined to three vertical members 16, 25, and 34. All five members have the same bending stiff-

ness EI. The frame is loaded in its own plane by a system of point loads P, which are balanced by a

constant shear flow q around the outside. Determine the distribution of the bending moment in the

frame and sketch the bending moment diagram. In the analysis, take into account only bending

deformations.
swer: Shears only at mid-points of vertical members. On the lower half of the frame,
An

S43 ¼ 0.27P to right, S52 ¼ 0.69P to left, S61 ¼ 1.08P to left; the bending moment

diagram follows.

P.5.19. A circular fuselage frame, shown in Fig. P.5.19, of radius r and constant bending stiffness EI,
has a straight floor beam of length r

ffiffiffi
2

p
; bending stiffness EI, rigidly fixed to the frame at either end.

The frame is loaded by a couple T applied at its lowest point and a constant equilibrating shear flow q
P.5.19
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around its periphery. Determine the distribution of the bending moment in the frame, illustrating your

answer by means of a sketch. In the analysis, deformations due to shear and end load may be considered

negligible. The depth of the frame cross-section in comparison with the radius rmay also be neglected.
An

An

An

An

FIGURE
swer: M14 ¼ T 0:29 siny� 0:16yð Þ; M24 ¼ 0:30Tx=r; M43 ¼ T 0:59 siny� 0:16yð Þ:

P.5.20.A thin-walled member BCD is rigidly built-in at D and simply supported at the same level at C,

as shown in Fig. P.5.20. Find the horizontal deflection at B due to the horizontal force F. Full account
must be taken of deformations due to shear and direct strains, as well as to bending. The member is of

uniform cross-section, of area A, relevant secondmoment of area in bending I¼ Ar2/400, and “reduced:
effective area in shearing A0 ¼ A/4. Poisson’s ratio for the material is n¼ 1/3. Give the answer in terms

of F, r, A, and Young’s modulus E.
swer: 448 Fr/EA.
P.5.21. Figure P.5.21 shows two cantilevers, the end of one being vertically above the other and con-

nected to it by a spring AB. Initially, the system is unstrained. A weightW placed at A causes a vertical

deflection at A of d1 and a vertical deflection at B of d2. When the spring is removed, the weightW at A

causes a deflection at A of d3. Find the extension of the spring when it is replaced and the weightW is

transferred to B.
swer: d2 (d1 – d2)/(d3 – d1)
P.5.22.A beam 2400 mm long is supported at two points A and B, which are 1440 mm apart; point A is

360 mm from the left-hand end of the beam and point B is 600 mm from the right-hand end; the value of

EI for the beam is 240 � 108 N mm2. Find the slope at the supports due to a load of 2000 N applied at

the mid-point of AB. Use the reciprocal theorem in conjunction with this result to find the deflection at

the mid-point of AB due to loads of 3000 N applied at each of the extreme ends of the beam.
swer: 0.011, 15.8 mm
P.5.21
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P.5.22.MATLABUse the SymbolicMath Toolbox inMATLAB to repeat Problem P.5.22. In addition,

use the reciprocal theorem to calculate the displacement at the mid-point of AB due to the following

combinations of loads at C and D:

ðiÞ ðiiÞ ðiiiÞ ðivÞ ðvÞ
C: 2000 N 2500 N 3000 N 3500 N 4000 N

D: 4000 N 3500 N 3000 N 2500 N 2000 N

Answer: 0.011 rad

ðiÞ ðiiÞ ðiiiÞ ðivÞ ðvÞ
17:16 mm 16:5 mm 15:84 mm 15:18 mm 14:52 mm

P.5.23. Figure P.5.23 shows a cantilever beam subjected to linearly varying temperature gradients

along its length and through its depth. Calculate the deflection at the free end of the beam.
An

An

FIGURE
swer: 2at0L
2/3h
P.5.24. Figure P.5.24 shows a frame pinned to its support atA andB.The frame center-line is a circular arc

and the section is uniform, of bending stiffness EI and depth d. Find an expression for themaximum stress

produced by a uniform temperature gradient through the depth, the temperatures on the outer and inner

surfaces being, respectively, raised and lowered by amountT.The pointsA andBare unaltered in position.
swer: 1.30ETa
P.5.25. A uniform, semi-circular fuselage frame is pin-jointed to a rigid portion of the structure and is

subjected to a given temperature distribution on the inside, as shown in Fig. P.5.25. The temperature

falls linearly across the section of the frame to zero on the outer surface. Find the values of the reactions

at the pin-joints and show that the distribution of the bending moment in the frame is

M ¼ 0:59 EIay0 cos c
h

t

h

L

tc

t

Depth variation
of  temperature

P.5.23



FIGURE P.5.24

FIGURE P.5.25
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given that

(a) The temperature distribution is

y ¼ y0 cos2 c; for� p=4 < C < p=4
y ¼ 0; for� p=4 > C > p=4

(b) Only bending deformations are to be taken into account:

a ¼ coefficient of linear expansion of frame material

EI ¼ bending rigidity of frame

h ¼ depth of cross-section

r ¼ mean radius of frame:



CHAPTER
Matrix methods
 6

Actual aircraft structures consist of numerous components generally arranged in an irregular manner.

These components are usually continuous and therefore, theoretically, possess an infinite number of

degrees of freedom and redundancies. Analysis is possible only if the actual structure is replaced

by an idealized approximation or model. This procedure is discussed to some extent in Chapter 19,

where we note that the greater the simplification introduced by the idealization, the less complex

but more inaccurate becomes the analysis. In aircraft design, where structural weight is of paramount

importance, an accurate knowledge of component loads and stresses is essential, so that at some stage

in the design these must be calculated as accurately as possible. This accuracy is achieved only by

considering an idealized structure which closely represents the actual structure. Standard methods

of structural analysis are inadequate for coping with the necessary degree of complexity in such ide-

alized structures. This situation led, in the late 1940s and early 1950s, to the development of matrix
methods of analysis and at the same time to the emergence of high-speed, electronic, digital computers.

Conveniently, matrix methods are ideally suited for expressing structural theory and expressing that

theory in a form suitable for numerical solution by computer.

A structural problem may be formulated in either of two ways. One approach proceeds with the

displacements of the structure as the unknowns, the internal forces then follow from the determina-

tion of these displacements; in the alternative approach, forces are treated as being initially unknown.

In the language of matrix methods, these two approaches are known as the stiffness (or displacement)
method and the flexibility (or force) method, respectively. The most widely used of these two

methods is the stiffness method, and for this reason, we shall concentrate on this particular approach.

Argyris and Kelsey1, however, showed that complete duality exists between the two methods, in that

the form of the governing equations is the same whether they are expressed in terms of displacements

or forces.

Generally, actual structures must be idealized to some extent before they become amenable to

analysis. Examples of some simple idealizations and their effect on structural analysis are presented

in Chapter 19 for aircraft structures. Outside the realms of aeronautical engineering, the represen-

tation of a truss girder by a pin-jointed framework is a well-known example of the idealization of

what are known as “skeletal” structures. Such structures are assumed to consist of a number of

elements joined at points called nodes. The behavior of each element may be determined by basic

methods of structural analysis and hence the behavior of the complete structure is obtained by

superposition. Operations such as this are easily carried out by matrix methods, as we shall see later

in this chapter.

A more difficult type of structure to idealize is the continuum structure; in this category are dams,

plates, shells, and obviously, aircraft fuselage and wing skins. A method, extending the matrix tech-

nique for skeletal structures, of representing continua by any desired number of elements connected at

their nodes was developed by Clough et al2. at the Boeing Aircraft Company and the University of
Introduction to Aircraft Structural Analysis, Third Edition. http://dx.doi.org/10.1016/B978-0-08-102076-0.00006-3

Copyright © 2018 T.H.G. Megson. Published by Elsevier Ltd. All rights reserved.
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Berkeley in California. The elements may be of any desired shape but the simplest, used in plane stress

problems, are the triangular and quadrilateral elements. We shall discuss the finite element method, as it
is known, in greater detail later.

Initially, we shall develop the matrix stiffness method of solution for simple skeletal and beam

structures. The fundamentals of matrix algebra are assumed.
6.1 NOTATION
Generally, we shall consider structures subjected to forces, Fx,1, Fy,1, Fz,1, Fx,2, Fy,2, Fz,2, . . . , Fx,n, Fy,n,

Fz,n, at nodes 1, 2, . . . , n, at which the displacements are u1, v1, w1, u2, v2, w2, . . . , un, vn, wn. The

numerical suffixes specify nodes, while the algebraic suffixes relate the direction of the forces to

an arbitrary set of axes, x, y, z. Nodal displacements u, v, w represent displacements in the positive

directions of the x, y, and z axes, respectively. The forces and nodal displacements are written as

column matrices (alternatively known as column vectors)

Fx;1

Fy;1

Fz;1

Fx;2

Fy;2

Fz;2

..

.

Fx;n

Fy;n

Fz;n

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

u1
v1

w1

u2
v2

w2

..

.

un
vn

wn

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

which, when once established for a particular problem, may be abbreviated to

Ff g df g
The generalized force system {F} can contain momentsM and torques T in addition to direct forces,

in which case, {d} includes rotations y. Therefore, in referring simply to a nodal force system, we imply

the possible presence of direct forces, moments, and torques, while the corresponding nodal displace-

ments can be translations and rotations.

For a complete structure, the nodal forces and nodal displacements are related through a stiffness
matrix [K]. We shall see that, in general,

Ff g ¼ K½ � df g (6.1)

where [K] is a symmetric matrix of the form

½K� ¼
k11 k12 � � � k1n
k21 k22 � � � k2n
� � � � � � � � � � � �
kn1 kn2 � � � knn

2
664

3
775 (6.2)
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The element kij (that is, the element located on row i and in column j) is known as the stiffness influence
coefficient (note kij ¼ kji). Once the stiffness matrix [K] has been formed, the complete solution to a

problem follows from routine numerical calculations that are carried out, in most practical cases, by

computer.
6.2 STIFFNESS MATRIX FOR AN ELASTIC SPRING
The formation of the stiffness matrix [K] is the most crucial step in the matrix solution of any structural

problem. We shall show in the subsequent work how the stiffness matrix for a complete structure may

be built up from a consideration of the stiffness of its individual elements. First, however, we shall

investigate the formation of [K] for a simple spring element, which exhibits many of the characteristics

of an actual structural member.

The spring of stiffness k shown in Fig. 6.1 is aligned with the x axis and supports forces Fx,1 and Fx,2

at its nodes 1 and 2, where the displacements are u1 and u2. We build up the stiffness matrix for this

simple case by examining different states of nodal displacement. First, we assume that node 2 is

prevented from moving, such that u1 ¼ u1 and u2 ¼ 0. Hence,

Fx;1 ¼ ku1

and, from equilibrium, we see that

Fx;2 ¼ �Fx;1 ¼ �ku1 (6.3)

which indicates that Fx,2 has become a reactive force in the opposite direction to Fx,1. Secondly, we take

the reverse case, where u1 ¼ 0 and u2 ¼ u2, and obtain

Fx;2 ¼ ku2 ¼ �Fx;1 (6.4)

By superposition of these two conditions, we obtain relationships between the applied forces and the

nodal displacements for the state when u1 ¼ u1 and u2 ¼ u2. Thus,

Fx;1 ¼ ku1 � ku2
Fx;2 ¼ �ku1 þ ku2

�
(6.5)

Writing Eq. (6.5) in matrix form, we have

Fx;1

Fx;2

� �
¼ k

�k
�k
k

� �
u1
u2

� �
(6.6)
FIGURE 6.1 Determination of Stiffness Matrix for a Single Spring
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and by comparison with Eq. (6.1), we see that the stiffness matrix for this spring element is

½K� ¼ k
�k

�k
k

� �
(6.7)

which is a symmetric matrix of order 2 � 2.
6.3 STIFFNESS MATRIX FOR TWO ELASTIC SPRINGS IN LINE
Bearing in mind the results of the previous section, we shall now proceed, initially by a similar process,

to obtain the stiffness matrix of the composite two-spring system shown in Fig. 6.2. The notation and

sign convention for the forces and nodal displacements are identical to those specified in section 6.1.

First, let us suppose that u1 ¼ u1 and u2 ¼ u3 ¼ 0. By comparison with the single spring case,

we have

Fx;1 ¼ kau1 ¼ �Fx;2 (6.8)

but, in addition, Fx,3 ¼ 0, since u2 ¼ u3 ¼ 0.

Secondly, we put u1¼ u3¼ 0 and u2¼ u2. Clearly, in this case, the movement of node 2 takes place

against the combined spring stiffnesses ka and kb. Hence,

Fx;2 ¼ ðka þ kbÞu2
Fx;1 ¼ �kau2;Fx;3 ¼ �kbu2

�
(6.9)

Thus, the reactive force Fx,1 (¼ –kau2) is not directly affected by the fact that node 2 is connected to

node 3 but is determined solely by the displacement of node 2. Similar conclusions are drawn for the

reactive force Fx,3.

Finally, we set u1 ¼ u2 ¼ 0, u3 ¼ u3 and obtain

Fx;3 ¼ kbu3 ¼ �Fx;2

Fx;1 ¼ 0

�
(6.10)

Superimposing these three displacement states, we have, for the condition u1¼ u1, u2¼ u2, u3¼ u3,

Fx;1 ¼ kau1 � kau2

Fx;2 ¼ �kau1 þ ðka þ kbÞu2 � kbu3

Fx;3 ¼ �kbu2 þ kbu3

9>=
>; (6.11)
FIGURE 6.2 Stiffness Matrix for a Two-Spring System
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Writing Eqs. (6.11) in matrix form gives

Fx;1

Fx;2

Fx;3

8<
:

9=
; ¼

ka �ka 0

�ka ka þ kb �kb
0 �kb kb

2
4

3
5 u1

u2
u3

8<
:

9=
; (6.12)

Comparison of Eqs. (6.12) with Eq. (6.1) shows that the stiffness matrix [K] of this two-spring system is

½K� ¼
ka �ka 0

�ka ka þ kb �kb
0 �kb kb

2
4

3
5 (6.13)

Equation (6.13) is a symmetric matrix of order 3 � 3.

It is important to note that the order of a stiffness matrix may be predicted from a knowledge of the

number of nodal forces and displacements. For example, Eq. (6.7) is a 2 � 2 matrix connecting two
nodal forces with two nodal displacements; Eq. (6.13) is a 3 � 3 matrix relating three nodal forces to
three nodal displacements. We deduce that a stiffness matrix for a structure in which n nodal forces

relate to n nodal displacements is of order n � n. The order of the stiffness matrix does not, however,

bear a direct relation to the number of nodes in a structure, since it is possible for more than one force to

be acting at any one node.

So far we have built up the stiffness matrices for the single- and two-spring assemblies by consid-

ering various states of displacement in each case. Such a process clearly becomes tedious for more

complex assemblies involving a large number of springs, so that a shorter, alternative procedure is

desirable. From our remarks in the preceding paragraph and by reference to Eq. (6.2), we could have

deduced at the outset of the analysis that the stiffness matrix for the two-spring assembly would be of

the form

½K� ¼
k11 k12 k13
k21 k22 k23
k31 k32 k33

2
4

3
5 (6.14)

The element k11 of this matrix relates the force at node 1 to the displacement at node 1 and so on. Hence,

remembering the stiffness matrix for the single spring (Eq. (6.7)), we may write down the stiffness

matrix for an elastic element connecting nodes 1 and 2 in a structure as

½K12� ¼ k11 k12
k21 k22

� �
(6.15)

and for the element connecting nodes 2 and 3 as

½K23� ¼ k22 k23
k32 k33

� �
(6.16)

In our two-spring system, the stiffness of the spring joining nodes 1 and 2 is ka and that of the

spring joining nodes 2 and 3 is kb. Therefore, by comparison with Eq. (6.7), we rewrite Eqs. (6.15)

and (6.16) as

½K12� ¼ ka �ka
�ka ka

� �
; ½K23� ¼ kb �kb

�kb kb

� �
(6.17)
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Substituting in Eq. (6.14) gives

½K� ¼
ka �ka 0

�ka ka þ kb �kb
0 �kb kb

2
4

3
5

which is identical to Eq. (6.13). We see that only the k22 term (linking the force at node 2 to the

displacement at node 2) receives contributions from both springs. This results from the fact that node

2 is directly connected to both nodes 1 and 3, while nodes 1 and 3 are each joined directly only to

node 2. Also, the elements k13 and k31 of [K] are zero since nodes 1 and 3 are not directly connected

and are therefore not affected by each other’s displacement.

The formation of a stiffness matrix for a complete structure thus becomes a relatively simple matter

of the superposition of individual or element stiffness matrices. The procedure may be summarized

as follows: terms of the form kii on the main diagonal consist of the sum of the stiffnesses of all

the structural elements meeting at node i while off-diagonal terms of the form kij consist of the sum

of the stiffnesses of all the elements connecting node i to node j.
An examination of the stiffness matrix reveals that it possesses certain properties. For example, the

sum of the elements in any column is zero, indicating that the conditions of equilibrium are satisfied.

Also, the nonzero terms are concentrated near the leading diagonal, while all the terms in the leading

diagonal are positive; the latter property derives from the physical behavior of any actual structure in

which positive nodal forces produce positive nodal displacements.

Further inspection of Eq. (6.13) shows that its determinant vanishes. As a result, the stiffness matrix

[K] is singular and its inverse does not exist. We shall see that this means that the associated set of

simultaneous equations for the unknown nodal displacements cannot be solved, for the simple reason

that we have placed no limitation on any of the displacements u1, u2, or u3. Thus, the application of

external loads results in the system moving as a rigid body. Sufficient boundary conditions must

therefore be specified to enable the system to remain stable under load. In this particular problem,

we shall demonstrate the solution procedure by assuming that node 1 is fixed; thst is, u1 ¼ 0.

The first step is to rewrite Eq. (6.13) in partitioned form as

Fx;1

Fx;2

Fx;3

8<
:

9=
; ¼

ka
..
. � ka 0

......................................

�ka
..
.

ka þ kb �kb

0 ..
. �kb kb

2
666664

3
777775

u1 ¼ 0

u2
u3

8<
:

9=
; (6.18)

In Eq. (6.18), Fx,1 is the unknown reaction at node 1, u1 and u2 are unknown nodal displacements, while

Fx,2 and Fx,3 are known applied loads. Expanding Eq. (6.18) by matrix multiplication, we obtain

Fx;1

� � ¼ ½�ka 0� u2
u3

� �
Fx;2

Fx;3

� �
¼ ka þ kb �kb

�kb kb

� �
u2
u3

� �
(6.19)

Inversion of the second of Eqs. (6.19) gives u2 and u3 in terms of Fx,2 and Fx,3. Substitution of these

values in the first equation then yields Fx,1.

Thus,

u2
u3

� �
¼ ka þ kb �kb

�kb kb

� ��1
Fx;2

Fx;3

� �
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or

u2
u3

� �
¼ 1=ka 1=ka

1=ka 1=kb þ 1=ka

� �
Fx;2

Fx;3

� �

Hence,

Fx;1

� � ¼ ½�ka 0� 1=ka 1=ka
1=ka 1=kb þ 1=ka

� �
Fx;2

Fx;3

� �

which gives

Fx;1 ¼ �Fx;2 � Fx;3

as would be expected from equilibrium considerations. In problems where reactions are not required,

equations relating known applied forces to unknown nodal displacements may be obtained by deleting

the rows and columns of [K] corresponding to zero displacements. This procedure eliminates the ne-

cessity of rearranging rows and columns in the original stiffness matrix when the fixed nodes are not

conveniently grouped together.

Finally, the internal forces in the springs may be determined from the force–displacement relation-

ship of each spring. Thus, if Sa is the force in the spring joining nodes 1 and 2, then

Sa ¼ ka u2 � u1ð Þ
Similarly for the spring between nodes 2 and 3,

Sb ¼ kb u3 � u2ð Þ

6.4 MATRIX ANALYSIS OF PIN-JOINTED FRAMEWORKS
The formation of stiffness matrices for pin-jointed frameworks and the subsequent determination of

nodal displacements follow a similar pattern to that described for a spring assembly. A member in such

a framework is assumed to be capable of carrying axial forces only and obeys a unique force–defor-

mation relationship given by

F ¼ AE

L
d

where F is the force in the member, d its change in length, A its cross-sectional area, L its unstrained

length, and E its modulus of elasticity. This expression is seen to be equivalent to the spring–displace-

ment relationships of Eqs. (6.3) and (6.4), so that we immediately write down the stiffness matrix for a

member by replacing k by AE/L in Eq. (6.7):

½K� ¼ AE=L �AE=L
�AE=L AE=L

� �

or

½K� ¼ AE

L

1 �1

�1 1

� �
(6.20)
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so that, for a member aligned with the x axis, joining nodes i and j subjected to nodal forces Fx,i and Fx,j,

we have

Fx;i

Fx;j

� �
¼ AE

L

1 �1

�1 1

� �
ui
uj

� �
(6.21)

The solution proceeds in a similar manner to that given in the previous section for a spring or

spring assembly. However, some modification is necessary, since frameworks consist of members

set at various angles to one another. Figure 6.3 shows a member of a framework inclined at an angle

y to a set of arbitrary reference axes x, y. We shall refer every member of the framework to this global
coordinate system, as it is known, when we consider the complete structure, but we shall use a

member or local coordinate system x, y when considering individual members. Nodal forces and dis-

placements referred to local coordinates are written as F, u, etc., so that Eq. (6.21) becomes, in terms

of local coordinates,

Fx;i

Fx;j

� �
¼ AE

L

1 �1

�1 1

� �
ui
uj

� �
(6.22)

where the element stiffness matrix is written Kij

� 	
.

In Fig. 6.3, external forces Fx;i and Fx;j are applied to nodes i and j. Note that Fy;i and Fy;j do not

exist, since the member can only support axial forces. However, Fx;i and Fx;j have components Fx,i, Fy,i

and Fx,j, Fy,j, respectively, so that, whereas only two force components appear for the member in terms

of local coordinates, four components are present when global coordinates are used. Therefore, if we

are to transfer from local to global coordinates, Eq. (6.22) must be expanded to an order consistent with

the use of global coordinates; that is,

Fx;i

Fy;i

Fx;j

Fy;j

8>><
>>:

9>>=
>>; ¼ AE

L

1 0 �1 0

0 0 0 0

�1 0 1 0

0 0 0 0

2
664

3
775

ui
vi
uj
vj

8>><
>>:

9>>=
>>; (6.23)
FIGURE 6.3 Local and Global Coordinate Systems for a Member of a Plane Pin-Jointed Framework
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Equation (6.23) does not change the basic relationship between Fx;i , Fx;j and ui , uj as defined in

Eq. (6.22).

From Fig. 6.3, we see that

Fx;i ¼ Fx;i cosyþ Fy;i siny
Fy;i ¼ �Fx;i sinyþ Fy;i cosy

and

Fx;j ¼ Fx;j cosyþ Fy;j siny
Fy;j ¼ �Fx;j sinyþ Fy;j cosy

Writing l for cosy and m for siny, we express the preceding equations in matrix form as

Fx;i

Fy;i

Fx;j

Fy;j

8>><
>>:

9>>=
>>; ¼

l m 0 0

�m l 0 0

0 0 l m
0 0 �m l

2
664

3
775

Fx;i

Fy;j

Fx;j

Fy;j

8>><
>>:

9>>=
>>; (6.24)

or, in abbreviated form,

F
� � ¼ ½T� Ff g (6.25)

where [T] is known as the transformation matrix. A similar relationship exists between the sets of nodal

displacements. Thus, again using our shorthand notation,

d
� � ¼ T½ � df g (6.26)

Substituting now for F
� �

and d
� �

in Eq. (6.23) from Eqs. (6.25) and (6.26), we have

½T�fFg ¼ ½Kij � T½ � df g
Hence,

Ff g ¼ T�1
� 	½Kij � T½ � df g (6.27)

It may be shown that the inverse of the transformation matrix is its transpose; that is,

T�1
� 	 ¼ T½ �T

Therefore, we rewrite Eq. (6.27) as

Ff g ¼ T½ �T½Kij � T½ � df g (6.28)

The nodal force system referred to global coordinates, {F}, is related to the corresponding nodal

displacements by

Ff g ¼ Kij

� 	
df g (6.29)



192 CHAPTER 6 Matrix methods
where [Kij] is the member stiffness matrix referred to global coordinates. Comparison of Eqs. (6.28)

and (6.29) shows that

Kij

� 	 ¼ T½ �T½Kij � T½ �
Substituting for [T] from Eq. (6.24) and Kij

� 	
from Eq. (6.23), we obtain

½Kij� ¼ AE

L

l2 lm �l2 �lm
lm m2 �lm �m2

�l2 �lm l2 lm
�lm �m2 lm m2

2
664

3
775 (6.30)

By evaluating l(¼ cosy) and m(¼ siny) for each member and substituting in Eq. (6.30), we obtain the

stiffness matrix, referred to global coordinates, for each member of the framework.

In Section 6.3, we determined the internal force in a spring from the nodal displacements. Applying

similar reasoning to the framework member, we may write down an expression for the internal force Sij
in terms of the local coordinates:

Sij ¼ AE

L
ðuj � uiÞ (6.31)

Now,

uj ¼ luj þ mvj
ui ¼ lui þ mvi

Hence,

uj � ui ¼ lðuj � uiÞ þ mðvj � viÞ
Substituting in Eq. (6.31) and rewriting in matrix form, we have

Sij ¼ AE

L

l m
ij

� �
uj � ui
vj � vi

� �
(6.32)
Example 6.1
Determine the horizontal and vertical components of the deflection of node 2 and the forces in the members of the

pin-jointed framework shown in Fig. 6.4. The product AE is constant for all members.

We see in this problem that nodes 1 and 3 are pinned to a fixed foundation and are therefore not displaced.

Hence, with the global coordinate system shown

u1 ¼ v1 ¼ u3 ¼ v3 ¼ 0

The external forces are applied at node 2 such that Fx,2¼ 0, Fy,2¼ –W; the nodal forces at 1 and 3 are then unknown

reactions.

The first step in the solution is to assemble the stiffness matrix for the complete framework by writing down the

member stiffness matrices referred to the global coordinate system using Eq. (6.30). The direction cosines l and m
take different values for each of the three members; therefore, remembering that the angle y is measured coun-

terclockwise from the positive direction of the x axis, we have Table 6.1.



Table 6.1 Example 6.1

Member u l m

1–2 0 1 0

1–3 90 0 1

2–3 135 �1=
ffiffiffi
2

p
1=

ffiffiffi
2

p

FIGURE 6.4 Pin-Jointed Framework of Example 6.1
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The member stiffness matrices are therefore

½K12� ¼ AE

L

1 0 �1 0

0 0 0 0

�1 0 1 0

0 0 0 0

2
664

3
775 ½K13� ¼ AE

L

0 0 0 0

0 1 0 �1

0 0 0 0

0 �1 0 1

2
664

3
775

1 1 1 1
2 3
½K23� ¼ AEffiffiffi
2

p
L

2
�
2

�
2 2

� 1

2

1

2

1

2
� 1

2

� 1

2

1

2

1

2
� 1

2

1

2
� 1

2
� 1

2

1

2

66666666666664

77777777777775
(i)

The next stage is to add the member stiffness matrices to obtain the stiffness matrix for the complete frame-

work. Since there are six possible nodal forces producing six possible nodal displacements, the complete stiffness
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matrix is of the order 6� 6. Although the addition is not difficult in this simple problem, care must be taken when

solving more complex structures to ensure that the matrix elements are placed in the correct position in the com-

plete stiffness matrix. This may be achieved by expanding each member stiffness matrix to the order of the

complete stiffness matrix by inserting appropriate rows and columns of zeros. Such a method is, however, time

and space consuming. An alternative procedure is suggested here. The complete stiffness matrix is of the form

shown in Eq. (ii):

Fx;1

Fy;1

Fx;2

Fy;2

Fx;3

Fy;3

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

¼
½k11� ½k12� ½k13�
½k21� ½k22� ½k23�
½k31� ½k32� ½k33�

2
4

3
5

u1
v1
u2
v2
u3
v3

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

(ii)

The complete stiffness matrix has been divided into a number of submatrices in which [k11] is a 2 � 2 matrix

relating the nodal forces Fx,1, Fy,1 to the nodal displacements u1, v1, and so on. It is a simple matter to divide each

member stiffness matrix into submatrices of the form [k11], as shown in Eqs. (iii). All that remains is to insert each

submatrix into its correct position in Eq. (ii), adding the matrix elements where they overlap; for example, the [k11]

submatrix in Eq. (ii) receives contributions from [K12] and [K13]. The complete stiffness matrix is then of the form

shown in Eq. (iv). It is sometimes helpful, when considering the stiffness matrix separately, to write the nodal

displacement above the appropriate column (see Eq. (iv)). We note that [K] is symmetrical, all the diagonal terms

are positive, and the sum of each row and column is zero
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u1 v1 u2 v2 u3 v3

Fx;1

Fy;1

Fx;2

Fy;2

Fx;3

Fy;3

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

¼ AE

L

1 0 �1 0 0 0

0 1 0 0 0 �1

�1 0 1þ 1

2
ffiffiffi
2

p � 1

2
ffiffiffi
2

p � 1

2
ffiffiffi
2

p 1

2
ffiffiffi
2

p

0 0 � 1

2
ffiffiffi
2

p 1

2
ffiffiffi
2

p 1

2
ffiffiffi
2

p � 1

2
ffiffiffi
2

p

0 0 � 1

2
ffiffiffi
2

p 1

2
ffiffiffi
2

p 1

2
ffiffiffi
2

p � 1

2
ffiffiffi
2

p

0 �1
1

2
ffiffiffi
2

p � 1

2
ffiffiffi
2

p � 1

2
ffiffiffi
2

p 1þ 1

2
ffiffiffi
2

p

2
66666666666666666664

3
77777777777777777775

u1 ¼ 0

v1 ¼ 0

u2

v2

u3 ¼ 0

v3 ¼ 0

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

(iv)

If we now delete rows and columns in the stiffness matrix corresponding to zero displacements, we obtain the

unknown nodal displacements u2 and v2 in terms of the applied loads Fx,2 (¼ 0) and Fy,2 (¼ –W):

Fx;2

Fy;2

� �
¼ AE

L

1þ 1

2
ffiffiffi
2

p � 1

2
ffiffiffi
2

p

� 1

2
ffiffiffi
2

p 1

2
ffiffiffi
2

p

2
66664

3
77775

u2
v2

� �
(v)

Inverting Eq. (v) gives

u2
v2

� �
¼ L

AE

1 1

1 1þ 2
ffiffiffi
2

p
� �

Fx;2

Fy;2

� �
(vi)

from which

u2 ¼ L

AE
Fx;2 þ Fy;2

� � ¼ �WL

AE
(vii)

L ffiffiffip WL ffiffiffip

v2 ¼

AE
½Fx;2 þ ð1þ 2 2ÞFy;2� ¼ �

AE
ð1þ 2 2Þ (viii)

The reactions at nodes 1 and 3 are now obtained by substituting for u2 and v2 from Eq. (vi) into Eq. (iv):

Fx;1

Fy;1

Fx;3

Fy;3

8>>><
>>>:

9>>>=
>>>;

¼

�1 0

0 0

� 1

2
ffiffiffi
2

p 1

2
ffiffiffi
2

p

1

2
ffiffiffi
2

p � 1

2
ffiffiffi
2

p

2
6666666664

3
7777777775

1 1

1 1þ 2
ffiffiffi
2

p
� �

Fx;2

Fy;2

� �

¼
�1 �1

0 0

0 1

0 �1

2
6664

3
7775 Fx;2

Fy;2

� �
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giving
Fx;1 ¼ �Fx;2 � Fy;2 ¼ W
Fy;1 ¼ 0

Fx;3 ¼ Fy;2 ¼ �W
Fy;3 ¼ W

Finally, the forces in the members are found from Eqs. (6.32), (vii), and (viii):

S12 ¼ AE

L
½1 0� u2 � u1

v2 � v1

� �
¼ �W ðcompressionÞ

� �

S13 ¼ AE

L
½0 1� u3 � u1

v3 � v1
¼ � 0 ðas expectedÞ

AE 1 1
� �� � ffiffiffip
S23 ¼ ffiffiffi
2

p
L

� ffiffiffi
2

p ffiffiffi
2

p u3 � u2
v3 � v2

¼ 2W ðtensionÞ

6.5 APPLICATION TO STATICALLY INDETERMINATE FRAMEWORKS
The matrix method of solution described in the previous sections for spring and pin-jointed framework

assemblies is completely general and therefore applicable to any structural problem.We observe that at

no stage in Example 6.1 did the question of the degree of indeterminacy of the framework arise. It

follows that problems involving statically indeterminate frameworks (and other structures) are solved

in an identical manner to that presented in Example 6.1, the stiffness matrices for the redundant mem-

bers being included in the complete stiffness matrix as before.
6.6 MATRIX ANALYSIS OF SPACE FRAMES
The procedure for the matrix analysis of space frames is similar to that for plane pin-jointed frame-

works. The main difference lies in the transformation of the member stiffness matrices from local

to global coordinates, since, as we see from Fig. 6.5, axial nodal forces Fx;i and Fx;j each now has three

global components Fx,i, Fy,i, Fz,i and Fx,j, Fy,j,Fz,j, respectively. The member stiffness matrix referred to

global coordinates is therefore of the order of 6 � 6 so that [Kij] of Eq. (6.22) must be expanded to the

same order to allow for this. Hence,

ui vi wi uj vj wj

½Kij � ¼ AE

L

1 0 0 �1 0 0

0 0 0 0 0 0

0 0 0 0 0 0

�1 0 0 1 0 0

0 0 0 0 0 0

0 0 0 0 0 0

2
6666664

3
7777775

(6.33)

In Fig. 6.5, the member ij is of length L, cross-sectional area A, and modulus of elasticity E. Global
and local coordinate systems are designated as for the two-dimensional case. Further, we suppose that



FIGURE 6.5 Local and Global Coordinate Systems for a Member in a Pin-Jointed Space Frame

1976.6 Matrix analysis of space frames
yxx ¼ angle between x and x
yxy ¼ angle between x and y

..

.

yzy ¼ angle between z and y

..

.

Therefore, nodal forces referred to the two systems of axes are related as follows:

Fx ¼ Fx cosyxx þ Fy cosyxy þ Fz cosyxz
Fy ¼ Fx cosyyx þ Fy cosyyy þ Fz cosyyz
Fz ¼ Fx cosyzx þ Fy cosyzy þ Fz cosyzz

9=
; (6.34)

Writing

lx ¼ cosyxx; ly ¼ cosyxy; lz ¼ cosyxz
mx ¼ cosyyx; my ¼ cosyyy; mz ¼ cosyyz
nx ¼ cosyzx; ny ¼ cosyzy; nz ¼ cosyzz

9=
; (6.35)

we may express Eq. (6.34) for nodes i and j in matrix form as

Fx;i

Fy;i

Fz;i

Fx;j

Fy;j

Fz;j

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

¼

lx mx nx 0 0 0

ly my ny 0 0 0

lz mz nz 0 0 0

0 0 0 lx mx nx
0 0 0 ly my ny
0 0 0 lz mz nz

2
6666664

3
7777775

Fx;i

Fy;i

Fz;i

Fx;j

Fy;j

Fz;j

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

(6.36)

or in abbreviated form

fFg ¼ ½T�fFg
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The derivation of [Kij] for a member of a space frame proceeds on identical lines to that for the plane

frame member. Thus, as before,

½Kij� ¼ ½T�T½Kij �½T�
Substituting for [T] and [Kij ] from Eqs. (6.36) and (6.33) gives

½Kij� ¼ AE

L

l2x lxmx lxnx �l2x �lxmx �lxnx
lxmx m2x mxnx �lxmx �m2x �mxnx
lxnx mxnx n2x �lxnx �mxnx �n2x
�l2x �lxmx �lxnx l2x lxmx lxnx
�lxmx �m2x �mxnx lxmx m2x mxnx
�lxnx �mxnx �n2x lxnx mxnx n2x

2
666666664

3
777777775

(6.37)

All the suffixes in Eq. (6.37) are x; so that we may rewrite the equation in simpler form, namely,

½Kij� ¼ AE

L

l2 ..
.

SYM

lm m2 ..
.

ln mn n2 ..
.

� � � � � � � � � � � � � � � � � � � � �
�l2 �lm �ln ..

.
l2

�lm �m2 �mn ..
.

lm m2

�ln �mn �n2 ..
.

ln mn n2

2
66666666666664

3
77777777777775

(6.38)

where l, m, and n are the direction cosines between the x, y, z and x axes, respectively.
The complete stiffness matrix for a space frame is assembled from the member stiffness matrices in

a similar manner to that for the plane frame and the solution completed as before.
6.7 STIFFNESS MATRIX FOR A UNIFORM BEAM
Our discussion so far has been restricted to structures comprising members capable of resisting axial

loads only. Many structures, however, consist of beam assemblies in which the individual members

resist shear and bending forces in addition to axial loads. We shall now derive the stiffness matrix

for a uniform beam and consider the solution of rigid jointed frameworks formed by an assembly

of beams, or beam elements, as they are sometimes called.

Figure 6.6 shows a uniform beam ij of flexural rigidity EI and length L subjected to nodal forces

Fy,i, Fy,j and nodal momentsMi,Mj in the xy plane. The beam suffers nodal displacements and rotations

vi, vj and yi, yj. We do not include axial forces here, since their effects have already been determined in

our investigation of pin-jointed frameworks.

The stiffness matrix [Kij] may be built up by considering various deflected states for the beam

and superimposing the results, as we did initially for the spring assemblies of Figs 6.1 and 6.2 or,



FIGURE 6.6 Forces and Moments on a Beam–Element

1996.7 Stiffness matrix for a uniform beam
alternatively, it may be written down directly from the well-known beam slope–deflection equations.3

We shall adopt the latter procedure. From slope–deflection theory, we have

Mi ¼ � 6EI

L2
vi þ 4EI

L
yi þ 6EI

L2
vj þ 2EI

L
yj (6.39)

and

Mj ¼ � 6EI

L2
vi þ 2EI

L
yi þ 6EI

L2
vj þ 4EIyj

L
(6.40)

Also, considering vertical equilibrium, we obtain

Fy;i þ Fy;j ¼ 0 (6.41)

and, from moment equilibrium about node j, we have

Fy;iLþMi þMj ¼ 0 (6.42)

Hence, the solution of Eqs. (6.39)–(6.42) gives

�Fy;i ¼ Fy;j ¼ � 12EI

L3
vi þ 6EI

L2
yi þ 12EI

L3
vj þ 6EI

L2
yj (6.43)

Expressing Eqs. (6.39), (6.40), and (6.43) in matrix form yields

Fy;i

Mi

Fy;j

Mj

8>><
>>:

9>>=
>>; ¼ EI

12=L3 �6=L2 �12=L3 �6=L2

�6=L2 4=L 6=L2 2=L
�12=L3 6=L2 12=L3 6=L2

�6=L2 2=L 6=L2 4=L

2
664

3
775

vi
yi
vj
yj

8>><
>>:

9>>=
>>; (6.44)

which is of the form

Ff g ¼ Kij

� 	
df g

where [Kij] is the stiffness matrix for the beam.



200 CHAPTER 6 Matrix methods
It is possible to write Eq. (6.44) in an alternative form such that the elements of [Kij] are pure

numbers:

Fy;i

Mi=L

Fy;j

Mj=L

8>>>><
>>>>:

9>>>>=
>>>>;

¼ EI

L3

12 �6 �12 �6

�6 4 6 2

�12 6 12 6

�6 2 6 4

2
66664

3
77775

vi

yiL

vj

yjL

8>>>><
>>>>:

9>>>>=
>>>>;

This form of Eq. (6.44) is particularly useful in numerical calculations for an assemblage of beams in

which EI/L3 is constant.
Equation (6.44) is derived for a beam whose axis is aligned with the x axis so that the stiffness ma-

trix defined by Eq. (6.44) is actually ½Kij �, the stiffness matrix referred to a local coordinate system. If

the beam is positioned in the xy plane with its axis arbitrarily inclined to the x axis, then the x and y axes
form a global coordinate system and it becomes necessary to transform Eq. (6.44) to allow for this. The

procedure is similar to that for the pin-jointed framework member of Section 6.4, in that ½Kij � must be

expanded to allow for the fact that nodal displacements ui and uj , which are irrelevant for the beam in

local coordinates, have components ui, vi and uj, vj in global coordinates:

ui vi yi uj vj yj

½Kij � ¼ EI

0 0 0 0 0 0

0 12=L3 �6=L2 0 �12=L3 �6=L2

0 �6=L2 4=L 0 6=L2 2=L

0 0 0 0 0 0

0 �12=L3 6=L2 0 12=L3 6=L2

0 �6=L2 2=L 0 6=L2 4=L

2
6666666664

3
7777777775

(6.45)

We may deduce the transformation matrix [T] from Eq. (6.24) if we remember that, although u and v

transform in exactly the same way as in the case of a pin-jointed member, the rotations y remain the

same in either local or global coordinates.

Hence,

½T� ¼

l m 0 0 0 0

�m l 0 0 0 0

0 0 1 0 0 0

0 0 0 l m 0

0 0 0 �m l 0

0 0 0 0 0 1

2
6666666664

3
7777777775

(6.46)

where l and m have previously been defined. Thus, since

½Kij� ¼ ½T�T½Kij �½T� ðsee Section 6:4Þ
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we have, from Eqs. (6.45) and (6.46),

½Kij� ¼ EI

12m2=L3 SYM

�12lm=L3 12l2=L3

6m=L2 �6l=L2 4=L

�12m2=L3 12lm=L3 �6m=L2 12m2=L3

12lm=L3 �12l2=L3 6l=L2 �12lm=L3 12l2=L3

6m=L2 �6l=L2 2=L 6m=L2 6l=L2 4l=L

2
6666666664

3
7777777775

(6.47)

Again, the stiffness matrix for the complete structure is assembled from the member stiffness matrices,

the boundary conditions are applied, and the resulting set of equations solved for the unknown nodal

displacements and forces.

The internal shear forces and bendingmoments in a beammay be obtained in terms of the calculated

nodal displacements. For a beam joining nodes i and j, we shall have obtained the unknown values of vi,
yi and vj, yj. The nodal forces Fy,i andMi are then obtained from Eq. (6.44) if the beam is aligned with

the x axis. Hence,

Fy;i ¼ EI
12

L3
vi � 6

L2
yi � 12

L3
vj � 6

L2
yj

0
@

1
A

Mi ¼ EI � 6

L2
vi þ 4

L
yi þ 6

L2
vj þ 2yj

L

0
@

1
A

9>>>>>>=
>>>>>>;

(6.48)

Similar expressions are obtained for the forces at node j. From Fig. 6.6, we see that the shear force Sy
and bending moment M in the beam are given by

Sy ¼ Fy;i

M ¼ Fy;ixþMi

)
(6.49)

Substituting Eq. (6.48) into Eq. (6.49) and expressing in matrix form yields

Sy

M

� �
¼ EI

12

L3
� 6

L2
� 12

L3
� 6

L2

12

L3
x� 6

L2
� 6

L2
xþ 4

L

12

L3
xþ 6

L2
� 6

L2
xþ 2

L

2
66664

3
77775

vi

yi
vj

yj

8>>><
>>>:

9>>>=
>>>;

(6.50)

The matrix analysis of the beam in Fig. 6.6 is based on the condition that no external forces are

applied between the nodes. Obviously, in a practical case, a beam supports a variety of loads along

its length and therefore such beams must be idealized into a number of beam–elements for which this

condition holds. The idealization is accomplished by merely specifying nodes at points along the beam

such that any element lying between adjacent nodes carries, at the most, a uniform shear and a linearly

varying bending moment. For example, the beam of Fig. 6.7 is idealized into beam–elements 1–2, 2–3,

and 3–4, for which the unknown nodal displacements are v2, y2, y3, v4 and y4 (v1 ¼ y1 ¼ v3 ¼ 0).



FIGURE 6.7 Idealization of a Beam into Beam–Elements
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Beams supporting distributed loads require special treatment, in that the distributed load is replaced

by a series of statically equivalent point loads at a selected number of nodes. Clearly, the greater the

number of nodes chosen, the more accurate but more complicated and therefore time consuming is the

analysis. Figure 6.8 shows a typical idealization of a beam supporting a uniformly distributed load.

Details of the analysis of such beams may be found in Martin.4

Many simple beam problems may be idealized into a combination of two beam–elements and three

nodes. A few examples of such beams are shown in Fig. 6.9. If we therefore assemble a stiffness matrix

for the general case of a two beam–element system, we may use it to solve a variety of problems

simply by inserting the appropriate loading and support conditions. Consider the assemblage of two
FIGURE 6.8 Idealization of a Beam Supporting a Uniformly Distributed Load

FIGURE 6.9 Idealization of Beams into Beam–Elements



FIGURE 6.10 Assemblage of Two Beam–Elements

2036.7 Stiffness matrix for a uniform beam
beam–elements shown in Fig. 6.10. The stiffness matrices for the beam–elements 1–2 and 2–3 are

obtained from Eq. (6.44):

The complete stiffness matrix is formed by superimposing [K12] and [K23] as described in Example

6.1. Hence,

½K� ¼ E 0

12Ia
L3a

� 6Ia
L2a

� 12Ia
L3a

6Ia
L2a

0 0

� 6Ia
L2a

4Ia
La

6Ia
L2a

2Ia
La

0 0

� 12Ia
L3a

6Ia
L2a

12
Ia
L3a

þ Ib
L3b

0
@

1
A 6

Ia
L2a

� Ib
L2b

0
@

1
A � 12Ib

L3b
� 6Ib

L2b

� 6Ia
L2a

2Ia
La

6
Ia
L2a

� Ib
L2b

0
@

1
A 4

Ia
La

þ Ib
Lb

0
@

1
A 6Ib

L2b

2Ib
Lb

0 0 � 12Ib
L3b

6Ib
L2b

12Ib
L3b

6Ib
L2b

0 0 � 6Ib
L2b

2Ib
Lb

6Ib
L2b

4Ib
Lb

2
66666666666666666666666664

3
77777777777777777777777775

(6.53)



204 CHAPTER 6 Matrix methods
Example 6.2
Determine the unknown nodal displacements and forces in the beam shown in Fig. 6.11. The beam is of uniform

section throughout.

The beam may be idealized into two beam–elements, 1–2 and 2–3. From Fig. 6.11, we see that v1 ¼ v3 ¼ 0,

Fy,2 ¼ –W, M2 ¼ þM. Therefore, eliminating rows and columns corresponding to zero displacements from

Eq. (6.53), we obtain

Fy;2 ¼ �W

M2 ¼ M

M1 ¼ 0

M3 ¼ 0

8>>><
>>>:

9>>>=
>>>;

¼ EI

27=2L3 9=2L2 6=L2 �3=2L2

9=2L2 6=L 2=L 1=L

6=L2 2=L 4=L 0

�3=2L2 1=L 0 2=L

2
6664

3
7775

v2

y2
y1
y3

8>>><
>>>:

9>>>=
>>>;

(i)

Equation (i) may be written such that the elements of [K] are pure numbers:

Fy;2 ¼ �W

M2=L ¼ M=L

M1=L ¼ 0

M3=L ¼ 0

8>>><
>>>:

9>>>=
>>>;

¼ EI

2L3

27 9 12 �3

9 12 4 2

12 4 8 0

�3 2 0 4

2
6664

3
7775

v2

y2L
y1L
y3L

8>>><
>>>:

9>>>=
>>>;

(ii)

Expanding Eq. (ii) by matrix multiplication, we have

�W

M=L

� �
¼ EI

2L3
27 9

9 12

� �
v2

y2L

� �
þ 12 �3

4 2

� �
y1L
y3L

� � �
(iii)

and

0

0

� �
¼ EI

2L3
12 4

�3 2

� �
v2

y2L

� �
þ 8 0

0 4

� �
y1L
y3L

� � �
(iv)

Equation (iv) gives

y1L
y3L

� �
¼

� 3

2
� 1

2

� 3

4
� 1

2

2
66664

3
77775

v2

y2L

� �
(v)
FIGURE 6.11 Beam of Example 6.2
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Substituting Eq. (v) in Eq. (iii), we obtain

v2
y2L

� �
¼ L3

9EI

�4 �2

�2 3

� � �W
M=L

� �
(vi)

from which the unknown displacements at node 2 are

v2 ¼ � 4

9

WL3

EI
� 2

9

ML2

EI

y2 ¼ 2

9

WL2

EI
þ 1

3

ML

EI

In addition, from Eq. (v), we find that

y1 ¼ 5WL2

9EI
þ 1

6

ML

EI

y3 ¼ � 4

9

WL2

EI
� 1

3

ML

EI

Note that the solution has been obtained by inverting two 2 � 2 matrices rather than the 4 � 4 matrix of Eq. (ii).

This simplification has been brought about by the fact that M1 ¼ M3 ¼ 0.

The internal shear forces and bending moments can now be found using Eq. (6.50). For the beam–element 1–2,

we have

Sy;12 ¼ EI
12

L3
v1 � 6

L2
y1 � 12

L3
v2 � 6

L2
y2

 �

or

Sy;12 ¼ 2

3
W � 1

3

M

L

and

M12 ¼ EI
12

L3
x� 6

L2

0
@

1
Av1 þ � 6

L2
xþ 4

L

0
@

1
Ay1 þ � 12

L3
xþ 6

L2

0
@

1
Av2 þ � 6

L2
xþ 2

L

0
@

1
Ay2

2
4

3
5

which reduces to

M12 ¼ 2

3
W � 1

3

M

L

 �
x

6.8 FINITE ELEMENT METHOD FOR CONTINUUM STRUCTURES
In the previous sections, we have discussed the matrix method of solution of structures composed of el-

ements connected only at nodal points. For skeletal structures consisting of arrangements of beams, these

nodal points fall naturally at joints and at positions of concentrated loading. Continuum structures, such as
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flat plates, aircraft skins, shells, etc., possess no such natural subdivisions andmust therefore be artificially

idealized into a number of elements before matrix methods can be used. These finite elements, as they are
known, may be two- or three-dimensional but the most commonly used are two-dimensional triangular

and quadrilateral shaped elements. The idealization may be carried out in any number of different ways,

depending on such factors as the type of problem, the accuracy of the solution required, and the time and

money available. For example, a coarse idealization involving a small number of large elements provides

a comparatively rapid but very approximate solution, while a fine idealization of small elements produces

more accurate results but takes longer and consequently costs more. Frequently, graded meshes are used,
in which small elements are placed in regions where high stress concentrations are expected, for example,

around cut-outs and loading points. The principle is illustrated in Fig. 6.12, where a graded system of

triangular elements is used to examine the stress concentration around a circular hole in a flat plate.

Although the elements are connected at an infinite number of points around their boundaries it is

assumed that they are interconnected only at their corners or nodes. Thus, compatibility of displace-

ment is ensured only at the nodal points. However, in the finite element method, a displacement pattern

is chosen for each element which may satisfy some, if not all, of the compatibility requirements along

the sides of adjacent elements.

Since we are employing matrix methods of solution, we are concerned initially with the determi-

nation of nodal forces and displacements. Therefore, the system of loads on the structure must be

replaced by an equivalent system of nodal forces. Where these loads are concentrated, the elements

are chosen such that a node occurs at the point of application of the load. In the case of distributed

loads, equivalent nodal concentrated loads must be calculated.4

The solution procedure is identical in outline to that described in the previous sections for skeletal

structures; the differences lie in the idealization of the structure into finite elements and the calculation

of the stiffness matrix for each element. The latter procedure, which in general terms is applicable to all

finite elements, may be specified in a number of distinct steps. We shall illustrate the method by estab-

lishing the stiffness matrix for the simple one-dimensional beam–element of Fig. 6.6, for which we

have already derived the stiffness matrix using slope–deflection.
FIGURE 6.12 Finite Element Idealization of a Flat Plate with a Central Hole
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6.8.1 Stiffness matrix for a beam–element
The first step is to choose a suitable coordinate and node numbering system for the element and define

its nodal displacement vector {de} and nodal load vector {Fe}. Use is made here of the superscript e to
denote element vectors, since, in general, a finite element possesses more than two nodes. Again, we

are not concerned with axial or shear displacements, so that, for the beam–element of Fig. 6.6, we have

fdeg ¼
vi
yi
vj
yj

8>><
>>:

9>>=
>>;; fFeg ¼

Fy;i

Mi

Fy;j

Mj

8>><
>>:

9>>=
>>;

Since each of these vectors contains four terms the element stiffness matrix [Ke] is of order of 4 � 4.

In the second step, we select a displacement function which uniquely defines the displacement of all

points in the beam–element in terms of the nodal displacements. This displacement function may be

taken as a polynomial which must include four arbitrary constants, corresponding to the four nodal

degrees of freedom of the element:

v xð Þ ¼ a1 þ a2xþ a3x2 þ a4x3 (6.54)

Equation (6.54) is of the same form as that derived from elementary bending theory for a beam

subjected to concentrated loads and moments and may be written in matrix form as

fvðxÞg ¼ ½1 x x2 x3�
a1
a2
a3
a4

8>><
>>:

9>>=
>>;

or in abbreviated form as

v xð Þf g ¼ f xð Þ½ � af g (6.55)

The rotation y at any section of the beam–element is given by @v/@x; therefore,

y ¼ a2 þ 2a3xþ 3a4x2 (6.56)

From Eqs. (6.54) and (6.56), we can write expressions for the nodal displacements vi, yi and vj, yj at
x ¼ 0 and x ¼ L, respectively. Hence,

vi ¼ a1
yi ¼ a2
vj ¼ a1 þ a2Lþ a3L2 þ a4L3

yj ¼ a2 þ 2a3Lþ 3a4L2

9>>=
>>; (6.57)

Writing Eqs. (6.57) in matrix form gives

vi
yi
vj
yj

8>><
>>:

9>>=
>>; ¼

1 0 0 0

0 1 0 0

1 L L2 L3

0 1 2L 3L2

2
664

3
775

a1
a2
a3
a4

8>><
>>:

9>>=
>>; (6.58)
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or

def g ¼ A½ � af g (6.59)

The third step follows directly from Eqs. (6.58) and (6.55), in that we express the displacement at

any point in the beam–element in terms of the nodal displacements. Using Eq. (6.59), we obtain

af g ¼ A�1
� 	

def g (6.60)

Substituting in Eq. (6.55) gives

v xð Þf g ¼ f xð Þ½ � A�1
� 	

def g (6.61)

where [A–1] is obtained by inverting [A] in Eq. (6.58) and may be shown to be given by

½A�1� ¼
1 0 0 0

0 1 0 0

�3=L2 �2=L 3=L2 �1=L
2=L3 1=L2 �2=L3 1=L2

2
664

3
775 (6.62)

In step four, we relate the strain {e(x)} at any point x in the element to the displacement {v(x)} and
hence to the nodal displacements {de}. Since we are concerned here with bending deformations only,

we may represent the strain by the curvature @2v/@x2. Hence, from Eq. (6.54),

@2v

@x2
¼ 2a3 þ 6a4x (6.63)

or in matrix form

feg ¼ ½0 0 2 6x�
a1
a2
a3
a4

8>><
>>:

9>>=
>>; (6.64)

which we write as

ef g ¼ C½ � af g (6.65)

Substituting for {a} in Eq. (6.65) from Eq. (6.60), we have

ef g ¼ C½ � A�1
� 	

def g (6.66)

Step five relates the internal stresses in the element to the strain {e} and hence, using Eq. (6.66), to
the nodal displacements {de}. In our beam–element, the stress distribution at any section depends en-

tirely on the value of the bending moment M at that section. Therefore, we may represent a “state of

stress” {s} at any section by the bending moment M, which, from simple beam theory, is given by

M ¼ EI
@2v

@x2

or

sf g ¼ EI½ � ef g (6.67)
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which we write as

sf g ¼ D½ � ef g (6.68)

The matrix [D] in Eq. (6.68) is the “elasticity” matrix relating “stress” and “strain.” In this case, [D]
consists of a single term, the flexural rigidity EI of the beam. Generally, however, [D] is of a higher
order. If we now substitute for {e} in Eq. (6.68) from Eq. (6.66), we obtain the “stress” in terms of the

nodal displacements; that is,

sf g ¼ D½ � C½ � A�1
� 	

def g (6.69)

The element stiffness matrix is finally obtained in step six, in which we replace the internal “stresses”

{s} by a statically equivalent nodal load system {Fe}, thereby relating nodal loads to nodal displace-

ments (from Eq. (6.69)) and defining the element stiffness matrix [Ke]. This is achieved by employing

the principle of the stationary value of the total potential energy of the beam (see Section 5.8), which

comprises the internal strain energy U and the potential energy V of the nodal loads. Thus,

U þ V ¼ 1

2

ð
vol

fegTfsgdðvolÞ � fdegTfFeg (6.70)

Substituting in Eq. (6.70) for {e} from Eq. (6.66) and {s} from Eq. (6.69), we have

U þ V ¼ 1

2

ð
vol

fdegT½A�1�T½C�T½D�½C�½A�1�fdegdðvolÞ � fdegTfFeg (6.71)

The total potential energy of the beam has a stationary value with respect to the nodal displacements

{de}T; hence, from Eq. (6.71),

@ðU þ VÞ
@ðdeÞ ¼

ð
vol

½A�1�T½C�T½D�½C�½A�1�fdegdðvolÞ � fFeg ¼ 0 (6.72)

from which

fFeg ¼
ð
vol

½C�T½A�1�T½D�½C�½A�1�dðvolÞ
� �

fdeg (6.73)

or, writing [C][A–1] as [B], we obtain

fFeg ¼
ð
vol

½B�T½D�½B�dðvolÞ
� �

fdeg (6.74)

from which the element stiffness matrix is clearly

fKeg ¼
ð
vol

½B�T½D�½B�dðvolÞ
� �

(6.75)

From Eqs. (6.62) and (6.64) we have

½B� ¼ ½C�½A�1� ¼ ½0 0 2 6x�
1 0 0 0

0 1 0 0

�3=L2 �2=L 3=L2 �1=L
2=L3 1=L2 �2=L3 1=L2

2
664

3
775

or
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½B�T ¼

� 6

L2
þ 12x

L3

� 4

L
þ 6x

L2

6

L2
� 12x

L3

� 2

L
þ 6x

L2

2
66666666666664

3
77777777777775

(6.76)

Hence,

½Ke� ¼
ðL
0

� 6

L2
þ 12x

L3

� 4

L
þ 6x

L2

6

L2
� 12x

L3

� 2

L
þ 6x

L2

2
66666666666664

3
77777777777775
½EI� � 6

L2
þ 12x

L3
� 4

L
þ 6x

L2
6

L2
� 12x

L3
� 2

L
þ 6x

L2

� �
dx

which gives

½Ke� ¼ EI

L3

12 �6L �12 �6L
�6L 4L2 6L 2L2

�12 6L 12 6L
�6L 2L2 6L 4L2

2
664

3
775 (6.77)

Equation (6.77) is identical to the stiffness matrix (see Eq. (6.44)) for the uniform beam of Fig. 6.6.

Finally, in step seven, we relate the internal “stresses,” {s}, in the element to the nodal displace-

ments {de}. This has in fact been achieved to some extent in Eq. (6.69), namely,

sf g ¼ D½ � C½ � A�1
� 	

def g
or, from the preceding,

sf g ¼ D½ � B½ � def g (6.78)

Equation (6.78) is usually written

sf g ¼ H½ � def g (6.79)

in which [H] ¼ [D][B] is the stress–displacement matrix. For this particular beam–element, [D] ¼ EI
and [B] is defined in Eq. (6.76). Thus,

½H� ¼ ½EI� � 6

L2
þ 12x

L3
� 4

L
þ 6x

L2
6

L2
� 12x

L3
� 2

L
þ 6x

L2

� �
(6.80)
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6.8.2 Stiffness matrix for a triangular finite element
Triangular finite elements are used in the solution of plane stress and plane strain problems. Their ad-

vantage over other shaped elements lies in their ability to represent irregular shapes and boundaries

with relative simplicity.

In the derivation of the stiffness matrix, we shall adopt the step-by-step procedure of the previous

example. Initially, therefore, we choose a suitable coordinate and node numbering system for the

element and define its nodal displacement and nodal force vectors. Figure 6.13 shows a triangular

element referred to axes Oxy and having nodes i, j, and k lettered counterclockwise. It may be shown

that the inverse of the [A] matrix for a triangular element contains terms giving the actual area of the

element; this area is positive if the preceding node lettering or numbering system is adopted. The element

is to be used for plane elasticity problems and has therefore two degrees of freedom per node, giving a

total of six degrees of freedom for the element, which results in a 6� 6 element stiffness matrix [Ke]. The

nodal forces and displacements are shown, and the complete displacement and force vectors are

fdeg ¼

ui
vi
uj
vj
uk
vk

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

fFeg ¼

Fx;i

Fy;i

Fx;j

Fy;j

Fx;k

Fy;k

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

(6.81)

We now select a displacement function whichmust satisfy the boundary conditions of the element, that is,

the condition that each node possesses two degrees of freedom. Generally, for computational purposes, a

polynomial is preferable to, say, a trigonometric series, since the terms in a polynomial can be calculated

much more rapidly by a digital computer. Furthermore, the total number of degrees of freedom is six, so

that only six coefficients in the polynomial can be obtained. Suppose that the displacement function is

uðx; yÞ ¼ a1 þ a2xþ a3y
vðx; yÞ ¼ a4 þ a5xþ a6y

�
(6.82)
FIGURE 6.13 Triangular Element for Plane Elasticity Problems
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The constant terms, a1 and a4, are required to represent any in-plane rigid body motion, that is, motion

without strain, while the linear terms enable states of constant strain to be specified; Eqs. (6.82) ensure

compatibility of displacement along the edges of adjacent elements. Writing Eqs. (6.82) in matrix

form gives

u x; yð Þ
v x; yð Þ

� �
¼ 1 x y 0 0 0

0 0 0 1 x y

� �
a1
a2
a3
a4
a5
a6

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

(6.83)

Comparing Eq. (6.83) with Eq. (6.55), we see that it is of the form

uðx; yÞ
vðx; yÞ

� �
¼ ½ f ðx; yÞ�fag (6.84)

Substituting values of displacement and coordinates at each node in Eq. (6.84), we have, for node i,

ui
vi

� �
¼ 1 xi yi 0 0 0

0 0 0 1 xi yi

� �
fag

Similar expressions are obtained for nodes j and k, so that, for the complete element, we obtain

ui
vi
uj
vj
uk
vk

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

¼

1 xi yi 0 0 0

0 0 0 1 xi yi
1 xj yj 0 0 0

0 0 0 1 xj yj
1 xk yk 0 0 0

0 0 0 1 xk yk

2
6666664

3
7777775

a1
a2
a3
a4
a5
a6

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

(6.85)

From Eq. (6.81) and by comparison with Eqs. (6.58) and (6.59), we see that Eq. (6.85) takes the form

def g ¼ A½ � af g
Hence (step 3), we obtain

fag ¼ ½A�1�fdeg ðcompare with Eq: ð6:60ÞÞ
The inversion of [A], defined in Eq. (6.85), may be achieved algebraically, as illustrated in Example

6.3. Alternatively, the inversion may be carried out numerically for a particular element by computer.

Substituting for {a} from the preceding into Eq. (6.84) gives

uðx; yÞ
vðx; yÞ

� �
¼ ½f ðx; yÞ�½A�1�fdeg ðcompare with Eq: ð6:61ÞÞ (6.86)

The strains in the element are

feg ¼
ex
ey
gxy

8<
:

9=
; (6.87)
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From Eqs. (1.18) and (1.20), we see that

ex ¼ @u

@x
; ey ¼ @v

@y
; gxy ¼

@u

@y
þ @v

@x
(6.88)

Substituting for u and v in Eqs. (6.88) from Eqs. (6.82) gives

ex ¼ a2
ey ¼ a6
gxy ¼ a3 þ a5

or in matrix form

feg ¼
0 1 0 0 0 0

0 0 0 0 0 1

0 0 1 0 1 0

2
4

3
5

a1
a2
a3
a4
a5
a6

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

(6.89)

which is of the form

ef g ¼ C½ � af g ðsee Eqs: ð6:64Þ and ð6:65ÞÞ
Substituting for {a}(¼ [A–1] {de}), we obtain

ef g ¼ C½ � A�1
� 	

def g ðcompare with Eq: ð6:66ÞÞ
or

ef g ¼ B½ � def g ðsee Eq: 6:76Þ
where [C] is defined in Eq. (6.89).

In step five, we relate the internal stresses {s} to the strain {e} and hence, using step four, to the

nodal displacements {de}. For plane stress problems,

fsg ¼
sx

sy

txy

8<
:

9=
; (6.90)

and

ex ¼ sx

E
� nsy

E

ey ¼ sy

E
� nsx

E

gxy ¼
txy
G

¼ 2ð1þ nÞ
E

txy

9>>>>>>>=
>>>>>>>;

ðsee Chapter 1Þ

Thus, in matrix form,

feg ¼
ex
ey
gxy

8<
:

9=
; ¼ 1

E

1 �n 0

�n 1 0

0 0 2ð1þ nÞ

2
4

3
5 sx

sy

txy

8<
:

9=
; (6.91)



214 CHAPTER 6 Matrix methods
It may be shown that (see Chapter 1)

sf g ¼
sx

sy

txy

8<
:

9=
; ¼ E

1� n2

1 n 0

n 1 0

0 0
1

2
ð1� nÞ

2
664

3
775

ex
ey
gxy

8<
:

9=
; (6.92)

which has the form of Eq. (6.68); that is,

sf g ¼ D½ � ef g
Substituting for {e} in terms of the nodal displacements {de}, we obtain

sf g ¼ D½ � B½ � def g ðsee Eq: ð6:69ÞÞ
In the case of plane strain, the elasticity matrix [D] takes a different form to that defined in Eq. (6.92).

For this type of problem,

ex ¼ sx

E
� nsy

E
� nsz

E

ey ¼ sy

E
� nsx

E
� nsz

E

ez ¼ sz

E
� nsx

E
� nsy

E
¼ 0

gxy ¼
txy
G

¼ 2ð1þ nÞ
E

txy

Eliminating sz and solving for sx, sy, and txy, gives

fsg ¼
sx

sy

txy

8<
:

9=
; ¼ Eð1� nÞ

ð1þ nÞð1� 2nÞ

1
n

1� n
0

n
1� n

1 0

0 0
ð1� 2nÞ
2ð1� nÞ

2
66666664

3
77777775

ex
ey
gxy

8<
:

9=
; (6.93)

which again takes the form

sf g ¼ D½ � ef g
Step six, in which the internal stresses {s} are replaced by the statically equivalent nodal forces

{Fe}, proceeds in an identical manner to that described for the beam–element. Thus,

Fef g ¼
ð
vol

½B�T½D�½B� dðvolÞ
� �

def g

as in Eq. (6.74), whence

fKeg ¼
ð
vol

½B�T½D�½B� dðvolÞ
� �
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In this expression [B]¼ [C][A–1], where [A] is defined in Eq. (6.85) and [C] in Eq. (6.89). The elasticity
matrix [D] is defined in Eq. (6.92) for plane stress problems or in Eq. (6.93) for plane strain problems.

We note that the [C], [A] (therefore [B]), and [D] matrices contain only constant terms and may there-

fore be taken outside the integration in the expression for [Ke], leaving only
Ð
d(vol), which is simply the

area A of the triangle times its thickness t. Thus,

½Ke� ¼ ½½B�T½D�½B�At� (6.94)

Finally, the element stresses follow from Eq. (6.79); that is,

sf g ¼ H½ � def g
where [H]¼ [D][B] and [D] and [B] have previously been defined. It is usually found convenient to plot
the stresses at the centroid of the element.

Of all the finite elements in use, the triangular element is probably the most versatile. It may be used

to solve a variety of problems ranging from two-dimensional flat plate structures to three-dimensional

folded plates and shells. For three-dimensional applications, the element stiffness matrix [Ke] is trans-

formed from an in-plane xy coordinate system to a three-dimensional system of global coordinates by

the use of a transformation matrix similar to those developed for the matrix analysis of skeletal struc-

tures. In addition to the above, triangular elements may be adapted for use in plate flexure problems and

for the analysis of bodies of revolution.
Example 6.3
A constant strain triangular element has corners 1(0, 0), 2(4, 0), and 3(2, 2) referred to a Cartesian Oxy axes system

and is 1 unit thick. If the elasticity matrix [D] has elements D11 ¼ D22 ¼ a, D12 ¼ D21 ¼ b, D13 ¼ D23 ¼ D31 ¼
D32 ¼ 0 and D33 ¼ c, derive the stiffness matrix for the element.

From Eq. (6.82),

u1 ¼ a1 þ a2 0ð Þ þ a3 0ð Þ
that is,

u1 ¼ a1 (i)

u ¼ a þ a 4ð Þ þ a 0ð Þ
2 1 2 3

that is,

u2 ¼ a1 þ 4a2 (ii)

u ¼ a þ a 2ð Þ þ a 2ð Þ
3 1 2 3

that is,

u3 ¼ a1 þ 2a2 þ 2a3 (iii)

From Eq. (i),

a1 ¼ u1 (iv)

and, from Eqs (ii) and (iv),

a2 ¼ u2 � u1
4

(v)
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Then, from Eqs (iii) to (v),

a3 ¼ 2u3 � u1 � u2
4

(vi)

Substituting for a1, a2, and a3 in the first of Eqs. (6.82) gives

u ¼ u1 þ u2 � u1
4

� �
xþ 2u3 � u1 � u2

4

 �
y

or

u ¼ 1� x

4
� y

4

� �
u1 þ x

4
� y

4

� �
u2 þ y

2
u3 (vii)

Similarly,

v ¼ 1� x

4
� y

4

� �
v1 þ x

4
� y

4

� �
v2 þ y

2
v3 (viii)

Now, from Eq. (6.88),

ex ¼ @u

@x
¼ � u1

4
þ u2

4

ey ¼ @v

@y
¼ � v1

4
� v2

4
þ v3

2

and

gxy ¼
@u

@y
þ @v

@x
¼ � u1

4
� u2

4
� v1

4
þ v2

4

Hence,

½B�fdeg ¼

@u

@x

@v

@y

@u

@y
þ @v

@x

2
66666666664

3
77777777775
¼ 1

4

�1 0 1 0 0 0

0 �1 0 �1 0 2

�1 �1 �1 1 2 0

2
64

3
75

u1

v1

u2

v2

u3

v3

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

(ix)

Also,

½D� ¼
a b 0

b a 0

0 0 c

2
64

3
75

Hence,

½D�½B� ¼ 1

4

�a �b a �b 0 2b

�b �a b �a 0 2a

�c �c �c c 2c 0

2
64

3
75
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and

½B�T½D�½B� ¼ 1

16

aþ c bþ c �aþ c b� c �2c �2b

bþ c aþ c �bþ c a� c �2c �2a

�aþ c �bþ c aþ c �b� c �2c 2b

b� c a� c �b� c aþ c 2c �2a

�2c �2c �2c 2c 4c 0

�2b �2a 2b �2a 0 4a

2
666666664

3
777777775

Then, from Eq. (6.94),

½Ke� ¼ 1

4

aþ c bþ c �aþ c b� c �2c �2b

bþ c aþ c �bþ c a� c �2c �2a

�aþ c �bþ c aþ c �b� c �2c 2b

b� c a� c �b� c aþ c 2c �2a

�2c �2c �2c 2c 4c 0

�2b �2a 2b �2a 0 4a

2
666666664

3
777777775

6.8.3 Stiffness matrix for a quadrilateral element
Quadrilateral elements are frequently used in combination with triangular elements to build up partic-

ular geometrical shapes.

Figure 6.14 shows a quadrilateral element referred to axes Oxy and having corner nodes, i, j, k, and l;
the nodal forces and displacements are also shown and the displacement and force vectors are
FIGURE 6.14 Quadrilateral element Subjected to Nodal In-Plane Forces and Displacements
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fdeg ¼

ui
vi
uj
vj
uk
vk
ul
vl

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;
; fFeg ¼

Fx;i

Fy;i

Fx;j

Fy;j

Fx;k

Fy;k

Fx;l

Fy;l

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

(6.95)

As in the case of the triangular element, we select a displacement function that satisfies the total of eight

degrees of freedom of the nodes of the element; again this displacement function is in the form of a

polynomial with a maximum of eight coefficients:

uðx; yÞ ¼ a1 þ a2xþ a3yþ a4xy
vðx; yÞ ¼ a5 þ a6xþ a7yþ a8xy

�
(6.96)

The constant terms, a1 and a5, are required, as before, to represent the in-plane rigid body motion of the

element, while the two pairs of linear terms enable states of constant strain to be represented throughout

the element. Further, the inclusion of the xy terms results in both the u (x, y) and v (x, y) displacements

having the same algebraic form, so that the element behaves in exactly the same way in the x direction
as it does in the y direction.

Writing Eqs. (6.96) in matrix form gives

uðx; yÞ
vðx; yÞ

� �
¼ 1 x y xy 0 0 0 0

0 0 0 0 1 x y xy

� �
a1
a2
a3
a4
a5
a6
a7
a8

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

(6.97)

or

uðx; yÞ
vðx; yÞ

� �
¼ ½ f ðx; yÞ�fag (6.98)

Now, substituting the coordinates and values of displacement at each node, we obtain

ui
vi
uj
vj
uk
vk
ul
vl

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

¼

1 xi yi xiyi 0 0 0 0

0 0 0 0 1 xi yi xiyi
1 xj yj xjyj 0 0 0 0

0 0 0 0 1 xj yj xjyj
1 xk yk xkyk 0 0 0 0

0 0 0 0 1 xk yk xkyk
1 xl yl xlyl 0 0 0 0

0 0 0 0 1 xl yl xlyl

2
66666666664

3
77777777775

a1
a2
a3
a4
a5
a6
a7
a8

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

(6.99)
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which is of the form

def g ¼ A½ � af g
Then,

af g ¼ A�1
� 	

def g (6.100)

The inversion of [A] is illustrated in Example 6.4 but, as in the case of the triangular element, is most

easily carried out by means of a computer. The remaining analysis is identical to that for the triangular

element except that the {e}–{a} relationship (see Eq. (6.89)) becomes

feg ¼
0 1 0 y 0 0 0 0

0 0 0 0 0 0 1 x
0 0 1 x 0 1 0 y

2
4

3
5

a1
a2
a3
a4
a5
a6
a7
a8

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

(6.101)
Example 6.4
A rectangular element used in a plane stress analysis has corners whose coordinates (in metres), referred to an Oxy

axes system, are 1(–2, –1), 2(2, –1), 3(2, 1), and 4(–2, 1); the displacements (also in metres) of the corners are

u1 ¼ 0:001; u2 ¼ 0:003; u3 ¼ �0:003; u4 ¼ 0

v1 ¼ �0:004; v2 ¼ �0:002; v3 ¼ 0:001; v4 ¼ 0:001

If Young’s modulus E ¼ 200,000 N/mm2 and Poisson’s ratio n ¼ 0.3, calculate the stresses at the center of the

element.

From the first of Eqs. (6.96),

u1 ¼ a1 � 2a2 � a3 þ 2a4 ¼ 0:001 (i)
u2 ¼ a1 þ 2a2 � a3 � 2a4 ¼ 0:003 (ii)

u ¼ a þ 2a þ a þ 2a ¼ �0:003 (iii)
3 1 2 3 4

u ¼ a � 2a þ a � 2a ¼ 0 (iv)
4 1 2 3 4

Subtracting Eq. (ii) from Eq. (i),

a2 � a4 ¼ 0:0005 (v)

Now, subtracting Eq. (iv) from Eq. (iii),

a2 þ a4 ¼ �0:00075 (vi)

Then, subtracting Eq. (vi) from Eq. (v),

a4 ¼ �0:000625 (vii)

whence, from either Eq. (v) or (vi),

a2 ¼ �0:000125 (viii)
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Adding Eqs. (i) and (ii),

a1 � a3 ¼ 0:002 (ix)

Adding Eqs. (iii) and (iv),

a1 þ a3 ¼ �0:0015 (x)

Then, adding Eqs. (ix) and (x),

a1 ¼ 0:00025 (xi)

and, from either Eq. (ix) or (x),

a3 ¼ �0:00175 (xii)

The second of Eqs. (6.96) is used to determine a5, a6, a7, a8 in an identical manner to the preceding. Thus,

a5 ¼ �0:001
a6 ¼ 0:00025
a7 ¼ 0:002
a8 ¼ �0:00025

Now, substituting for a1, a2, . . . , a8 in Eqs. (6.96),

ui ¼ 0:00025� 0:000125x� 0:00175y� 0:000625xy

and

vi ¼ �0:001þ 0:00025xþ 0:002y� 0:00025xy

Then, from Eqs. (6.88),

ex ¼ @u

@x
¼ �0:000125� 0:000625y

ey ¼ @v

@y
¼ 0:002� 0:00025x

gxy ¼
@u

@y
þ @v

@x
¼ �0:0015� 0:000625x� 0:00025y

Therefore, at the center of the element (x ¼ 0, y ¼ 0),

ex ¼ �0:000125
ey ¼ 0:002
gxy ¼ �0:0015

so that, from Eqs. (6.92),

sx ¼ E

1� n2
ðex þ neyÞ ¼ 200;000

1� 0:32
½�0:000125þ ð0:3� 0:002Þ�

that is,

sx ¼ 104:4 N=mm2

E 200;000

sy ¼

1� n2
ðey þ nexÞ ¼

1� 0:32
½0:002þ ð0:3� 0:000125Þ�
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that is,

sy ¼ 431:3 N=mm2

and

txy ¼ E

1� n2
� 1

2
ð1� nÞgxy ¼

E

2ð1þ nÞ gxy

Thus,

txy ¼ 200;000

2ð1þ 0:3Þ � ð�0:0015Þ

that is,

txy ¼ �115:4 N=mm2

The application of the finite element method to three-dimensional solid bodies is a straightforward ex-

tension of the analysis of two-dimensional structures. The basic three-dimensional elements are the tetra-

hedron and the rectangular prism, both shown in Fig. 6.15. The tetrahedron has four nodes, each possessing

3 degrees of freedom, a total of 12 degrees of freedom for the element, while the prism has eight nodes and

therefore a total of 24 degrees of freedom. Displacement functions for each element require polynomials in

x, y, and z; for the tetrahedron, the displacement function is of the first degree with 12 constant coefficients,

while that for the prism may be of a higher order to accommodate the 24 degrees of freedom. A develop-

ment in the solution of three-dimensional problems has been the introduction of curvilinear coordinates.

This enables the tetrahedron and prism to be distorted into arbitrary shapes that are better suited for fitting

actual boundaries. For more detailed discussions of the finite element method, reference should be made to

the work of Jenkins,5 Zienkiewicz and Cheung,6 and to the many research papers published on the method.

New elements and new applications of the finite element method are still being developed, some of

which lie outside the field of structural analysis. These fields include soil mechanics, heat transfer, fluid

and seepage flow, magnetism, and electricity.
FIGURE 6.15 Tetrahedron and rectangular Prism Finite Elements for Three-Dimensional Problems
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Example 6.4 MATLAB
Repeat Example 6.4 using MATLAB. Use matrix methods when possible.

Values for the stresses in the element, rounded to the first decimal place, are obtained through the following

MATLAB file:

% Declare any needed variables

E ¼ 200000; % Youngs Modulus

v_p ¼ 0.3; % Poisson’s ratio

x ¼ [-2 2 2 -2]’; % x-location of corners

y ¼ [-1 -1 1 1]’; % y-location of corners

u ¼ [0.001 0.003 -0.003 0]; % x-displacement of corners

v ¼ [-0.004 -0.002 0.001 0.001]; % y-displacement of corners

% Calculate alpha values using Eqs (6.99) and (6.100)

A ¼ zeros(8,8);

delta ¼ zeros(8,1);

for i¼1:1:4

A((i-1)*2þ1,:) ¼ [1 x(i) y(i) x(i)*y(i) 0 0 0 0];

A((i-1)*2þ2,:) ¼ [0 0 0 0 1 x(i) y(i) x(i)*y(i)];

delta((i-1)*2þ1) ¼ u(i);

delta((i-1)*2þ2) ¼ v(i);

end

alpha ¼ A\delta;

% Calculate the strains at the center (x¼0,y¼0) of the element using Eq. (6.101)

x ¼ 0;

y ¼ 0;

B ¼ [0 1 0 y 0 0 0 0;

0 0 0 0 0 0 1 x;

0 0 1 x 0 1 0 y];

strain ¼ B*alpha;

% Calculate the stresses using Eq. (6.92)

C ¼ [1 v_p 0;

v_p 1 0;

0 0 (1-v_p)/2];

sig ¼ E/(1-v_p̂ 2)*(C*strain);

% Output stresses rounded to the first decimal to the Command Window

disp([‘sig_x ¼’ num2str(round(sig(1)*10)/10) ‘N/mm̂ 2’])

disp([‘sig_y ¼’ num2str(round(sig(2)*10)/10) ‘N/mm̂ 2’])

disp([‘tau_xy ¼’ num2str(round(sig(3)*10)/10) ‘N/mm̂ 2’])

The Command Window outputs resulting from this MATLAB file are as follows:

sig_x ¼ 104.4 N/mm̂ 2

sig_y ¼ 431.3 N/mm̂ 2

tau_xy ¼ -115.4 N/mm̂ 2
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PROBLEMS

P.6.1. Figure P.6.1 shows a square symmetrical pin-jointed truss 1234, pinned to rigid supports at 2 and

4 and loaded with a vertical load at 1. The axial rigidity EA is the same for all members. Use the stiff-

ness method to find the displacements at nodes 1 and 3 and solve for all the internal member forces and

support reactions.
Answer:
 v1 ¼ �PL=
ffiffiffi
2

p
AE; v3 ¼ �0:293PL=AE; S12 ¼ P=2 ¼ S14;

S23 ¼ �0:207P ¼ S43; S13 ¼ 0:293P
Fx;2 ¼ �Fx;4 ¼ 0:207P; Fy;2 ¼ Fy;4 ¼ P=2:
P.6.2. Use the stiffness method to find the ratio H/P for which the displacement of node 4 of the plane

pin-jointed frame shown loaded in Fig. P.6.2 is zero and, for that case, give the displacements of nodes

2 and 3. All members have equal axial rigidity EA.
Answer:
 H=P ¼ 0:449; v2 ¼ �4Pl=ð9þ 2
ffiffiffi
3

p ÞAE;
v3 ¼ �6PL=ð9þ 2

ffiffiffi
3

p ÞAE:
the matrices required to solve completely the pla
P.6.3. Form ne truss shown in Fig. P.6.3 and determine

the force in member 24. All members have equal axial rigidity.
Answer: S24 ¼ 0.
P.6.4. The symmetrical plane rigid jointed frame 1234567, shown in Fig. P.6.4, is fixed to rigid sup-

ports at 1 and 5 and supported by rollers inclined at 45� to the horizontal at nodes 3 and 7. It carries a

vertical point load P at node 4 and a uniformly distributed load w per unit length on the span 26. As-

suming the same flexural rigidity EI for all members, set up the stiffness equations which, when solved,

give the nodal displacements of the frame. Explain how the member forces can be obtained.

P.6.5. The frame shown in Fig. P.6.5 has the planes xz and yz as planes of symmetry. The nodal co-

ordinates of one quarter of the frame are given in Table P.6.5(i). In this structure, the deformation of

each member is due to a single effect, this being axial, bending, or torsional. The mode of deformation



FIGURE P.6.2

FIGURE P.6.1

224 CHAPTER 6 Matrix methods



FIGURE P.6.3

FIGURE P.6.4
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of each member is given in Table P.6.5(ii), together with the relevant rigidity. Use the direct stiffness
method to find all the displacements and hence calculate the forces in all the members. For member

123, plot the shear force and bending moment diagrams. Briefly outline the sequence of operations in a

typical computer program suitable for linear frame analysis.
Answer:
Tw
S29 ¼ S28 ¼
ffiffiffi
2

p
P=6 tensionð Þ

M3 ¼ �M1 ¼ PL=9 hoggingð Þ; M2 ¼ 2PL=9 saggingð Þ
SF12 ¼ �SF23 ¼ P=3

g moment in 37, PL/18 (counterclockwise).
istin



Table P.6.5(i) Nodal Coordinates

Node x y z

2 0 0 0

3 L 0 0

7 L 0.8L 0

9 L 0 L

Table P.6.5(ii) Mode of Defprmation

Effect

Member Axial Bending Torsional

23 — EI —

37 — — GJ ¼ 0. 8EI

29 EA ¼ 6
ffiffiffi
2

p EI

L2
— —

FIGURE P.6.5
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P.6.6. Given that the force–displacement (stiffness) relationship for the beam–element shown in

Fig. P.6.6(a) may be expressed in the following form:

Fy;1

M1=L
Fy;2

M2=L

8>><
>>:

9>>=
>>; ¼ EI

L3

12 �6 �12 �6

�6 4 6 2

�12 6 12 6

�6 2 6 4

2
664

3
775

v1
y1L
v2
y2L

8>><
>>:

9>>=
>>;

Obtain the force–displacement (stiffness) relationship for the variable section beam (Fig. P.6.6(b)),

composed of elements 12, 23, and 34. Such a beam is loaded and supported symmetrically, as shown in

Fig. P.6.6(c). Both ends are rigidly fixed and the ties FB, CH have a cross-section area a1 and the ties



FIGURE P.6.6
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EB, CG a cross-section area a2. Calculate the deflections under the loads, the forces in the ties, and all
other information necessary for sketching the bending moment and shear force diagrams for the beam.

Neglect axial effects in the beam. The ties are made from the same material as the beam.
Answer:
 vB ¼ vC ¼ �5PL3=144EI; yB ¼ �yC ¼ PL2=24EI;
S1 ¼ 2P=3; S2 ¼

ffiffiffi
2

p
P=3;

Fy;A ¼ P=3;MA ¼ �PL=4:



FIGURE P.6.7
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P.6.7. The symmetrical rigid jointed grillage shown in Fig. P.6.7 is encastré at 6, 7, 8, and 9 and rests on

simple supports at 1, 2, 4, and 5. It is loaded with a vertical point load P at 3. Use the stiffness method

to find the displacements of the structure and calculate the support reactions and the forces in all the

members. Plot the bending moment diagram for 123. All members have the same section properties and

GJ ¼ 0.8EI.
Answer:
 Fy;1 ¼ Fy;5 ¼ �P=16
Fy;2 ¼ Fy;4 ¼ 9P=16
M21 ¼ M45 ¼ �Pl=16 hoggingð Þ
M23 ¼ M43 ¼ �Pl=12 hoggingð Þ Twisting moment in 62; 82; 74; and 94 is Pl=96:

required to form the stiffness matrix of a triangular element 123 with coordinates (0, 0),
P.6.8. It is (a,
0), and (0, a), respectively, to be used for “plane stress” problems.
(a) Form the [B] matrix.

(b) Obtain the stiffness matrix [Ke].
Why, in general, is a finite element solution not an exact solution?

P.6.9. It is required to form the stiffness matrix of a triangular element 123 for use in stress analysis

problems. The coordinates of the element are (1, 1), (2, 1), and (2, 2), respectively.
(a) Assume a suitable displacement field explaining the reasons for your choice.

(b) Form the [B] matrix.

(c) Form the matrix that gives, when multiplied by the element nodal displacements, the
stresses in the element. Assume a general [D] matrix.

P.6.10. It is required to form the stiffness matrix for a rectangular element of side 2a� 2b and thickness
t for use in “plane stress” problems.
(a) Assume a suitable displacement field.

(b) Form the [C] matrix.

(c) Obtain
Ð
vol
½C�T½D�½C�dV:
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Note that the stiffness matrix may be expressed as

½Ke� ¼ ½A�1�T
ð
vol

½C�T½D�½C�dV
� �

½A�1�
P.6.11. A square element 1234, whose corners have coordinates x, y (in metres) of (–1, –1), (1, –1),

(1, 1), and (–1, 1), respectively, was used in a plane stress finite element analysis. The following nodal

displacements (mm) were obtained:

u1 ¼ 0:1 u2 ¼ 0:3 u3 ¼ 0:6 u4 ¼ 0:1
v1 ¼ 0:1 v2 ¼ 0:3 v3 ¼ 0:7 v4 ¼ 0:5

If Young’s modulus E¼ 200,000 N/mm2 and Poisson’s ratio n¼ 0.3, calculate the stresses at the center

of the element.
Answer:
 sx ¼ 51:65 N=mm2; sy ¼ 55:49 N=mm2; txy ¼ 13:46 N=mm2

ectangular element used in plane stress analysis has corners whose coo
P.6.12. A r rdinates in metres

referred to an Oxy axes system are 1(–2, –1), 2(2, –1), 3(2, 1), 4(–2, 1). The displacements of the corners

(in metres) are

u1 ¼ 0:001 u2 ¼ 0:003 u3 ¼ �0:003 u4 ¼ 0

v1 ¼ �0:004 v2 ¼ �0:002 v3 ¼ 0:001 v4 ¼ 0:001

If Young’s modulus is 200,000 N/mm2 and Poisson’s ratio is 0.3, calculate the strains at the center of

the element.
Answer:
 ex ¼ �0:000125; ey ¼ 0:002; gxy ¼ �0:0015:

TLAB Use MATLAB to repeat Problem P.6.12. In a
P.6.12 MA ddition, calculate the strains at the

following (x,y) locations in the element:

ð�1; 0:5Þ ð0; 0:5Þ ð1; 0:5Þ
ð�1; 0Þ ð0; 0Þ ð1; 0Þ
ð�1;�0:5Þ ð0;�0:5Þ ð1;�0:5Þ
Answer:
 ðiÞ ðx; yÞ ¼ ð�1; 0:5Þ; Ex ¼ �0:0004375; Ey ¼ 0:0023; gxy ¼ �0:0010
ðiiÞ ðx; yÞ ¼ ð0; 0:5Þ; ex ¼ �0:0004375; ey ¼ 0:0020; gxy ¼ �0:0016
ðiiiÞ ðx; yÞ ¼ ð1; 0:5Þ; ex ¼ �0:0004375; ey ¼ 0:0018; gxy ¼ �0:0023
ðivÞ ðx; yÞ ¼ ð�1; 0Þ; ex ¼ �0:000125; ey ¼ 0:0023; gxy ¼ �0:000875
ðvÞ ðx; yÞ ¼ ð0; 0Þ; ex ¼ �0:000125; ey ¼ 0:0020; gxy ¼ �0:0015
ðviÞ ðx; yÞ ¼ ð1; 0Þ; ex ¼ �0:000125; ey ¼ 0:0018; gxy ¼ �0:0021
ðviiÞ ðx; yÞ ¼ ð�1;�0:5Þ; ex ¼ 0:0001875; ey ¼ 0:0023; gxy ¼ �0:00075
ðviiiÞ ðx; yÞ ¼ ð0;�0:5Þ; ex ¼ 0:0001875; ey ¼ 0:002; gxy ¼ �0:0014
ðixÞ ðx; yÞ ¼ ð1;�0:5Þ; ex ¼ 0:0001875; ey ¼ 0:0018; gxy ¼ �0:002

onstant strain triangular element has corners 1(0,0), 2(4,0), and 3(2,2) and is 1 un
P.6.13. A c it thick. If

the elasticity matrix [D] has elements D11 ¼ D22 ¼ a, D12 ¼ D21 ¼ b, D13 ¼ D23 ¼ D31 ¼ D32 ¼ 0 and

D33 ¼ c, derive the stiffness matrix for the element.
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Answer:
URE P.6.1
½Ke� ¼ 1

4

aþ c
bþ c aþ c
�aþ c �bþ c aþ c
b� c a� c �b� c aþ c
�2c �2c �2c 2c 4c
�2b �2a 2b �2a 0 4a

2
6666664

3
7777775

following interpolation formula is suggested as a displacem
P.6.14. The ent function for deriving the

stiffness of a plane stress rectangular element of uniform thickness t shown in Fig. P.6.14.

u ¼ 1

4ab
½ða� xÞðb� yÞu1 þ ðaþ xÞðb� yÞu2 þ ðaþ xÞðbþ yÞu3 þ ða� xÞðbþ yÞu4�

Form the strain matrix and obtain the stiffness coefficients K11 and K12 in terms of the material

constants c, d, and e defined next. In the elasticity matrix [D],

D11 ¼ D22 ¼ c D12 ¼ d D33 ¼ e and D13 ¼ D23 ¼ 0
Answer:
 K11 ¼ t 4cþ eð Þ=6; K12 ¼ t d þ eð Þ=4
4

1 2

3

y

x

2a � 2

2b � 4

4



SECTION 

Thin plate theory 

Chapter 7 Bending of thin plates . . . . • . .  . . . . . . . • . . . • . . . • . .  . . . . . • . • . . .  233 



CHAPTER
Bending of thin plates
 7

Generally, we define a thin plate as a sheet of material whose thickness is small compared with its other

dimensions but which is capable of resisting bending in addition to membrane forces. Such a plate

forms a basic part of an aircraft structure, being, for example, the area of stressed skin bounded by

adjacent stringers and ribs in a wing structure or by adjacent stringers and frames in a fuselage.

In this chapter, we investigate the effect of a variety of loading and support conditions on the small

deflection of rectangular plates. Two approaches are presented: an “exact” theory based on the solution

of a differential equation and an energy method relying on the principle of the stationary value of the

total potential energy of the plate and its applied loading. The latter theory is used in Chapter 9 to

determine buckling loads for unstiffened and stiffened panels.
7.1 PURE BENDING OF THIN PLATES
The thin rectangular plate of Fig. 7.1 is subjected to pure bending moments of intensityMx andMy per

unit length uniformly distributed along its edges. The former bending moment is applied along the

edges parallel to the y axis, the latter along the edges parallel to the x axis. We assume that these bend-

ing moments are positive when they produce compression at the upper surface of the plate and tension

at the lower.

If we further assume that the displacement of the plate in a direction parallel to the z axis is small

compared with its thickness t and sections which are plane before bending remain plane after bending,

then, as in the case of simple beam theory, the middle plane of the plate does not deform during the

bending and is therefore a neutral plane. We take the neutral plane as the reference plane for our system

of axes.

Let us consider an element of the plate of side dxdy and having a depth equal to the thickness t of the
plate, as shown in Fig. 7.2(a). Suppose that the radii of curvature of the neutral plane n are rx and ry in
the xz and yz planes, respectively (Fig. 7.2(b)). Positive curvature of the plate corresponds to the pos-

itive bending moments which produce displacements in the positive direction of the z or downward
axis. Again, as in simple beam theory, the direct strains ex and ey corresponding to direct stresses

sx and sy of an elemental lamina of thickness dz a distance z below the neutral plane are given by

ex ¼ z

rx
; ey ¼ z

ry
(7.1)

Referring to Eqs. (1.52), we have

ex ¼ 1

E
ðsx � nsyÞ; ey ¼ 1

E
ðsy � nsxÞ (7.2)
Introduction to Aircraft Structural Analysis, Third Edition. http://dx.doi.org/10.1016/B978-0-08-102076-0.00007-5
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FIGURE 7.2 (a) Direct Stress on Lamina of Plate Element; (b) Radii of Curvature of Neutral Plane

FIGURE 7.1 Plate Subjected to Pure Bending
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Substituting for ex and ey from Eqs. (7.1) into (7.2) and rearranging gives

sx ¼ Ez

1� n2
1

rx
þ n
ry

0
@

1
A

sy ¼ Ez

1� n2
1

ry
þ n
rx

0
@

1
A

9>>>>>>=
>>>>>>;

(7.3)

As would be expected from our assumption of plane sections remaining plane, the direct stresses vary

linearly across the thickness of the plate, their magnitudes depending on the curvatures (i.e., bending
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moments) of the plate. The internal direct stress distribution on each vertical surface of the element

must be in equilibrium with the applied bending moments. Thus,

Mxdy ¼
ðt=2
�t=2

sxzdydz

and

Mydx ¼
ðt=2
�t=2

syzdxdz

Substituting for sx and sy from Eqs. (7.3) gives

Mx ¼
ðt=2
�t=2

Ez2

1� n2
1

rx
þ n
ry

 !
dz

ð  !

My ¼

t=2

�t=2

Ez2

1� n2
1

ry
þ n
rx

dz

Let

D ¼
ðt=2
�t=2

Ez2

1� n2
dz ¼ Et3

12 1� n2ð Þ (7.4)

Then,

Mx ¼ D
1

rx
þ n
ry

 !
(7.5)

 !

My ¼ D

1

ry
þ n
rx

(7.6)

in which D is known as the flexural rigidity of the plate.

Ifw is the deflection of any point on the plate in the z direction, then wemay relatew to the curvature

of the plate in the same manner as the well-known expression for beam curvature:

1

rx
¼ � @2w

@x2
1

ry
¼ � @2w

@y2

the negative signs resulting from the fact that the centers of curvature occur above the plate, in which

region z is negative. Equations (7.5) and (7.6) then become

Mx ¼ �D
@2w

@x2
þ n

@2w

@y2

� �
(7.7)

2 2
� �
My ¼ �D
@ w

@y2
þ n

@ w

@x2
(7.8)



FIGURE 7.3 Anticlastic Bending
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Equations (7.7) and (7.8) define the deflected shape of the plate provided that Mx and My are known.

If either Mx or My is zero, then

@2w

@x2
¼ �n

@2w

@y2
or

@2w

@y2
¼ �n

@2w

@x2

and the plate has curvatures of opposite signs. The case of My ¼ 0 is illustrated in Fig. 7.3. A surface

possessing two curvatures of opposite sign is known as an anticlastic surface, as opposed to a synclastic
surface, which has curvatures of the same sign. Further, ifMx¼My¼M, then from Eqs. (7.5) and (7.6),

1

rx
¼ 1

ry
¼ 1

r

Therefore, the deformed shape of the plate is spherical and of curvature

1

r
¼ M

D 1þ nð Þ (7.9)

7.2 PLATES SUBJECTED TO BENDING AND TWISTING
In general, the bending moments applied to the plate will not be in planes perpendicular to its edges.

Such bending moments, however, may be resolved in the normal manner into tangential and perpen-

dicular components, as shown in Fig. 7.4. The perpendicular components are seen to be Mx and My as

before, while the tangential components Mxy and Myx (again, these are moments per unit length)
FIGURE 7.4 Plate Subjected to Bending and Twisting
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produce twisting of the plate about axes parallel to the x and y axes. The system of suffixes and the sign

convention for these twisting moments must be clearly understood to avoid confusion.Mxy is a twisting

moment intensity in a vertical x plane parallel to the y axis, whileMyx is a twisting moment intensity in a

vertical y plane parallel to the x axis. Note that the first suffix gives the direction of the axis of the

twisting moment. We also define positive twisting moments as being clockwise when viewed along

their axes in directions parallel to the positive directions of the corresponding x or y axis. In

Fig. 7.4, therefore, all moment intensities are positive.

Since the twisting moments are tangential moments or torques they are resisted by a system of hor-

izontal shear stresses txy, as shown in Fig. 7.6. From a consideration of complementary shear stresses

(see Fig. 7.6),Mxy¼ –Myx, so that we may represent a general moment application to the plate in terms

ofMx,My, andMxy as shown in Fig. 7.5(a). These moments produce tangential and normal moments,Mt

and Mn, on an arbitrarily chosen diagonal plane FD. We may express these moment intensities (in an

analogous fashion to the complex stress systems of Section 1.6) in terms ofMx,My andMxy. Thus, for

equilibrium of the triangular element ABC of Fig. 7.5(b) in a plane perpendicular to AC

MnAC ¼ MxABcosaþMyBC sina�MxyAB sina�MxyBC cosa

giving

Mn ¼ Mx cos
2aþMy sin

2a�Mxy sin2a (7.10)

Similarly, for equilibrium in a plane parallel to CA,

MtAC ¼ MxAB sina�MyBC cosaþMxyAB cosa�MxyBC sina

or

Mt ¼
Mx �My

� �
2

sin 2aþMxy cos 2a (7.11)

(compare Eqs. (7.10) and (7.11) with Eqs. (1.8) and (1.9)). We observe, from Eq. (7.11), that there are

two values of a, differing by 90� and given by

tan 2a ¼ � 2Mxy

Mx �My
FIGURE 7.5 (a) Plate Subjected to Bending and Twisting; (b) Tangential and Normal Moments on an Arbitrary Plane



FIGURE 7.6 Complementary Shear Stresses Due to Twisting Moments Mxy
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for which Mt ¼ 0, leaving normal moments of intensity Mn on two mutually perpendicular planes.

These moments are termed principal moments and their corresponding curvatures principal curvatures.
For a plate subjected to pure bending and twisting in whichMx,My, andMxy are invariable throughout

the plate, the principal moments are the algebraically greatest and least moments in the plate. It follows

that there are no shear stresses on these planes and that the corresponding direct stresses, for a given

value of z and moment intensity, are the algebraically greatest and least values of direct stress in

the plate.

Let us now return to the loaded plate of Fig. 7.5(a). We have established, in Eqs. (7.7) and (7.8),

the relationships between the bending moment intensitiesMx andMy and the deflectionw of the plate.

The next step is to relate the twisting momentMxy to w. From the principle of superposition, we may

consider Mxy acting separately from Mx and My. As stated previously, Mxy is resisted by a system of

horizontal complementary shear stresses on the vertical faces of sections taken throughout the thick-

ness of the plate parallel to the x and y axes. Consider an element of the plate formed by such sections,

as shown in Fig. 7.6. The complementary shear stresses on a lamina of the element a distance z below
the neutral plane are, in accordance with the sign convention of Section 1.2, txy. Therefore, on the

face ABCD,

Mxydy ¼ �
ðt=2
�t=2

txydyz dz

and, on the face ADFE,

Mxydx ¼ �
ðt=2
�t=2

txydxz dz
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giving
Mxy ¼ �
ðt=2
�t=2

txyz dz

or, in terms of the shear strain gxy and modulus of rigidity G,

Mxy ¼ �G

ðt=2
�t=2

gxyz dz (7.12)

Referring to Eqs. (1.20), the shear strain gxy is given by

gxy ¼
@v

@x
þ @u

@y

We require, of course, to express gxy in terms of the deflectionw of the plate; this may be accomplished as

follows. An element taken through the thickness of the plate suffers rotations equal to @w/@x and @w/@y
in the xz and yz planes, respectively. Considering the rotation of such an element in the xz plane, as shown
in Fig. 7.7, we see that the displacement u in the x direction of a point a distance z below the neutral

plane is

u ¼ � @w

@x
z

Similarly, the displacement v in the y direction is

v ¼ � @w

@y
z

Hence, substituting for u and v in the expression for gxy, we have

gxy ¼ �2z
@2w

@x@y
(7.13)
FIGURE 7.7 Determination of Shear Strain gxy
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whence from Eq. (7.12),
Mxy ¼ G

ðt=2
�t=2

2z2
@2w

@x@y
dz

or

Mxy ¼ Gt3

6

@2w

@x@y

Replacing G by the expression E/2 (1 þ n) established in Eq. (1.50) gives

Mxy ¼ Et3

12 1þ nð Þ
@2w

@x@y

Multiplying the numerator and denominator of this equation by the factor (1 – n) yields

Mxy ¼ Dð1� nÞ @2w

@x@y
(7.14)

Equations (7.7), (7.8), and (7.14) relate the bending and twisting moments to the plate deflection

and are analogous to the bending moment–curvature relationship for a simple beam.
7.3 PLATES SUBJECTED TO A DISTRIBUTED TRANSVERSE LOAD
The relationships between bending and twisting moments, and plate deflection are now employed in

establishing the general differential equation for the solution of a thin rectangular plate, supporting a

distributed transverse load of intensity q per unit area (see Fig. 7.8). The distributed load may, in gen-

eral, vary over the surface of the plate and is therefore a function of x and y. We assume, as in the

preceding analysis, that the middle plane of the plate is the neutral plane and that the plate deforms

such that plane sections remain plane after bending. This latter assumption introduces an apparent in-

consistency in the theory. For plane sections to remain plane, the shear strains gxz and gyz must be zero.
FIGURE 7.8 Plate Supporting a Distributed Transverse Load



FIGURE 7.9 Plate Element Subjected to Bending, Twisting, and Transverse Loads
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However, the transverse load produces transverse shear forces (and therefore stresses), as shown in

Fig. 7.9. We therefore assume that, although gxz¼ txz/G and gyz¼ tyz/G are negligible, the correspond-

ing shear forces are of the same order of magnitude as the applied load q and the momentsMx,My, and

Mxy. This assumption is analogous to that made in slender beam theory, in which shear strains are

ignored.

The element of plate shown in Fig. 7.9 supports bending and twisting moments as previously de-

scribed and, in addition, vertical shear forces Qx and Qy per unit length on faces perpendicular to the

x and y axes, respectively. The variation of shear stresses txz and tyz along the small edges dx, dy of
the element is neglected and the resultant shear forces Qxdy and Qydx are assumed to act through the

centroid of the faces of the element. From the previous sections,

Mx ¼
ðt=2
�t=2

sxz dz; My ¼
ðt=2
�t=2

syz dz Mxy ¼ ð�MyxÞ ¼ �
ðt=2
�t=2

txyz dz

In a similar fashion,

Qx ¼
ðt=2
�t=2

txz dz; Qy ¼
ðt=2
�t=2

tyz dz (7.15)

For equilibrium of the element parallel to Oz and assuming that the weight of the plate is included in q,

Qx þ @Qx

@x
dx

� �
dy� Qxdyþ Qy þ @Qy

@y
dy

� �
dx� Qydxþ qdxdy ¼ 0

or, after simplification,

@Qx

@x
þ @Qy

@y
þ q ¼ 0 (7.16)
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Taking moments about the x axis,

Mxydy� Mxy þ @Mxy

@x
dx

0
@

1
Ady�Mydxþ My þ @My

@y
dy

0
@

1
Adx

� Qy þ @Qy

@y
dy

0
@

1
Adxdyþ Qx

dy2

2
� Qx þ @Qx

@x
dx

0
@

1
A dy2

2
� qdx

dy2

2
¼ 0

Simplifying this equation and neglecting small quantities of a higher order than those retained gives

@Mxy

@x
� @My

@y
þ Qy ¼ 0 (7.17)

Similarly, taking moments about the y axis, we have

@Mxy

@y
� @Mx

@x
þ Qx ¼ 0 (7.18)

Substituting in Eq. (7.16) for Qx and Qy from Eqs. (7.18) and (7.17), we obtain

@2Mx

@x2
� @2Mxy

@x@y
þ @2My

@y2
� @2Mxy

@x@y
¼ �q

or

@2Mx

@x2
� 2

@2Mxy

@x@y
þ @2My

@y2
¼ �q (7.19)

Replacing Mx, Mxy, and My in Eq. (7.19) from Eqs. (7.7), (7.14), and (7.8) gives

@4w

@x4
þ 2

@4w

@x2@y2
þ @4w

@y4
¼ q

D
(7.20)

This equation may also be written

@2

@x2
þ @2

@y2

� �
@2w

@x2
þ @2w

@y2

� �
¼ q

D

or

@2

@x2
þ @2

@y2

� �2

w ¼ q

D

The operator (@2/@x2 þ @2/@y2) is the well-known Laplace operator in two dimensions and is some-

times written as r2. Therefore,

ðr2Þ2w ¼ q

D

Generally, the transverse distributed load q is a function of x and y, so that the determination of the

deflected form of the plate reduces to obtaining a solution to Eq. (7.20), which satisfies the known
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boundary conditions of the problem. The bending and twisting moments follow from Eqs. (7.7), (7.8),

and (7.14), and the shear forces per unit length Qx and Qy are found from Eqs. (7.17) and (7.18) by

substitution for Mx, My, and Mxy in terms of the deflection w of the plate; thus,

Qx ¼ @Mx

@x
� @Mxy

@y
¼ �D

@

@x

@2w

@x2
þ @2w

@y2

� �
(7.21)

2 2
� �
Qy ¼ @My

@y
� @Mxy

@x
¼ �D

@

@y

@ w

@x2
þ @ w

@y2
(7.22)

Direct and shear stresses are then calculated from the relevant expressions relating them toMx,My,Mxy,

Qx, and Qy.

Before discussing the solution to Eq. (7.20) for particular cases, we shall establish boundary con-

ditions for various types of edge support.

7.3.1 The simply supported edge
Let us suppose that the edge x¼ 0 of the thin plate shown in Fig. 7.10 is free to rotate but not to deflect.

The edge is then said to be simply supported. The bending moment along this edge must be zero and

also the deflection w ¼ 0. Thus,

wð Þx¼0 ¼ 0 and ðMxÞx¼0 ¼ �D
@2w

@x2
þ n

@2w

@y2

� �
x¼0

¼ 0

The condition that w ¼ 0 along the edge x ¼ 0 also means that

@w

@y
¼ @2w

@y2
¼ 0

along this edge. These boundary conditions therefore reduce to

wð Þx¼0 ¼ 0;
@2w

@x2

� �
x¼0

¼ 0 (7.23)
FIGURE 7.10 Plate of Dimensions a � b
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7.3.2 The built-in edge
If the edge x¼ 0 is built-in or firmly clamped so that it can neither rotate nor deflect, then, in addition to

w, the slope of the middle plane of the plate normal to this edge must be zero. That is,

wð Þx¼0 ¼ 0;
@w

@x

� �
x¼0

¼ 0 (7.24)

7.3.3 The free edge
Along a free edge, there are no bendingmoments, twisting moments, or vertical shearing forces, so that,

if x ¼ 0 is the free edge, then

ðMxÞx¼0 ¼ 0; ðMxyÞx¼0 ¼ 0; ðQxÞx¼0 ¼ 0

giving, in this instance, three boundary conditions. However, Kirchhoff (1850) showed that only two

boundary conditions are necessary to obtain a solution to Eq. (7.20) and that the reduction is obtained

by replacing the two requirements of zero twisting moment and zero shear force by a single equivalent

condition. Thomson and Tait (1883) gave a physical explanation of how this reduction may be effected.

They pointed out that the horizontal force system equilibrating the twisting moment Mxy may be

replaced along the edge of the plate by a vertical force system.

Consider two adjacent elements dy1 and dy2 along the edge of the thin plate of Fig. 7.11. The

twisting moment Mxydy1 on the element dy1 may be replaced by forces Mxy a distance dy1 apart. Note
that Mxy, being a twisting moment per unit length, has the dimensions of force. The twisting moment

on the adjacent element dy2 is [Mxy þ (@Mxy/@y)dy]dy2. Again, this may be replaced by forces

Mxyþ (@Mxy/@y)dy. At the common surface of the two adjacent elements there is now a resultant force

(@Mxy/@y)dy or a vertical force per unit length of @Mxy/@y. For the sign convention for Qx shown in
FIGURE 7.11 Equivalent Vertical Force System
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Fig. 7.9, we have a statically equivalent vertical force per unit length of (Qx – @Mxy/@y). The separate
conditions for a free edge of (Mxy)x¼0 ¼ 0 and (Qx)x¼0 ¼ 0 are therefore replaced by the equivalent

condition

Qx � @Mxy

@y

� �
x¼0

¼ 0

or, in terms of deflection,

@3w

@x3
þ ð2� nÞ @3w

@x@y2

� �
x¼0

¼ 0 (7.25)

Also, for the bending moment along the free edge to be zero,

ðMxÞx¼0 ¼
@2w

@x2
þ n

@2w

@y2

� �
x¼0

¼ 0 (7.26)

The replacement of the twisting moment Mxy along the edges x ¼ 0 and x ¼ a of a thin plate by a

vertical force distribution results in leftover concentrated forces at the corners of Mxy, as shown in

Fig. 7.11. By the same argument concentrated forcesMyx are produced by the replacement of the twist-

ing momentMyx. SinceMxy ¼ –Myx, the resultant forces 2Mxy act at each corner as shown and must be

provided by external supports if the corners of the plate are not to move. The directions of these forces

are easily obtained if the deflected shape of the plate is known. For example, a thin plate simply sup-

ported along all four edges and uniformly loaded has @w/@x positive and numerically increasing, with

increasing y near the corner x¼ 0, y¼ 0. Hence, @2w/@x@y is positive at this point and, from Eq. (7.14),

we see that Mxy is positive and Myx negative; the resultant force 2Mxy is therefore downward. From

symmetry, the force at each remaining corner is also 2Mxy downward, so that the tendency is for

the corners of the plate to rise.

Having discussed various types of boundary conditions, we shall proceed to obtain the solution for

the relatively simple case of a thin rectangular plate of dimensions a� b, simply supported along each

of its four edges and carrying a distributed load q(x, y). We have shown that the deflected form of the

plate must satisfy the differential equation

@4w

@x4
þ 2

@4w

@x2@y2
þ @4w

@y4
¼ q x; yð Þ

D

with the boundary conditions

wð Þx¼0;a ¼ 0;
@2w

@x2

� �
x¼0;a

¼ 0

2
� �
wð Þy¼0;b ¼ 0;
@ w

@y2 x¼0;b

¼ 0

Navier (1820) showed that these conditions are satisfied by representing the deflection w as an infinite

trigonometrical or Fourier series:

w ¼
X1
m¼1

X1
n¼1

Amn sin
mpx
a

sin
npy
b

(7.27)
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in whichm represents the number of half waves in the x direction and n the corresponding number in the

y direction. Further, Amn are unknown coefficients which must satisfy the preceding differential equa-

tion and may be determined as follows.

We may also represent the load q(x, y) by a Fourier series:

qðx; y; Þ ¼
X1
m¼1

X1
n¼1

Amn sin
mpx
a

sin
npy
b

(7.28)

A particular coefficient am0n0 is calculated by first multiplying both sides of Eq. (7.28) by

sin(m0px/a) sin(n0py/b) and integrating with respect to x from 0 to a and with respect to y from

0 to b. Thus, ða
0

ðb
0

qðx; yÞ sinm
0px
a

sin
n0py
b

dxdy

¼
X1
m¼1

X1
n¼1

ða
0

ðb
0

amn sin
mpx
a

sin
m0px
a

sin
npy
b

sin
n0py
b

dxdy

¼ ab

4
am0n0

since ða
0

sin
mpx
a

sin
m0px
a

dx ¼ 0; when m 6¼ m0

¼ a

2
; when m ¼ m0

and ðb
0

sin
npy
b

sin
n0py
b

dy ¼ 0; when n 6¼ n0

¼ b

2
; when n ¼ n0

It follows that

am0n0 ¼ 4

ab

ða
0

ðb
0

qðx; yÞ sinm
0px
a

sin
n0py
b

dxdy (7.29)

Substituting now for w and q(x, y) from Eqs. (7.27) and (7.28) into the differential equation for w,
we have

X1
m¼1

X1
n¼1

Amn
mp
a

� 	4
þ 2

mp
a

� 	2 np
b

� 	2
þ np

b

� 	4� �
� amn

D


 �
sin

mpx
a

sin
npy
b

¼ 0

This equation is valid for all values of x and y, so that

Amn
mp
a

� 	4
þ 2

mp
a

� 	2 np
b

� 	2
þ np

b

� 	4� �
� amn

D
¼ 0
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or in alternative form
Amnp4
m2

a2
þ n2

b2

� �2

� amn
D

¼ 0

giving

Amn ¼ 1

p4D
amn

m2=a2ð Þ þ n2=b2ð Þ½ �2

Hence,

w ¼ 1

p4D

X1
m¼1

X1
n¼1

amn

m2=a2ð Þ þ n2=b2ð Þ½ �2 sin
mpx
a

sin
npy
b

(7.30)

in which amn is obtained from Eq. (7.29). Equation (7.30) is the general solution for a thin rectangular

plate under a transverse load q(x, y).
Example 7.1
A thin rectangular plate a � b is simply supported along its edges and carries a uniformly distributed load of

intensity q0. Determine the deflected form of the plate and the distribution of bending moment.

Since q(x, y) ¼ q0, we find from Eq. (7.29) that,

amn ¼ 4q0
ab

ða
0

ðb
0

sin
mpx
a

sin
npy
b

dxdy ¼ 16q0
p2mn

where m and n are odd integers. For m or n even, amn ¼ 0. Hence, from Eq. (7.30),

w ¼ 16q0
p6D

X1
m¼1;3;5

X1
n¼1;3;5

sin mpx=að Þ sin npy=bð Þ
mn m2=a2ð Þ þ n2=b2ð Þ½ �2 (i)

The maximum deflection occurs at the center of the plate, where x ¼ a/2, y ¼ b/2. Thus,

wmax ¼ 16q0
p6D

X1
m¼1;3;5

X1
n¼1;3;5

sin mp=2ð Þ sin np=2ð Þ
mn m2=a2ð Þ þ n2=b2ð Þ½ �2 (ii)

This series is found to converge rapidly, the first few terms giving a satisfactory answer. For a square plate, taking

n ¼ 0.3, summation of the first four terms of the series gives

wmax ¼ 0:0443q0
a4

Et3

Substitution for w from Eq. (i) into the expressions for bending moment, Eqs. (7.7) and (7.8), yields

Mx ¼ 16q0
p4

X1
m¼1;3;5

X1
n¼1;3;5

m2=a2ð Þ þ n n2=b2ð Þ½ �
mn m2=a2ð Þ þ n2=b2ð Þ½ �2 sin

mpx
a

sin
npy
b

(iii)

X1 X1 2 2 2 2
My ¼ 16q0
p4

m¼1;3;5 n¼1;3;5

n m =að Þ þ n =bð Þ½ �
mn m2=a2ð Þ þ n2=b2ð Þ½ �2 sin

mpx
a

sin
npy
b

(iv)
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Maximum values occur at the center of the plate. For a square plate a ¼ b and the first five terms give

Mx;max ¼ My;max ¼ 0:0479q0a
2

Comparing Eqs. (7.3) with Eqs. (7.5) and (7.6), we observe that

sx ¼ 12Mxz

t3
; sy ¼ 12Myz

t3

Again the maximum values of these stresses occur at the center of the plate at z ¼ � t/2, so that

sx;max ¼ 6Mx

t2
; sy;max ¼ 6My

t2

For the square plate,

sx;max ¼ sy;max ¼ 0:287q0
a2

t2

The twisting moment and shear stress distributions follow in a similar manner.

The infinite series (Eq. (7.27)) assumed for the deflected shape of a plate gives an exact solution for dis-

placements and stresses. However, amore rapid, but approximate, solutionmay be obtained by assuming a

displacement function in the form of a polynomial. The polynomial must, of course, satisfy the governing

differential equation (Eq. (7.20)) and the boundary conditions of the specific problem. The “guessed” form

of the deflected shape of a plate is the basis for the energy method of solution described in Section 7.6.
Example 7.2
Show that the deflection function

w ¼ Aðx2y2 � bx2y� axy2 þ abxyÞ
is valid for a rectangular plate of sides a and b, built in on all four edges and subjected to a uniformly distributed

load of intensity q. If the material of the plate has a Young’s modulus E and is of thickness t, determine the dis-

tributions of bending moment along the edges of the plate.

Differentiating the deflection function gives

@4w

@x4
¼ 0;

@4w

@y4
¼ 0;

@4w

@x2@y2
¼ 4A

Substituting in Eq. (7.20), we have

0þ 2� 4Aþ 0 ¼ constant ¼ q

D

The deflection function is therefore valid and

A ¼ q

8D

The bending moment distributions are given by Eqs. (7.7) and (7.8); that is,

Mx ¼ � q

4
½y2 � byþ nðx2 � axÞ� (i)
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My ¼ � q

4
½x2 � axþ nðy2 � byÞ� (ii)

For the edges x ¼ 0 and x ¼ a,

Mx ¼ � q

4
ðy2 � byÞ; My ¼ � nq

4
ðy2 � byÞ

For the edges y ¼ 0 and y ¼ b

Mx ¼ � nq
4

x2 � ax
� �

; My ¼ � q

4
x2 � ax
� �
Example 7.2 MATLAB
Repeat Example 7.2 using the Symbolic Math Toolbox in MATLAB.

Expressions for Mx and My along the edges of the plate are obtained through the following MATLAB file:

% Declare any needed variables

syms w A x y b a q M_x M_y v D

% Define the given deflection function

w ¼ A*(x̂ 2*ŷ 2 - b*x̂ 2*y - a*x*ŷ 2 þ a*b*x*y);

% Check Eq. (7.20)

check ¼ diff(w,x,4) þ 2*diff(diff(w,x,2),y,2) þ diff(w,y,4) - q/D;

if diff(check,x) ¼¼ sym(0) && diff(check,y) ¼¼ sym(0) && check �¼ -q/D

disp(‘The deflection function is valid’)

disp(‘ ’)

% Solve check for the constant A and substitute back into w

A_val ¼ solve(check,A);

w ¼ subs(w,A,A_val);

% Calculate the bending moment distributions using Eqs (7.7) and (7.8)

eqI ¼ -D*(diff(w,x,2) þ v*diff(w,y,2)); % M_x

eqII ¼ -D*(diff(w,y,2) þ v*diff(w,x,2)); % M_y

% Output expressions of M_x, M_y for the edge x¼0 to the Command Window

disp(‘For the edge x ¼ 0:’)

disp([‘M_x ¼’ char(simplify(subs(eqI,x,0)))])

disp([‘M_y ¼’ char(simplify(subs(eqII,x,0)))])

disp(‘ ’)

% Output expressions of M_x, M_y for the edge x¼a to the Command Window

disp(‘For the edge x ¼ a:’)

disp([‘M_x ¼’ char(simplify(subs(eqI,x,a)))])

disp([‘M_y ¼’ char(simplify(subs(eqII,x,a)))])

disp(‘ ’)
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% Output expressions of M_x, M_y for the edge y¼0 to the Command Window

disp(‘For the edge y ¼ 0:’)

disp([‘M_x ¼’ char(simplify(subs(eqI,y,0)))])

disp([‘M_y ¼’ char(simplify(subs(eqII,y,0)))])

disp(‘ ’)

% Output expressions of M_x, M_y for the edge y¼b to the Command Window

disp(‘For the edge y ¼ b:’)

disp([‘M_x ¼’ char(simplify(subs(eqI,y,b)))])

disp([‘M_y ¼’ char(simplify(subs(eqII,y,b)))])

disp(‘ ’)

else

disp(‘The deflection function does not satisfy Equation (7.20)’)

disp(‘ ’)

end

The Command Window outputs resulting from this MATLAB file are as follows. The deflection function is valid

For the edge x ¼ 0:

M_x ¼ (q*y*(b - y))/4

M_y ¼ (q*v*y*(b - y))/4

For the edge x ¼ a:

M_x ¼ (q*y*(b - y))/4

M_y ¼ (q*v*y*(b - y))/4

For the edge y ¼ 0:

M_x ¼ (q*v*x*(a - x))/4

M_y ¼ (q*x*(a - x))/4

For the edge y ¼ b:

M_x ¼ (q*v*x*(a - x))/4

M_y ¼ (q*x*(a - x))/4

7.4 COMBINED BENDING AND IN-PLANE LOADING OF
A THIN RECTANGULAR PLATE
So far our discussion has been limited to small deflections of thin plates produced by different forms of

transverse loading. In these cases, we assumed that the middle or neutral plane of the plate remained

unstressed. Additional in-plane tensile, compressive, or shear loads produce stresses in the middle

plane, and these, if of sufficient magnitude, affect the bending of the plate. Where the in-plane stresses

are small compared with the critical buckling stresses, it is sufficient to consider the two systems sep-

arately; the total stresses are then obtained by superposition. On the other hand, if the in-plane stresses

are not small, then their effect on the bending of the plate must be considered.



FIGURE 7.12 In-Plane Forces on Plate Element
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The elevation and plan of a small element dxdy of the middle plane of a thin deflected plate are

shown in Fig. 7.12. Direct and shear forces per unit length produced by the in-plane loads are given

the notation Nx, Ny, and Nxy and are assumed to be acting in positive senses in the directions shown.

Since there are no resultant forces in the x or y directions from the transverse loads (see Fig. 7.9), we

need only include the in-plane loads shown in Fig. 7.12 when considering the equilibrium of the ele-

ment in these directions. For equilibrium parallel to Ox,

Nx þ @Nx

@x
dx

� �
dy cos

@w

@x
þ @2w

@x2
dx

� �
� Nxdy cos

@w

@x
þ Nyx þ @Nyx

@y
dy

� �
dx� Nyxdx ¼ 0

For small deflections, @w/@x and (@w/@x) þ (@2w/@x2)dx are small and the cosines of these angles

are therefore approximately equal to one. The equilibrium equation thus simplifies to

@Nx

@x
þ @Nyx

@y
¼ 0 (7.31)

Similarly, for equilibrium in the y direction, we have

@Ny

@y
þ @Nxy

@x
¼ 0 (7.32)

Note that the components of the in-plane shear loads per unit length are, to a first order of approxima-

tion, the value of the shear load multiplied by the projection of the element on the relevant axis.



FIGURE 7.13 Component of Shear Loads in the z Direction
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The determination of the contribution of the shear loads to the equilibrium of the element in the z
direction is complicated by the fact that the element possesses curvature in both the xz and yz planes.
Therefore, from Fig. 7.13, the component in the z direction due to the Nxy shear loads only is

Nxy þ @Nxy

@x
dx

� �
dy

@w

@y
þ @2w

@x@y
dx

� �
� Nxydy

@w

@y

or

Nxy
@2w

@x@y
dxdyþ @Nxy

@x

@w

@y
dxdy

neglecting terms of a lower order. Similarly, the contribution of Nyx is

Nyx
@2w

@x@y
dxdyþ @Nyx

@y

@w

@x
dxdy

The components arising from the direct forces per unit length are readily obtained from Fig. 7.12,

namely,

Nx þ @Nx

@x
dx

� �
dy

@w

@x
þ @2w

@x2
dx

� �
� Nxdy

@w

@x

or

Nx
@2w

@x2
dxdyþ @Nx

@x

@w

@x
dxdy

and, similarly,

Ny
@2w

@y2
dxdyþ @Ny

@y

@w

@y
dxdy
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The total force in the z direction is found from the summation of these expressions and is

Nx
@2w

@x2
dxdyþ @Nx

@x

@w

@x
dxdyþ Ny

@2w

@y2
dxdyþ @Ny

@y

@w

@y
dxdy

þ @Nxy

@x

@w

@y
dxdyþ 2Nxy

@2w

@x@y
dxdyþ @Nxy

@y

@w

@x
dxdy

in which Nyx is equal to and is replaced by Nxy. Using Eqs. (7.31) and (7.32), we reduce this expression

to

Nx
@2w

@x2
þ Ny

@2w

@y2
þ 2Nxy

@2w

@x@y

� �
dxdy

Since the in-plane forces do not produce moments along the edges of the element, Eqs. (7.17) and

(7.18) remain unaffected. Further, Eq. (7.16) may be modified simply by the addition of the preceding

vertical component of the in-plane loads to qdxdy. Therefore, the governing differential equation for a
thin plate supporting transverse and in-plane loads is, from Eq. (7.20),

@4w

@x4
þ 2

@4w

@x2@y2
þ @4w

@y4
¼ 1

D
qþ Nx

@2w

@x2
þ Ny

@2w

@y2
þ 2Nxy

@2w

@x@y

� �
(7.33)
Example 7.3
Determine the deflected form of the thin rectangular plate of Example 7.1 if, in addition to a uniformly distributed

transverse load of intensity q0, it supports an in-plane tensile force Nx per unit length.

The uniform transverse load may be expressed as a Fourier series (see Eq. (7.28) and Example 7.1); that is,

q ¼ 16q0
p2

X1
m¼1;3;5

X1
n¼1;3;5

1

mn
sin

mpx
a

sin
npy
b

Equation (7.33) then becomes, on substituting for q,

@4w

@x4
þ 2

@4w

@x2@y2
þ @4w

@y4
� Nx

D

@2w

@x2
¼ 16q0

p2D

X1
m¼1;3;5

X1
n¼1;3;5

1

mn
sin

mpx
a

sin
npy
b

(i)

The appropriate boundary conditions are

w ¼ @2w

@x2
¼ 0; atx ¼ 0 anda

w ¼ @2w

@y2
¼ 0; aty ¼ 0 andb

These conditions may be satisfied by the assumption of a deflected form of the plate given by

w ¼
X1
m¼1

X1
n¼1

Amn sin
mpx
a

sin
npy
b
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Substituting this expression into Eq. (i) gives

Amn ¼ 16q0

p6Dmn
m2

a2
þ n2

b2

0
@

1
A

2

þ Nxm
2

p2Da2

2
4

3
5
; for odd m and n

Amn ¼ 0; for even m and n

Therefore,

w ¼ 16q0
p6D

X1
m¼1;3;5

X1
n¼1;3;5

1

mn
m2

a2
þ n2

b2

� �2

þ Nxm
2

p2Da2

" # sin
mpx
a

sin
npy
b

(ii)

Comparing Eq. (ii) with Eq. (i) of Example 7.1, we see that, as a physical inspection would indicate, the presence of a

tensile in-plane force decreases deflection. Conversely, a compressive in-plane force would increase the deflection.

7.5 BENDING OF THIN PLATES HAVING A SMALL INITIAL CURVATURE
Suppose that a thin plate has an initial curvature so that the deflection of any point in its middle plane is

w0. We assume that w0 is small compared with the thickness of the plate. The application of transverse

and in-plane loads causes the plate to deflect a further amount w1, so that the total deflection is then

w¼ w0 þ w1. However, in the derivation of Eq. (7.33), we note that the left-hand side is obtained from

expressions for bending moments, which themselves depend on the change of curvature. We therefore

use the deflection w1 on the left-hand side, not w. The effect on bending of the in-plane forces depends
on the total deflection w so that we write Eq. (7.33)

@4w1

@x4
þ 2

@4w1

@x2@y2
þ @4w1

@y4

¼ 1

D
qþ Nx

@2 w0 þ w1ð Þ
@x2

þ Ny
@2 w0 þ w1ð Þ

@y2
þ 2Nxy

@2 w0 þ w1ð Þ
@x@y

2
4

3
5 (7.34)

The effect of an initial curvature on deflection is therefore equivalent to the application of a transverse

load of intensity

Nx
@2w0

@x2
þ Ny

@2w0

@y2
þ 2Nxy

@2w0

@x@y

Thus, in-plane loads alone produce bending, provided there is an initial curvature.

Assuming that the initial form of the deflected plate is

w0 ¼
X1
m¼1

X1
n¼1

Amn sin
mpx
a

sin
npy
b

(7.35)

then, by substitution in Eq. (7.34), we find that, if Nx is compressive and Ny ¼ Nxy ¼ 0,

w1 ¼
X1
m¼1

X1
n¼1

Bmn sin
mpx
a

sin
npy
b

(7.36)
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where

Bmn ¼ AmnNx

ðp2D=a2Þ½mþ ðn2a2=mb2Þ�2 � Nx

We shall return to the consideration of initially curved plates in the discussion of the experimental de-

termination of buckling loads of flat plates in Chapter 9.
7.6 ENERGY METHOD FOR THE BENDING OF THIN PLATES
Two types of solution are obtainable for thin-plate bending problems by the application of the principle

of the stationary value of the total potential energy of the plate and its external loading. The first, in

which the form of the deflected shape of the plate is known, produces an exact solution; the second, the

Rayleigh–Ritz method, assumes an approximate deflected shape in the form of a series having a finite

number of terms chosen to satisfy the boundary conditions of the problem and also to give the kind of

deflection pattern expected.

In Chapter 5, we saw that the total potential energy of a structural system comprised the internal

or strain energy of the structural member plus the potential energy of the applied loading. We now

proceed to derive expressions for these quantities for the loading cases considered in the preceding

sections.
7.6.1 Strain energy produced by bending and twisting
In thin-plate analysis, we are concerned with deflections normal to the loaded surface of the plate.

These, as in the case of slender beams, are assumed to be primarily due to bending action, so that

the effects of shear strain and shortening or stretching of the middle plane of the plate are ignored.

Therefore, it is sufficient for us to calculate the strain energy produced by bending and twisting only,

as this will be applicable, for the reason of the previous assumption, to all loading cases. It must be

remembered that we are only neglecting the contributions of only shear and direct strains on the de-

flection of the plate; the stresses producing them must not be ignored.

Consider the element dx� dy of a thin plate a� b shown in elevation in the xz plane in Fig. 7.14(a).
Bending momentsMx per unit length applied to its dy edge produce a change in slope between its ends
equal to (@2w/@x2)dx. However, since we regard the moments Mx as positive in the sense shown, then

this change in slope, or relative rotation, of the ends of the element is negative, as the slope decreases

with increasing x. The bending strain energy due to Mx is then

1

2
Mxdy � @2w

@x2
dx

� �

Similarly, in the yz plane the contribution of My to the bending strain energy is

1

2
Mydx � @2w

@y2
dy

� �



FIGURE 7.14 (a) Strain Energy of an Element Due to Bending; (b) Strain Energy Due to Twisting
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The strain energy due to the twisting moment per unit length, Mxy, applied to the dy edges of the

element, is obtained from Fig. 7.14(b). The relative rotation of the dy edges is (@2w/@x@y)dx, so that

the corresponding strain energy is

1

2
Mxydy

@2w

@x@y
dx

Finally, the contribution of the twisting moment Mxy on the dx edges is, in a similar fashion,

1

2
Mxydx

@2w

@x@y
dy

The total strain energy of the element from bending and twisting is thus

1

2
�Mx

@2w

@x2
�My

@2w

@y2
þ 2Mxy

@2w

@x@y

� �
dxdy

Substitution for Mx, My, and Mxy from Eqs. (7.7), (7.8), and (7.14) gives the total strain energy of the

element as

D

2

@2w

@x2

� �2

þ @2w

@y2

� �2

þ 2n
@2w

@x2
@2w

@y2
þ 2ð1� nÞ @2w

@x@y

� �2
" #

dxdy

which on rearranging becomes

D

2

@2w

@x2
þ @2w

@y2

� �2

� 2ð1� nÞ @2w

@x2
@2w

@y2
� @2w

@x@y

� �2
" #( )

dxdy

Hence, the total strain energy U of the rectangular plate a � b is

U ¼ D

2

ða
0

ðb
0

@2w

@x2
þ @2w

@y2

� �2

� 2ð1� nÞ @2w

@x2
@2w

@y2
� @2w

@x@y

� �2
" #( )

dxdy (7.37)
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Note that, if the plate is subject to pure bending only, thenMxy¼ 0 and, from Eq. (7.14), @2w/@x@y¼ 0,

so that Eq. (7.37) simplifies to

U ¼ D

2

ða
0

ðb
0

@2w

@x2

� �2

þ @2w

@y2

� �2

þ 2n
@2w

@x2
@2w

@y2

" #
dxdy (7.38)

7.6.2 Potential energy of a transverse load
An element dx � dy of the transversely loaded plate of Fig. 7.8 supports a load qdxdy. If the displace-
ment of the element normal to the plate is w, then the potential energy dV of the load on the element

referred to the undeflected plate position is

dV ¼ �wqdxdy ðsee Section 5:7Þ
Therefore, the potential energy V of the total load on the plate is given by

V ¼ �
ða
0

ðb
0

wq dxdy (7.39)

7.6.3 Potential energy of in-plane loads
Wemay consider each load Nx, Ny, and Nxy in turn, then use the principle of superposition to determine

the potential energy of the loading systemwhen they act simultaneously. Consider an elemental strip of

width dy along the length a of the plate in Fig. 7.15(a). The compressive load on this strip is Nxdy, and
due to the bending of the plate, the horizontal length of the strip decreases by an amount l, as shown in
Fig. 7.15(b). The potential energy dVx of the load Nxdy, referred to the undeflected position of the plate
as the datum, is then

dVx ¼ �Nxldy (7.40)

From Fig. 7.15(b), the length of a small element da of the strip is

da ¼ dx2 þ dw2
� �1

2

and, since @w/@x is small,

da � dx 1þ 1

2

@w

@x

� �2
" #

Hence,

a ¼
ða0
0

1þ 1

2

@w

@x

� �2
" #

dx

giving

a ¼ a0 þ
ða0
0

1

2

@w

@x

� �2

dx



FIGURE 7.15 (a) In-Plane Loads on a Plate; (b) Shortening of an Element Due to Bending
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and

l ¼ a� a0 ¼
ða0
0

1

2

@w

@x

� �2

dx

Since ða0
0

1

2

@w

@x

� �2

dx only differs from

ða
0

1

2

@w

@x

� �2

dx

by a term of negligible order, we write

l ¼
ða
0

1

2

@w

@x

� �2

dx (7.41)

The potential energy Vx of the Nx loading follows from Eqs. (7.40) and (7.41), thus

Vx ¼ � 1

2

ða
0

ðb
0

Nx
@w

@x

� �2

dx dy (7.42)
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Similarly,

Vy ¼ � 1

2

ða
0

ðb
0

Ny
@w

@y

� �2

dx dy (7.43)

The potential energy of the in-plane shear load Nxy may be found by considering the work done by

Nxy during the shear distortion corresponding to the deflection w of an element. This shear strain is the

reduction in the right angle C2AB1 to the angle C1AB1 of the element in Fig. 7.16 or, rotating C2A with

respect to AB1 to AD in the plane C1AB1, the angle DAC1. The displacement C2D is equal to (@w/@y)dy
and the angle DC2C1 is @w/@x. Thus C1D is equal to

@w

@x

@w

@y
dy

and the angle DAC1, representing the shear strain corresponding to the bending displacement w, is

@w

@x

@w

@y

so that the work done on the element by the shear force Nxydx is

1

2
Nxydx

@w

@x

@w

@y

Similarly, the work done by the shear force Nxydy is

1

2
Nxydy

@w

@x

@w

@y

and the total work done, taken over the complete plate, is

1

2

ða
0

ðb
b

2Nxy
@w

@x

@w

@y
dx dy
FIGURE 7.16 Calculation of Shear Strain Corresponding to Bending Deflection
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It follows immediately that the potential energy of the Nxy loads is

Vxy ¼ � 1

2

ða
0

ðb
0

2Nxy
@w

@x

@w

@y
dxdy (7.44)

and, for the complete in-plane loading system, we have, from Eqs. (7.42), (7.43), and (7.44), a potential

energy of

V ¼ � 1

2

ða
0

ðb
0

Nx
@w

@x

� �2

þ Ny
@w

@y

� �2

þ 2Nxy
@w

@x

@w

@y

" #
dxdy (7.45)

We are now in a position to solve a wide range of thin-plate problems, provided that the deflections are

small, obtaining exact solutions if the deflected form is known or approximate solutions if the deflected

shape has to be guessed.

Considering the rectangular plate of Section 7.3, simply supported along all four edges and sub-

jected to a uniformly distributed transverse load of intensity q0, we know that its deflected shape is

given by Eq. (7.27), namely,

w ¼
X1
m¼1

X1
n¼1

Amn sin
mpx
a

sin
npy
b

The total potential energy of the plate is, from Eqs. (7.37) and (7.39),

U þ V ¼
ða
0

ðb
0

D

2

@2w

@x2
þ @2w

@y2

� �2

� 2ð1� nÞ @2w

@x2
@2w

@y2
� @2w

@x@y

� �2
( )" #

� wq0

( )
dxdy (7.46)

Substituting in Eq. (7.46) for w and realizing that “cross-product” terms integrate to zero, we have

U þ V ¼
ða
0

ðb
0

D

2

X1
m¼1

X1
n¼1

A2
mn p4

m2

a2
þ n2

b2

0
@

1
A

2

sin2
mpx
a

sin2
npy
b

2
4

8<
:

�2ð1� nÞm
2n2p4

a2b2
sin2

mpx
a

sin2
npy
b

� cos2
mpx
a

cos2
npy
b

0
@

1
A
3
5

�qo
X1
m¼1

X1
n¼1

Amn sin
mpx
a

sin
npy
b

9=
;dx dy

The term multiplied by 2(1 – n) integrates to zero and the mean value of sin2 or cos2 over a complete

number of half waves is 1
2
; thus integration of the above expression yields

U þ V ¼ D

2

X1
m¼1;3;5

X1
n¼1;3;5

A2
mn

p4ab
4

m2

a2
þ n2

b2

� �2

� q0
X1

m¼1;3;5

X1
n¼1;3;5

Amn
4ab

p2mn
(7.47)

From the principle of the stationary value of the total potential energy, we have

@ U þ Vð Þ
@Amn

¼ D

2
2Amn

p4ab
4

m2

a2
þ n2

b2

� �2

� q0
4ab

p2mn
¼ 0
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so that

Amn ¼ 16qO

p6Dmn m2=a2ð Þ þ n2=b2ð Þ½ �2
giving a deflected form

w ¼ 16q0
p6D

X1
m¼1;3;5

X1
n¼1;3;5

sin mpx=að Þ sin npy=bð Þ
mn m2=a2ð Þ þ n2=b2ð Þ½ �2

which is the result obtained in Eq. (i) of Example 7.1.

This solution is exact, sinceweknow the truedeflected shapeof the plate in the formof an infinite series

forw. Frequently, the appropriate infinite series is not known, so that only an approximate solutionmay be

obtained.Themethodof solution, knownas theRayleigh–Ritzmethod, involves the selection of a series for

w containing a finite number of functions of x and y. These functions are chosen to satisfy the boundary
conditions of the problem as far as possible and also to give the type of deflection pattern expected.

Naturally, the more representative the guessed functions are, the more accurate the solution becomes.

Suppose that the guessed series forw in a particular problem contains three functions of x and y. Thus;

w ¼ A1f1ðx; yÞ þ A2f2ðx; yÞ þ A3f3ðx; yÞ
where A1, A2, and A3 are unknown coefficients. We now substitute for w in the appropriate expression

for the total potential energy of the system and assign stationary values with respect to A1, A2, and A3 in

turn. Thus,

@ U þ Vð Þ
@A1

¼ 0;
@ U þ Vð Þ

@A2

¼ 0;
@ U þ Vð Þ

@A3

¼ 0

giving three equations which are solved for A1, A2, and A3.
Example 7.4
A rectangular plate a� b, is simply supported along each edge and carries a uniformly distributed load of intensity

q0. Assuming a deflected shape given by

w ¼ A11 sin
px
a

sin
py
b

determine the value of the coefficient A11 and hence find the maximum value of deflection.

The expression satisfies the boundary conditions of zero deflection and zero curvature (i.e., zero bending

moment) along each edge of the plate. Substituting for w in Eq. (7.46), we have

U þ V ¼
ða
0

ðb
0

DA2
11

2

p4

ða2b2Þ2 ða
2 þ b2Þ2 sin2 px

a
sin2

py
b
� 2ð1� nÞ

8<
:

2
4

� p4

a2b2
sin2

px
a

sin2
py
b
� p4

a2b2
cos2

px
a

cos2
py
b

2
4

3
5
9=
;

�q0A11 sin
px
a

sin
py
b

3
5dxdy
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from which

U þ V ¼ DA2
11

2

p4

4a3b3
a2 þ b2
� �2 � q0A11

4ab

p2

so that

@ U þ Vð Þ
@A11

¼ DA11p4

4a3b3
a2 þ b2
� �2 � q0

4ab

p2
¼ 0

and

A11 ¼ 16q0a
4b4

p6D a2 þ b2ð Þ2
giving

w ¼ 16q0a
4b4

p6D a2 þ b2ð Þ2 sin
px
a

sin
py
b

At the center of the plate, w is a maximum and

wmax ¼ 16q0a
4b4

p6D a2 þ b2ð Þ2

For a square plate and assuming n ¼ 0.3,

wmax ¼ 0:0455q0
a4

Et3

which compares favorably with the result of Example 7.1.

In this chapter, we have dealt exclusively with small deflections of thin plates. For a plate subjected

to large deflections, the middle plane is stretched due to bending, so that Eq. (7.33) requires modifi-

cation. The relevant theory is outside the scope of this book but may be found in a variety of references.
Example 7.4 MATLAB
Repeat Example 7.4 using the Symbolic Math Toolbox in MATLAB.

Expressions for A11 and the maximum deflection are obtained through the following MATLAB file:

% Declare any needed variables

syms w A_11 x y b a q_0 UV v D

% Define the given deflection function

w ¼ A_11*sin(pi*x/a)*sin(pi*y/b);

% Evaluate Eq. (7.46) to calculate UþV (UV)

w_xx ¼ diff(w,x,2);

w_yy ¼ diff(w,y,2);

w_xy ¼ diff(diff(w,x),y);

UV¼ int(int((D/2*((w_xxþw_yy)̂ 2 - 2*(1-v)*(w_xx*w_yy-w_xŷ 2)) - w*q_0),y,0,b),x,0,a);
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% Differentiate UV with respect to A_11, set equal to 0, and solve for A_11

A_11val ¼ solve(diff(UV,A_11),A_11);

% Substitute A_11 back into w

w ¼ subs(w,A_11,A_11val);

% Due to the boundary conditions and the form of w, there will only be one maximum value.

% Therefore, w_max will occur where the gradient of w is 0.

x_max ¼ solve(diff(w,x),x);

y_max ¼ solve(diff(w,y),y);

% Substitute x_max and y_max into w

w_max ¼ subs(subs(w,x,x_max),y,y_max);

% Output expressions for A_11 and w_max to the Command Window

disp([‘A_11 ¼’ char(A_11val)])

disp([‘w_max ¼’ char(w_max)])

The Command Window outputs resulting from this MATLAB file are as follows:

A_11 ¼ (16*â 4*b̂ 4*q_0)/(D*pî 6*(â 2 þ b̂ 2)̂ 2)

w_max ¼ (16*â 4*b̂ 4*q_0)/(D*pî 6*(â 2 þ b̂ 2)̂ 2)

Further reading
Jaeger JC. Elementary theory of elastic plates. New York: Pergamon press; 1964.

Timoshenko SP, Woinowsky-Krieger S. Theory of plates and shells. 2nd ed. New York: McGraw-Hill; 1959.

Timoshenko SP, Gere JM. Theory of elastic stability. 2nd ed. New York: McGraw-Hill; 1961.

Wang CT. Applied elasticity. New York: McGraw-Hill; 1953.
PROBLEMS

P.7.1. A plate 10 mm thick is subjected to bending moments Mx equal to 10 Nm/mm and My equal to

5 Nm/mm. Calculate the maximum direct stresses in the plate.
An

An
swer: sx;max¼ �600N=mm2; sy;max¼ �300N=mm2:
P.7.2. For the plate and loading of problem P.7.1, find the maximum twisting moment per unit length in

the plate and the direction of the planes on which this occurs.
swer: 2.5 Nm/mm at 45� to the x and y axes.
P.7.3. The plate of the previous two problems is subjected to a twisting moment of 5 Nm/mm along

each edge in addition to the bending moments ofMx¼ 10 Nm/mm andMy¼ 5 Nm/mm. Determine the

principal moments in the plate, the planes on which they act, and the corresponding principal stresses.
swer: 13:1 Nm=mm; 1:9 Nm=mm; a ¼ �31:7�; a ¼ þ58:3�; �786 N=mm2;
An

�114 N=mm2:



An

An
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ATLABUseMATLAB to repeat Problem P.7.3 for the following combinations ofMx,My, and
P.7.3M

Mxy. Do not calculate the principal stresses.

ið Þ iið Þ iiið Þ ivð Þ vð Þ
Mx 6 8 10 12 14

Mx 7 6 5 4 3

Mx 3 4 5 6 7

� �
Answer: ðiÞ MI ¼ 9:5 N m=mm; MII ¼ 3:5 N m=mm; a ¼ �49:7 or 40:3
ðiiÞ MI ¼ 11:1 N m=mm; MII ¼ 2:9 N m=mm; a ¼ �38� or 52�

ðiiiÞ MI ¼ 13:1 N m=mm; MII ¼ 1:9 N m=mm; a ¼ �31:7� or 58:3�

ðivÞ MI ¼ 15:2 N m=mm; MII ¼ 0:8 N m=mm; a ¼ �28:2� or 61:8�

ðvÞ MI ¼ 17:4 N m=mm; MII ¼ 0:4 N m=mm; a ¼ �25:9� or 64:1�
P.7.4. A thin rectangular plate of length a and width 2a is simply supported along the edges x ¼ 0,

x ¼ a, y ¼ –a, and y ¼ þa. The plate has a flexural rigidity D, a Poisson’s ratio of 0.3, and carries a

load distribution given by q(x, y) ¼ q0 sin(px/a). If the deflection of the plate is represented by the

expression

w ¼ qa4

Dp4
1þ A cosh

py
a
þ B

py
a

sinh
py
a

� 	
sin

px
a

determine the values of the constants A and B.
swer: A ¼ �0:2213;B ¼ 0:0431:
P.7.5.A thin, elastic square plate of side a is simply supported on all four sides and supports a uniformly

distributed load q. If the origin of axes coincides with the center of the plate show that the deflection of

the plate can be represented by the expression

w ¼ q

96ð1� nÞD ½2ðx4 þ y4Þ � 3a2ð1� nÞðx2 þ y2Þ � 12nx2y2 þ A�

where D is the flexural rigidity, v is Poisson’s ratio and A is a constant. Calculate the value of A and

hence the central deflection of the plate.
swer: A ¼ a4 5� 3nð Þ=4; Cen: def: ¼ qa4 ð5� 3nÞ=384D 1� nð Þ

P.7.6. The deflection of a square plate of side awhich supports a lateral load represented by the function
q(x, y) is given by

wðx; yÞ ¼ w0 cos
px
a

cos
3py
a

where x and y are referred to axes whose origin coincides with the center of the plate and w0 is the

deflection at the center. If the flexural rigidity of the plate is D and Poisson’s ratio is n, determine

the loading function q, the support conditions of the plate, the reactions at the plate corners, and

the bending moments at the center of the plate.
swer: qðx; yÞ ¼ w0D100
p4

a4
cos

px
a

cos
3py
a

An
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The plate is simply supported on all edges. Reactions: �6w0D
p
a

� �2ð1� nÞ

Mx ¼ w0D
p
a

� 	2
ð1þ 9nÞ; My ¼ w0D

p
a

� 	2
ð9þ nÞ
P.7.7. A simply supported square plate a � a carries a distributed load according to the formula

qðx; yÞ ¼ q0
x

a

where q0 is its intensity at the edge x ¼ a. Determine the deflected shape of the plate.
An

Cen
Answer: w ¼ 8q0a
4

p6D

P1
m¼1;2;3

P1
n¼1;3;5

�1ð Þmþ1

mn m2þn2ð Þ2 sin
mpx
a sin npy

a

P.7.8. An elliptic plate of major and minor axes 2a and 2b and of small thickness t is clamped along its

boundary and is subjected to a uniform pressure difference p between the two faces. Show that the usual

differential equation for normal displacements of a thin flat plate subject to lateral loading is satisfied

by the solution

w ¼ w0 1� x2

a2
� y2

b2

� �2

where w0 is the deflection at the center, which is taken as the origin.

Determine w0 in terms of p and the relevant material properties of the plate and hence expressions

for the greatest stresses due to bending at the center and at the ends of the minor axis.
swer: w0 ¼ 3p 1� n2ð Þ
2Et3

3

a4
þ 2

a2b2
þ 3

b4

� �

ter,
sx;max ¼ �3pa2b2 b2 þ na2ð Þ
t2 3b4 þ 2a2b2 þ 3a4ð Þ ; sy;max

�3pa2b2 a2 þ nb2ð Þ
t2 3b4 þ 2a2b2 þ 3a4ð Þ
s of minor axis,
End

sx;max ¼ �6pa4b2

t2 3b4 þ 2a2b2 þ 3a4ð Þ ; sy;max

�6pb4a2

t2 3b4 þ 2a2b2 þ 3a4ð Þ
P.7.9. Use the energy method to determine the deflected shape of a rectangular plate a � b, simply

supported along each edge and carrying a concentrated load W at a position (x, Z) referred to axes

through a corner of the plate. The deflected shape of the plate can be represented by the series

w ¼
X1
m¼1

X1
n¼1

Amn sin
mpx
a

sin
npy
b
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4W sin
mpx

sin
npZ
An

An

An

An
swer: Amn ¼ a b
p4Dab m2=a2ð Þ þ n2=b2ð Þ½ �2
P.7.10. If, in addition to the point loadW, the plate of problem P.7.9 supports an in-plane compressive

load of Nx per unit length on the edges x ¼ 0 and x ¼ a, calculate the resulting deflected shape.
swer: Amn ¼
4W sin

mpx
a

sin
npZ
b

abDp4
m2

a2
þ n2

b2

� �2

� m2Nx

p2a2D

" #
P.7.11. A square plate of side a is simply supported along all four sides and is subjected to a transverse

uniformly distributed load of intensity q0. It is proposed to determine the deflected shape of the plate by

the Rayleigh–Ritz method employing a “guessed” form for the deflection of

w ¼ A11 1� 4x2

a2

� �
1� 4y2

a2

� �

in which the origin is taken at the center of the plate.

Comment on the degree towhich the boundary conditions are satisfied and find the central deflection

assuming n ¼ 0.3.
swer: 0.0389q0a
4/Et3
P.7.11MATLABUse the Symbolic Math Toolbox in MATLAB to repeat Problem P.7.11. In addition,

calculate the deflections at the following (x,y) locations in the plate.

ða=4; a=4Þ; ð0; 0Þ; ða=3; a=3Þ
4 3
Answer: ðiÞ ðx; yÞ ¼ ða=4; a=4Þ;w ¼ 0:0218a q0=Et

ðiiÞ ðx; yÞ ¼ ð0; 0Þ;w ¼ 0:0388a4q0=Et
3

ðiiiÞ ðx; yÞ ¼ ða=3; a=3Þ;w ¼ 0:012a4q0=Et
3

P.7.12.A rectangular plate a� b, simply supported along each edge, possesses a small initial curvature

in its unloaded state given by

w0 ¼ A11 sin
px
a

sin
py
b

Determine, using the energymethod, its final deflected shape when it is subjected to a compressive load

Nx per unit length along the edges x ¼ 0, x ¼ a.
swer: w ¼ A11

1� Nxa
2

p2D

�
1þ a2

b2

� �2
" # sin

px
a

sin
py
b



CHAPTER
Columns
 8

A large proportion of an aircraft’s structure consists of thin webs stiffened by slender longerons or

stringers. Both are susceptible to failure by buckling at a buckling stress or critical stress, which is fre-

quently below the limit of proportionality and seldom appreciably above the yield stress of the material.

Clearly, for this type of structure, buckling is the most critical mode of failure, so that the prediction of

buckling loads of columns, thin plates, and stiffened panels is extremely important in aircraft design.

In this chapter, we consider the buckling failure of all these structural elements and also the flexural–

torsional failure of thin-walled open tubes of low torsional rigidity.

Two types of structural instability arise: primary and secondary. The former involves the complete

element, there being no change in cross-sectional area while the wavelength of the buckle is of the same

order as the length of the element. Generally, solid and thick-walled columns experience this type of

failure. In the latter mode, changes in cross-sectional area occur and the wavelength of the buckle is of

the order of the cross-sectional dimensions of the element. Thin-walled columns and stiffened plates

may fail in this manner.
8.1 EULER BUCKLING OF COLUMNS
The first significant contribution to the theory of the buckling of columns was made as early as 1744 by

Euler. His classical approach is still valid, and likely to remain so, for slender columns possessing a

variety of end restraints. Our initial discussion is therefore a presentation of the Euler theory for the

small elastic deflection of perfect columns. However, we investigate first the nature of buckling

and the difference between theory and practice.

It is common experience that, if an increasing axial compressive load is applied to a slender column,

there is a value of the load at which the column will suddenly bow or buckle in some unpredetermined

direction. This load is patently the buckling load of the column or something very close to the buckling

load. Clearly, this displacement implies a degree of asymmetry in the plane of the buckle caused by

geometrical or material imperfections of the column and its load. However, in our theoretical stipula-

tion of a perfect column in which the load is applied precisely along the perfectly straight centroidal

axis, there is perfect symmetry, so that, theoretically, there can be no sudden bowing or buckling. We

therefore require a precise definition of the buckling load that may be used in our analysis of the perfect

column.

If the perfect column of Fig. 8.1 is subjected to a compressive load P, only shortening of the column

occurs, no matter what the value of P. However, if the column is displaced a small amount by a lateral

load F, then, at values of P below the critical or buckling load, PCR, removal of F results in a return of

the column to its undisturbed position, indicating a state of stable equilibrium. At the critical load, the

displacement does not disappear and, in fact, the column remains in any displaced position as long as
Introduction to Aircraft Structural Analysis, Third Edition. http://dx.doi.org/10.1016/B978-0-08-102076-0.00008-7
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FIGURE 8.1 Definition of Buckling Load for a Perfect Column
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the displacement is small. Thus, the buckling load PCR is associated with a state of neutral equilibrium.
For P > PCR, enforced lateral displacements increase and the column is unstable.

Consider the pin-ended column AB of Fig. 8.2. We assume that it is in the displaced state of neutral

equilibrium associated with buckling, so that the compressive load P has attained the critical value PCR.
Simple bending theory (see Chapter 15) gives

EI
d2v

dz2
¼ �M

or

EI
d2v

dz2
¼ �PCRv (8.1)

so that the differential equation of bending of the column is

d2v

dz2
þ PCR

EI
v ¼ 0 (8.2)

The well-known solution of Eq. (8.2) is

v ¼ A cos mzþ B sin mz (8.3)
FIGURE 8.2 Determination of Buckling Load for a Pin-Ended Column
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where m2 ¼ PCR/EI and A and B are unknown constants. The boundary conditions for this particular

case are v ¼ 0 at z ¼ 0 and l. Therefore, A ¼ 0 and

B sin ml ¼ 0

For a non-trivial solution (i.e., v 6¼ 0),

sin ml ¼ 0 or ml ¼ np; where n ¼ 1; 2; 3; . . .

giving

PCRl
2

EI
¼ n2p2

or

PCR ¼ n2p2EI
l2

(8.4)

Note that Eq. (8.3) cannot be solved for v no matter how many of the available boundary conditions are

inserted. This is to be expected, since the neutral state of equilibrium means that v is indeterminate.

The smallest value of buckling load, in other words the smallest value of P that can maintain the

column in a neutral equilibrium state, is obtained by substituting n ¼ 1 in Eq. (8.4). Hence,

PCR ¼ p2EI
l2

(8.5)

Other values of PCR corresponding to n ¼ 2, 3, . . . , are

PCR ¼ 4p2EI
l2

;
9p2EI
l2

; . . .

These higher values of buckling load cause more complex modes of buckling such as those shown in

Fig. 8.3. The different shapes may be produced by applying external restraints to a very slender column

at the points of contraflexure to prevent lateral movement. If no restraints are provided then these forms

of buckling are unstable and have little practical meaning.

The critical stress, sCR, corresponding to PCR, is, from Eq. (8.5)

sCR ¼ p2E

ðl=rÞ2 (8.6)

where r is the radius of gyration of the cross-sectional area of the column. The term l/r is known as the
slenderness ratio of the column. For a column that is not doubly symmetrical, r is the least radius of
FIGURE 8.3 Buckling Loads for Different Buckling Modes of a Pin-Ended Column
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gyration of the cross-section since the column bends about an axis about which the flexural rigidityEI is
least. Alternatively, if buckling is prevented in all but one plane, then EI is the flexural rigidity in that

plane.

Equations (8.5) and (8.6) may be written in the form

PCR ¼ p2EI
l2e

(8.7)

and

sCR ¼ p2E

ðle=rÞ2
(8.8)

where le is the effective length of the column. This is the length of a pin-ended column that has the same

critical load as that of a column of length l but with different end conditions. The determination of

critical load and stress is carried out in an identical manner to that for the pin-ended column, except

that the boundary conditions are different in each case. Table 8.1 gives the solution in terms of effective

length for columns having a variety of end conditions. In addition, the boundary conditions referred to

the coordinate axes of Fig. 8.2 are quoted. The last case in Table 8.1 involves the solution of a tran-

scendental equation; this is most readily accomplished by a graphical method.

Let us now examine the buckling of the perfect pin-ended column of Fig. 8.2 in greater detail. We

showed, in Eq. (8.4), that the column buckles at discrete values of axial load and that associated with

each value of buckling load is a particular buckling mode (Fig. 8.3). These discrete values of buckling

load are called eigenvalues, their associated functions (in this case v¼ B sinnpz/l) are called eigenfunc-
tions and the problem itself is called an eigenvalue problem.

Further, suppose that the lateral load F in Fig. 8.1 is removed. Since the column is perfectly straight,

homogeneous, and loaded exactly along its axis, it suffers only axial compression as P is increased.

This situation, theoretically, continues until yielding of the material of the column occurs. However,

as we have seen, for values of P below PCR, the column is in stable equilibrium, whereas for P > PCR,

the column is unstable. A plot of load against lateral deflection at mid-height therefore has the form

shown in Fig. 8.4, where, at the point P¼ PCR, it is theoretically possible for the column to take one of

three deflection paths. Thus, if the column remains undisturbed, the deflection at mid-height continues

to be zero but unstable (i.e., the trivial solution of Eq. (8.3), v¼ 0), or if disturbed, the column buckles

in either of two lateral directions; the point at which this possible branching occurs is called a bifur-
cation point; further bifurcation points occur at the higher values of PCR(4p

2EI/l2, 9p2EI/l2, . . .).
Table 8.1 Column Length Solutions

Ends le/l Boundary conditions

Both pinned 1.0 v ¼ 0 at z ¼ 0 and l

Both fixed 0.5 v ¼ 0 at z ¼ 0 and z ¼ l, dv/dz ¼ 0 at z ¼ l

One fixed, the other free 2.0 v ¼ 0 and dv/dz ¼ 0 at z ¼ 0

One fixed, the other pinned 0.6998 dv/dz ¼ 0 at z ¼ 0, v ¼ 0 at z ¼ l and z ¼ 0



FIGURE 8.4 Behavior of a Perfect Pin-Ended Column
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Example 8.1
A uniform column of length L and flexural stiffness EI is simply supported at its ends and has an additional elastic

support at mid-span. This support is such that, if a lateral displacement vc occurs at this point, a restoring force kvc is

generated at the point. Derive an equation giving the buckling load of the column. If the buckling load is 4p2EI/L2,
find the value of k. Also, if the elastic support is infinitely stiff, show that the buckling load is given by the equation

tan lL/2 ¼ lL/2, where l ¼ ffiffiffiffiffiffiffiffiffiffiffi
P=EI

p
.

The column is shown in its displaced position in Fig. 8.5. The bending moment at any section in the left hand

half of the column is given by

M ¼ Pv� kvc
2

z

so that, by comparison with Eq. (8.1),

EI
d2v

dz2
¼ �Pvþ kvc

2
z

u uc

kuc

P
P

z

y

kuc

2

kuc

2
L

FIGURE 8.5 Column of Example 8.1
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giving

d2v

dz2
þ l2v ¼ kvc

2EI
z (i)

The solution of Eq. (i) is of standard form and is

v ¼ A cos lzþ B sin lzþ kvc
2P

z

The constants A and B are found using the boundary conditions of the column, which are v¼ 0 when z¼ 0, v¼ vc,

when z ¼ L/2 and (dv/dz) ¼ 0 when z ¼ L/2.

From the first of these, A ¼ 0, while from the second,

B ¼ vc 1� kL=4Pð Þ=sin lL=2ð Þ
The third boundary condition gives, since vc 6¼ 0, the required equation; that is,

1� kL

4P

� �
cos

lL
2

þ k

2Pl
sin

lL
2

¼ 0

Rearranging,

P ¼ kL

4
1� tan ðlL=2Þ

lL=2

� �

If P (buckling load) ¼ 4p2EI/L2, then lL/2 ¼ p, so that k ¼ 4P/L. Finally, if k ! 1,

tan
lL
2

¼ lL
2

(ii)

Note that Eq. (ii) is the transcendental equation which would be derived when determining the buckling load of a

column of length L/2, built in at one end, and pinned at the other.
Example 8.1 MATLAB
Repeat the derivation of the column buckling load in Example 8.1 using MATLAB.

The expression for the column buckling load (P) is obtained through the following MATLAB file:

% Declare any needed variables

syms M P v k v_c z EI lambda L A B C PI

P_buck ¼ EI/(L̂ 2)*4*PÎ 2;

lambda_sq ¼ P_buck/EI;

% Define the bending moment equation at any section in the column

M ¼ P*v - k*v_c*z/2;

% Substituting M intoEq.(8.1)and solving the second order differential

% equation results in the following general solution for v

C ¼ solve(EI*diff(C,2)þsubs(M,v,C),C); %Equation 8.1

v ¼ A*cos(lambda*z) þ B*sin(lambda*z) þ C; % General solution ofEq.(8.1)
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% Check boundary conditions to solve for A and B and P

% Boundary Condition #1: v ¼ 0 when z ¼ 0

A_val ¼ solve(subs(v,z,0),A);

v ¼ subs(v,A,A_val);

% Boundary Condition #2: v ¼ v_c when z ¼ L/2

B_val ¼ solve(subs(v,z,L/2)-v_c,B);

v ¼ subs(v,B,B_val);

% Boundary Condition #3: v_z ¼ 0 when z ¼ L/2

P ¼ solve(subs(diff(v,z),z,L/2),P);

% Output a simplified expression of P to the Command Window

disp([‘P ¼’ char(simplify(P))])

The Command Window output resulting from this MATLAB file is as follows:

P ¼ (L*k)/4 - (k*tan((L*lambda)/2))/(2*lambda)

8.2 INELASTIC BUCKLING
We have shown that the critical stress, Eq. (8.8), depends only on the elastic modulus of the material of

the column and the slenderness ratio l/r. For a given material, the critical stress increases as the slen-

derness ratio decreases, that is, as the column becomes shorter and thicker. A point is reached when

the critical stress is greater than the yield stress of the material, so that Eq. (8.8) is no longer applicable.

For mild steel, this point occurs at a slenderness ratio of approximately 100, as shown in Fig. 8.6.

We therefore require some alternative means of predicting column behavior at low values of the

slenderness ratio.
FIGURE 8.6 Critical Stress–Slenderness Ratio for a Column



FIGURE 8.7 Elastic Moduli for a Material Stressed above the Elastic Limit
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It was assumed in the derivation of Eq. (8.8) that the stresses in the column remain within the elastic

range of the material, so that the modulus of elasticityE(¼ ds/de) was constant. Above the elastic limit,

ds/de depends upon the value of stress and whether the stress is increasing or decreasing. Thus, in

Fig. 8.7, the elastic modulus at the point A is the tangent modulus Et if the stress is increasing but

E if the stress is decreasing.

Consider a column having a plane of symmetry and subjected to a compressive load P such that the

direct stress in the column P/A is above the elastic limit. If the column is given a small deflection, v, in

its plane of symmetry, then the stress on the concave side increases while the stress on the convex side

decreases. Thus, in the cross-section of the column shown in Fig. 8.8(a) the compressive stress

decreases in the area A1 and increases in the area A2, while the stress on the line nn is unchanged.

Since these changes take place outside the elastic limit of the material, we see, from our remarks in
FIGURE 8.8 Determination of Reduced Elastic Modulus
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the previous paragraph, that the modulus of elasticity of the material in the area A1 is E while that in A2

is Et. The homogeneous column now behaves as if it were nonhomogeneous, with the result that the

stress distribution is changed to the form shown in Fig. 8.8(b); the linearity of the distribution follows

from an assumption that plane sections remain plane.

As the axial load is unchanged by the disturbance,ðd1
0

sxdA ¼
ðd2
0

sv dA (8.9)

Also, P is applied through the centroid of each end section a distance e from nn, so thatðd1
0

sxðy1 þ eÞdAþ
ðd2
0

svðy2 � eÞ dA ¼ �Pv (8.10)

From Fig. 8.8(b),

sx ¼ s1

d1
y1; sv ¼ s2

d2
y2 (8.11)

The angle between two close, initially parallel, sections of the column is equal to the change in slope

d2v/dz2 of the column between the two sections. This, in turn, must be equal to the angle df in the strain

diagram of Fig. 8.8(c). Hence,

d2v

dz2
¼ s1

Ed1
¼ s2

Etd2
(8.12)

and Eq. (8.9) becomes, from Eqs. (8.11) and (8.12),

E
d2v

dz2

ðd1
0

y1dA� Et

d2v

dz2

ðd2
0

y2 dA ¼ 0 (8.13)

Further, in a similar manner, from Eq. (8.10),

d2v

dz2
E

ðd1
0

y21dAþ Et

ðd2
0

y22dA

� �
þ e

d2v

dz2
E

ðd1
0

y1 dA� Et

ðd2
0

y2 dA

� �
¼ �Pv (8.14)

The second term on the left-hand side of Eq. (8.14) is zero, from Eq. (8.13). Therefore, we have

d2v

dz2
ðEI1 þ EtI2Þ ¼ �Pv (8.15)

in which

I1 ¼
ðd1
0

y21dA and I2 ¼
ðd2
0

y22 dA

the second moments of area about nn of the convex and concave sides of the column, respectively.

Putting

ErI ¼ EI1 þ EtI2
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or

Er ¼ E
I1
I
þ Et

I2
I

(8.16)

where Er, known as the reduced modulus, gives

ErI
d2v

dz2
þ Pv ¼ 0

Comparing this with Eq. (8.2), we see that, if P is the critical load PCR, then

PCR ¼ p2ErI

l2e
(8.17)

and

sCR ¼ p2Er

ðle=rÞ2
(8.18)

This method for predicting critical loads and stresses outside the elastic range is known as the reduced
modulus theory. From Eq. (8.13), we have

E

ðd1
0

y1 dA� Et

ðd2
0

y2 dA ¼ 0 (8.19)

which, together with the relationship d ¼ d1 þ d2, enables the position of nn to be found.

It is possible that the axial load P is increased at the time of the lateral disturbance of the column

such that no strain reversal occurs on its convex side. The compressive stress therefore increases over

the complete section so that the tangent modulus applies over the whole cross-section. The analysis is

then the same as that for column buckling within the elastic limit except that Et is substituted for E.
Hence, the tangent modulus theory gives

PCR ¼ p2EtI

l2e
(8.20)

and

sCR ¼ p2Et

ðle=rÞ2
(8.21)

By a similar argument, a reduction in P could result in a decrease in stress over the whole cross-

section. The elastic modulus applies in this case and the critical load and stress are given by the standard

Euler theory; namely, Eqs. (8.7) and (8.8).

In Eq. (8.16), I1 and I2 are together greater than I while E is greater than Et. It follows that the

reduced modulus Er is greater than the tangent modulus Et. Consequently, buckling loads predicted

by the reduced modulus theory are greater than buckling loads derived from the tangent modulus the-

ory, so that, although we specified theoretical loading situations where the different theories apply,

there remains the difficulty of deciding which should be used for design purposes.
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Extensive experiments carried out on aluminum alloy columns by the aircraft industry in the 1940s

showed that the actual buckling load was approximately equal to the tangent modulus load. Shanley

(1947) explained that, for columns with small imperfections, an increase of axial load and bending

occur simultaneously. He then showed analytically that, after the tangent modulus load is reached,

the strain on the concave side of the column increases rapidly while that on the convex side decreases

slowly. The large deflection corresponding to the rapid strain increase on the concave side, which oc-

curs soon after the tangent modulus load is passed, means that it is possible to exceed the tangent mod-

ulus load by only a small amount. It follows that the buckling load of columns is given most accurately

for practical purposes by the tangent modulus theory.

Empirical formulae have been used extensively to predict buckling loads, although in view of the

close agreement between experiment and the tangent modulus theory, they would appear unnecessary.

Several formulae are in use; for example, the Rankine, Straight-line, and Johnson’s parabolic formulae

are given in many books on elastic stability.1
Example 8.2
A short column of rectangular cross-section, width b and depth d, is fabricated from material having a Young’s

modulus E and a tangent modulus Et. Determine, in terms of E and Et, an expression for the reduced modulus Er.

For a rectangular section of width b Eq. (8.19) becomes

E

ðd1
0

by1dy� Et

ðd2
0

by2dy ¼ 0

Integrating and substituting the limits gives

Ed21 � Etd
2
2 ¼ 0 (i)

Substituting in Eq. (i) for d2 (=d – d1) we obtain

d21 E� Etð Þ þ 2Etdd1 � Etd
2 ¼ 0

Solving this quadratic in d1 using the formula and simplifying gives

d1 ¼ d

1 þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E=Etð Þp (ii)

It follows that

d2 ¼ d

1 þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Et=Eð Þp (iii)

Now, in Eq. (8.16)

I ¼ bd3

12
; I1 ¼ bd31

3
; I2 ¼ bd32

3

Substituting for d1 and d2 in these expressions from Eqs. (ii) and (iii) respectively and then in Eq. (8.16) gives

Er ¼ 4EEtffiffiffiffiffi
Et

p þ ffiffiffi
E

p� �2 (iv)
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Note that in the case of elastic failure occurring across the complete cross-section of the column then, in

Eq. (iv), E = Et and Er = Et. If no elastic failure occurs then Et = E and Er = E.

8.3 EFFECT OF INITIAL IMPERFECTIONS
Obviously, it is impossible in practice to obtain a perfectly straight homogeneous column and to ensure

that it is exactly axially loaded. An actual column may be bent with some eccentricity of load. Such

imperfections influence to a large degree the behavior of the column, which, unlike the perfect column,

begins to bend immediately the axial load is applied.

Let us suppose that a column, initially bent, is subjected to an increasing axial load P, as shown in
Fig. 8.9. In this case, the bending moment at any point is proportional to the change in curvature of the

column from its initial bent position. Thus,

EI
d2v

dz2
� EI

d2v0

dz2
¼ �Pv (8.22)

which, on rearranging, becomes

d2v

dz2
þ l2v ¼ d2v0

dz2
(8.23)

where l2 ¼ P/EI. The final deflected shape, v, of the column depends upon the form of its unloaded

shape, v0. Assuming that

v0 ¼
X1
n¼1

An sin
npz
l

(8.24)

and, substituting in Eq. (8.23), we have

d2v

dz2
þ l2v ¼ � p2

l2

X1
n¼1

n2An sin
npz
l

The general solution to this equation is

v ¼ B cos lzþ D sin lzþ
X1
n¼1

n2An

n2 � a
sin

npz
l

FIGURE 8.9 Initially Bent Column
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where B and D are constants of integration and a ¼ l2l2/p2. The boundary conditions are v ¼ 0 at

z ¼ 0 and l, giving B ¼ D ¼ 0, from which

v ¼
X1
n¼1

n2An

n2 � a
sin

npz
l

(8.25)

Note that, in contrast to the perfect column, we are able to obtain a non-trivial solution for deflec-

tion. This is to be expected, since the column is in stable equilibrium in its bent position at all

values of P.
An alternative form for a is

a ¼ Pl2

p2EI
¼ P

PCR

(see Eq. (8.5)). Thus, a is always less than 1 and approaches unity when P approaches PCR, so that the

first term in Eq. (8.25) usually dominates the series. A good approximation, therefore, for deflection

when the axial load is in the region of the critical load, is

v ¼ A1

1� a
sin

pz
l

(8.26)

or, at the center of the column, where z ¼ l/2,

v ¼ A1

1� P=PCR

(8.27)

in which A1 is seen to be the initial central deflection. If central deflections d(¼ v – A1) are measured

from the initially bowed position of the column, then from Eq. (8.27), we obtain

A1

1� P=PCR

� A1 ¼ d

which gives, on rearranging,

d ¼ PCR

d
P
� A1 (8.28)

and we see that a graph of d plotted against d/P has a slope, in the region of the critical load, equal to

PCR and an intercept equal to the initial central deflection. This is the well-known Southwell plot for the
experimental determination of the elastic buckling load of an imperfect column.

Timoshenko and Gere1 also showed that Eq. (8.27) may be used for a perfectly straight column with

small eccentricities of column load.
Example 8.3
The pin-jointed column shown in Fig. 8.10 carries a compressive load P applied eccentrically at a distance e from

the axis of the column. Determine the maximum bending moment in the column.

The bending moment at any section of the column is given by

M ¼ P eþ vð Þ



y

P e

u
z

e P

L

FIGURE 8.10 Eccentrically Loaded Column of Example 8.3.
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Then, by comparison with Eq. (8.1),

EI
d2v

dz2
¼ �Pðeþ vÞ

giving

d2v

dz2
þ m2v ¼ �Pe

EI
ðm2 ¼ P=EIÞ (i)

The solution of Eq. (i) is of standard form and is

v ¼ A cos mzþ B sin mz� e

The boundary conditions are v¼ 0 when z¼ 0 and (dv/dz)¼ 0 when z¼ L/2. From the first of these, A¼ e, while

from the second,

B ¼ e tan
mL
2

The equation for the deflected shape of the column is then

v ¼ e
cos mðz� L=2Þ

cos mL=2
� 1

� �

The maximum value of v occurs at mid-span, where z ¼ L/2; that is,

vmax ¼ e sec
mL
2

� 1

� �
The maximum bending moment is given by

MðmaxÞ ¼ Peþ Pvmax

so that

MðmaxÞ ¼ Pe sec
mL
2
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8.4 STABILITY OF BEAMS UNDER TRANSVERSE AND AXIAL LOADS
Stresses and deflections in a linearly elastic beam subjected to transverse loads, as predicted by simple

beam theory, are directly proportional to the applied loads. This relationship is valid if the deflections

are small, such that the slight change in geometry produced in the loaded beam has an insignificant

effect on the loads themselves. This situation changes drastically when axial loads act simultaneously

with the transverse loads. The internal moments, shear forces, stresses, and deflections then become

dependent upon the magnitude of the deflections as well as the magnitude of the external loads. They

are also sensitive, as we observed in the previous section, to beam imperfections, such as initial cur-

vature and eccentricity of axial load. Beams supporting both axial and transverse loads are sometimes

known as beam-columns or simply as transversely loaded columns.
We consider first the case of a pin-ended beam carrying a uniformly distributed load of intensity

w per unit length and an axial load P, as shown in Fig. 8.11. The bending moment at any section of

the beam is

M ¼ Pvþ wlz

2
� wz2

2
¼ �EI

d2v

dz2

giving

d2v

dz2
þ P

EI
v ¼ w

2EI
ðz2 � lzÞ (8.29)

The standard solution to Eq. (8.29) is

v ¼ A cos lzþ B sin lzþ w

2P
z2 � lz� 2

l2

� �

where A and B are unknown constants and l2 ¼ P/EI. Substituting the boundary conditions v ¼ 0 at

z ¼ 0 and l gives

A ¼ w

l2P
; B ¼ w

l2P sin ll
ðl� cos llÞ
FIGURE 8.11 Bending of a Uniformly Loaded Beam-column
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so that the deflection is determinate for any value of w and P and is given by

v ¼ w

l2P
cos lzþ 1� cos ll

sin ll

� �
sin lz

� �
þ w

2P
z2 � lz� 2

l2

� �
(8.30)

In beam-columns, as in beams, we are primarily interested in maximum values of stress and deflec-

tion. For this particular case, the maximum deflection occurs at the center of the beam and is, after some

transformation of Eq. (8.30),

vmax ¼ w

l2P
sec

ll
2
� 1

� �
� wl2

8P
(8.31)

The corresponding maximum bending moment is

Mmax ¼ �Pvmax � wl2

8

or, from Eq. (8.31),

Mmax ¼ w

l2
1� sec

ll
2

� �
(8.32)

WemayrewriteEq. (8.32) in termsof theEulerbuckling loadPCR¼p2EI/l2 forapin-endedcolumn,hence

Mmax ¼ wl2

p2
PCR

P
1� sec

p
2

ffiffiffiffiffiffiffiffi
P

PCR

r� �
(8.33)

As P approaches PCR, the bending moment (and deflection) becomes infinite. However, this theory is

based on the assumption of small deflections (otherwise, d2v/dz2 is not a close approximation for cur-

vature), so that such a deduction is invalid. The indication is, though, that large deflections are pro-

duced by the presence of a compressive axial load no matter how small the transverse load might be.

Let us consider now the beam-column of Fig. 8.12, with hinged ends carrying a concentrated loadW
at a distance a from the right-hand support. For

z � l� a; EI
d2v

dz2
¼ �M ¼ �Pv�Waz

l
(8.34)
FIGURE 8.12 Beam-Column Supporting A Point Load
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and, for

z � l� a; EI
d2v

dz2
¼ �M ¼ �Pv�W

l
ðl� aÞðl� zÞ (8.35)

Writing

l2 ¼ P

EI

Eq. (8.34) becomes

d2v

dz2
þ l2v ¼ �Wa

EIl
z

the general solution of which is

v ¼ A cos lzþ B sin lz�Wa

Pl
z (8.36)

Similarly, the general solution of Eq. (8.35) is

v ¼ C cos lzþ D sin lz�W

Pl
ðl� aÞðl� zÞ (8.37)

where A, B, C, and D are constants, which are found from the boundary conditions as follows.

When z ¼ 0, v ¼ 0, therefore, from Eq. (8.36), A ¼ 0. At z ¼ l, v ¼ 0, giving, from Eq. (8.37),

C ¼ –D tan ll. At the point of application of the load, the deflection and slope of the beam given

by Eqs (8.36) and (8.37) must be the same. Hence, equating deflections,

B sin lðl� aÞ �Wa

Pl
ðl� aÞ ¼ D½ sin lðl� aÞ � tan ll cos lðl� aÞ� �Wa

Pl
ðl� aÞ

and, equating slopes,

Bl cos lðl� aÞ �Wa

Pl
¼ Dl½ cos lðl� aÞ � tan ll sin lðl� aÞ� þW

Pl
ðl� aÞ

Solving these equations for B and D and substituting for A, B, C, and D in Eqs. (8.36) and (8.37),

we have

v ¼ W sin la
Pl sin ll

sin lz�Wa

Pl
z; for z � l� a (8.38)
v ¼ W sin lðl� aÞ
Pl sin ll

sin lðl� zÞ �W

Pl
ðl� aÞðl� zÞ; for z � l� a (8.39)

These equations for the beam-column deflection enable the bending moment and resulting bending

stresses to be found at all sections.

A particular case arises when the load is applied at the center of the span. The deflection curve is

then symmetrical with a maximum deflection under the load of

vmax ¼ W

2Pl
tan

ll
2
�Wl

4P



FIGURE 8.13 Beam-Column Supporting End Moments
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Finally, we consider a beam-column subjected to endmomentsMA andMB in addition to an axial load

P (Fig. 8.13).The deflected formof the beam-columnmaybe foundbyusing the principle of superposition

and the results of the previous case. First,we imagine thatMB acts alonewith the axial loadP. Ifwe assume

that the point loadWmoves towards B and simultaneously increases so that the productWa¼ constant¼
MB, then, in the limit as a tends to zero, we have themomentMB applied at B. The deflection curve is then

obtained from Eq. (8.38) by substituting la for sin la (since la is now very small) and MB for Wa:

v ¼ MB

P

sin lz
sin ll

� z

l

� �
(8.40)

In a similar way, we find the deflection curve corresponding to MA acting alone. Suppose that W
moves toward A such that the product W(l – a) ¼ constant ¼ MA. Then, as (l – a) tends to zero,

we have sin l(l – a) ¼ l(l – a) and Eq. (8.39) becomes

v ¼ MA

P

sin lðl� zÞ
sin ll

� ðl� zÞ
l

� �
(8.41)

The effect of the two moments acting simultaneously is obtained by superposition of the results of

Eqs. (8.40) and (8.41). Hence, for the beam-column of Fig. 8.13,

v ¼ MB

P

sin lz
sin ll

� z

l

� �
þMA

P

sin lðl� zÞ
sin ll

� ðl� zÞ
l

� �
(8.42)

Equation (8.42) is also the deflected form of a beam-column supporting eccentrically applied end loads

at A and B. For example, if eA and eB are the eccentricities of P at the ends A and B, respectively, then

MA ¼ PeA, MB ¼ PeB, giving a deflected form of

v ¼ eB
sin lz
sin ll

� z

l

� �
þ eA

sin lðl� zÞ
sin ll

� ðl� zÞ
l

� �
(8.43)

Other beam-column configurations featuring a variety of end conditions and loading regimes may

be analyzed by a similar procedure.
8.5 ENERGY METHOD FOR THE CALCULATION OF BUCKLING LOADS
IN COLUMNS
The fact that the total potential energy of an elastic body possesses a stationary value in an equilibrium

state may be used to investigate the neutral equilibrium of a buckled column. In particular, the energy

method is extremely useful when the deflected form of the buckled column is unknown and has to be

guessed.



FIGURE 8.14 Shortening of a Column Due to Buckling

2878.5 Energy method for the calculation of buckling loads in columns
First, we consider the pin-ended column shown in its buckled position in Fig. 8.14. The internal or

strain energy U of the column is assumed to be produced by bending action alone and is given by the

well-known expression

U ¼
ðl
0

M2

2EI
dz (8.44)

or alternatively, since EI d2v/dz2 ¼ –M,

U ¼ EI

2

ðl
0

d2v

dz2

� �2

dz (8.45)

The potential energy V of the buckling load PCR, referred to the straight position of the column as the

datum, is then

V ¼ �PCRd

where d is the axial movement of PCR caused by the bending of the column from its initially straight

position. By reference to Fig. 7.15(b) and Eq. (7.41), we see that

d ¼ 1

2

ðl
0

dv

dz

� �2

dz

giving

V ¼ �PCR

2

ðl
0

dv

dz

� �2

dz (8.46)

The total potential energy of the column in the neutral equilibrium of its buckled state is therefore

U þ V ¼
ðl
0

M2

2EI
dz� PCR

2

ðl
0

dv

dz

� �2

dz (8.47)

or, using the alternative form of U from Eq. (8.45),

U þ V ¼ EI

2

ðl
0

d2v

dz2

� �2

dz� PCR

2

ðl
0

dv

dz

� �2

dz (8.48)

We saw in Chapter 7 that exact solutions of plate bending problems are obtainable by energy

methods when the deflected shape of the plate is known. An identical situation exists in the determi-

nation of critical loads for column and thin-plate buckling modes. For the pin-ended column under

discussion, a deflected form of
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v ¼
X1
n¼1

An sin
npz
l

(8.49)

satisfies the boundary conditions of

ðvÞz¼0 ¼ ðvÞz¼l ¼ 0;
d2v

dz2

� �
z¼0

¼ d2v

dz2

� �
z¼l

¼ 0

and is capable, within the limits for which it is valid and if suitable values for the constant coefficients

An are chosen, of representing any continuous curve. We are therefore in a position to find PCR exactly.

Substituting Eq. (8.49) into Eq. (8.48) gives

U þ V ¼ EI

2

ðl
0

p
l

	 
4 X1
n¼1

n2An sin
npz
l

 !2

dz� PCR

2

ðl
0

p
l

	 
2 X1
n¼1

nAn cos
npz
l

 !2

dz (8.50)

The product terms in both integrals of Eq. (8.50) disappear on integration, leaving only integrated

values of the squared terms. Thus,

U þ V ¼ p4EI
4l3

X1
n¼1

n4A2
n �

p2PCR

4l

X1
n¼1

n2A2
n (8.51)

Assigning a stationary value to the total potential energy of Eq. (8.51) with respect to each coefficient

An in turn, then taking An as being typical, we have

@ðU þ VÞ
@An

¼ p4EIn4An

2l3
� p2PCRn

2An

2l
¼ 0

from which

PCR ¼ p2EIn2

l2

as before.

We see that each term in Eq. (8.49) represents a particular deflected shape with a corresponding

critical load. Hence, the first term represents the deflection of the column shown in Fig. 8.14, with

PCR ¼ p2EI/l2. The second and third terms correspond to the shapes shown in Fig. 8.3, having critical

loads of 4p2EI/l2 and 9p2EI/l2 and so on. Clearly, the column must be constrained to buckle into

these more complex forms. In other words, the column is being forced into an unnatural shape, is con-

sequently stiffer, and offers greater resistance to buckling, as we observe from the higher values of

critical load. Such buckling modes, as stated in Section 8.1, are unstable and are generally of academic

interest only.

If the deflected shape of the column is known, it is immaterial which of Eqs. (8.47) or (8.48) is used

for the total potential energy. However, when only an approximate solution is possible, Eq. (8.47) is

preferable, since the integral involving bending moment depends upon the accuracy of the assumed

form of v, whereas the corresponding term in Eq. (8.48) depends upon the accuracy of d2v/dz2.
Generally, for an assumed deflection curve, v is obtained much more accurately than d2v/dz2.

Suppose that the deflection curve of a particular column is unknown or extremely complicated. We

then assume a reasonable shape which satisfies, as far as possible, the end conditions of the column and

the pattern of the deflected shape (Rayleigh–Ritz method). Generally, the assumed shape is in the form
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of a finite series involving a series of unknown constants and assumed functions of z. Let us suppose
that v is given by

v ¼ A1f1 zð Þ þ A2f2 zð Þ þ A3f3 zð Þ
Substitution in Eq. (8.47) results in an expression for total potential energy in terms of the critical load

and the coefficients A1, A2, and A3 as the unknowns. Assigning stationary values to the total potential

energy with respect to A1, A2, and A3 in turn produces three simultaneous equations from which the

ratios A1/A2, A1/A3, and the critical load are determined. Absolute values of the coefficients are unob-

tainable, since the deflections of the column in its buckled state of neutral equilibrium are

indeterminate.

As a simple illustration, consider the column shown in its buckled state in Fig. 8.15. An approximate

shape may be deduced from the deflected shape of a tip-loaded cantilever. Thus,

v ¼ v0z
2

2l3
ð3l� zÞ

This expression satisfies the end conditions of deflection, that is, v ¼ 0 at z ¼ 0 and v ¼ v0 at z ¼ l.
In addition, it satisfies the conditions that the slope of the column is zero at the built-in end and that

the bending moment, that is, d2v/dz2, is zero at the free end. The bending moment at any section is

M ¼ PCR (v0 – v), so that substitution for M and v in Eq. (8.47) gives

U þ V ¼ P2
CRv

2
0

2EI

ðl
0

1� 3z2

2l2
þ z3

2l3

� �2

dz� PCR

2

ðl
0

3v0

2l3

� �3

z2ð2l� zÞ2 dz

Integrating and substituting the limits, we have

U þ V ¼ 17

35

P2
CRv

2
0l

2EI
� 3

5
PCR

v20

l
¼ 0

Hence,

@ðU þ VÞ
@v0

¼ 17

35

P2
CRv0l

EI
� 6PCRv0

5l
¼ 0

from which

PCR ¼ 42EI

17l2
¼ 2:471

EI

l2
FIGURE 8.15 Buckling Load for a Built-in Column by the Energy Method
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This value of the critical load compares with the exact value (see Table 8.1) of p2EI/4l2 ¼ 2.467EI/l2;
the error, in this case, is seen to be extremely small. Approximate values of the critical load obtained by

the energy method are always greater than the correct values. The explanation lies in the fact that an

assumed deflected shape implies the application of constraints to force the column to take up an arti-

ficial shape. This, as we have seen, has the effect of stiffening the column with a consequent increase in

critical load.

It will be observed that the solution for this example may be obtained by simply equating the in-

crease in internal energy (U) to the work done by the external critical load (–V). This is always the case
when the assumed deflected shape contains a single unknown coefficient, such as v0 in the above

example.
8.6 FLEXURAL–TORSIONAL BUCKLING OF THIN-WALLED COLUMNS
In some instances, thin-walled columns of open cross-section do not buckle in bending as predicted

by the Euler theory but twist without bending or bend and twist simultaneously, producing flexural–

torsional buckling. The solution of this type of problem relies on the theory presented in Chapter 27

of Ref. 3 for the torsion of open section beams subjected to warping (axial) restraint. Initially,

however, we shall establish a useful analogy between the bending of a beam and the behavior of

a pin-ended column.

The bending equation for a simply supported beam carrying a uniformly distributed load of inten-

sity wy and having Cx and Cy as principal centroidal axes is

EIxx
d4v

dz4
¼ wy see Chapter 15ð Þ (8.52)

Also, the equation for the buckling of a pin-ended column about the Cx axis is (see Eq. (8.1))

EIxx
d2v

dz2
¼ �PCRv (8.53)

Differentiating Eq. (8.53) twice with respect to z gives

EIxx
d4v

dz4
¼ �PCR

d2v

dz2
(8.54)

Comparing Eqs. (8.52) and (8.54), we see that the behavior of the column may be obtained by

considering it as a simply supported beam carrying a uniformly distributed load of intensity wy

given by

wy ¼ �PCR

d2v

dz2
(8.55)

Similarly, for buckling about the Cy axis,

wx ¼ �PCR

d2u

dz2
(8.56)



FIGURE 8.16 Flexural–Torsional Buckling of a Thin-Walled Column
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Consider now a thin-walled column having the cross-section shown in Fig. 8.16 and suppose that

the centroidal axes Cxy are principal axes (see Chapter 15); S(xS, yS) is the shear center of the column

(see Chapter 16) and its cross-sectional area is A. Due to the flexural–torsional buckling produced, say,
by a compressive axial load P, the cross-section suffers translations u and v parallel to Cx and Cy,
respectively, and a rotation y, positive counterclockwise, about the shear center S. Thus, due to trans-

lation, C and S move to C0 and S0 and, due to rotation about S0, C0 moves to C00. The total movement of

C, uC, in the x direction is given by

uc ¼ uþ C0D ¼ uþ C0C00 sin a ðS0Ĉ0C00 ’ 90�Þ
But

C0C00 ¼ C0S0y ¼ CSy

Hence.

uC ¼ uþ y CS sin a ¼ uþ ySy (8.57)

Also, the total movement of C in the y direction is

vC ¼ v� DC00 ¼ v� C0C00 cos a ¼ v� yCS cos a
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so that

vC ¼ v� xsy (8.58)

Since, at this particular cross-section of the column, the centroidal axis has been displaced, the axial

load P produces bending moments about the displaced x and y axes given, respectively, by

Mx ¼ PvC ¼ P v� xSyð Þ (8.59)

and

My ¼ PuC ¼ P uþ ySyð Þ (8.60)

From simple beam theory (Chapter 15),

EIxx
d2v

dz2
¼ �Mx ¼ �Pðv� xSyÞ (8.61)

and

EIyy
d2u

dz2
¼ �My ¼ �Pðuþ ySyÞ (8.62)

where Ixx and Iyy are the second moments of area of the cross-section of the column about the principal

centroidal axes, E is Young’s modulus for the material of the column, and z is measured along the cen-

troidal longitudinal axis.

The axial load P on the column at any cross-section, is distributed as a uniform direct stresss. Thus,
the direct load on any element of length ds at a point B(xB, yB) is st ds acting in a direction parallel to
the longitudinal axis of the column. In a similar manner to the movement of C to C00, the point B is

displaced to B00. The horizontal movement of B in the x direction is then

uB ¼ uþ B0F ¼ uþ B0B00 cos b

But

B0B00 ¼ S0B0y ¼ SBy

Hence,

uB ¼ uþ ySB cos b

or

uB ¼ uþ yS � yBð Þy (8.63)

Similarly, the movement of B in the y direction is

vB ¼ v� xS � xBð Þy (8.64)

Therefore, from Eqs. (8.63) and (8.64) and referring to Eqs. (8.55) and (8.56), we see that the compres-

sive load on the element ds at B, stds, is equivalent to lateral loads
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�stds
d2

dz2
½uþ ðyS � yBÞy� in the x direction

and

�stds
d2

dz2
½v� ðxS � xBÞy� in the y direction

The lines of action of these equivalent lateral loads do not pass through the displaced position S0 of the
shear center and therefore produce a torque about S0 leading to the rotation y. Suppose that the element

ds at B is of unit length in the longitudinal z direction. The torque per unit length of the column dT(z)
acting on the element at B is then given by

dTðzÞ ¼ �stds
d2

dz2
½uþ ðyS � yBÞy�ðyS � yBÞ

þ stds
d2

dz2
½v� ðxS � xBÞy�ðxS � xBÞ

(8.65)

Integrating Eq. (8.65) over the complete cross-section of the column gives the torque per unit length

acting on the column; that is,

TðzÞ ¼ �
ð
Sect

st
d2u

dz2
ðyS � yBÞds�

ð
Sect

stðyS � yBÞ2 d
2y
dz2

ds

þ
ð
Sect

st
d2v

dz2
ðxS � xBÞds�

ð
Sect

stðxS � xBÞ2 d
2y
dz2

ds

(8.66)
Expanding Eq. (8.66) and noting that s is constant over the cross-section, we obtain

TðzÞ ¼ �s
d2u

dz2
yS

ð
Sect

t dsþ s
d2u

dz2

ð
Sect

tyB ds� s
d2y
dz2

y2S

ð
Sect

tds

þs
d2y
dz2

2yS

ð
Sect

tyB ds� s
d2y
dz2

ð
Sect

ty2B dsþ s
d2v

dz2
xS

ð
Sect

tds

�s
d2v

dz2

ð
Sect

txB ds� s
d2y
dz2

x2S

ð
Sect

tdsþ s
d2y
dz2

2xS

ð
Sect

txB ds

�s
d2y
dz2

ð
Sect

tx2B ds

(8.67)

Equation (8.67) may be rewritten

TðzÞ ¼ P xS
d2v

dz2
� yS

d2u

dz2

� �
� P

A

d2y
dz2

ðAy2S þ Ixx þ Ax2S þ IyyÞ (8.68)

In Eq. (8.68), the term Ixx þ Iyy þ Aðx2S þ y2SÞ) is the polar second moment of area I0 of the column

about the shear center S. Thus, Eq. (8.68) becomes
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TðzÞ ¼ P xS
d2v

dz2
� yS

d2u

dz2

� �
� I0

P

A

d2y
dz2

(8.69)

Substituting for T(z) from Eq. (8.69) in Eq. (27.11) of Ref. 3, the general equation for the torsion of a

thin-walled beam, we have

EG
d4y
dz4

� GJ � I0
P

A

� �
d2y
dz2

� PxS
d2v

dz2
þ PyS

d2u

dz2
¼ 0 (8.70)

Equations (8.61), (8.62), and (8.70) form three simultaneous equations which may be solved to deter-

mine the flexural–torsional buckling loads.

As an example, consider the case of a column of length L in which the ends are restrained against

rotation about the z axis and against deflection in the x and y directions; the ends are also free to rotate
about the x and y axes and are free to warp. Thus, u ¼ v ¼ y ¼ 0 at z ¼ 0 and z ¼ L. Also, since the
column is free to rotate about the x and y axes at its ends, Mx ¼ My ¼ 0 at z ¼ 0 and z ¼ L, and from

Eqs. (8.61) and (8.62),

d2v

dz2
¼ d2u

dz2
¼ 0 at z ¼ 0 and z ¼ L

Further, the ends of the column are free to warp so that

d2y
dz2

¼ 0 at z ¼ 0 and z ¼ L ðsee Eq: ð27:1Þ of Ref: 3Þ

An assumed buckled shape given by

u ¼ A1 sin
pz
L
; v ¼ A2 sin

pz
L

y ¼ A3 sin
pz
L

(8.71)

in which A1, A2, and A3 are unknown constants, satisfies the preceding boundary conditions. Substitut-

ing for u, v, and y from Eqs. (8.71) into Eqs. (8.61), (8.62), and (8.70), we have

P� p2EIxx
L2

0
@

1
AA2 � PxSA3 ¼ 0

P� p2EIyy
L2

0
@

1
AA1 � PySA3 ¼ 0

PySA1 � PxSA2 � p2EG
L2

þ GJ � I0
A
P

0
@

1
AA3 ¼ 0

9>>>>>>>>>>>>>=
>>>>>>>>>>>>>;

(8.72)

For nonzero values of A1, A2, and A3, the determinant of Eqs. (8.72) must equal zero that is,

P�
0

p2EIyy=L2

PyS

P� p2EIxx=L2

0

�PxS

�PxS

PyS

I0P=A� p2EG=L2 � GJ

�������
������� ¼ 0 (8.73)
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The roots of the cubic equation formed by the expansion of the determinant give the critical loads for

the flexural–torsional buckling of the column; clearly, the lowest value is significant.

In the case where the shear center of the column and the centroid of area coincide, that is, the col-

umn has a doubly symmetrical cross-section, xS ¼ yS ¼ 0 and Eqs. (8.61), (8.62), and (8.70) reduce,

respectively, to

EIxx
d2v

dz2
¼ �Pv (8.74)

EIyy
d2u

dz2
¼ �Pu (8.75)

EG
d4y
dz4

� GJ � I0
P

A

� �
d2y
dz2

¼ 0 (8.76)

Equations (8.74), (8.75), and (8.76), unlike Eqs. (8.61), (8.62), and (8.70), are uncoupled and provide

three separate values of buckling load. Thus, Eqs. (8.74) and (8.75) give values for the Euler buckling

loads about the x and y axes, respectively, while Eq. (8.76) gives the axial load that produces pure tor-
sional buckling; clearly the buckling load of the column is the lowest of these values. For the column

whose buckled shape is defined by Eqs. (8.71), substitution for v, u, and y in Eqs. (8.74), (8.75), and

(8.76), respectively, gives

PCRðxxÞ ¼
p2EIxx
L2

PCRðyyÞ ¼
p2EIyy
L2

PCRðyÞ ¼
A

I0
GJ þ p2EG

L2

� �
(8.77)
Example 8.4
A thin-walled pin-ended column is 2 m long and has the cross-section shown in Fig. 8.17. If the ends of the column

are free to warp, determine the lowest value of axial load which causes buckling and specify the buckling mode.

Take E ¼ 75,000 N/mm2 and G ¼ 21,000 N/mm2.

Since the cross-section of the column is doubly symmetrical, the shear center coincides with the centroid of

area and xS ¼ yS ¼ 0; Eqs. (8.74), (8.75), and (8.76) therefore apply. Further, the boundary conditions are those

of the column whose buckled shape is defined by Eqs. (8.71), so that the buckling load of the column is the lowest

of the three values given by Eqs. (8.77).

The cross-sectional area A of the column is

A ¼ 2:5 2� 37:5þ 75ð Þ ¼ 375 mm2

The second moments of area of the cross-section about the centroidal axes Cxy are (see Chapter 15), respectively,

Ixx ¼ 2� 37:5� 2:5� 37:52 þ 2:5� 753=12 ¼ 3:52� 105 mm4

Iyy ¼ 2� 2:5� 37:53=12 ¼ 0:22� 105 mm4

The polar second moment of area I0 is

I0 ¼ Ixx þ Iyy þ Aðx2S þ y2SÞ ðsee the derivation of Eq: ð8:69ÞÞ
that is

I0 ¼ 3:52� 105 þ 0:22� 105 ¼ 3:74� 105 mm4



FIGURE 8.17 Column Section of Example 8.4
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The torsion constant J is obtained using Eq. (17.11), which gives

J ¼ 2� 37:5� 2:53=3þ 75� 2:53=3 ¼ 781:3 mm4

Finally, G is found using the method of Section 27.2 of Ref. 3 and is

G ¼ 2:5� 37:53 � 752=24 ¼ 30:9� 106 mm6

Substituting these values in Eqs. (8.77), we obtain

PCRðxxÞ ¼ 6:5� 104N; PCRðyyÞ ¼ 0:41� 104N; PCRðyÞ ¼ 2:22� 104N

The column therefore buckles in bending about the Cy axis when subjected to an axial load of 0.41 � 104 N.

Equation (8.73) for the column whose buckled shape is defined by Eqs. (8.71) may be rewritten in

terms of the three separate buckling loads given by Eqs. (8.77):

P�
0

PCRðyyÞ
PyS

P� PCRðxxÞ
0

�PxS

�PxS

PyS
I0 � ðP� PCRðyÞÞ=A

������
������ ¼ 0 (8.78)

If the column has, say, Cx as an axis of symmetry, then the shear center lies on this axis and yS ¼ 0.

Equation (i) thereby reduces to

P� PCRðxxÞ �PxS
�PxS I0 � ðP� PCRðyÞÞ=AÞ

����
���� ¼ 0 (8.79)
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The roots of the quadratic equation formed by expanding Eq. (8.79) are the values of axial load which

produce flexural–torsional buckling about the longitudinal and x axes. IfPCR(yy) is less than the smallest

of these roots the column will buckle in pure bending about the y axis.
Example 8.5
A column of length 1 m has the cross-section shown in Fig. 8.18. If the ends of the column are pinned and free to

warp, calculate its buckling load; E ¼ 70,000 N/mm2, G ¼ 30,000 N/mm2.

In this case, the shear center S is positioned on the Cx axis, so that yS ¼ 0 and Eq. (8.79) applies. The distance

�x of the centroid of area C from the web of the section is found by taking first moments of area about the web:

2 100þ 100þ 100ð Þ�x ¼ 2� 2� 100� 50

which gives

�x ¼ 33:3 mm

The position of the shear center S is found using the method of Example 16.3; this gives xS ¼ –76.2 mm. The

remaining section properties are found by the methods specified in Example 8.4 and follow:

A ¼ 600 mm2; Ixx ¼ 1:17� 106 mm4; Iyy ¼ 0:67� 106 mm4;
I0 ¼ 5:35� 106mm4; J ¼ 800 mm4; G ¼ 2488� 106mm6

From Eq. (8.77),

PCR yyð Þ ¼ 4:63� 105N; PCRðxxÞ ¼ 8:08� 105N; PCRðyÞ ¼ 1:97� 105N

Expanding Eq. (8.79),

ðP� PCRðxxÞÞðP� PCRðyÞÞI0=A� P2x2S ¼ 0 (i)
FIGURE 8.18 Column Section of Example 8.5
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Rearranging Eq. (i),

P2ð1� Ax2S=I0Þ � PðPCRðxxÞ þ PCRðyÞÞ þ PCRðxxÞPCRðyÞ ¼ 0 (ii)

Substituting the values of the constant terms in Eq. (ii), we obtain

P2 � 29:13� 105Pþ 46:14� 1010 ¼ 0 (iii)

The roots of Eq. (iii) give two values of critical load, the lowest of which is

P ¼ 1:68� 105N

It can be seen that this value of flexural–torsional buckling load is lower than any of the uncoupled buckling loads

PCR(xx), PCR(yy), or PCR(y); the reduction is due to the interaction of the bending and torsional buckling modes.
Example 8.5 MATLAB
Repeat Example 8.5 using the MATLAB and the calculated section properties.

The value of the critical buckling load is obtained through the following MATLAB file:

% Declare any needed variables

syms P

L ¼ 1000;

t ¼ 2;

E ¼ 70000;

G ¼ 30000;

y_s ¼ 0;

x_s ¼ -76.2;

A ¼ 600;

I_xx ¼ 1.17e6;

I_yy ¼ 0.67e6;

I_0 ¼ 5.32e6;

J ¼ 800;

T ¼ 2488e6;

% Evaluate Eq.(8.77)

P_CRyy ¼ pî 2*E*I_yy/L̂ 2;

P_CRxx ¼ pî 2*E*I_xx/L̂ 2;

P_CRtheta ¼ A*(G*J þ pî 2*E*T/L̂ 2)/I_0;

% Substitute results of Eq. (8.77) into Eq.(8.79)

eq_I ¼ det([P-P_CRxx -P*x_s; -P*x_s I_0*(P-P_CRtheta)/A]);

% Solve eq_I for the critical buckling load (P)

P ¼ solve(eq_I,P);

% Output the minimum value of P to the Command Window

disp([‘P ¼’ num2str(min(double(P))) ‘N’])
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The Command Window output resulting from this MATLAB file is as follows:

P ¼ 167785.096 N
Example 8.6
A thin-walled column has the cross-section shown in Fig. 8.19, is of length L, and is subjected to an axial load

through its shear center S. If the ends of the column are prevented from warping and twisting, determine the value

of direct stress when failure occurs due to torsional buckling.

The torsion bending constant G is found using the method described in Section 27.2 of Ref. 3. The position of

the shear center is given but is obvious by inspection. The swept area 2GAR,0 is determined as a function of s, and its

distribution is shown in Fig. 8.20. The center of gravity of the “wire: is found by taking moments about the s axis.

Then,

2A0
R5td ¼ td

d2

2
þ 5d2

4
þ 3d2

2
þ 5d2

4
þ d2

2

� �
which gives

2A0
R ¼ d2

The torsion bending constant is then the “moment of inertia” of the “wire” and is

G ¼ 2td
1

3
ðd2Þ2 þ td

3

d2

2

� �2

� 2þ td
d2

2

� �2
y

s

S x

12

3
4

56 

td

d

d

FIGURE 8.19 Section of Column of Example 8.6
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FIGURE 8.20 Determination of Torsion Bending Constant for Column Section of Example 8.6
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from which

G ¼ 13

12
td5

Also, the torsion constant J is given by (see Section 3.4)

J ¼
X st3

3
¼ 5dt3

3

The shear center of the section and the centroid of area coincide, so that the torsional buckling load is given by

Eq. (8.76). Rewriting this equation,

d4y
dz4

þ m2
d2y
dz2

¼ 0 (i)

where

m2 ¼ sI0 � GJð Þ=EG; s ¼ P=Að Þ
The solution of Eq. (i) is

y ¼ A cos mzþ B sin mzþ Czþ D (ii)

The boundary conditions are y ¼ 0 when z ¼ 0 and z ¼ L, and since the warping is suppressed at the ends of the

beam,

dy
dz

¼ 0; when z ¼ 0 and z ¼ L ðsee Eq:ð17:19ÞÞ

Putting y ¼ 0 at z ¼ 0 in Eq. (ii)

0 ¼ Aþ D

or

A ¼ �D
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Also,
dy
dz

¼ �mA sin mzþ mB cos mzþ C

and, since (dy/dz) ¼ 0 at z ¼ 0,

C ¼ �mB

When z ¼ L, y ¼ 0, so that, from Eq. (ii),

0 ¼ A cos mLþ B sin mLþ CLþ D

which may be rewritten

0 ¼ B sin mL� mLð Þ þ A cos mL� 1ð Þ (iii)

Then, for (dy/dz) ¼ 0 at z ¼ L,

0 ¼ mB cos mL� mA sin mL� mB

or

0 ¼ B cos mL� 1ð Þ � A sin mL (iv)

Eliminating A from Eqs. (iii) and (iv),

0 ¼ B 2 1� cos mLð Þ � mL sin mL½ � (v)

Similarly, in terms of the constant C,

0 ¼ �C 2 1� cos mLð Þ � mL sin mL½ � (vi)

or

B ¼ �C

But B ¼ –C/m, so that to satisfy both equations, B ¼ C ¼ 0 and

y ¼ A cos mz� A ¼ A cos mz� 1ð Þ (vii)

Since y ¼ 0 at z ¼ l,

cos mL ¼ 1

or

mL ¼ 2np

Therefore,

m2L2 ¼ 4n2p2

or

sI0 � GJ

EG
¼ 4n2p2

L2
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The lowest value of torsional buckling load corresponds to n ¼ 1, so that, rearranging the preceding,

s ¼ 1

I0
GJ þ 4p2EG

L2

� �
(viii)

The polar second moment of area I0 is given by

I0 ¼ Ixx þ Iyy ðsee Megson
2Þ

that is,

I0 ¼ 2 td d2 þ td3

3

� �
þ 3td3

12
þ 2td

d2

4

which gives

I0 ¼ 41

12
td3

Substituting for I0, J, and G in Eq. (viii),

s ¼ 4

41d2
5Gt2 þ 13p2Ed4

L2

� �
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PROBLEMS

P.8.1. The system shown in Fig. P.8.1 consists of two bars AB and BC, each of bending stiffness EI
elastically hinged together at B by a spring of stiffnessK (i.e., bendingmoment applied by spring¼K�
change in slope across B). Regarding A and C as simple pin joints, obtain an equation for the first buck-

ling load of the system. What are the lowest buckling loads when (a) K!1, (b) EI!1. Note that B

is free to move vertically.
An

FIGURE
swer: mK/tan ml.
P.8.1



FIGURE P.8.2
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P.8.2. A pin-ended column of length l and constant flexural stiffness EI is reinforced to give a flexural
stiffness 4EI over its central half (see Fig. P.8.2). Considering symmetric modes of buckling only,

obtain the equation whose roots yield the flexural buckling loads and solve for the lowest buckling load.
An

An

FIGURE

FIGURE
swer: tan ml=8 ¼ 1=
ffiffiffi
2

p
; P ¼ 24:2EI=l2
P.8.3. A uniform column of length l and bending stiffness EI is built-in at one end and free at the other
and has been designed so that its lowest flexural buckling load is P (see Fig. P.8.3). Subsequently it has

to carry an increased load, and for this it is provided with a lateral spring at the free end. Determine the

necessary spring stiffness k so that the buckling load becomes 4P.
swer: k ¼ 4Pm= ml� tan mlð Þ:

P.8.4. A uniform, pin-ended column of length l and bending stiffness EI has an initial curvature such

that the lateral displacement at any point between the column and the straight line joining its ends is

given by

v0 ¼ a
4z

l2
ðl� zÞ ðsee Fig: P:8:4Þ
P.8.3

P.8.4
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Show that the maximum bending moment due to a compressive end load P is given by

Mmax ¼ � 8aP

ðllÞ2 sec
ll
2
� 1

� �

where

l2 ¼ P=EI
P.8.5. The uniform pin-ended column shown in Fig. P.8.5 is bent at the center so that its eccentricity

there is d. If the two halves of the column are otherwise straight and have a flexural stiffness EI, find the
value of the maximum bending moment when the column carries a compression load P.
An

FIGURE

FIGURE
swer: �P
2d
l

ffiffiffiffiffi
EI

P

r
tan

ffiffiffiffiffi
P

EI

r
l

2
:

P.8.6. A straight uniform column of length l and bending stiffness EI is subjected to uniform lateral

loadingw/unit length. The end attachments do not restrict rotation of the column ends. The longitudinal

compressive force P has eccentricity e from the centroids of the end sections and is placed so as to

oppose the bending effect of the lateral loading, as shown in Fig. P.8.6. The eccentricity e can be varied
and is to be adjusted to the value which, for given values of P and w, will result in the least maximum

bending moment on the column. Show that

e ¼ w=Pm2
� �

tan2ml=4

where

m2 ¼ P=EI
P.8.5

P.8.6
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Deduce the end moment that gives the optimum condition when P tends to zero.
An

An

An

FIGURE
swer: wl2/16.
P.8.7. The relation between stress s and strain e in compression for a certain material is

10:5� 106e ¼ sþ 21;000
s

49;000

� �16

Assuming the tangent modulus equation to be valid for a uniform strut of this material, plot the graph of

sb against l/r, where sb is the flexural buckling stress, l the equivalent pin-ended length, and r the least
radius of gyration of the cross-section. Estimate the flexural buckling load for a tubular strut of this

material, of 1.5 units outside diameter and 0.08 units wall thickness with effective length 20 units.
swer: 14,454 force units
P.8.8. A short column has a doubly symmetrical I-section and is fabricated from material for which

Young’s modulus is E and the tangent modulus is Et; its flange width is b and its overall depth is

d. Assuming that the direct stresses are concentrated in the flanges at distances �d/2 from the horizon-

tal axis of symmetry obtain an expression for the reduced section modulus Er in terms of E and Et.
swer: Er ¼ 2Et/[1 þ (Et/E)].
P.8.9.A rectangular portal frame ABCD is rigidly fixed to a foundation at A and D and is subjected to a

compression load P applied at each end of the horizontal member BC (see Fig. P.8.9). If all the mem-

bers have the same bending stiffness EI, show that the buckling loads for modes which are symmetrical

about the vertical center line are given by the transcendental equation

la
2

¼ � 1

2

a

b

	 

tan

la
2

� �
where

l2 ¼ P=EI
P.8.9



FIGURE P.8.10
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P.8.10. A compression member (Fig. P.8.10) is made of circular section tube, diameter d, thickness t.
The member is not perfectly straight when unloaded, having a slightly bowed shape which may be

represented by the expression

v ¼ d sin
pz
l

	 

Show that when the load P is applied, the maximum stress in the member can be expressed as

smax ¼ P

pdt
1þ 1

1� a
4d
d

� �
where

a ¼ P=Pe; Pe ¼ p2EI=l2

Assume t is small compared with d, so that the following relationships are applicable:

Cross-sectional area of tube ¼ pdt
Second moment of area of tube ¼ pd3t=8
P.8.11. Figure P.8.11 illustrates an idealized representation of part of an aircraft control circuit.

A uniform, straight bar of length a and flexural stiffness EI is built-in at the end A and hinged at

B to a link BC, of length b, whose other end C is pinned, so that it is free to slide along the line

ABC between smooth, rigid guides. A, B, and C are initially in a straight line and the system carries

a compression force P, as shown. Assuming that the link BC has a sufficiently high flexural stiffness

to prevent its buckling as a pin-ended strut, show, by setting up and solving the differential equation

for flexure of AB, that buckling of the system, of the type illustrated in Fig. P.8.11, occurs when P has

such a value that

tan la ¼ l aþ bð Þ
FIGURE P.8.11
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where
l2 ¼ P=EI
P.8.12. A pin-ended column of length l has its central portion reinforced, the second moment of its

area being I2, while that of the end portions, each of length a, is I1. Use the energy method to deter-

mine the critical load of the column, assuming that its centerline deflects into the parabola v ¼ kz(l –
z) and taking the more accurate of the two expressions for the bending moment. In the case where I2¼
1.6I1 and a ¼ 0.2 l, find the percentage increase in strength due to the reinforcement, and compare it

with the percentage increase in weight on the basis that the radius of gyration of the section is not

altered.
An

An

An
swer: PCR ¼ 14:96EI1=l
2; 52 percent; 36 percent
P.8.12 MATLAB Use the MATLAB to repeat Problem P.8.12 for the following relations of I1 and I2.

ðiÞ ðiiÞ ðiiiÞ ðivÞ ðvÞ
l2 1:4 l1 1:5 l1 1:6 l1 1:7 l1 1:8 l1
2
Answer: ið Þ PCR ¼ 13:38EI1=l ; 36%; 24%
iið Þ PCR ¼ 14:18EI1=l

2; 44%; 30%
iiið Þ PCR ¼ 14:96EI1=l

2; 52%; 36%
ivð Þ PCR ¼ 15:72EI1=l

2; 59%; 42%
vð Þ PCR ¼ 16:47EI1=l

2; 67%; 48%
P.8.13. A tubular column of length l is tapered in wall thickness so that the area and the second mo-

ment of area of its cross-section decrease uniformly from A1 and I1 at its center to 0.2A1 and 0.2I1 at
its ends. Assuming a deflected center-line of parabolic form and taking the more correct form for the

bending moment, use the energy method to estimate its critical load when tested between pin-centers,

in terms of the preceding data and Young’s modulus E. Hence, show that the saving in weight by

using such a column instead of one having the same radius of gyration and constant thickness is about

15 percent.
swer: 7.01EI1/l
2

P.8.14.A uniform column (Fig. P.8.14), of length l and bending stiffness EI, is rigidly built-in at the

end z ¼ 0 and simply supported at the end z ¼ l. The column is also attached to an elastic foun-

dation of constant stiffness k/unit length. Representing the deflected shape of the column by a

polynomial

v ¼
Xp
n¼0

anZn; where Z ¼ z=l

determine the form of this function by choosing a minimum number of terms p such that all the kine-

matic (geometric) and static boundary conditions are satisfied, allowing for one arbitrary constant only.

Using the result thus obtained, find an approximation to the lowest flexural buckling load PCR by the

Rayleigh–Ritz method.
swer: PCR ¼ 21:05EI=l2 þ 0:09kl2



FIGURE P.8.14

FIGURE P.8.15

308 CHAPTER 8 Columns
P.8.15. Figure P.8.15 shows the doubly symmetrical cross-section of a thin-walled column with rigidly

fixed ends. Find an expression, in terms of the section dimensions and Poisson’s ratio, for the column

length for which the purely flexural and the purely torsional modes of instability occur at the same axial

load. In which mode does failure occur if the length is less than the value found? The possibility of local

instability is to be ignored.
An

An
swer: l ¼ 2pb2=tð Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ nð Þ=255p

; torsion
P.8.16. A column of length 2l with the doubly symmetric cross-section, shown in Fig. P.8.16, is com-

pressed between the parallel platens of a testing machine which fully prevents twisting and warping of

the ends. Using the data that follows, determine the average compressive stress at which the column

first buckles in torsion:

l ¼ 500 mm; b ¼ 25:0 mm; t ¼ 2:5 mm; E ¼ 70; 000 N=mm2; E=G ¼ 2:6

2
swer: sCR ¼ 282 N=mm :



FIGURE P.8.16
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P.8.17. A pin-ended column of length 1.0 m has the cross-section shown in Fig. P.8.17. If the ends of

the column are free to warp, determine the lowest value of axial load which will causes the column to

buckle and specify the mode. Take E ¼70,000 N/mm2 and G ¼ 25,000 N/mm2.
An

An

FIGURE
swer: 5,527 N. The column buckles in bending about an axis in the plane of its web.
P.8.17. MATLAB Use MATLAB to repeat Problem P.8.16 for the following column lengths.

ðiÞ ðiiÞ ðiiiÞ ðivÞ ðvÞ ðviÞ
L :5 m 1 m 1:5 m 2 m 2:5 m 3 m
swer: (i) 22108 N
(ii) 5527 N
P.8.17
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(iii) 2456 N

(iv) 1382 N

(v) 884 N

(vi) 614 N
The column buckles in bending about the y axis (plane of the web) for all selected values of L.

P.8.18.A pin-ended column of height 3.0 m has a circular cross-section of diameter 80 mm, wall thick-

ness 2.0 mm, and is converted to an open section by a narrow longitudinal slit; the ends of the column

are free to warp. Determine the values of axial load which would cause the column to buckle in (a) pure

bending and (b) pure torsion. Hence, determine the value of the flexural–torsional buckling load. Take

E¼ 70,000 N/mm2 andG¼ 22,000 N/mm2.Note: the position of the shear center of the column section

may be found using the method described in Chapter 16.
swer: (a) 3.09 � 104 N, (b) 1.78 � 104 N, 1.19 � 104 N
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We shall see in Chapter 11, when we examine the structural components of aircraft, that they consist

mainly of thin plates stiffened by arrangements of ribs and stringers. Thin plates under relatively small

compressive loads are prone to buckle and so must be stiffened to prevent this. The determination of

buckling loads for thin plates in isolation is relatively straightforward, but when stiffened by ribs and

stringers, the problem becomes complex and frequently relies on an empirical solution. In fact, the

stiffeners may buckle before the plate and, depending on their geometry, may buckle as a column

or suffer local buckling of, say, a flange.

In this chapter, we shall present the theory for the determination of buckling loads of flat plates and

examine some of the different empirical approaches various researchers have suggested. In addition,

we investigate the particular case of flat plates which, when reinforced by horizontal flanges and

vertical stiffeners, form the spars of aircraft wing structures; these are known as tension field beams.
9.1 BUCKLING OF THIN PLATES
A thin plate may buckle in a variety of modes, depending upon its dimensions, the loading, and the

method of support. Usually, however, buckling loads are much lower than those likely to cause failure

in the material of the plate. The simplest form of buckling arises when compressive loads are applied to

simply supported opposite edges and the unloaded edges are free, as shown in Fig. 9.1. A thin plate in

this configuration behaves in exactly the same way as a pin-ended column, so that the critical load is

that predicted by the Euler theory. Once this critical load is reached, the plate is incapable of supporting

any further load. This is not the case, however, when the unloaded edges are supported against displace-

ment out of the xy plane. Buckling, for such plates, takes the form of a bulging displacement of the

central region of the plate while the parts adjacent to the supported edges remain straight. These parts

enable the plate to resist higher loads; an important factor in aircraft design.

At this stage, we are not concerned with this postbuckling behavior but rather with the prediction of

the critical load which causes the initial bulging of the central area of the plate. For the analysis, wemay

conveniently employ the method of total potential energy, since we already, in Chapter 7, derived

expressions for strain and potential energy corresponding to various load and support configurations.

In these expressions, we assumed that the displacement of the plate comprises bending deflections only

and that these are small in comparison with the thickness of the plate. These restrictions therefore apply

in the subsequent theory.

First, we consider the relatively simple case of the thin plate of Fig. 9.1, loaded as shown, but simply

supported along all four edges. We saw in Chapter 7 that its true deflected shape may be represented by

the infinite double trigonometrical series
Introduction to Aircraft Structural Analysis, Third Edition. http://dx.doi.org/10.1016/B978-0-08-102076-0.00009-9
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FIGURE 9.1 Buckling of a Thin Flat Plate
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w ¼
X1
m¼1

X1
n¼1

Amn sin
mpx
a

sin
npy
b

Also, the total potential energy of the plate is, from Eqs. (7.37) and (7.45),

U þ V ¼ 1

2

ða
0

ðb
0

D
@2w

@x2
þ @2w

@y2

� �2

� 2 1� nð Þ @2w

@x2
@2w

@y2
� @2w

@x@y

� �2
" #( )

� Nx
@w

@x

� �2
" #

dx dy

(9.1)

The integration of Eq. (9.1) on substituting forw is similar to those integrations carried out in Chapter 7.

Thus, by comparison with Eq. (7.47),

U þ V ¼ p4abD
8

X1
m¼1

X1
n¼1

A2
mn

m2

a2
þ n2

b2

� �
� p2b

8a
Nx

X1
m¼1

X1
n¼1

m2A2
mn (9.2)

The total potential energy of the plate has a stationary value in the neutral equilibrium of its buckled

state (i.e., Nx ¼ Nx,CR). Therefore, differentiating Eq. (9.2) with respect to each unknown coefficient

Amn, we have

@ U þ Vð Þ
@Amn

¼ p4abD
4

Amn
m2

a2
þ n2

b2

� �2

� p2b
4a

Nx;CRm
2Amn ¼ 0

and, for a nontrivial solution,

Nx;CR ¼ p2a2D
1

m2

m2

a2
þ n2

b2

� �2

(9.3)

Exactly the same result may have been deduced from Eq. (ii) of Example 7.3, where the displacement

w becomes infinite for a negative (compressive) value of Nx equal to that of Eq. (9.3).

We observe, from Eq. (9.3), that each term in the infinite series for displacement corresponds, as in

the case of a column, to a different value of critical load (note, the problem is an eigenvalue problem).

The lowest value of critical load evolves from some critical combination of integersm and n, that is, the
number of half-waves in the x and y directions, and the plate dimensions. Clearly n ¼ 1 gives a
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minimum value, so that no matter what the values ofm, a, and b, the plate buckles into a half sine wave
in the y direction. Thus, we may write Eq. (9.3) as

Nx;CR ¼ p2a2D
1

m2

m2

a2
þ 1

b2

� � 2

or

Nx;CR ¼ kp2D
b2

(9.4)

where the plate buckling coefficient k is given by the minimum value of

k ¼ mb

a
þ a

mb

� �2

(9.5)

for a given value of a/b. To determine the minimum value of k for a given value of a/b, we plot k as a
function of a/b for different values ofm, as shown by the dotted curves in Fig. 9.2. The minimum value

of k is obtained from the lower envelope of the curves shown solid in the figure.

It can be seen that m varies with the ratio a/b and that k and the buckling load are a minimum when

k¼ 4 at values of a/b¼ 1, 2, 3, . . . . As a/b becomes large k approaches 4, so that long narrow plates tend

to buckle into a series of squares.

The transition from one buckling mode to the next may be found by equating values of k for the m
and m þ 1 curves. Hence,

mb

a
þ a

mb
¼ mþ 1ð Þb

a
þ a

mþ 1ð Þb
FIGURE 9.2 Buckling Coefficient k for Simply Supported Plates
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giving
a

b
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m mþ 1ð Þ

p
Substituting m ¼ 1, we have a/b ¼ ffiffiffi

2
p ¼ 1.414, and for m ¼ 2, a/b ¼ ffiffiffi

6
p ¼ 2.45, and so on.

For a given value of a/b, the critical stress, sCR¼Nx, CR/t, is found from Eqs. (9.4) and (7.4);

that is,

sCR ¼ kp2E
12 1� n2ð Þ

t

b

� �2
(9.6)

In general, the critical stress for a uniform rectangular plate, with various edge supports and loaded

by constant or linearly varying in-plane direct forces (Nx, Ny) or constant shear forces (Nxy) along

its edges, is given by Eq. (9.6). The value of k remains a function of a/b but depends also upon

the type of loading and edge support. Solutions for such problems have been obtained by solv-

ing the appropriate differential equation or by using the approximate (Rayleigh–Ritz) energy

method. Values of k for a variety of loading and support conditions are shown in Fig. 9.3. For

a plate subjected to shear loads along its four edges k becomes the shear buckling coefficient
(Fig. 9.3(c)) and sCR in Eq. (9.6) becomes the critical shear stress, tCR.

We see from Fig. 9.3 that k is very nearly constant for a/b > 3. This fact is particularly useful in

aircraft structures where longitudinal stiffeners are used to divide the skin into narrow panels (having

small values of b), thereby increasing the buckling stress of the skin.
9.2 INELASTIC BUCKLING OF PLATES
For plates having small values of b/t, the critical stress may exceed the elastic limit of the material of the

plate. In such a situation, Eq. (9.6) is no longer applicable, since, as we saw in the case of columns,

E becomes dependent on stress, as does Poisson’s ratio n. These effects are usually included in a plas-
ticity correction factor Z, so that Eq. (9.6) becomes

sCR ¼ Zkp2E
12 1� n2ð Þ

t

b

� �2
(9.7)

where E and n are elastic values of Young’s modulus and Poisson’s ratio. In the linearly elastic

region, Z ¼ 1, which means that Eq. (9.7) may be applied at all stress levels. The derivation of a

general expression for Z is outside the scope of this book, but one1 giving good agreement with

experiment is

Z ¼ 1� n2e
1� n2p

Es

E

1

2
þ 1

2

1

4
þ 3

4

Et

Es

� �1
2

" #

where Et and Es are the tangent modulus and secant modulus (stress/strain) of the plate in the inelastic

region and ne and np are Poisson’s ratio in the elastic and inelastic ranges.



FIGURE 9.3 (a) Buckling Coefficients for Flat Plates in Compression; (b) Buckling Coefficients for Flat Plates in

Bending; (c) Shear Buckling Coefficients for Flat Plates

3159.2 Inelastic buckling of plates
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9.3 EXPERIMENTAL DETERMINATION OF THE CRITICAL LOAD FOR
A FLAT PLATE
In Section 8.3, we saw that the critical load for a column may be determined experimentally, without

actually causing the column to buckle, by means of the Southwell plot. The critical load for an actual,

rectangular, thin plate is found in a similar manner.

The displacement of an initially curved plate from the zero load position was found, in Section

7.5, to be

w1 ¼
X1
m¼1

X1
n¼1

Bmn sin
mpx
a

sin
npy
b

where

Bmn ¼ AmnNx

p2D
a2

mþ n2a2

mb2

� �2

� Nx

We see that the coefficients Bmn increase with an increase of compressive load intensity Nx. It follows

that, when Nx approaches the critical value, Nx,CR, the term in the series corresponding to the buckled

shape of the plate becomes the most significant. For a square plate, n ¼ 1 and m ¼ 1 give a minimum

value of critical load, so that at the center of the plate

w1 ¼ A11Nx

Nx;CR � Nx

or, rearranging,

w1 ¼ Nx;CR
w1

Nx
� A11

Thus, a graph of w1 plotted against w1/Nx has a slope, in the region of the critical load, equal to Nx,CR.
9.4 LOCAL INSTABILITY
We distinguished in the introductory remarks to Chapter 8 between primary and secondary (or local)

instability. The latter form of buckling usually occurs in the flanges and webs of thin-walled columns

having an effective slenderness ratio, le/r < 20. For le/r > 80, this type of column is susceptible to

primary instability. In the intermediate range of le/r between 20 and 80, buckling occurs by a combi-

nation of both primary and secondary modes.

Thin-walled columns are encountered in aircraft structures in the shape of longitudinal stiffeners,

which are normally fabricated by extrusion processes or by forming from a flat sheet. A variety of

cross-sections are employed although each is usually composed of flat plate elements arranged to form

angle, channel, Z, or “top hat” sections, as shown in Fig. 9.4.We see that the plate elements fall into two

distinct categories: flanges, which have a free unloaded edge, and webs, which are supported by the

adjacent plate elements on both unloaded edges.



FIGURE 9.4 (a) Extruded Angle; (b) Formed Channel; (c) Extruded Z; (d) Formed “Top Hat”

3179.5 Instability of stiffened panels
In local instability, the flanges andwebs buckle like plates, with a resulting change in the cross-section

of the column. The wavelength of the buckle is of the order of the widths of the plate elements, and the

corresponding critical stress is generally independent of the length of the columnwhen the length is equal

to or greater than three times the width of the largest plate element in the column cross-section.

Buckling occurs when the weakest plate element, usually a flange, reaches its critical stress,

although in some cases all the elements reach their critical stresses simultaneously. When this

occurs, the rotational restraint provided by adjacent elements to each other disappears and the elements

behave as though they are simply supported along their common edges. These cases are the simplest to

analyze and are found where the cross-section of the column is an equal-legged angle, T, cruciform, or a

square tube of constant thickness. Values of local critical stress for columns possessing these types of

section may be found using Eq. (9.7) and an appropriate value of k. For example, k for a cruciform

section column is obtained from Fig. 9.3(a), for a plate which is simply supported on three sides with

one edge free and has a/b > 3. Hence, k ¼ 0.43 and if the section buckles elastically the plasticity

correction factor (see Eq. (9.7)) Z ¼ 1 and

sCR ¼ 0:388E
t

b

� �2
; n ¼ 0:3ð Þ

It must be appreciated that the calculation of local buckling stresses is generally complicated, with no

particular method gaining universal acceptance, much of the information available being experimental. A

detailed investigation of the topic is therefore beyond the scope of this book. When the individual plate

elements do not reach their critical stresses simultaneously an average compressive stress on the cross-

section of the member may be found; this is called the crippling or failure stress sf (see Section 9.6).
9.5 INSTABILITY OF STIFFENED PANELS
It is clear from Eq. (9.7) that plates having large values of b/t buckle at low values of critical stress. An

effective method of reducing this parameter is to introduce stiffeners along the length of the plate thereby

dividing a wide sheet into a number of smaller and more stable plates. Alternatively, the sheet may be di-

vided into a series of wide short columns by stiffeners attached across its width. In the former type of struc-

ture, the longitudinal stiffeners carry part of the compressive load,while in the latter, all the load is supported

by the plate. Frequently, both methods of stiffening are combined to form a grid-stiffened structure.

Stiffeners in earlier types of stiffened panel possessed a relatively high degree of strength compared

with the thin skin, resulting in the skin buckling at a much lower stress level than the stiffeners. Such

panels may be analyzed by assuming that the stiffeners provide simply supported edge conditions to a

series of flat plates.
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A more efficient structure is obtained by adjusting the stiffener sections so that buckling occurs in

both stiffeners and skin at about the same stress. This is achieved by a construction involving closely

spaced stiffeners of comparable thickness to the skin. Since their critical stresses are nearly the same

there is an appreciable interaction at buckling between skin and stiffeners so that the complete panel

must be considered as a unit. However, caution must be exercised, since it is possible for the two si-

multaneous critical loads to interact and reduce the actual critical load of the structure2 (see Example

8.4). Various modes of buckling are possible, including primary buckling, where the wavelength is

of the order of the panel length, and local buckling, with wavelengths of the order of the width of

the plate elements of the skin or stiffeners. A discussion of the various buckling modes of panels having

Z-section stiffeners has been given by Argyris and Dunne.3

The prediction of critical stresses for panels with a large number of longitudinal stiffeners is

difficult and relies heavily on approximate (energy) and semi-empirical methods. Bleich4 and

Timoshenko (see Ref. 1, Chapter 8) give energy solutions for plates with one and two longitudinal

stiffeners and also consider plates having a large number of stiffeners. Gerard and Becker5 summarize

much of the work on stiffened plates, and a large amount of theoretical and empirical data is presented

by Argyris and Dunne in the Handbook of Aeronautics.3

For detailed work on stiffened panels, reference should be made to as much as possible of the

preceding work. The literature is extensive, however, so that here we present a relatively simple

approach suggested by Gerard.1 Figure 9.5 represents a panel of width w stiffened by longitudinal

members which may be flats (as shown), Z, I, channel, or “top hat” sections. It is possible for the panel

to behave as an Euler column, its cross-section being that shown in Fig. 9.5. If the equivalent length of

the panel acting as a column is le, then the Euler critical stress is

sCR;E ¼ p2E

le=rð Þ2

as in Eq. (8.8). In addition to the column buckling mode, individual plate elements constituting

the panel cross-section may buckle as long plates. The buckling stress is then given by Eq. (9.7);

that is,

sCR ¼ Zkp2E
12 1� n2ð Þ

t

b

� �2
where the values of k, t, and b depend upon the particular portion of the panel being investigated.

For example, the portion of skin between stiffeners may buckle as a plate simply supported on all
FIGURE 9.5 Stiffened Panel
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four sides. Thus, for a/b > 3, k ¼ 4 from Fig. 9.3(a), and, assuming that buckling takes place in the

elastic range,

sCR ¼ 4p2E
12 1� n2ð Þ

tsk
bsk

� �2

A further possibility is that the stiffeners may buckle as long plates simply supported on three sides with

one edge free. Thus,

sCR ¼ 0:43p2E
12 1� n2ð Þ

tst
bst

� �2

Clearly, the minimum value of these critical stresses is the critical stress for the panel taken as a

whole.

The compressive load is applied to the panel over its complete cross-section. To relate this load to

an applied compressive stress sA acting on each element of the cross-section, we divide the load per

unit width, say Nx, by an equivalent skin thickness �t; hence,

sA ¼ Nx

�t

where

�t ¼ Ast

bsk
þ tsk

and Ast is the stiffener area.

The above remarks are concerned with the primary instability of stiffened panels. Values of local

buckling stress have been determined by Boughan, Baab, and Gallaher for idealized web, Z, and T

stiffened panels. The results are reproduced in Rivello6 together with the assumed geometries.

Further types of instability found in stiffened panels occur where the stiffeners are riveted

or spot welded to the skin. Such structures may be susceptible to interrivet buckling, in which

the skin buckles between rivets with a wavelength equal to the rivet pitch, or wrinkling, where
the stiffener forms an elastic line support for the skin. In the latter mode, the wavelength of the

buckle is greater than the rivet pitch and separation of skin and stiffener does not occur. Methods

of estimating the appropriate critical stresses are given in Rivello6 and the Handbook of
Aeronautics.3
9.6 FAILURE STRESS IN PLATES AND STIFFENED PANELS
The previous discussion on plates and stiffened panels investigated the prediction of buckling stresses.

However, as we have seen, plates retain some of their capacity to carry load, even though a portion of

the plate has buckled. In fact, the ultimate load is not reached until the stress in the majority of the plate

exceeds the elastic limit. The theoretical calculation of the ultimate stress is difficult, since non-

linearity results from both large deflections and the inelastic stress–strain relationship.
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Gerard1 proposes a semi-empirical solution for flat plates supported on all four edges. After elastic

buckling occurs, theory and experiment indicate that the average compressive stress, sa; in the plate

and the unloaded edge stress, se, are related by the following expression:

sa

sCR

¼ a1
se

sCR

� �n
(9.8)

where

sCR ¼ kp2E
12 1� n2ð Þ

t

b

� �2

and a1 is some unknown constant. Theoretical work by Stowell7 and Mayers and Budiansky8 shows that

failure occurs when the stress along the unloaded edge is approximately equal to the compressive yield

strength, scy, of the material. Hence, substituting scy for se in Eq. (9.8) and rearranging gives

sf

scy

¼ a1
sCR

scy

� �1�n

(9.9)

where the average compressive stress in the plate has become the average stress at failure sf :
Substituting for sCR in Eq. (9.9) and putting

a1p2ð1�nÞ

½12ð1� n2Þ�1�n
¼ a

yields

sf

scy

¼ ak1�n t

b

E

scy

� �1
2

" #2 1�nð Þ
(9.10)

Having obtained the failure stress sf for each wall of the cross-section an average failure stress sf;a may

be calculated from

sf;a ¼
Xn

i ¼ 1
sf;iAiXn

i ¼ 1
Ai

in which Ai =bti. The failure load, Pf, for the cross-section is then given by

Pf ¼ sf;aA

where A is the total area of the cross-section.
Example 9.1
Fig. 9.6 shows the cross-section of a long column. For the material of the column Young’s modulus

E=70,000 N/mm2, Poisson’s ratio n=0.3 and the compressive yield strength is 480 N/mm2. Calculate the failure

stress for the column and hence the failure load.
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FIGURE 9.6 Column Cross-Section of Example 9.1
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Since the column is said to be long it may be assumed that for each wall of the column a/b>3.

Flange 12 (and 34)

This may be regarded as a flat plate with one edge free and three edges simply supported. Then k=0.43

(see Fig. 9.3(a)). Also, from Ref. 6, n=0.6 and a1=0.8 so that

a ¼ 0:8� p0:8

12 1� 0:32
� �	 
0:4 ¼ 0:77

Then, from Eq. (9.10)
sf

scy

¼ 0:77� 0:430:4
2:5

20

70000

480

� �0:5
" #0:8

¼ 0:76

and sf ¼ 0:76� 480 ¼ 366:6 N=mm2.

Web 23

The web may be considered to be a flat plate simply supported on all four sides so that, from Fig. 9.3(a), k=4.0.

Again, from Ref. 6, n=0.6 and a1=0.8 so that a=0.77 as for the flange 12. Then, from Eq. (9.10)

sf

scy

¼ 0:77� 4:00:4
1:5

50

70000

480

� �0:5
" #0:8

¼ 0:6

which gives sf ¼ 0:6� 480 ¼ 288:0 N=mm2.

The average failure stress is then

sf;a ¼ 2� 366:6� 2:5� 20þ 288:0� 1:5� 50

2� 2:5� 20þ 1:5� 50
¼ 332:9 N=mm2

The failure load follows and is

Pf ¼ 332:9� 175 ¼ 58; 257:5 N:
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Eq. (9.10) may be written in simplified form as

sf

scy

¼ b
t

b

E

scy

� �1
2

" #m
(9.11)

where b ¼ akm/2. The constants b and m are determined by the best fit of Eq. (9.11) to test data.

Experiments on simply supported flat plates and square tubes of various aluminum and magnesium

alloys and steel show that b ¼ 1.42 and m ¼ 0.85 fit the results within �10 percent up to the yield

strength. Corresponding values for long clamped flat plates are b ¼ 1.80, m ¼ 0.85.

Gerard9–12 extended this method to the prediction of local failure stresses for the plate elements of

thin-walled columns. Equation (9.11) becomes

sf

scy

¼ bg
gt2

A

� �
E

scy

� �1
2

" #m
(9.12)

where A is the cross-sectional area of the column, bg and m are empirical constants, and g is the

number of cuts required to reduce the cross-section to a series of flanged sections plus the number

of flanges that would exist after the cuts are made. Examples of the determination of g are shown in

Fig. 9.7.

The local failure stress in longitudinally stiffened panels was determined by Gerard10,12 using a

slightly modified form of Eqs. (9.11) and (9.12). Thus, for a section of the panel consisting of a stiffener

and a width of skin equal to the stiffener spacing,

sf

scy

¼ bg
gtsktst
A

E

scy

� �1
2

" #m
(9.13)
FIGURE 9.7 Determination of Empirical Constant g



FIGURE 9.8 Determination of g for Two Types of Stiffener–Skin Combination
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where tsk and tst are the skin and stiffener thicknesses, respectively. A weighted yield stress scy is used

for a panel in which the material of the skin and stiffener have different yield stresses, thus,

scy ¼ scy þ scy;sk½ð�t=tstÞ � 1�
�t=tst

where �t is the average or equivalent skin thickness previously defined. The parameter g is obtained in a

similar manner to that for a thin-walled column, except that the number of cuts in the skin and the number

ofequivalent flangesof the skinare included.Acut to the leftofa stiffener isnot counted, since it is regarded

as belonging to the stiffener to the left of that cut. The calculation of g for two types of skin/stiffener com-

bination is illustrated inFig. 9.8. Equation (9.13) is applicable to eithermonolithic or built-up panelswhen,

in the latter case, interrivet buckling and wrinkling stresses are greater than the local failure stress.

The values of failure stress given by Eqs. (9.11), (9.12), and (9.13) are associated with local or sec-

ondary instability modes. Consequently, they apply when le/r� 20. In the intermediate range between

the local and primary modes, failure occurs through a combination of both. At the moment, no theory

satisfactorily predicts failure in this range, and we rely on test data and empirical methods. The NACA

(now NASA) produced direct reading charts for the failure of “top hat,” Z, and Y section stiffened

panels; a bibliography of the results is given by Gerard.10

It must be remembered that research into methods of predicting the instability and postbuckling

strength of the thin-walled types of structure associated with aircraft construction is a continuous pro-

cess. Modern developments include the use of the computer-based finite element technique (see

Chapter 6) and the study of the sensitivity of thin-walled structures to imperfections produced during

fabrication; much useful information and an extensive bibliography is contained in Murray.2
9.7 TENSION FIELD BEAMS
The spars of aircraft wings usually comprise an upper and a lower flange connected by thin, stiffened

webs. These webs are often of such a thickness that they buckle under shear stresses at a fraction of their

ultimate load. The form of the buckle is shown in Fig. 9.9(a), where the web of the beam buckles under



FIGURE 9.9 Diagonal Tension Field Beam
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the action of internal diagonal compressive stresses produced by shear, leaving a wrinkled web capable

of supporting diagonal tension only in a direction perpendicular to that of the buckle; the beam is then

said to be a complete tension field beam.
9.7.1 Complete diagonal tension
The theory presented here is due to H. Wagner.

The beam shown in Fig. 9.9(a) has concentrated flange areas having a depth d between their

centroids and vertical stiffeners spaced uniformly along the length of the beam. It is assumed that

the flanges resist the internal bending moment at any section of the beam while the web, of thickness

t, resists the vertical shear force. The effect of this assumption is to produce a uniform shear stress

distribution through the depth of the web (see Section 19.3) at any section. Therefore, at a section

of the beam where the shear force is S, the shear stress t is given by

t ¼ S

td
(9.14)

Consider now an element ABCD of the web in a panel of the beam, as shown in Fig. 9.9(a). The element

is subjected to tensile stresses,st, produced by the diagonal tension on the planes AB and CD; the angle

of the diagonal tension is a. On a vertical plane FD in the element, the shear stress is t and the direct

stress sz. Now, considering the equilibrium of the element FCD (Fig. 9.9(b)) and resolving forces ver-

tically, we have (see Section 1.6)

stCDt sin a ¼ tFDt

which gives

st ¼ t
sin a cos a

¼ 2t
sin 2a

(9.15)

or, substituting for t from Eq. (9.14) and noting that, in this case, S ¼ W at all sections of the beam,

st ¼ 2W

td sin 2a
(9.16)

Further, resolving forces horizontally for the element FCD,
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szFDt ¼ stCDt cos a
which gives
sz ¼ st cos
2 a

or, substituting for st from Eq. (9.15),

sz ¼ t
tan a

(9.17)

or, for this particular beam, from Eq. (9.14),

sz ¼ W

td tan a
(9.18)

Since t and st are constant through the depth of the beam, it follows that sz is constant through the

depth of the beam.

The direct loads in the flanges are found by considering a length z of the beam, as shown in

Fig. 9.10. On the planemm, direct and shear stresses sz and t are acting in the web, together with direct
loads FT and FB in the top and bottom flanges, respectively. FT and FB are produced by a combination

of the bending momentWz at the section and the compressive action (sz) of the diagonal tension. Tak-

ing moments about the bottom flange,

Wz ¼ FTd � sztd
2

2

Hence, substituting for sz from Eq. (9.18) and rearranging,

FT ¼ Wz

d
þ W

2 tan a
(9.19)

Now, resolving forces horizontally,

FB � FT þ sztd ¼ 0

which gives, on substituting for sz and FT from Eqs. (9.18) and (9.19),

FB ¼ Wz

d
� W

2 tan a
(9.20)
FIGURE 9.10 Determination of Flange Forces



FIGURE 9.11 Stress System on a Horizontal Plane in the Beam Web
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The diagonal tension stress st induces a direct stress sy on horizontal planes at any point in the web.

Then, on a horizontal plane HC in the element ABCD of Fig. 9.9, there is a direct stress sy and a

complementary shear stress t, as shown in Fig. 9.11.

From a consideration of the vertical equilibrium of the element HDC we have

syHCt ¼ stCDt sin a

which gives

sy ¼ st sin
2 a

Substituting for st from Eq. (9.15),

sy ¼ t tan a (9.21)
or, from Eq. (9.14), in which S ¼ W,
sy ¼ W

td
tan a (9.22)

The tensile stresses sy on horizontal planes in the web of the beam cause compression in the vertical

stiffeners. Each stiffener may be assumed to support half of each adjacent panel in the beam, so that the

compressive load P in a stiffener is given by

P ¼ sytb

which becomes, from Eq. (9.22),

P ¼ Wb

d
tan a (9.23)

If the load P is sufficiently high, the stiffeners buckle. Tests indicate that they buckle as columns of

equivalent length

le ¼ d=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� 2b=d

p
; for b � 1:5d

le ¼ d; for b � 1:5d

�
(9.24)



FIGURE 9.12 Bending of Flanges Due to Web Stress
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In addition to causing compression in the stiffeners, the direct stress sy produces bending of the

beam flanges between the stiffeners, as shown in Fig. 9.12. Each flange acts as a continuous beam car-

rying a uniformly distributed load of intensity syt. The maximum bending moment in a continuous

beam with ends fixed against rotation occurs at a support and is wL2/12, in which w is the load intensity

and L the beam span. In this case, therefore, the maximum bending momentMmax occurs at a stiffener

and is given by

Mmax ¼ sytb
2

12

or, substituting for sy from Eq. (9.22),

Mmax ¼ Wb2 tan a
12d

(9.25)

Midway between the stiffeners this bending moment reduces to Wb2 tan a/24d.
The angle a adjusts itself such that the total strain energy of the beam is a minimum. If it is assumed

that the flanges and stiffeners are rigid, then the strain energy comprises the shear strain energy of the

web only and a ¼ 45�. In practice, both flanges and stiffeners deform, so that a is somewhat less than

45�, usually of the order of 40� and, in the type of beam common to aircraft structures, rarely below 38�.
For beams having all components made of the same material, the condition of minimum strain energy

leads to various equivalent expressions for a, one of which is

tan2 a ¼ st þ sF

st þ sS

(9.26)

in which sF and sS are the uniform direct compressive stresses induced by the diagonal tension in the

flanges and stiffeners, respectively. Thus, from the second term on the right-hand side of either

Eq. (9.19) or (9.20),

sF ¼ W

2AF tan a
(9.27)
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in which AF is the cross-sectional area of each flange. Also, from Eq. (9.23),
sS ¼ Wb

ASd
tan a (9.28)

where AS is the cross-sectional area of a stiffener. Substitution of st from Eq. (9.16) and sF

and sS from Eqs. (9.27) and (9.28) into Eq. (9.26) produces an equation which may be solved

for a. An alternative expression for a, again derived from a consideration of the total strain energy

of the beam, is

tan4 a ¼ 1þ td=2AF

1þ tb=AS

(9.29)
Example 9.2
The beam shown in Fig. 9.13 is assumed to have a complete tension field web. If the cross-sectional areas of the

flanges and stiffeners are, respectively, 350 mm2 and 300 mm2 and the elastic section modulus of each flange is

750 mm3, determine the maximum stress in a flange and also whether or not the stiffeners buckle. The thickness of

the web is 2 mm and the second moment of area of a stiffener about an axis in the plane of the web is 2,000 mm4;

E ¼ 70,000 N/mm2.

From Eq. (9.29),

tan4 a ¼ 1þ 2� 400= 2� 350ð Þ
1þ 2� 300=300

¼ 0:7143

so that

a ¼ 42:6�

The maximum flange stress occurs in the top flange at the built-in end, where the bending moment on the beam

is greatest and the stresses due to bending and diagonal tension are additive. Therefore, from Eq. (9.19),
FIGURE 9.13 Beam of Example 9.2
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FT ¼ 5� 1200

400
þ 5

2 tan 42:6�

that is,

FT ¼ 17:7 kN

Hence, the direct stress in the top flange produced by the externally applied bending moment and the diagonal

tension is 17.7 � 103/350¼ 50.6 N/mm2..In addition to this uniform compressive stress, local bending of the type

shown in Fig. 9.12 occurs. The local bending moment in the top flange at the built-in end is found using Eq. (9.25):

Mmax ¼ 5� 103 � 3002 tan 42:6�

12� 400
¼ 8:6� 104N mm

The maximum compressive stress corresponding to this bending moment occurs at the lower extremity of the

flange and is 8.6 � 104/750 ¼ 114.9 N/mm2. Thus, the maximum stress in the flange occurs on the inside of

the top flange at the built-in end of the beam, is compressive, and is equal to 114.9 þ 50.6 ¼ 165.5 N/mm2.

The compressive load in a stiffener is obtained using Eq. (9.23):

P ¼ 5� 300 tan 42:6�

400
¼ 3:4 kN

Since, in this case, b < 1.5d, the equivalent length of a stiffener as a column is given by the first of Eqs. (9.24):

le ¼ 400=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� 2� 300=400

p
¼ 253 mm

From Eq. (8.7), the buckling load of a stiffener is then

PCR ¼ p2 � 70;000� 2;000

2532
¼ 22:0 kN

Clearly, the stiffener does not buckle.
Example 9.2: MATLAB
Repeat Example 9.1 using MATLAB.

The maximum stress in a flange and the determination whether or not the stiffener buckles is obtained through

the following MATLAB file:

% Declare any needed variables

t ¼ 2;

d ¼ 400;

b ¼ 300;

A_F ¼ 350;

A_S ¼ 300;

L ¼ 1200;

E ¼ 70000;
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S ¼ 750;

I ¼ 2000;

W ¼ 5;

% Solve Eq. (9.29) for the angle of diagonal tension (alpha)

alpha ¼ atan(((1þt*d/(2*A_F))/(1þt*b/A_S))̂ (1/4));

% The maximum flange stress and bending moment will occur in the top of the

% flange at the built-in end where the stresses due to bending and diagonal

% tension are additive.

% Evaluate Eq. (9.19) in the top of the flange at the built-in end

z ¼ L;

F_T ¼ W*z/d þ 5/(2*tan(alpha)); % Eq. (9.19)

% Calculate the direct stress in the top flange produced by the externally

% applied bending moment

sig_d ¼ F_T/A_F;

% Calculate the local bending moment in the top flange using Eq. (9.25)

M_max ¼ W*b̂ 2*tan(alpha)/(12*d);

% Calculate the corresponding maximum compressive stress due to M_max

sig_M ¼ M_max/S;

% Calculate the combined maximum stress in a flange

sig_max ¼ sig_d þ sig_M;

% Calculate the compressive load in a stiffener using Eq. (9.23)

P ¼ W*b*tan(alpha)/d;

% Substitute P into Eq. (9.24) to calculate the equivalent length of a

% stiffener as a column

if b < 1.5*d

l_e ¼ d/sqrt(4 - 2*b/d);

else

l_e ¼ d;

end

% Calculate the buckling load of a stiffener using Eq. (8.7)

P_CR ¼ pî 2*E*I/(l_ê 2);

% Check if the stiffener will buckle

if P_CR > P

disp(‘The stiffener will not buckle’)

else

disp(‘The stiffener will buckle’)

end

% Output the combined max stress to the Command Window

disp([‘sig_max ¼’ char(vpa(sig_max*1000,4)) ‘N/mm̂ 2’])

disp([‘P_CR ¼’ num2str(round(P_CR/1000)) ‘kN’])
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The Command Window output resulting from this MATLAB file is as follows:

The stiffener will not buckle

sig_max ¼ 165.5 N/mm̂ 2

P_CR ¼ 22 kN

In Eqs. (9.28) and (9.29,) it is implicitly assumed that a stiffener is fully effective in resisting axial

load. This is the case if the centroid of area of the stiffener lies in the plane of the beam web. Such a

situation arises when the stiffener consists of two members symmetrically arranged on opposite sides

of the web. In the case where the web is stiffened by a single member attached to one side, the com-

pressive load P is offset from the stiffener axis, thereby producing bending in addition to axial load.

For a stiffener having its centroid a distance e from the center of the web, the combined bending and

axial compressive stress, sc, at a distance e from the stiffener centroid, is

sc ¼ P

AS

þ Pe2

ASr2

in which r is the radius of gyration of the stiffener cross-section about its neutral axis (note, second

moment of area I ¼ Ar2). Then,

sc ¼ P

AS

1þ e

r

� �2� 

or

sc ¼ P

ASe

where

ASe ¼
AS

1þ e=rð Þ2 (9.30)

and is termed the effective stiffener area.
9.7.2 Incomplete diagonal tension
In modern aircraft structures, beams having extremely thin webs are rare. They retain, after buckling,

some of their ability to support loads, so that even near failure, they are in a state of stress somewhere

between that of pure diagonal tension and the pre-buckling stress. Such a beam is described as

an incomplete diagonal tension field beam and may be analyzed by semi-empirical theory as follows.

It is assumed that the nominal web shear t (¼S/td) may be divided into a “true shear” component tS
and a diagonal tension component tDT by writing

tDT ¼ kt; tS ¼ ð1� kÞt (9.31)
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where k, the diagonal tension factor, is a measure of the degree to which the diagonal tension is devel-
oped. A completely unbuckled web has k¼ 0, whereas k¼ 1 for a web in complete diagonal tension. The

value of k corresponding to a web having a critical shear stress tCR is given by the empirical expression

k ¼ tanh 0:5 log
t
tCR

� �
(9.32)

The ratio t/tCR is known as the loading ratio or buckling stress ratio. The buckling stress tCR may be

calculated from the formula

tCR;elastic ¼ kSSE
t

b

� �2
Rd þ 1

2
ðRb � RdÞ b

d

� �3
" #

(9.33)

where kss is the coefficient for a plate with simply supported edges and Rd and Rb are empirical restraint

coefficients for the vertical and horizontal edges of the web panel, respectively. Graphs giving kss, Rd,

and Rb are reproduced in Kuhn.13

The stress equations (9.27) and (9.28) are modified in the light of these assumptions and may be

rewritten in terms of the applied shear stress t as

sF ¼ kt cot a
ð2AF=tdÞ þ 0:5ð1� kÞ (9.34)

kt tan a

sS ¼ ðAS=tbÞ þ 0:5ð1� kÞ (9.35)

Further, the web stress st given by Eq. (9.15) becomes two direct stresses: s1 along the direction of a
given by

s1 ¼ 2kt
sin 2a

þ tð1� kÞ sin 2a (9.36)

and s2 perpendicular to this direction given by

s2 ¼ �t 1� kð Þ sin 2a (9.37)

The secondary bending moment of Eq. (9.25) is multiplied by the factor k, while the effective lengths
for the calculation of stiffener buckling loads become (see Eqs. (9.24))

le ¼ ds=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k2ð3� 2b=dsÞ

p
; for b < 1:5d

le ¼ ds; for b > 1:5d

�

where ds is the actual stiffener depth, as opposed to the effective depth d of the web, taken between the
web–flange connections, as shown in Fig. 9.14. We observe that Eqs. (9.34)–(9.37) are applicable to

either incomplete or complete diagonal tension field beams, since, for the latter case, k¼ 1, giving the

results of Eqs. (9.27), (9.28), and (9.15).

In some cases, beams taper along their lengths, in which case the flange loads are no longer

horizontal but have vertical components which reduce the shear load carried by the web. Thus,

in Fig. 9.15, where d is the depth of the beam at the section considered, we have, resolving forces

vertically,



FIGURE 9.14 Calculation of Stiffener Buckling Load

FIGURE 9.15 Effect of Taper on Diagonal Tension Field Beam Calculations
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W � ðFT þ FBÞ sin b� sttðd cos aÞ sin a ¼ 0 (9.38)

For horizontal equilibrium,

ðFT � FBÞ cos b� st td cos2 a ¼ 0 (9.39)

Taking moments about B,

Wz� FTd cos bþ 1

2
sttd

2 cos2 a ¼ 0 (9.40)

Solving Eqs. (9.38), (9.39), and (9.40) for st, FT, and FB,

st ¼ 2W

td sin 2a
1� 2z

d
tan b

� �
(9.41)

� �� 

FT ¼ W

d cos b
zþ d cot a

2
1� 2z

d
tan b (9.42)

� �� 

FB ¼ W

d cos b
z� d cot a

2
1� 2z

d
tan b (9.43)

Equation (9.23) becomes

P ¼ Wb

d
tan a 1� 2z

d
tan b

� �
(9.44)
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Also, the shear force S at any section of the beam is, from Fig. 9.15,
S ¼ W � FT þ FBð Þ sin b

or, substituting for FT and FB from Eqs. (9.42) and (9.43),

S ¼ W 1� 2z

d
tan b

� �
(9.45)

9.7.3 Postbuckling behavior
Sections 9.7.1 and 9.7.2 are concerned with beams in which the thin webs buckle to form tension

fields; the beam flanges are then regarded as being subjected to bending action, as in Fig. 9.12. It

is possible, if the beam flanges are relatively light, for failure due to yielding to occur in the beam

flanges after the web has buckled, so that plastic hinges form and a failure mechanism of the type shown

in Fig. 9.16 exists. This postbuckling behavior was investigated by Evans, Porter, and Rockey,14 who

developed a design method for beams subjected to bending and shear. Their method of analysis is pre-

sented here.

Suppose that the panel AXBZ in Fig. 9.16 collapses due to a shear load S and a bending momentM;

plastic hinges form atW,X,Y, and Z. In the initial stages of loading, the web remains perfectly flat until it

reaches its critical stresses, that is, tcr in shear andscrb inbending.Thevaluesof these stressesmaybe found

approximately from

smb

scrb

� �2

þ tm
tcr

� �2

¼ 1 (9.46)

where scrb is the critical value of bending stress with S ¼ 0,M 6¼ 0, and tcr is the critical value of shear
stress when S 6¼ 0 andM¼ 0. Once the critical stress is reached, the web starts to buckle and cannot carry
d
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FIGURE 9.16 Collapse Mechanism of a Panel of a Tension Field Beam
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3359.7 Tension field beams
any increase in compressive stress, so that, as we have seen in Section 9.7.1, any additional load is carried

by tension field action. It is assumed that the shear and bending stresses remain at their critical values tm
and smb and that there are additional stresses st, which are inclined at an angle y to the horizontal and

which carry any increases in the applied load. At collapse, that is, at ultimate load conditions, the addi-

tional stressst reaches itsmaximumvaluest(max) and the panel is in the collapsed state shown inFig. 9.16.

Consider now the small rectangular element on the edge AWof the panel before collapse. The stres-

ses acting on the element are shown in Fig. 9.17(a). The stresses on planes parallel to and perpendicular

to the direction of the buckle may be found by considering the equilibrium of triangular elements within

this rectangular element. Initially, we consider the triangular element CDE, which is subjected to the

stress system shown in Fig. 9.17(b) and is in equilibrium under the action of the forces corresponding to

these stresses. Note that the edge CE of the element is parallel to the direction of the buckle in the web.

For equilibrium of the element in a direction perpendicular to CE (see Section 1.6),

sxCEþ smbED cos y� tmED sin y� tmDC cos y ¼ 0

Dividing through by CE and rearranging, we have

sx ¼ �smb cos2 yþ tm sin 2y (9.47)

Similarly, by considering the equilibrium of the element in the direction EC, we have

tZx ¼ �smb

2
sin 2y� tm cos 2y (9.48)

Further, the direct stress sZ on the plane FD (Fig. 9.17(c)), which is perpendicular to the plane of the

buckle, is found from the equilibrium of the element FED. Then,

sZFDþ smbED sin yþ tmEF sin yþ tmDE cos y ¼ 0

Dividing through by FD and rearranging gives

sZ ¼ �smb sin2 y� tm sin 2y (9.49)

Note that the shear stress on this plane forms a complementary shear stress system with tZx.
The failure condition is reached by adding st(max) to sx and using the von Mises theory of elastic

failure15; that is,

s2
y ¼ s2

1 þ s2
2 � s1s2 þ 3t2 (9.50)
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where sy is the yield stress of the material, s1 and s2 are the direct stresses acting on two mutually
perpendicular planes, and t is the shear stress acting on the same two planes. Hence, when the yield

stress in the web is syw, failure occurs when

s2
yw ¼ ðsx þ stðmaxÞÞ2 þ s2

Z � sZ sx þ stðmaxÞ
� �þ 3t2Zx (9.51)

Equations (9.47), (9.48), (9.49), and (9.51) may be solved for st(max), which is then given by

st maxð Þ ¼ � 1

2
Aþ 1

2
A2 � 4 s2

mb þ 3t2m � s2
yw

� �h i1
2

(9.52)

where

A ¼ 3tm sin 2yþ smb sin2 y� 2smb cos2 y (9.53)

These equations have been derived for a point on the edge of the panel but are applicable to any point

within its boundary. Therefore, the resultant force Fw, corresponding to the tension field in the web,

may be calculated and its line of action determined.

If the average stresses in the compression and tension flanges are scf and stf and the yield stress of

the flanges is syf, the reduced plastic moments in the flanges are15

M0
pc ¼ Mpc 1� scf

syf

� �2
" #

compression flangeð Þ (9.54)

� �� 

M0

pt ¼ Mpt 1� stf

syf

tension flangeð Þ (9.55)

The position of each plastic hinge may be found by considering the equilibrium of a length of flange

and employing the principle of virtual work. In Fig. 9.18, the length WX of the upper flange of the-

beam is given a virtual displacement f. The work done by the shear force at X is equal to the

energy absorbed by the plastic hinges at X and W and the work done against the tension field

stress st(max). Suppose the average value of the tension field stress is stc, that is, the stress at the

mid-point of WX.
Fc

cc

Fc

M �pc M�pc

Sx

W X

θ

φ

σtc

FIGURE 9.18 Determination of Plastic Hinge Position
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Then,

Sxccf ¼ 2M0
pcfþ stctw sin2 y

c2c
2
f

The minimum value of Sx is obtained by differentiating with respect to cc; that is,

dSx
dcc

¼ �2
M0

pc

c2c
þ stctw

sin2 y
2

¼ 0

which gives

c2c ¼
4M0

pc

stctw sin2 y
(9.56)

Similarly, in the tension flange,

c2t ¼
4M0

pt

stttw sin2 y
(9.57)

Clearly, for the plastic hinges to occur within a flange, both cc and ct must be less than b. Therefore,
from Eq. (9.56),

M0
pc <

twb
2 sin2 y
4

stc (9.58)

where stc is found from Eqs. (9.52) and (9.53) at the mid-point of WX.

The average axial stress in the compression flange between W and X is obtained by considering the

equilibrium of half of the length of WX (Fig. 9.19).

Then,

Fc ¼ scfAcf þ stctw
cc
2

sin y cos yþ tmtw
cc
2

from which

scf ¼
Fc � 1

2
ðstc sin y cos yþ tmÞtwcc

Acf

(9.59)
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FIGURE 9.19 Determination of Flange Stress
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where Fc is the force in the compression flange at W and Acf is the cross-sectional area of the

compression flange.

Similarly, for the tension flange,

stf ¼
Ft þ 1

2
ðstt sin y cos yþ tmÞtwct

Atf

(9.60)

The forces Fc and Ft are found by considering the equilibrium of the beam to the right of WY

(Fig. 9.20). Then, resolving vertically and noting that Scr ¼ tmtwd,

Sult ¼ Fw sin yþ tmtwd þ
X

Wn (9.61)

Resolving horizontally and noting that Hcr ¼ tmtw(b – cc – ct),

Fc � Ft ¼ Fw cos y� tmtwðb� cc � ctÞ (9.62)

Taking moments about O, we have

Fc þ Ft ¼ 2

d
Sult sþ bþ cc � ct

2

� �
þM0

pt �M0
pc þ Fwq�Mw �

X
n

Wnzn

" #
(9.63)

where W1 to Wn are external loads applied to the beam to the right of WY and Mw is the bending mo-

ment in the web when it has buckled and become a tension field: that is,

Mw ¼ smbbd
2

b
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The flange forces are then
Fc ¼ Sult
2d

ðd cot yþ 2sþ bþ cc � ctÞ þ 1

d
M0

pt �M0
pc þ Fwq�Mw �

X
n

Wnzn

 !

� 1

2
tmtwðd cot yþ b� cc � ctÞ

(9.64)

 !

Ft ¼ Sult

2d
ðd cot yþ 2sþ bþ cc � ctÞ þ 1

d
M0

pt �M0
pc � Fwq�Mw �

X
n

Wnzn

þ 1

2
tmtwðd cot yþ b� cc � ctÞ

(9.65)

Evans, Porter, and Rockey adopted an iterative procedure for solving Eqs. (9.61)–(9.65), in which an

initial value of ywas assumed and scf and stf were taken to be zero. Then, cc and ct were calculated and
approximate values of Fc and Ft found giving better estimates for scf and stf. The procedure was re-

peated until the required accuracy was obtained.
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PROBLEMS

P.9.1 A thin square plate of side a and thickness t is simply supported along each edge and has a slight

initial curvature giving an initial deflected shape:

w0 ¼ d sin
px
a

sin
py
a

If the plate is subjected to a uniform compressive stress s in the x direction (see Fig. P.9.1), find an

expression for the elastic deflectionw normal to the plate. Show also that the deflection at the mid-point

of the plate can be presented in the form of a Southwell plot and illustrate your answer with a suitable

sketch.
An

An

FIGURE
swer: w ¼ ½std=ð4p2D=a2 � stÞ� sin px
a

sin
py
a

P.9.2 A uniform flat plate of thickness t has a width b in the y direction and length l in the x
direction (see Fig. P.9.2). The edges parallel to the x axis are clamped and those parallel to the y axis
are simply supported. A uniform compressive stress s is applied in the x direction along the

edges parallel to the y axis. Using an energy method, find an approximate expression for the mag-

nitude of the stress s that causes the plate to buckle, assuming that the deflected shape of the plate is

given by

w ¼ a11 sin
mpx
l

sin2
py
b

For this particular case, l ¼ 2b, find the number of half waves m corresponding to the lowest critical

stress, expressing the result to the nearest integer. Determine also the lowest critical stress.
swer: m ¼ 3; sCR ¼ 6E= 1� n2ð Þ½ � t=bð Þ2
P.9.1
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FIGURE P.9.3
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P.9.3 Apanel, comprising a flat sheet and uniformly spaced Z-section stringers, a part ofwhose cross-sec-
tion is shown in Fig. P.9.3, is to be investigated for strength under uniform compressive loads in a structure

in which it is to be stabilized by frames a distance l apart, l being appreciably greater than the spacing b.
An
(a) State the modes of failure you would consider and how you would determine appropriate
limiting stresses.
(b) Describe a suitable test to verify your calculations, giving particulars of the specimen, the
manner of support, and the measurements you would take. The last should enable you to verify

the assumptions made as well as to obtain the load supported.

P.9.4 Part of a compression panel of internal construction is shown in Fig. P.9.4. The equivalent

pin-center length of the panel is 500 mm. The material has a Young’s modulus of 70,000 N/mm2

and its elasticity may be taken as falling catastrophically when a compressive stress of 300 N/mm2

is reached. Taking coefficients of 3.62 for buckling of a plate with simply supported sides and of

0.385 with one side simply supported and one free, determine (a) the load per millimetre width of panel

when initial buckling may be expected and (b) the load per millimetre for ultimate failure. Treat the

material as thin for calculating section constants and assume that, after initial buckling, the stress in the

plate increases parabolically from its critical value in the center of sections.
swer: 613.8 N/mm, 844.7 N/mm
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P.9.4 MATLAB Use MATLAB to repeat part (a) of Problem P.9.4 for the following skin

thicknesses (tsk):
ðiÞ ðiiÞ ðiiiÞ ðivÞ ðvÞ

tsk 2 mm 2:5 mm 3 mm 3:5 mm 4 mm
An

FIGURE
swer: (i) Nx,CR ¼ 202.4 N/mm
An

(ii) Nx,CR ¼ 371.25 N/mm

(iii) Nx,CR ¼ 613.8 N/mm

(iv) Nx,CR ¼ 650.1 N/mm

(v) Nx,CR ¼ 677.1 N/mm
P.9.5 A long column has the cross-section shown in Fig. P.9.5. For the material of the column Young’s

modulusE=70,000 N/mm2, Poisson’s ratio n=0.3 and the compressive yield stress is 500 N/mm2. Cal-

culate the failure load for the column.
swer: 75,105 N.
1 2

4 3

1.5 mm

1.5 mm

60 mm

30 mm

P.9.5
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P.9.6Compare the value of critical load for the column of Fig. P.9.5 as predicted by Gerard (Eq. (9.12))

with that obtained in P.9.5.
An

An

An
swer: 85,050 N, 13.2% greater.
P.9.7 Examine the validity of the assumption in Example 9.2 that the web of the beam is in complete

diagonal tension.
swer: Assuming simply supported edges (the worst case) the critical shear load is 18.4 kN, the
An

assumption is therefore invalid.

P.9.8A simply supported beam has a span of 2.4 m and carries a central concentrated load of 10 kN. Each

of the flanges of the beam has a cross-sectional area of 300 mm2while that of the vertical web stiffeners is

280 mm2. If the depth of the beam, measured between the centroids of area of the flanges, is 350 mm and

the stiffeners are symmetrically arranged about the web and spaced at 300 mm intervals, determine the

maximum axial load in a flange and the compressive load in a stiffener. It may be assumed that the beam

web, of thickness 1.5 mm, is capable of resisting diagonal tension only.
swer: 19.9 kN, 3.9 kN.
P.9.9The spar of an aircraft is to be designed as an incomplete diagonal tension beam, the flanges being

parallel. The stiffener spacing will be 250 mm, the effective depth of web will be 750 mm, and the

depth between web-to-flange attachments is 725 mm. The spar is to carry an ultimate shear force of

100,000 N. The maximum permissible shear stress is 165 N/mm2, but it is also required that the shear

stress should not exceed 15 times the critical shear stress for the web panel. Assuming a to be 40� and
using the following relationships
(a) Select the smallest suitable web thickness from the following range of standard thicknesses.
(Take Young’s Modulus E as 70,000 N/mm2.)

0.7 mm, 0.9 mm, 1.2 mm, 1.6 mm
(b) Calculate the stiffener end load and the secondary bending moment in the flanges (assume
stiffeners to be symmetrical about the web).

The shear stress buckling coefficient for the web may be calculated from the expression
h i

K ¼ 7:70 1þ 0:75 b=dð Þ2

b and d having their usual significance. The relationship between the diagonal tension factor and

buckling stress ratio is

t=tCR 5 7 9 11 13 15

k 0:37 0:40 0:42 0:48 0:51 0:53

Note that a is the angle of diagonal tension measured from the spanwise axis of the beam, as in the usual

notation.
swer: 1.2 mm, 130AS/(1 þ 0.0113AS), 238,910 N mm
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P.9.9 MATLAB Use MATLAB to repeat Problem P.8.16 for the following stiffener spacings.

ðiÞ ðiiÞ ðiiiÞ ðivÞ
b 150 mm 250 mm 350 mm 450 mm
An

FIGURE
swer: (i) 0.9 mm, 166AS/(1 þ 0.0247AS), 83 910 N mm
An

(ii) 1.2 mm, 130AS/(1 þ 0.0113AS), 238 910 N mm

(iii) 1.2 mm, 210AS/(1 þ 0.0101AS), 605 317 N mm

(iv) 1.6 mm, 106AS/(1 þ 0.00487AS), 811 829 N mm

P.9.10 The main compressive wing structure of an aircraft consists of stringers, having the section

shown in Fig. P.9.10(b), bonded to a thin skin (Fig. P.9.10(a)). Find suitable values for the stringer

spacing b and rib spacing L if local instability, skin buckling, and panel strut instability all occur at

the same stress. Note that, in Fig. P.9.10(a), only two of several stringers are shown for diagrammatic

clarity. Also, the thin skin should be treated as a flat plate, since the curvature is small. For a flat plate

simply supported along two edges, assume a buckling coefficient of 3.62. Take E ¼ 69,000 N/mm2.
swer: b ¼ 56:5 mm; L ¼ 700 mm
9.5 mm

19.0 mm

0.9 mm

31.8 mm

1.6 mm

Wing rib

L

9.5 mm

b

(a)

(b)

P.9.10
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With the present chapter, we begin the purely aeronautical section of the book, where we consider

structures peculiar to the field of aeronautical engineering. These structures are typified by arrange-

ments of thin, load-bearing skins, frames, and stiffeners, fabricated from lightweight, high strength

materials of which aluminum alloys are the most widely used examples.

As a preliminary to the analysis of the basic aircraft structural forms presented in subsequent

chapters, we discuss the materials used in aircraft construction.

Several factors influence the selection of the structural material for an aircraft, but among these,

strength allied to lightness is probably the most important. Other properties having varying, though

sometimes critical significance include: stiffness; toughness; resistance to corrosion; fatigue and the

effects of environmental heating; ease of fabrication; availability and consistency of supply; and,

not least important, cost.

The main groups of materials used in aircraft construction have been wood, steel, aluminum alloys

with, more recently, titanium alloys, and fiber-reinforced composites. In the field of engine design,

titanium alloys are used in the early stages of a compressor, while nickel-based alloys or steels are used

for the hotter later stages. As we are concerned primarily with the materials involved in the construction

of the airframe, discussion of materials used in engine manufacture falls outside the scope of this book.
10.1 ALUMINUM ALLOYS
Pure aluminum is a relatively low strength, extremely flexible metal with virtually no structural appli-

cations. However, when alloyed with other metals, its properties are improved significantly. Three

groups of aluminum alloy have been used in the aircraft industry for many years and still play a major

role in aircraft construction. In the first of these, aluminum is alloyed with copper, magnesium,

manganese, silicon, and iron and has a typical composition of 4 percent copper, 0.5 percent magne-

sium, 0.5 percent manganese, 0.3 percent silicon, and 0.2 percent iron with the remainder being

aluminum. In the wrought, heat-treated, naturally aged condition, this alloy possesses a 0.1 percent

proof stress not less than 230 N/mm2, a tensile strength not less than 390 N/mm2, and an elongation

at fracture of 15 percent. Artificial ageing at a raised temperature of, for example, 170�C increases the

proof stress to not less than 370 N/mm2 and the tensile strength to not less than 460 N/mm2 with an

elongation of 8 percent.

The second group of alloys contain, in addition to the preceding, 1–2 percent of nickel, a higher

content of magnesium, and possible variations in the amounts of copper, silicon, and iron. The most

important property of these alloys is their retention of strength at high temperatures, which makes them

particularly suitable for aero engine manufacture. A development of these alloys by Rolls-Royce and
Introduction to Aircraft Structural Analysis, Third Edition. http://dx.doi.org/10.1016/B978-0-08-102076-0.00010-5
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High Duty Alloys Ltd. replaced some of the nickel by iron and reduced the copper content; these RR

alloys, as they were called, were used for forgings and extrusions in aero engines and airframes.

The third group of alloys depends upon the inclusion of zinc and magnesium for their high strength

and have a typical composition of 2.5 percent copper, 5 percent zinc, 3 percent magnesium, and up to

1 percent nickel with mechanical properties of 0.1 percent proof stress 510 N/mm2, tensile strength

585 N/mm2, and an elongation of 8 percent. In a modern development of this alloy, nickel has been

eliminated and provision made for the addition of chromium and further amounts of manganese.

Alloys from each of these groups have been used extensively for airframes, skins, and other stressed

components, the choice of alloy being influenced by factors such as strength (proof and ultimate stress),

ductility, ease of manufacture (e.g., in extrusion and forging), resistance to corrosion and amenability

to protective treatment, fatigue strength, freedom from liability to sudden cracking due to internal stres-

ses, and resistance to fast crack propagation under load. Clearly, different types of aircraft have dif-

fering requirements. A military aircraft, for instance, having a relatively short life measured in

hundreds of hours, does not call for the same degree of fatigue and corrosion resistance as a civil aircraft

with a required life of 30,000 hours or more.

Unfortunately, as one particular property of aluminum alloys is improved, other desirable properties

are sacrificed. For example, the extremely high static strength of the aluminum–zinc–magnesium

alloys was accompanied for many years by a sudden liability to crack in an unloaded condition due

to the retention of internal stresses in bars, forgings, and sheet after heat treatment. Although variations

in composition eliminated this problem to a considerable extent, other deficiencies showed themselves.

Early postwar passenger aircraft experienced large numbers of stress-corrosion failures of forgings and

extrusions. The problem became so serious that, in 1953, it was decided to replace as many aluminum–

zinc–manganese components as possible with the aluminum–4 percent copper Alloy L65 and to pro-

hibit the use of forgings in zinc-bearing alloy in all future designs. However, improvements in the

stress-corrosion resistance of the aluminum–zinc–magnesium alloys have resulted in recent years from

British, American, and German research. Both British and American opinions agree on the benefits of

including about 1 percent copper but disagree on the inclusion of chromium and manganese, while in

Germany, the addition of silver has been found extremely beneficial. Improved control of casting tech-

niques brought further improvements in resistance to stress corrosion. The development of aluminum–

zinc–magnesium–copper alloys largely met the requirement for aluminum alloys possessing

high strength, good fatigue crack growth resistance, and adequate toughness. Further development will

concentrate on the production of materials possessing higher specific properties, bringing benefits in

relation to weight saving rather than increasing strength and stiffness.

The first group of alloys possesses a lower static strength than the zinc-bearing alloys but are pre-

ferred for portions of the structure where fatigue considerations are of primary importance, such as

the undersurfaces of wings, where tensile fatigue loads predominate. Experience has shown that the

naturally aged version of these alloys has important advantages over the fully heat-treated forms in

fatigue endurance and resistance to crack propagation. Furthermore, the inclusion of a higher percent-

age of magnesium was found, in America, to produce, in the naturally aged condition, mechanical

properties between those of the normal naturally aged and artificially aged alloy. This alloy, desig-

nated 2024 (aluminum–copper alloys form the 2000 series) has the nominal composition: 4.5 percent

copper, 1.5 percent magnesium, 0.6 percent manganese, with the remainder aluminum and appears to

be a satisfactory compromise between the various important, but sometimes conflicting, mechanical

properties.
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Interest in aluminum–magnesium–silicon alloys has recently increased, although they have been in

general use in the aerospace industry for decades. The reasons for this renewed interest are that they are

potentially cheaper than aluminum–copper alloys and, being weldable, are capable of reducing

manufacturing costs. In addition, variants, such as the ISO 6013 alloy, have improved property levels

and, generally, possess a similar high fracture toughness and resistance to crack propagation as the

2000 series alloys.

Frequently, a particular form of an alloy is developed for a particular aircraft. An outstanding

example of such a development is the use of Hiduminium RR58 as the basis for the main structural

material, designated CM001, for Concorde. Hiduminium RR58 is a complex aluminum–copper–

magnesium–nickel–iron alloy developed during the 1939–1945 war specifically for the manufacture

of forged components in gas turbine aero engines. The chemical composition of the version used in

Concorde, was decided on the basis of elevated temperature, creep, fatigue, and tensile testing pro-

grams, has the detailed specification of materials listed in Table 10.1. Generally, CM001 is found

to possess better overall strength and fatigue characteristics over a wide range of temperatures than

any of the other possible aluminum alloys.
Table 10.1 Materials of CM001

%Cu %Mg %Si %Fe %Ni %Ti %Al

Minimum 2.25 1.35 0.18 0.90 1.0 — Remainder

Maximum 2.70 1.65 0.25 1.20 1.30 0.20
The latest aluminum alloys to find general use in the aerospace industry are the aluminum–lithium

alloys. Of these, the aluminum–lithium–copper–manganese alloy, 8090, developed in the United

Kingdom, is extensively used in the main fuselage structure of GKN Westland Helicopters’ design

EH101; it has also been qualified for Eurofighter 2000 (now named the Typhoon) but has yet to be

embodied. In the United States, the aluminum–lithium–copper alloy, 2095, has been used in the fuse-

lage frames of the F16 as a replacement for 2124, resulting in a fivefold increase in fatigue life and a

reduction in weight. Aluminum–lithium alloys can be successfully welded, possess a high fracture

toughness, and exhibit a high resistance to crack propagation.
10.2 STEEL
The use of steel for the manufacture of thin-walled, box-section spars in the 1930s has been superseded

by the aluminum alloys described in Section 10.1. Clearly, its high specific gravity prevents steel’s

widespread use in aircraft construction, but it has retained some value as a material for castings for

small components demanding high tensile strengths, high stiffness, and high resistance to wear. Such

components include undercarriage pivot brackets, wing-root attachments, fasteners, and tracks.

Although the attainment of high and ultra-high tensile strengths presents no difficulty with steel, it

is found that other properties are sacrificed and that it is difficult to manufacture into finished compo-

nents. To overcome some of these difficulties, types of steel known asmaraging steels were developed
in 1961, from which carbon is either eliminated entirely or present only in very small amounts. Carbon,

while producing the necessary hardening of conventional high-tensile steels, causes brittleness and
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distortion; the latter is not easily rectifiable as machining is difficult and cold forming impracticable.

Welded fabrication is also almost impossible or very expensive. The hardening of maraging steels

is achieved by the addition of other elements, such as nickel, cobalt, and molybdenum. A typical

maraging steel has these elements present in the following proportions: nickel 17–19 percent, cobalt

8–9 percent, molybdenum 3–3.5 percent, with titanium 0.15–0.25 percent. The carbon content is a

maximum of 0.03 percent, with traces of manganese, silicon, sulfur, phosphorus, aluminum, boron,

calcium, and zirconium. Its 0.2 percent proof stress is nominally 1400 N/mm2 and its modulus of

elasticity 180,000 N/mm2.

The main advantages of maraging steels over conventional low-alloy steels are: higher fracture

toughness and notched strength, simpler heat treatment, much lower volume change and distortion

during hardening, very much simpler to weld, easier to machine, and better resistance to stress corro-

sion and hydrogen embrittlement. On the other hand, the material cost of maraging steels is three or

more times greater than the cost of conventional steels, although this may be more than offset by the

increased cost of fabricating a complex component from the latter steel.

Maraging steels have been used in aircraft arrester hooks, rocket motor cases, helicopter under-

carriages, gears, ejector seats, and various structural forgings.

In addition to the preceding, steel in its stainless form has found applications primarily in the

construction of super- and hypersonic experimental and research aircraft, where temperature effects

are considerable. Stainless steel formed the primary structural material in the Bristol 188, built to

investigate kinetic heating effects, and also in the American rocket aircraft, the X-15, capable of speeds

of the order of Mach 5–6.
10.3 TITANIUM
The use of titanium alloys increased significantly in the 1980s, particularly in the construction of com-

bat aircraft as opposed to transport aircraft. This increase continued in the 1990s to the stage where, for

combat aircraft, the percentage of titanium alloy as a fraction of structural weight is of the same order

as that of aluminum alloy. Titanium alloys possess high specific properties, have a good fatigue

strength/tensile strength ratio with a distinct fatigue limit, and some retain considerable strength at tem-

peratures up to 400–500�C. Generally, there is also a good resistance to corrosion and corrosion fatigue
although properties are adversely affected by exposure to temperature and stress in a salt environment.

The latter poses particular problems in the engines of carrier-operated aircraft. Further disadvantages

are a relatively high density, so that weight penalties are imposed if the alloy is extensively used,

coupled with high primary and high fabrication costs, approximately seven times those of aluminum

and steel.

In spite of this, titanium alloys were used in the airframe and engines of Concorde, while the

Tornado wing carry-through box is fabricated from a weldable medium-strength titanium alloy.

Titanium alloys are also used extensively in the F15 and F22 American fighter aircraft and are incor-

porated in the tail assembly of the Boeing 777 civil airliner. Other uses include forged components,

such as flap and slat tracks and undercarriage parts.

New fabrication processes (e.g., superplastic forming combined with diffusion bonding) enable

large and complex components to be produced, resulting in a reduction in production man-hours

and weight. Typical savings are 30 percent in man-hours, 30 percent in weight, and 50 percent in cost
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compared with conventional riveted titanium structures. It is predicted that the number of titanium

components fabricated in this way for aircraft will increase significantly and include items such as

access doors, sheet for areas of hot gas impingement, and so forth.
10.4 PLASTICS
Plain plastic materials have specific gravities of approximately unity and are therefore considerably

heavier than wood, although of comparable strength. On the other hand, their specific gravities are less

than half those of the aluminum alloys, so that they find uses as windows or lightly stressed parts whose

dimensions are established by handling requirements rather than strength. They are also particularly

useful as electrical insulators and as energy-absorbing shields for delicate instrumentation and even

structures where severe vibration, such as in a rocket or space shuttle launch, occurs.
10.5 GLASS
The majority of modern aircraft have cabins pressurized for flight at high altitudes. Windscreens and

windows are therefore subjected to loads normal to their midplanes. Glass is frequently the material

employed for this purpose, in the form of plain or laminated plate or heat-strengthened plate. The types

of plate glass used in aircraft have a modulus of elasticity between 70,000 and 75,000 N/mm2 with a

modulus of rupture in bending of 45 N/mm2. Heat-strengthened plate has a modulus of rupture of about

four and a half times this figure.
10.6 COMPOSITE MATERIALS
Composite materials consist of strong fibers, such as glass or carbon, set in a matrix of plastic or epoxy

resin, which is mechanically and chemically protective. The fibers may be continuous or discontinuous

but possess a strength very much greater than that of the same bulk materials. For example, carbon

fibers have a tensile strength of the order of 2,400 N/mm2 and a modulus of elasticity of

400,000 N/mm2.

A sheet of fiber-reinforced material is anisotropic; that is, its properties depend on the direction of

the fibers. Generally, therefore, in structural form two or more sheets are sandwiched together to form a

lay-up so that the fiber directions match those of the major loads.

In the early stages of the development of composite materials, glass fibers were used in a matrix of

epoxy resin. This glass-reinforced plastic (GRP) was used for radomes and helicopter blades but found

limited use in components of fixed wing aircraft, due to its low stiffness. In the 1960s, new fibrous

reinforcements were introduced; Kevlar, for example, is an aramid material with the same strength

as glass but stiffer. Kevlar composites are tough but poor in compression and difficult to machine,

so they were used in secondary structures. Another composite, using boron fiber and developed in

the United States, was the first to possess sufficient strength and stiffness for primary structures.

These composites have now been replaced by carbon-fiber-reinforced plastics (CFRP), which have

similar properties to boron composites but are very much cheaper. Typically, CFRP has a modulus of
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the order of three times that of GRP, one and a half times that of a Kevlar composite, and twice that of

aluminum alloy. Its strength is three times that of aluminum alloy, approximately the same as that of

GRP, and slightly less than that of Kevlar composites. CFRP does, however, suffer from some disad-

vantages. It is a brittle material and therefore does not yield plastically in regions of high stress con-

centration. Its strength is reduced by impact damage, which may not be visible, and the epoxy resin

matrices can absorb moisture over a long period, which reduces its matrix-dependent properties, such

as its compressive strength; this effect increases with increase of temperature. Further, the properties of

CFRP are subject to more random variation than those of metals. All these factors must be allowed for

in design. On the other hand, the stiffness of CFRP is much less affected than its strength by such

conditions and it is less prone to fatigue damage than metals. It is estimated that replacing 40 percent

of an aluminum alloy structure by CFRP would result in a 12 percent saving in total structural weight.

CFRP is included in the wing, tailplane, and forward fuselage of the latest Harrier development; is

used in the Tornado taileron; and has been used to construct a complete Jaguar wing and engine bay

door for testing purposes. The use of CFRP in the fabrication of helicopter blades led to significant

increases in their service life, where fatigue resistance rather than stiffness is of primary importance.

Figure 10.1 shows the structural complexity of a Sea King helicopter rotor blade that incorporates

CFRP, GRP, stainless steel, a honeycomb core, and foam filling. An additional advantage of the

use of composites for helicopter rotor blades is that the molding techniques employed allow variations

of cross-section along the span, resulting in substantial aerodynamic benefits. This approach is being

employed in the fabrication of the main rotor blades of the GKN Westland Helicopters EH101.

A composite (fiberglass and aluminum) is used in the tail assembly of the Boeing 777, while the

leading edge of the Airbus A310–300/A320 fin assembly is of conventional reinforced glass fiber
FIGURE 10.1 Sectional View of Helicopter Main Rotor Blade

(courtesy Royal Aeronautical Society, Aerospace magazine)
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construction, reinforced at the nose to withstand bird strikes. A complete composite airframe was pro-

duced for the Beechcraft Starship turboprop executive aircraft, which, however, was not a commercial

success due to its canard configuration, causing drag and weight penalties.

The development of composite materials is continuing with research into the removal of strength-

reducing flaws and local imperfections from carbon fibers. Other matrices such as polyetheretherke-

tone, which absorbs much less moisture than epoxy resin, has an indefinite shelf life, and performs well

under impact, are being developed; fabrication, however, requires much higher temperatures. Metal

matrix composites, such as graphite–aluminum and boron–aluminum, are lightweight and retain their

strength at higher temperatures than aluminum alloys but are expensive to produce.

The use of composites in aircraft construction has increased steadily over the past decade. For

example, composites in the Boeing 787 airliner comprise 50 percent of its structural weight while a

carbon-epoxy composite features significantly in the Boeing-McDonnell-Douglas F/A-18E jet fighter.

Further, advanced composites are expected to feature more and more in the primary structure of both

civil and military aircraft due to their potential for significant savings in weight.
10.7 PROPERTIES OF MATERIALS
In Sections 10.1–10.6, we discussed the various materials used in aircraft construction and listed some

of their properties. We now examine in more detail their behavior under load and also define different

types of material.

Ductility
A material is said to be ductile if it is capable of withstanding large strains under load before fracture

occurs. These large strains are accompanied by a visible change in cross-sectional dimensions and

therefore give warning of impending failure. Materials in this category include mild steel, aluminum

and some of its alloys, copper, and polymers.

Brittleness
A brittle material exhibits little deformation before fracture, the strain normally being below 5 percent.

Brittle materials therefore may fail suddenly without visible warning. Included in this group are

concrete, cast iron, high strength steel, timber, and ceramics.

Elastic materials
Amaterial is said to be elastic if deformations disappear completely on removal of the load. All known

engineering materials are, in addition, linearly elastic within certain limits of stress, so that strain,

within these limits, is directly proportional to stress.

Plasticity
A material is perfectly plastic if no strain disappears after the removal of load. Ductile materials are

elastoplastic and behave in an elastic manner until the elastic limit is reached, after which they behave
plastically. When the stress is relieved the elastic component of the strain is recovered but the plastic

strain remains as a permanent set.
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Isotropic materials
In many materials, the elastic properties are the same in all directions at each point in the material,

although they may vary from point to point; such a material is known as isotropic. An isotropic material

having the same properties at all points is known as homogeneous (e.g., mild steel).

Anisotropic materials
Materials having varying elastic properties in different directions are known as anisotropic.

Orthotropic materials
Although a structural material may possess different elastic properties in different directions, this var-

iationmay be limited, as in the case of timber, which has just two values of Young’s modulus, one in the

direction of the grain and one perpendicular to the grain. A material whose elastic properties are limited

to different values in three mutually perpendicular directions is known as orthotropic.
10.7.1 Testing of engineering materials
The properties of engineering materials are determined mainly by the mechanical testing of specimens

machined to prescribed sizes and shapes. The testing may be static or dynamic in nature, depending on

the particular property being investigated. Possibly the most common mechanical static tests are tensile

and compressive tests which are carried out on a wide range of materials. Ferrous and nonferrous metals

are subjected to both forms of test, while compression tests are usually carried out on many nonmetallic

materials. Other static tests include bending, shear, and hardness tests, while the toughness of a ma-

terial, in other words, its ability to withstand shock loads, is determined by impact tests.

Tensile tests
Tensile tests are normally carried out on metallic materials and, in addition, timber. Test pieces are

machined from a batch of material, their dimensions being specified by Codes of Practice. They

are commonly circular in cross-section, although flat test pieces having rectangular cross-sections

are used when the batch of material is in the form of a plate. A typical test piece has the dimensions

specified in Fig. 10.2. Usually, the diameter of a central portion of the test piece is fractionally less than

that of the remainder to ensure that the test piece fractures between the gauge points.
Gauge points

Diameter, D

Radius, R

Fractionally
reduced
diameter

Gauge length (GL)

Length, L

FIGURE 10.2 Standard Cylindrical Test Piece
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Before the test begins, the mean diameter of the test piece is obtained by taking measurements at

several sections using a micrometer screw gauge. Gauge points are punched at the required gauge length,

the test piece is placed in the testing machine, and a suitable strain measuring device, usually an exten-

someter, is attached to the test piece at the gauge points, so that the extension is measured over the given

gauge length. Increments of load are applied and the corresponding extensions recorded. This procedure

continues until yield occurs, when the extensometer is removed as a precaution against the damage

caused if the test piece fractures unexpectedly. Subsequent extensions are measured by dividers placed

in the gauge points until, ultimately, the test piece fractures. The final gauge length and the diameter of the

test piece in the region of the fracture are measured so that the percentage elongation and percentage

reduction in area may be calculated. These two parameters give a measure of the ductility of the material.

A stress–strain curve is drawn (see Figs. 10.9 and 10.13), the stress normally being calculated on the

basis of the original cross-sectional area of the test piece, that is, a nominal stress as opposed to an

actual stress (which is based on the actual area of cross-section).

For ductile materials, there is a marked difference in the latter stages of the test, as a considerable

reduction in cross-sectional area occurs between yield and fracture. From the stress–strain curve, the

ultimate stress, the yield stress, and Young’s modulus, E, are obtained.

There are a number of variations on the basic tensile test just described. Some of these depend upon

the amount of additional information required and some upon the choice of equipment. There is a wide

range of strain measuring devices to choose from, extending from different makes of mechanical

extensometer, such as Huggenberger, Lindley, and Cambridge, to the electrical resistance strain gauge.

The last normally is used on flat test pieces, one on each face to eliminate the effects of possible bending.

At the same time, a strain gauge could be attached in a direction perpendicular to the direction of load-

ing, so that lateral strains are measured. The ratio lateral strain/longitudinal strain is Poisson’s ratio, v.
Testingmachines are usually driven hydraulically. More sophisticated versions employ load cells to

record load and automatically plot load against extension or stress against strain on a pen recorder as the

test proceeds, an advantage when investigating the distinctive behavior of mild steel at yield.

Compression tests
A compression test is similar in operation to a tensile test, with the obvious difference that the load trans-

mitted to the test piece is compressive rather than tensile. This is achieved by placing the test piece be-

tween the platens of the testing machine and reversing the direction of loading. Test pieces are normally

cylindrical and are limited in length to eliminate the possibility of failure being caused by instability.

Again, contractions are measured over a given gauge length by a suitable strain measuring device.

Variations in test pieces occur when only the ultimate strength of the material in compression is

required. For this purpose, concrete test pieces may take the form of cubes having edges approximately

10 cm long, while mild steel test pieces are still cylindrical in section but are of the order of 1 cm long.

Bending tests
Many structural members are subjected primarily to bending moments. Bending tests are therefore

carried out on simple beams constructed from the different materials to determine their behavior under

this type of load.

Two forms of loading are employed, the choice depending upon the type specified in Codes of

Practice for the particular material. In the first, a simply supported beam is subjected to a “two-point”

loading system, as shown in Fig. 10.3(a). Two concentrated loads are applied symmetrically to the
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FIGURE 10.3 Bending Test on a Beam, “Two-Point” Load
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beam, producing zero shear force and constant bending moment in the central span of the beam

(Figs. 10.3(b) and (c)). The condition of pure bending is therefore achieved in the central span.

The second form of loading system consists of a single concentrated load at midspan (Fig. 10.4(a)),

which produces the shear force and bending moment diagrams shown in Figs. 10.4(b) and (c).

The loads may be applied manually by hanging weights on the beam or by a testing machine.

Deflections are measured by a dial gauge placed underneath the beam. From the recorded results,

a load–deflection diagram is plotted.

For most ductile materials, the test beams continue to deform without failure and fracture does not

occur. Thus, plastic properties, for example, the ultimate strength in bending, cannot be determined for

such materials. In the case of brittle materials, including cast iron, timber, and various plastics, failure

does occur, so that plastic properties can be evaluated. For such materials, the ultimate strength in bend-

ing is defined by themodulus of rupture. This is taken to be the maximum direct stress in bending, sx,u,

corresponding to the ultimate momentMu, and is assumed to be related toMu by the elastic relationship

sx;u ¼ Mu

I
ymax

Other bending tests are designed to measure the ductility of a material and involve the bending of a bar

round a pin. The angle of bending at which the bar starts to crack is then taken as an indication of its

ductility.
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Shear tests
Two main types of shear test are used to determine the shear properties of materials. One type inves-

tigates the direct or transverse shear strength of a material and is used in connection with the shear

strength of bolts, rivets, and beams. A typical arrangement is shown diagrammatically in Fig. 10.5,

where the test piece is clamped to a block and the load is applied through the shear tool until failure

occurs. In the arrangement shown the test piece is subjected to double shear, whereas if it is extended

only partially across the gap in the block, it is subjected to single shear. In either case, the average shear

strength is taken as the maximum load divided by the shear resisting area.
Shear tool Load

Test piece

Block

FIGURE 10.5 Shear Test
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The other type of shear test is used to evaluate the basic shear properties of a material, such as the

shear modulus,G, the shear stress at yield, and the ultimate shear stress. In the usual form of test, a solid

circular-section test piece is placed in a torsion machine and twisted by controlled increments of torque.

The corresponding angles of twist are recorded and torque–twist diagrams plotted, from which the

shear properties of the material are obtained. The method is similar to that used to determine the tensile

properties of a material from a tensile test and uses relationships derived in Chapter 3.
Hardness tests
The machinability of a material and its resistance to scratching or penetration are determined by its

“hardness.” There also appears to be a connection between the hardness of some materials and their

tensile strength, so that hardness tests may be used to determine the properties of a finished structural

member where tensile and other tests would be impracticable. Hardness tests are also used to inves-

tigate the effects of heat treatment, hardening and tempering, and cold forming. Two types of hardness

test are in common use: indentation tests and scratch and abrasion tests.
Indentation tests may be subdivided into two classes: static and dynamic. Of the static tests, the

Brinell is the most common. In this, a hardened steel ball is pressed into the material under test by

a static load acting for a fixed period of time. The load in kilograms divided by the spherical area

of the indentation in square millimeters is called the Brinell hardness number (BHN). In Fig. 10.6,

ifD is the diameter of the ball, F the load in kilograms, h the depth of the indentation, and d the diameter

of the indentation, then

BHN ¼ F

pDh
¼ 2F

pD½D�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2 � d2

p
�

In practice, the hardness number of a givenmaterial is found to vary withF andD, so that for uniformity

the test is standardized. For steel and hard materials, F ¼ 3000 kg and D ¼ 10 mm, while for soft

materials F ¼ 500 kg and D ¼ 10 mm; in addition, the load is usually applied for 15 s.

In the Brinell test, the dimensions of the indentation are measured by means of a microscope. To

avoid this rather tedious procedure, direct reading machines have been devised, of which the Rockwell
is typical. The indenting tool, again a hardened sphere, is first applied under a definite light load. This

indenting tool is then replaced by a diamond cone with a rounded point, which is then applied under a

specified indentation load. The difference between the depth of the indentation under the two loads is

taken as a measure of the hardness of the material and is read directly from the scale.
D

F (kg)

h

d

FIGURE 10.6 Brinell Hardness Test
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A typical dynamic hardness test is performed by the Shore Scleroscope, which consists of a small

hammer approximately 20 mm long and 6 mm in diameter fitted with a blunt, rounded, diamond point.

The hammer is guided by a vertical glass tube and allowed to fall freely from a height of 25 cm onto the

specimen, which it indents before rebounding. A certain proportion of the energy of the hammer is

expended in forming the indentation, so that the height of the rebound, which depends upon the energy

still possessed by the hammer, is taken as a measure of the hardness of the material.

A number of tests have been devised to measure the “scratch hardness” of materials. In one test, the

smallest load in grams that, when applied to a diamond point, produces a scratch visible to the naked

eye on a polished specimen of material is called its hardness number. In other tests, the magnitude of

the load required to produce a definite width of scratch is taken as the measure of hardness. Abrasion

tests, involving the shaking over a period of time of several specimens placed in a container, measure

the resistance to wear of some materials. In some cases, there appears to be a connection between wear

and hardness number, although the results show no level of consistency.
Impact tests
It has been found that certain materials, particularly heat-treated steels, are susceptible to failure under

shock loading, whereas an ordinary tensile test on the samematerial shows no abnormality. Impact tests

measure the ability of materials to withstand shock loads and provide an indication of their toughness.
Two main tests are in use, the Izod and the Charpy.

Both tests rely on a striker or weight attached to a pendulum. The pendulum is released from a fixed

height, the weight strikes a notched test piece, and the angle through which the pendulum then swings is

a measure of the toughness of the material. The arrangement for the Izod test is shown diagrammat-

ically in Fig. 10.7(a). The specimen and the method of mounting are shown in detail in Fig. 10.7(b). The

Charpy test is similar in operation except that the test piece is supported in a different manner, as shown

in the plan view in Fig. 10.8.
(a) (b)

Pendulum

Striker

Striker

Test piece

Mounting
block

Test
piece

75°

10°

45°

22 mm

FIGURE 10.7 Izod Impact Test
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10.7.2 Stress–strain curves
We now examine in detail the properties of the different materials from the viewpoint of the results

obtained from tensile and compression tests.

Low carbon steel (mild steel)
A nominal stress–strain curve for mild steel, a ductile material, is shown in Fig. 10.9. From 0 to a, the

stress–strain curve is linear, the material in this range obeying Hooke’s law. Beyond a, the limit of pro-
portionality, stress is no longer proportional to strain and the stress–strain curve continues to b, the

elastic limit, which is defined as the maximum stress that can be applied to a material without produc-

ing a permanent plastic deformation or permanent set when the load is removed. In other words, if the

material is stressed beyond b and the load then removed, a residual strain exists at zero load. For many

materials, it is impossible to detect a difference between the limit of proportionality and the elastic

limit. From 0 to b, the material is said to be in the elastic range, while from b to fracture, the material

is in the plastic range. The transition from the elastic to the plastic range may be explained by
a

a

b

b
c

c

d

d

f

f

g

0

Fracture

Plastic range

Elastic range

Strain, ε

Stress, s

sult

FIGURE 10.9 Stress–Strain Curve for Mild Steel
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considering the arrangement of crystals in the material. As the load is applied, slipping occurs between

the crystals aligned most closely to the direction of load. As the load is increased, more and more crys-

tals slip with each equal load increment, until appreciable strain increments are produced and the plastic

range is reached.

A further increase in stress from b results in the mild steel reaching its upper yield point at c, fol-
lowed by a rapid fall in stress to its lower yield point at d. The existence of a lower yield point for mild

steel is a peculiarity of the tensile test, wherein the movement of the ends of the test piece produced by

the testing machine does not proceed as rapidly as its plastic deformation; the load therefore decreases,

as does the stress. From d to f, the strain increases at a roughly constant value of stress until strain
hardening again causes an increase in stress. This increase in stress continues, accompanied by a large

increase in strain to g, the ultimate stress, sult, of the material. At this point, the test piece begins, vis-

ibly, to “neck” as shown in Fig. 10.10. Thematerial in the test piece in the region of the “neck” is almost

perfectly plastic at this stage, and from this point onwards to fracture, there is a reduction in nominal

stress.

For mild steel, yielding occurs at a stress of the order of 300 N/mm2. At fracture, the strain (i.e., the

elongation) is of the order of 30 percent. The gradient of the linear portion of the stress–strain curve

gives a value for Young’s modulus in the region of 200,000 N/mm2.

The characteristics of the fracture are worthy of examination. In a cylindrical test piece, the two

halves of the fractured test piece have ends that form a “cup and cone” (Fig. 10.11). The actual failure

planes in this case are inclined at approximately 45� to the axis of loading and coincide with planes of
maximum shear stress. Similarly, if a flat tensile specimen of mild steel is polished then stressed, a

pattern of fine lines appears on the polished surface at yield. These lines, which were first discovered

by Lüder in 1854, intersect approximately at right angles and are inclined at 45� to the axis of the spec-
imen, thereby coinciding with planes of maximum shear stress. These forms of yielding and fracture

suggest that the crystalline structure of the steel is relatively weak in shear with yielding taking the form

of the sliding of one crystal plane over another rather than the tearing apart of two crystal planes.

The behavior of mild steel in compression is very similar to its behavior in tension, particularly in

the elastic range. In the plastic range, it is not possible to obtain ultimate and fracture loads, since, due

to compression, the area of cross-section increases as the load increases, producing a “barrelling”
Neck

FIGURE 10.10 “Necking” of a Test Piece in the Plastic Range

FIGURE 10.11 “Cup-and-Cone” Failure of a Mild Steel Test Piece
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FIGURE 10.12 “Barrelling” of a Mild Steel Test Piece in Compression
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effect, as shown in Fig. 10.12. This increase in cross-sectional area tends to decrease the true stress,

thereby increasing the load resistance. Ultimately, a flat disc is produced. For design purposes, the ul-

timate stresses of mild steel in tension and compression are assumed to be the same.

Higher grades of steel have greater strengths than mild steel but are not as ductile. They also possess

the same Young’s modulus, so that the higher stresses are accompanied by higher strains.
Aluminum
Aluminum and some of its alloys are also ductile materials, although their stress–strain curves do not

have the distinct yield stress of mild steel. A typical stress–strain curve is shown in Fig. 10.13. The

points a and b again mark the limit of proportionality and elastic limit, respectively, but are difficult

to determine experimentally. Instead, a proof stress is defined, which is the stress required to produce a
given permanent strain on removal of the load. In Fig. 10.13, a line drawn parallel to the linear portion

of the stress–strain curve from a strain of 0.001 (i.e., a strain of 0.1 percent) intersects the stress–strain

curve at the 0.1 percent proof stress. For elastic design this, or the 0.2 percent proof stress, is taken as the

working stress.

Beyond the limit of proportionality the material extends plastically, reaching its ultimate stress,sult,

at d before finally fracturing under a reduced nominal stress at f.
0.0010 Strain, ε

Stress, s

sult

0.1% Proof
stress Fracture

a
b c

d
f

FIGURE 10.13 Stress–Strain Curve for Aluminum
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A feature of the fracture of aluminum alloy test pieces is the formation of a “double cup,” as shown

in Fig. 10.14, implying that failure was initiated in the central portion of the test piece while the outer

surfaces remained intact. Again, considerable “necking” occurs.

In compression tests on aluminum and its ductile alloys, similar difficulties are encountered to those

experienced with mild steel. The stress–strain curve is very similar in the elastic range to that obtained

in a tensile test, but the ultimate strength in compression cannot be determined; in design, its value is

assumed to coincide with that in tension.

Aluminum and its alloys can suffer a form of corrosion, particularly in the salt- laden atmosphere of

coastal regions. The surface becomes pitted and covered by a white furry deposit. This can be prevented

by an electrolytic process called anodizing, which covers the surface with an inert coating. Aluminum

alloys also corrode if they are placed in direct contact with other metals, such as steel. To prevent this,

plastic is inserted between the possible areas of contact.

Brittle materials
These include cast iron, high-strength steel, concrete, timber, ceramics, and glass. The plastic range for

brittle materials extends to only small values of strain. A typical stress–strain curve for a brittle material

under tension is shown in Fig. 10.15. Little or no yielding occurs and fracture takes place very shortly

after the elastic limit is reached.

The fracture of a cylindrical test piece takes the form of a single failure plane approximately

perpendicular to the direction of loading with no visible “necking” and an elongation of the order

of 2–3 percent.

In compression, the stress–strain curve for a brittle material is very similar to that in tension, except

that failure occurs at a much higher value of stress; for concrete, the ratio is of the order of 10:1.
Fracture
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FIGURE 10.15 Stress–Strain Curve for a Brittle Material
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This is thought to be due to the presence of microscopic cracks in the material, giving rise to high stress

concentrations, which are more likely to have a greater effect in reducing tensile strength than

compressive strength.

Composites
Fiber composites have stress–strain characteristics indicating that they are brittle materials (Fig. 10.16).

There is little or no plasticity, and the modulus of elasticity is less than that of steel and aluminum alloy.

However, the fibers themselves can have much higher values of strength and modulus of elasticity than

the composite. For example, carbon fibers have a tensile strength of the order 2,400 N/mm2 and a mod-

ulus of elasticity of 400,000 N/mm2.

Fiber composites are highly durable, require no maintenance, and can be used in hostile chemical

and atmospheric environments; vinyls and epoxy resins provide the best resistance.

All the stress–strain curves described in the preceding discussion are those produced in tensile or

compression tests in which the strain is applied at a negligible rate. A rapid strain application results in

significant changes in the apparent properties of the materials, giving possible variations in yield stress

of up to 100 percent.
10.7.3 Strain hardening
The stress–strain curve for a material is influenced by the strain history, or the loading and unloading of
the material, within the plastic range. For example, in Fig. 10.17, a test piece is initially stressed in

tension beyond the yield stress at a to a value at b. The material is then unloaded to c and reloaded

to f, producing an increase in yield stress from the value at a to the value at d. Subsequent unloading

to g and loading to j increases the yield stress still further to the value at h. This increase in strength

resulting from the loading and unloading is known as strain hardening. It can be seen, from Fig. 10.17,

that the stress–strain curve during the unloading and loading cycles form loops (the shaded areas in

Fig. 10.17). These indicate that strain energy is lost during the cycle, the energy being dissipated in
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the form of heat produced by internal friction. This energy loss is known as mechanical hysteresis and
the loops as hysteresis loops. Although the ultimate stress is increased by strain hardening, it is not

influenced to the same extent as yield stress. The increase in strength produced by strain hardening

is accompanied by decreases in toughness and ductility.
10.7.4 Creep and relaxation
We saw in Chapter 1 that a given load produces a calculable value of stress in a structural member

and hence a corresponding value of strain once the full value of the load is transferred to the member.

However, after this initial or ‘instantaneous’ stress and its corresponding value of strain have been

attained, a great number of structural materials continue to deform slowly and progressively under

load over a period of time. This behavior is known as creep. A typical creep curve is shown in

Fig. 10.18.

Some materials, such as plastics and rubber, exhibit creep at room temperatures, but most structural

materials require high temperatures or long-duration loading at moderate temperatures. In some “soft”

metals, such as zinc and lead, creep occurs over a relatively short period of time, whereasmaterials such

as concrete may be subject to creep over a period of years. Creep occurs in steel to a slight extent at

normal temperatures but becomes very important at temperatures above 316�C.
Closely related to creep is relaxation. Whereas creep involves an increase in strain under constant

stress, relaxation is the decrease in stress experienced over a period of time by a material subjected to a

constant strain.
10.7.5 Fatigue
Structural members are frequently subjected to repetitive loading over a long period of time. For

example, the members of a bridge structure suffer variations in loading possibly thousands of times

a day as traffic moves over the bridge. In these circumstances, a structural member may fracture at

a level of stress substantially below the ultimate stress for nonrepetitive static loads; this phenomenon

is known as fatigue.
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Fatigue cracks are most frequently initiated at sections in a structural member where changes in

geometry, such as holes, notches, or sudden changes in section, cause stress concentrations. Designers
seek to eliminate such areas by ensuring that rapid changes in section are as smooth as possible. At

re-entrant corners for example, fillets are provided, as shown in Fig. 10.19.

Other factors which affect the failure of a material under repetitive loading are the type of loading

(fatigue is primarily a problem with repeated tensile stresses, probably because microscopic cracks can

propagate more easily under tension), temperature, the material, surface finish (machine marks are

potential crack propagators), corrosion, and residual stresses produced by welding.

Frequently in structural members, an alternating stress, salt, is superimposed on a static or mean

stress, smean, as illustrated in Fig. 10.20. The value of salt is the most important factor in determining

the number of cycles of load that produce failure. The stress salt that can be withstood for a specified
Location of stress
concentration

Provision of fillet
minimizes stress
concentration

FIGURE 10.19 Stress Concentration Location
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number of cycles is called the fatigue strength of the material. Some materials, such as mild steel,

possess a stress level that can be withstood for an indefinite number of cycles. This stress is known

as the endurance limit of the material; no such limit has been found for aluminum and its alloys. Fatigue

data are frequently presented in the form of an S–n curve or stress–endurance curve, as shown in

Fig. 10.21.

In many practical situations, the amplitude of the alternating stress varies and is frequently random

in nature. The S–n curve does not, therefore, apply directly, and an alternative means of predicting

failure is required. Miner’s cumulative damage theory suggests that failure occurs when

n1
N1

þ n2
N2

þ . . .þ nr
Nr

¼ 1 (10.1)

where n1, n2, . . . , nr are the number of applications of stresses salt, smean and N1, N2, . . . , Nr are the

number of cycles to failure of stresses salt, smean.

We examine fatigue and its effect on aircraft design in much greater detail in Chapter 14.
Stress, salt

Mild steel

Endurance
limit

Aluminum
alloy

Number of cycles to failure
10 107106105104103102 108

FIGURE 10.21 Stress–Endurance Curves
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PROBLEMS

P.10.1 Describe a simple tensile test and show, with the aid of sketches, how measures of the ductility

of the material of the specimen may be obtained. Sketch typical stress–strain curves for mild steel and

an aluminum alloy showing their important features.

P.10.2 A bar of metal 25 mm in diameter is tested on a length of 250 mm. In tension, the results in

Table P.10.2 were recorded. A torsion test gave the results also in Table P.10.2. Represent these

results in graphical form and determine Young’s modulus, E; the modulus of rigidity, G; Poisson’s
ratio, v; and the bulk modulus, K; for the metal.

Answer: E ’ 205; 000 N=mm
2; G ’ 80; 700 N=mm

2; n ’ 0:27; K ’ 148; 600 N=mm
2

P.10.2 MATLAB Use MATLAB to repeat Problem P.10.2 for the following bar diameter values:
(i) (ii) (iii) (iv) (v)

d 24.8 mm 24.9 mm 25 mm 25.1 mm 25.2 mm
Assume that the slopes of the tension and torsion data provided in Table P.10.2 are 402.6 kN/mm

and 12.38 kN m/rad, respectively.
Table P.10.2 Problem 10.2

Tension:

Load (kN) 10.4 31.2 52.0 72.8

Extension (mm) 0.036 0.089 0.140 0.191

Torsion:

Torque (kN m) 0.051 0.152 0.253 0.354

Angle of twist (degrees) 0.24 0.71 1.175 1.642
Answer: ið Þ E � 208; 400 N=mm
2; G � 83; 300 N=mm

2; v � 0:25; K � 138; 900 N=mm
2

iið Þ E � 206; 700 N=mm
2; G � 82; 000 N=mm

2; n � 0:26; K � 143; 500 N=mm
2

iiið Þ E � 205; 000 N=mm
2; G � 80; 700 N=mm

2; v � 0:27; K � 148; 600 N=mm
2

ðivÞ E � 203; 400 N=mm
2; G � 79; 400 N=mm

2; v � 0:28; K � 154; 100 N=mm
2

vð Þ E � 201; 800 N=mm
2; G � 78; 200 N=mm

2; v � 0:29; K � 160; 200 N=mm
2

P.10.3 The actual stress–strain curve for a particular material is given by s ¼ Cen, where C
is a constant. Assuming that the material suffers no change in volume during plastic deformation,

derive an expression for the nominal stress–strain curve and show that this has a maximum value

when e ¼ n/(1–n).

Answer: snom ¼ Cen= 1þ eð Þ
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P.10.4 A structural member is to be subjected to a series of cyclic loads that produce different levels of

alternating stress, as shown in Table P.10.4. Determine whether or not a fatigue failure is probable.

Answer: Not probable (n1/N1 þ n2/N2 þ � � � ¼ 0.39)
Table P.10.4 Problem 10.4

Loading Number of cycles Number of cycles to failure

1 104 5 � 104

2 105 106

3 106 24 � 107

4 107 12 � 107
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Aircraft are generally built up from the basic components of wings, fuselages, tail units, and control

surfaces. There are variations in particular aircraft, for example, a delta wing aircraft would not nec-

essarily possess a horizontal tail, although this is present in a canard configuration, such as that of the

Eurofighter (Typhoon). Each component has one or more specific functions and must be designed to

ensure that it can carry out these functions safely. In this chapter, we describe the various loads to which

aircraft components are subjected, their function and fabrication, and the design of connections.
11.1 LOADS ON STRUCTURAL COMPONENTS
The structure of an aircraft is required to support two distinct classes of load: the first, termed ground
loads, includes all loads encountered by the aircraft during movement or transportation on the ground,

such as taxiing and landing loads, towing and hoisting loads; while the second, air loads, comprises

loads imposed on the structure during flight by maneuvers and gusts. In addition, aircraft designed for a

particular role encounter loads peculiar to their sphere of operation. Carrier-borne aircraft, for instance,

are subjected to catapult take-off and arrested landing loads: most large civil and practically all military

aircraft have pressurized cabins for high-altitude flying; amphibious aircraft must be capable of landing

on water and aircraft designed to fly at high speed at low altitude, such as the Tornado, require a struc-

ture of above average strength to withstand the effects of flight in extremely turbulent air.

The two classes of loads may be further divided into surface forces, which act upon the surface of

the structure, such as aerodynamic and hydrostatic pressure, and body forces, which act over the

volume of the structure and are produced by gravitational and inertial effects. Calculation of the

distribution of aerodynamic pressure over the various surfaces of an aircraft’s structure is presented

in numerous texts on aerodynamics and therefore is not attempted here. However, we discuss the types

of load induced by these various effects and their action on the different structural components.

Basically, all air loads are the result of the pressure distribution over the surfaces of the skin pro-

duced by steady flight, maneuver, or gust conditions. Generally, these results cause direct loads, bend-

ing, shear, and torsion in all parts of the structure in addition to local, normal pressure loads imposed on

the skin.

Conventional aircraft usually consist of fuselage, wings, and tailplane. The fuselage contains crew

and payload, the latter being passengers, cargo, or weapons plus fuel, depending on the type of aircraft

and its function, the wings provide the lift and the tailplane is the main contributor to directional con-

trol. In addition, ailerons, elevators, and the rudder enable the pilot to maneuver the aircraft and main-

tain its stability in flight, while wing flaps provide the necessary increase of lift for take-off and landing.

Figure 11.1 shows typical aerodynamic force resultants experienced by an aircraft in steady flight.
Introduction to Aircraft Structural Analysis, Third Edition. http://dx.doi.org/10.1016/B978-0-08-102076-0.00011-7
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FIGURE 11.1 Principal Aerodynamic Forces on an Aircraft during Flight
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The force on an aerodynamic surface (wing, vertical or horizontal tail) results from a differential pres-

sure distribution caused by incidence, camber, or a combination of both. Such a pressure distribution,

shown in Fig. 11.2(a), has vertical (lift) and horizontal (drag) resultants acting at a center of pressure

(CP). (In practice, lift and drag are measured perpendicular and parallel to the flight path, respectively.)

Clearly, the position of the CP changes as the pressure distribution varies with speed or wing incidence.

However, there is, conveniently, a point in the aerofoil section about which themoment due to the lift and

drag forces remains constant.We therefore replace the lift and drag forces acting at theCP by lift and drag

forces acting at the aerodynamic center (AC) plus a constant moment M0, as shown in Fig. 11.2(b).

(Actually, at high Mach numbers, the position of the AC changes due to compressibility effects.)

While the chordwise pressure distribution fixes the position of the resultant aerodynamic load in the

wing cross-section, the spanwise distribution locates its position in relation, say, to the wing root.

A typical distribution for a wing–fuselage combination is shown in Fig. 11.3. Similar distributions

occur on horizontal and vertical tail surfaces.
FIGURE 11.2 (a) Pressure Distribution around an Aerofoil; (b) Transference of Lift and Drag Loads to the AC



FIGURE 11.3 Typical Lift Distribution for a Wing–Fuselage Combination
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We see therefore that wings, tailplane, and the fuselage are each subjected to direct, bending, shear,

and torsional loads and must be designed to withstand critical combinations of these. Note that maneu-

vers and gusts do not introduce different loads but result only in changes of magnitude and position of

the type of existing loads shown in Fig. 11.1. Over and above these basic in-flight loads, fuselages may

be pressurized and thereby support hoop stresses; wings may carry weapons or extra fuel tanks with

resulting additional aerodynamic and body forces contributing to the existing bending, shear, and

torsion; and the thrust and weight of engines may affect either the fuselage or wings, depending on

their relative positions.

Ground loads encountered in landing and taxiing subject the aircraft to concentrated shock loads

through the undercarriage system. The majority of aircraft have their main undercarriage located in the

wings, with a nosewheel or tail wheel in the vertical plane of symmetry. Clearly, the position of the

main undercarriage should be such as to produce minimum loads on the wing structure compatible with

the stability of the aircraft during ground maneuvers. This may be achieved by locating the undercar-

riage just forward of the flexural axis of the wing and as close to the wing root as possible. In this case,

the shock landing load produces a given shear, minimum bending plus torsion, with the latter being

reduced as far as practicable by offsetting the torque caused by the vertical load in the undercarriage

leg by a torque in an opposite sense due to braking.

Other loads include engine thrust on the wings or fuselage, which acts in the plane of symmetry but

may, in the case of engine failure, cause severe fuselage bending moments, as shown in Fig. 11.4; con-

centrated shock loads during a catapult launch; and hydrodynamic pressure on the fuselages or floats of

seaplanes.

In Chapter 12, we examine in detail the calculation of ground and air loads for a variety of cases.
11.2 FUNCTION OF STRUCTURAL COMPONENTS
The basic functions of an aircraft’s structure are to transmit and resist the applied loads and to provide

an aerodynamic shape and to protect passengers, payload, systems, and the like from the environmental

conditions encountered in flight. These requirements, in most aircraft, result in thin-shell structures

where the outer surface or skin of the shell is usually supported by longitudinal stiffening members

and transverse frames to enable it to resist bending, compressive, and torsional loads without buckling.



FIGURE 11.4 Fuselage and Wing Bending Caused by an Unsymmetrical Engine Load
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Such structures are known as semi-monocoque, while thin shells that rely entirely on their skins for their
capacity to resist loads are referred to as monocoque.

First, we consider wing sections, which, while performing the same function, can differ widely in

their structural complexity, as can be seen by comparing Figs. 11.5 and 11.6. In Fig. 11.5, the wing of a

small, light passenger aircraft, the De Havilland Canada Twin Otter, comprises a relatively simple ar-

rangement of two spars, ribs, stringers, and skin, while the wing of the Harrier in Fig. 11.6 consists of

numerous spars, ribs, and skin. However, no matter how complex the internal structural arrangement,

the different components perform the same kind of function.

The shape of the cross-section is governed by aerodynamic considerations and clearly must be

maintained for all combinations of load; this is one of the functions of the ribs. They also act with

the skin in resisting the distributed aerodynamic pressure loads; they distribute concentrated loads

(e.g., undercarriage and additional wing store loads) into the structure and redistribute stress around

discontinuities, such as undercarriage wells, inspection panels, and fuel tanks, in the wing surface. Ribs

increase the column buckling stress of the longitudinal stiffeners by providing end restraint and estab-

lishing their column length; in a similar manner, they increase the plate buckling stress of the skin

panels. The dimensions of ribs are governed by their spanwise position in the wing and by the loads

they are required to support. In the outer portions of the wing, where the cross-section may be relatively

small if the wing is tapered and the loads are light, ribs act primarily as formers for the aerofoil shape. A

light structure is sufficient for this purpose, whereas at sections closer to the wing root, where the ribs

are required to absorb and transmit large concentrated applied loads, such as those from the undercar-

riage, engine thrust, and fuselage attachment point reactions, a much more rugged construction is nec-

essary. Between these two extremes are ribs that support hinge reactions from ailerons, flaps, and other

control surfaces, plus the many internal loads from fuel, armament, and systems installations.

The primary function of the wing skin is to form an impermeable surface for supporting the aero-

dynamic pressure distribution from which the lifting capability of the wing is derived. These aerody-

namic forces are transmitted in turn to the ribs and stringers by the skin through plate and membrane

action. Resistance to shear and torsional loads is supplied by shear stresses developed in the skin and

spar webs, while axial and bending loads are reacted by the combined action of skin and stringers.

Although the thin skin is efficient for resisting shear and tensile loads, it buckles under compara-

tively low compressive loads. Rather than increase the skin thickness and suffer a consequent weight

penalty, stringers are attached to the skin and ribs, thereby dividing the skin into small panels and



FIGURE 11.5 De Havilland Canada Twin Otter

(courtesy of De Havilland Aircraft of Canada Ltd.)
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1. Starboard all-moving tailplane;
2. Tailplane composite construction;
3. Tail radome;
4. Military equipment;
5. Tail pitch control air valve;
6. Yaw control air valves;
7. Tail “bullet” fairing;
8. Reaction control system air ducting;
9. Trim tab actuator;

10. Rudder trim tab;
11. Rudder composite construction;
12. Rudder;
13. Antenna;
14. Fin tip aerial fairing;
15. Upper broad band communications

antenna;
16. Port tailplane;
17. Graphite epoxy tailplane skin;
18. Port side temperature probe;
19. MAD compensator;
20. Formation lighting strip;
21. Fin construction;
22. Fin attachment joint;
23. Tailplane pivot sealing plate;
24. Aerials;
25. Ventral fin;
26. Tail bumper;
27. Lower broad band communications

antenna;
28. Tailplane hydraulic jack;
29. Heat exchanger air exhaust;
30. Aft fuselage frames;
31. Rudder hydraulic actuator;
32. Avionics equipment air conditioning plant;
33. Avionics equipment racks;
34. Heat exchanger ram air intake;
35. Electrical system circuit breaker panels,

port and starboard;
36. Avionic equipment;
37. Chaff and flare dispensers;
38. Dispenser electronic control units;
39. Ventral airbrake;
40. Airbrake hydraulic jack;
41. Formation lighting strip;
42. Avionics bay access door, port and

starboard;
43. Avionics equipment racks;
44. Fuselage frame and stringer construction;
45. Rear fuselage fuel tank;
46. Main undercarriage wheel bay;
47. Wing root fillet;
48. Wing spar–fuselage attachment joint;
49. Water filler cap;
50. Engine fire extinguisher bottle;
51. Anticollision light;
52. Water tank;
53. Flap hydraulic actuator;
54. Flap hinge fitting;
55. Nimonic fuselage heat shield;

56. Main undercarriage bay doors (closed
after cycling of mainwheels);

57. Flap vane composite construction;
58. Flap composite construction;
59. Starboard slotted flap, lowered;
60. Outrigger wheel fairing;
61. Outrigger leg doors;
62. Starboard aileron;
63. Aileron composite construction;
64. Fuel jettison;
65. Formation lighting panel;
66. Roll control airvalve;
67. Wing tip fairing;
68. Starboard navigation light;
69. Radar warning aerial;
70. Outboard pylon;
71. Pylon attachment joint;
72. Graphite epoxy composite wing

construction;
73. Aileron hydraulic actuator;
74. Starboard outrigger wheel;
75. BL755 600-lb. (272-kg) cluster bomb

(CBU);
76. Intermediate pylon;
77. Reaction control air ducting;
78. Aileron control rod;
79. Outrigger hydraulic retraction jack;
80. Outrigger leg strut;
81. Leg pivot fixing;
82. Multispar wing construction;
83. Leading-edge wing fence;
84. Outrigger pylon;
85. Missile launch rail;
86. AIM-9L Sidewinder air-to-air missile;
87. External fuel tank, 300 U.S. gal (1 135 I);
88. Inboard pylon;
89. Aft retracting twin main wheels;
90. Inboard pylon attachment joint;
91. Rear (hot stream) swiveling exhaust

nozzle;
92. Position of pressure refueling connection

on port side;
93. Rear nozzle bearing;
94. Center fuselage flank fuel tank;
95. Hydraulic reservoir;
96. Nozzle bearing cooling air duct;
97. Engine exhaust divider duct;
98. Wing panel center rib;
99. Center section integral fuel tank;

100. Port wing integral fuel tank;
101. Flap vane;
102. Port slotted flap, lowered;
103. Outrigger wheel fairing;
104. Port outrigger wheel;
105. Torque scissor links;
106. Port aileron;
107. Aileron hydraulic actuator;
108. Aileron–air valve interconnection;
109. Fuel jettison;

110. Formation lighting panel;
111. Port roll control air valve;
112. Port navigation light;
113. Radar warning aerial;
114. Port wing reaction control air duct;
115. Fuel pumps;
116. Fuel system piping;
117. Port wing leading-edge fence;
118. Outboard pylon;
119. BL755 cluster bombs (maximum load,

seven);
120. Intermediate pylon;
121. Port outrigger pylon;
122. Missile launch rail;
123. AIM-9L Sidewinder air-to-air missile;
124. Port leading-edge root extension (LERX);
125. Inboard pylon;
126. Hydraulic pumps;
127. APU intake;
128. Gas turbine starter–auxiliary power unit

(APU);
129. Alternator cooling air exhaust;
130. APU exhaust;
131. Engine fuel control unit;
132. Engine bay venting ram air intake;
133. Rotary nozzle bearing;
134. Nozzle fairing construction;
135. Ammunition tank, 100 rounds;
136. Cartridge case collector box;
137. Ammunition feed chute;
138. Fuel vent;
139. Gun pack strake;
140. Fuselage centerline pylon;
141. Zero scarf forward (fan air) nozzle;
142. Ventral gun pack (two);
143. Aden 25-mm cannon;
144. Engine drain mast;
145. Hydraulic system ground connectors;
146. Forward fuselage flank fuel tank;
147. Engine electronic control units;
148. Engine accessory equipment gearbox;
149. Gearbox driven alternator;
150. Rolls-Royce Pegasus 11 Mk 105

vectored thrust turbofan;
151. Formation lighting strips;
152. Engine oil tank;
153. Bleed air spill duct;
154. Air conditioning intake scoops;
155. Cockpit air conditioning system heat

exchanger;
156. Engine compressor–fan face;
157. Heat exchanger discharge to intake duct;
158. Nose undercarriage hydraulic retraction

jack;
159. Intake blow-in doors;
160. Engine bay venting air scoop;
161. Cannon muzzle fairing;
162. Lift augmentation retractable cross-dam;
163. Cross-dam hydraulic jack;

164. Nosewheel;
165. Nosewheel forks;
166. Landing/taxiing lamp;
167. Retractable boarding step;
168. Nosewheel doors (closed after cycling of

undercarriage);
169. Nosewheel door jack;
170. Boundary layer bleed air duct;
171. Nose undercarriage wheel bay;
172. Kick-in boarding steps;
173. Cockpit rear pressure bulkhead;
174. Starboard side console panel;
175. Martin-Baker Type 12 ejection seat;
176. Safety harness;
177. Ejection seat headrest;
178. Port engine air intake;
179. Probe hydraulic jack;
180. Retractable in-flight refueling probe

(bolt-on pack);
181. Cockpit canopy cover;
182. Miniature detonating cord (MDC) canopy

breaker;
183. Canopy frame;
184. Engine throttle and nozzle angle control

levers;
185. Pilot’s head-up display;
186. Instrument panel;
187. Moving map display;
188. Control column;
189. Central warning system panel;
190. Cockpit pressure floor;
191. Underfloor control runs;
192. Formation lighting strips;
193. Aileron trim actuator;
194. Rudder pedals;
195. Cockpit section composite construction;
196. Instrument panel shroud;
197. One-piece wraparound windscreen

panel;
198. Ram air intake (cockpit fresh air);
199. Front pressure bulkhead;
200. Incidence vane;
201. Air data computer;
202. Pitot tube;
203. Lower IFF aerial;
204. Nose pitch control air valve;
205. Pitch trim control actuator;
206. Electrical system equipment;
207. Yaw vane;
208. Upper IFF aerial;
209. Avionic equipment;
210. ARBS heat exchanger;
211. MIRLS sensors;
212. Hughes Angle Rate Bombing System

(ARBS);
213. Composite construction nose cone;
214. ARBS glazed aperture

(courtesy of Pilot Press Ltd.)
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increasing the buckling and failing stresses. This stabilizing action of the stringers on the skin is, in fact,

reciprocated to some extent although the effect normal to the surface of the skin is minimal. Stringers

rely chiefly on rib attachments for preventing column action in this direction. We noted in the previous

paragraph the combined action of stringers and skin in resisting axial and bending loads.

The role of spar webs in developing shear stresses to resist shear and torsional loads was mentioned

previously; they perform a secondary but significant function in stabilizing, with the skin, the spar

flanges, or caps, which are therefore capable of supporting large compressive loads from axial and bend-

ing effects. In turn, spar webs exert a stabilizing influence on the skin in a similar manner to the stringers.

While the majority of these remarks have been directed towards wing structures, they apply, as can

be seen by referring to Figs. 11.5 and 11.6, to all the aerodynamic surfaces, namely, wings, horizontal

and vertical tails—except in the obvious cases of undercarriage loading—engine thrust, and so forth.

Fuselages, while of different shape to the aerodynamic surfaces, comprise members that perform

functions similar to their counterparts in the wings and tailplane. However, there are differences in

the generation of the various types of load. Aerodynamic forces on the fuselage skin are relatively

low; on the other hand, the fuselage supports large concentrated loads, such as wing reactions, tailplane

reactions, undercarriage reactions and it carries payloads of varying size and weight, which may cause

large inertia forces. Furthermore, aircraft designed for high-altitude flight must withstand internal pres-

sure. The shape of the fuselage cross-section is determined by operational requirements. For example,

the most efficient sectional shape for a pressurized fuselage is circular or a combination of circular

elements. Irrespective of shape, the basic fuselage structure is essentially a single-cell, thin-walled tube

comprising skin, transverse frames, and stringers; transverse frames that extend completely across the

fuselage are known as bulkheads. Three different types of fuselage are shown in Figs. 11.5–11.7. In

Fig. 11.5, the fuselage is unpressurized, so that, in the passenger-carrying area, amore rectangular shape

is employed tomaximize space. TheHarrier fuselage in Fig. 11.6 contains the engine, fuel tanks, and the

like, so that its cross-sectional shape is, to some extent, predetermined, while in Fig. 11.7, the passenger-

carrying fuselage of the British Aerospace 146 is pressurized and therefore circular in cross-section.
11.3 FABRICATION OF STRUCTURAL COMPONENTS
The introduction of all-metal, stressed skin aircraft resulted in methods and types of fabrication that

remain in use to the present day. However, improvements in engine performance and advances in aero-

dynamics led to higher maximum lift, higher speeds, and therefore to higher wing loadings, so that

improved techniques of fabrication are necessary, particularly in the construction of wings. The in-

crease in wing loading from about 350 N/m2 for 1917–1918 aircraft to around 4800 N/m2 for modern

aircraft, coupled with a drop in the structural percentage of the total weight from 30–40 to 22–25 per-

cent, gives some indication of the improvements in materials and structural design.

For purposes of construction, aircraft are divided into a number of sub-assemblies. These are built in

specially designed jigs, possibly in different parts of the factory or even different factories, before being

forwarded to the final assembly shop. A typical breakdown into sub-assemblies of a medium-sized civil

aircraft is shown in Fig. 11.8. Each sub-assembly relies on numerousminor assemblies such as spar webs,

ribs, frames, and these, in turn, are supplied with individual components from the detail workshop.

Although the wings (and tail surfaces) of fixed wing aircraft generally consist of spars, ribs, skin,

and stringers, methods of fabrication and assembly differ. The wing of the aircraft of Fig. 11.5 relies on

fabrication techniques that have been employed for many years. In this form of construction, the spars



FIGURE 11.7 British Aerospace 146

(courtesy of British Aerospace)
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comprise thin aluminum alloy webs and flanges, the latter being extruded or machined and bolted or

riveted to the web. The ribs are formed in three parts from sheet metal by large presses and rubber dies

and have flanges round their edges so that they can be riveted to the skin and spar webs; cut-outs around

their edges allow the passage of spanwise stringers. Holes are cut in the ribs at positions of low stress for

lightness and to accommodate control runs, fuel, and electrical systems.

Finally, the skin is riveted to the rib flanges and longitudinal stiffeners. Where the curvature of the

skin is large, for example, at the leading edge, the aluminum alloy sheets are passed through “rolls” to

preform them to the correct shape. A further, aerodynamic, requirement is that forward chordwise sec-

tions of the wing be as smooth as possible, to delay transition from laminar to turbulent flow. Therefore,

countersunk rivets are used in these positions as opposed to dome-headed rivets nearer the trailing edge.

The wing is attached to the fuselage through reinforced fuselage frames, frequently by bolts. In

some aircraft, the wing spars are continuous through the fuselage, depending on the demands of space.



FIGURE 11.8 Typical Sub-assembly Breakdown
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In a high wing aircraft (Fig. 11.5), deep spars passing through the fuselage would cause obstruction

problems. In this case, a short third spar provides an additional attachment point. The ideal arrangement

is obviously where continuity of the structure is maintained over the entire surface of the wing. In most

practical cases, this is impossible since cut-outs in the wing surface are required for retracting under-

carriages, bomb and gun bays, inspection panels, etc. The last are usually located on the undersurface of

the wing and are fastened to stiffeners and rib flanges by screws, enabling them to resist direct and shear

loads. Doors covering undercarriage wells and weapon bays are incapable of resisting wing stresses, so

that provision must be made for transferring the loads from skin, flanges, and shear webs around the

cut-out. This may be achieved by inserting strong bulkheads or increasing the spar flange areas, al-

though, no matter the method employed, increased cost and weight result.

The different structural requirements of aircraft designed for differing operational roles lead to a

variety of wing constructions. For instance, high-speed aircraft require relatively thin wing sections,

which support high wing loadings. To withstand the correspondingly high surface pressures and to ob-

tain sufficient strength, much thicker skins are necessary. Wing panels are therefore frequently

machined integrally with stringers from solid slabs of material, as are the wing ribs. Figure 11.9 shows

wing ribs for the European Airbus, in which web stiffeners, flanged lightness holes, and skin attach-

ment lugs have been integrally machined from solid. This integral method of construction involves no

new design principles and has the advantages of combining a high grade of surface finish, free from

irregularities, with a more efficient use of material, since skin thicknesses are easily tapered to coincide

with the spanwise decrease in bending stresses.

An alternative form of construction is the sandwich panel, which comprises a light honeycomb or

corrugated metal core sandwiched between two outer skins of the stress-bearing sheet (see Fig. 11.10).

The primary function of the core is to stabilize the outer skins, although it may be stress bearing as well.

Sandwich panels are capable of developing high stresses, have smooth internal and external surfaces,



FIGURE 11.9 Wing Ribs for the European Airbus

(courtesy of British Aerospace)
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and require small numbers of supporting rings or frames. They also possess a high resistance to fatigue

from jet efflux. The uses of this method of construction include lightweight “planks” for cabin furni-

ture, monolithic fairing shells generally having plastic facing skins, and the stiffening of flying control

surfaces. Thus, for example, the ailerons and rudder of the British Aerospace Jaguar are fabricated from

aluminum honeycomb, while fiberglass- and aluminum-faced honeycomb are used extensively in the

wings and tail surfaces of the Boeing 747. Some problems, mainly disbonding and internal corrosion,

have been encountered in service.

The general principles relating to wing construction are applicable to fuselages, with the exception

that integral construction is not used in fuselages for obvious reasons. Figures 11.5, 11.6, and 11.7 show

that the same basic method of construction is employed in aircraft having widely differing roles. Gen-

erally, the fuselage frames that support large concentrated floor loads or loads from wing or tailplane

attachment points are heavier than lightly loaded frames and require stiffening, with additional provi-

sion for transmitting the concentrated load into the frame and the skin.

With the frames in position in the fuselage jig, stringers, passing through cut-outs, are riveted to the

frame flanges. Before the skin is riveted to the frames and stringers, other subsidiary frames, such as

door and window frames, are riveted or bolted in position. The areas of the fuselage in the regions of

these cut-outs are reinforced by additional stringers, portions of frame, and increased skin thickness, to

react to the high shear flows and direct stresses developed.



FIGURE 11.10 Sandwich Panels

(courtesy of Ciba-Geigy Plastics)
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On completion, the various subassemblies are brought together for final assembly. Fuselage sec-

tions are usually bolted together through flanges around their peripheries, while wings and the tailplane

are attached to pick-up points on the relevant fuselage frames. Wing spars on low wing civil aircraft

usually pass completely through the fuselage, simplifying wing design and the method of attachment.

On smaller, military aircraft, engine installations frequently prevent this, so that wing spars are attached

directly to and terminate at the fuselage frame. Clearly, at these positions, frame–stringer–skin struc-

tures require reinforcement.
11.4 CONNECTIONS
The fabrication of aircraft components generally involves the joining of one part of the component to

another. For example, fuselage skins are connected to stringers and frames, while wing skins are con-

nected to stringers and wing ribs unless, as in somemilitary aircraft with high wing loadings, the stringers

are machined integrally with the wing skin (see Section 11.3). With the advent of all-metal, that is,

aluminum alloy, construction, riveted joints became the main form of connection with some welding,

although aluminum alloys are difficult to weld, and in themodern era, some glued joints, which use epoxy

resin. In this section, we concentrate on the still predominant method of connection, riveting.

In general, riveted joints are stressed in complex ways, and an accurate analysis is very often dif-

ficult to achieve because of the discontinuities in the region of the joint. Fairly crude assumptions as to

joint behavior are made, but, when combined with experience, safe designs are produced.

11.4.1 Simple lap joint
Figure 11.11 shows two plates of thickness t connected by a single line of rivets; this type of joint,

termed a lap joint, is one of the simplest used in construction.

Suppose that the plates carry edge loads of P/unit width, that the rivets are of diameter d and are

spaced at a distance b apart, and that the distance from the line of rivets to the edge of each plate is a.
a

t

P

P

b

b

c

cc

c

d

Diameter
P

P

a

FIGURE 11.11 Simple Riveted Lap Joint
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Four possible modes of failure must be considered: rivet shear, bearing pressure, plate failure in

tension, and shear failure in a plate.
Rivet shear
The rivets may fail by shear across their diameter at the interface of the plates. Then, if the maximum

shear stress the rivets will withstand is t1, failure occurs when

Pb ¼ t1
pd2

4

� �

which gives

P ¼ pd2t1
4b

(11.1)
Bearing pressure
Either the rivet or plate may fail due to bearing pressure. Suppose that pb is this pressure then failure

occurs when

Pb

td
¼ pb

so that

P ¼ pbtd

b
(11.2)

Plate failure in tension
The area of plate in tension along the line of rivets is reduced due to the presence of rivet holes. There-

fore, if the ultimate tensile stress in the plate is sult, failure occurs when

Pb

t b� dð Þ ¼ sult

from which

P ¼ sultt b� dð Þ
b

(11.3)
Shear failure in a plate
Shearing of the plates may occur on the planes cc, resulting in the rivets being dragged out of the

plate. If the maximum shear stress at failure of the material of the plates is t2, then a failure of this

type occurs when

Pb ¼ 2at t2

which gives

P ¼ 2at t2
b

(11.4)
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Example 11.1
A joint in a fuselage skin is constructed by riveting the abutting skins between two straps, as shown in Fig. 11.12.

The fuselage skins are 2.5 mm thick and the straps are each 1.2 mm thick; the rivets have a diameter of 4 mm.

If the tensile stress in the fuselage skin must not exceed 125 N/mm2 and the shear stress in the rivets is limited

to 120 N/mm2, determine the maximum allowable rivet spacing such that the joint is equally strong in shear

and tension.

A tensile failure in the plate occurs on the reduced plate cross-section along the rivet lines. This area is given by

Ap ¼ b� 4ð Þ � 2:5mm2

The failure load/unit width Pf is then given by

Pf b ¼ b� 4ð Þ � 2:5� 125 (i)

The area of cross-section of each rivet is

Ar ¼ p� 42

4
¼ 12:6mm2

Since each rivet is in double shear (i.e., two failure shear planes), the area of cross-section in shear is

2� 12:6 ¼ 25:2mm2

Then, the failure load/unit width in shear is given by

Pf b ¼ 25:2� 120 (ii)

For failure to occur simultaneously in shear and tension, that is, equating Eqs. (i) and (ii),

25:2� 120 ¼ b� 4ð Þ � 2:5� 12:5

from which

b ¼ 13:7mm

Say, a rivet spacing of 13 mm.
1.2 mm

2.5 mm

4 mm diameter
rivets

strap

skin

FIGURE 11.12 Joint of Example 11.1
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11.4.2 Joint efficiency
The efficiency of a joint or connection is measured by comparing the actual failure load with that which

would apply if there were no rivet holes in the plate. Then, for the joint shown in Fig. 11.11, the joint

efficiency Z is given by

� ¼ sult t b� dð Þ=b
sult t

¼ b� d

b
(11.5)

11.4.3 Group-riveted joints
Rivets may be grouped on each side of a joint such that the efficiency of the joint is a maximum. Sup-

pose that two plates are connected as shown in Fig. 11.13 and that six rivets are required on each side. If

it is assumed that each rivet is equally loaded, then the single rivet on the line aa takes one-sixth of the

total load. The two rivets on the line bb then share two-sixths of the load, while the three rivets on the

line cc share three-sixths of the load. On the line bb the area of cross-section of the plate is reduced by

two rivet holes and that on the line cc by three rivet holes, so that, relatively, the joint is as strong at

these sections as at aa. Therefore, a more efficient joint is obtained than if the rivets were arranged in,

say, two parallel rows of three.
11.4.4 Eccentrically loaded riveted joints
The bracketed connection shown in Fig. 11.14 carries a load P offset from the centroid of the rivet

group. The rivet group is then subjected to a shear load P through its centroid and a moment or torque

Pe about its centroid.

It is assumed that the shear load P is distributed equally among the rivets, causing a shear force in

each rivet parallel to the line of action of P. The moment Pe is assumed to produce a shear force S in

each rivet, where S acts in a direction perpendicular to the line joining a particular rivet to the centroid
a

 a

b

b

c

 c

FIGURE 11.13 A Group-Riveted Joint
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FIGURE 11.14 Eccentrically Loaded Joint
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of the rivet group. Furthermore, the value of S is assumed to be proportional to the distance of the rivet

from the centroid of the rivet group. Then,

Pe ¼
X

Sr

If S ¼ kr, where k is a constant for all rivets, then

Pe ¼ k
X

r2

from which

k ¼ Pe=
X

r2

and

S ¼ PeP
r2
r (11.6)

The resultant force on a rivet is then the vector sum of the forces due to P and Pe.
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Example 11.2
The bracket shown in Fig. 11.15 carries an offset load of 5 kN. Determine the resultant shear forces in the rivets

A and B.

The vertical shear force on each rivet is 5/6 ¼ 0.83 kN. The moment (Pe) on the rivet group is 5 � 75 ¼
375 kNmm. The distance of rivet A (and B, G, and H) from the centroid C of the rivet group is given by

r ¼ 202 þ 252
� �1=2 ¼ 1025ð Þ1=2 ¼ 32:02mm

The distance of D (and F) from C is 20 mm. Therefore,X
r2 ¼ 2� 400þ 4� 1025 ¼ 4900

From Eq. (11.6), the shear forces on rivets A and B due to the moment are

S ¼ 375

4900
� 32:02 ¼ 2:45 kN

On rivet A, the force system due toP andPe is that shown in Fig. 11.16(a), while that on B is shown in Fig. 11.16(b).

The resultant forces may then be calculated using the rules of vector addition or determined graphically using

the parallelogram of forces1.

The design of riveted connections is carried out in the actual design of the rear fuselage of a single-engine

trainer/semi-aerobatic aircraft in the Appendix.
A B

D C F

G H

25 mm

75 mm

5 kN

25 mm

20 mm 20 mm

FIGURE 11.15 Joint of Example 11.2
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FIGURE 11.16 Force Diagrams for Rivets of Example 11.2
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11.4.5 Use of adhesives
In addition to riveted connections, adhesives have and are being used in aircraft construction, although,

generally, they are employed in areas of low stress, since their application is still a matter of research.

Of these adhesives, epoxy resins are the most frequently used, since they have the advantages over, say,

polyester resins, of good adhesive properties, low shrinkage during cure so that residual stresses are

reduced, good mechanical properties, and thermal stability. The modulus and ultimate strength of

epoxy resin are, typically, 5000 and 100 N/mm2. Epoxy resins are now found extensively as the matrix

component in fibrous composites.
Reference
[1] Megson THG. Structural and stress analysis. 3rd ed. Oxford: Elsevier; 2014.
PROBLEMS

P.11.1. Examine possible uses of new materials in future aircraft manufacture.

P.11.2. Describe the main features of a stressed skin structure. Discuss the structural functions of the

various components, with particular reference either to the fuselage or to the wing of a medium-sized

transport aircraft.
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P.11.3. The double riveted butt joint shown in Fig. P.11.3 connects two plates, which are each 2.5 mm

thick, the rivets have a diameter of 3 mm. If the failure strength of the rivets in shear is 370 N/mm2 and

the ultimate tensile strength of the plate is 465 N/mm2, determine the necessary rivet pitch if the joint is

to be designed so that failure due to shear in the rivets and failure due to tension in the plate occur

simultaneously. Calculate also the joint efficiency.

Answer: The rivet pitch is 12 mm, joint efficiency is 75 percent.

P.11.4. The rivet group shown in Fig. P.11.4 connects two narrow lengths of plate one of which carries

a 15 kN load positioned as shown. If the ultimate shear strength of a rivet is 350 N/mm2 and its failure

strength in compression is 600 N/mm2, determine the minimum allowable values of rivet diameter and

plate thickness.

Answer: The rivet diameter is 4.2 mm, plate thickness is 1.93 mm.

P.11.4. MATLAB Use MATLAB to repeat Problem P.11.4 for load values (P) from 13 kN to 17 kN in

increments of 0.5 kN.

Answer: (i) For P ¼ 13 kN, rivet diameter is 3.91 mm, plate thickness is 1.8 mm.
(ii) For P ¼ 13.5 kN, rivet diameter is 3.99 mm, plate thickness is 1.83 mm.

(iii) For P ¼ 14 kN, rivet diameter is 4.06 mm, plate thickness is 1.86 mm.

(iv) For P ¼ 14.5 kN, rivet diameter is 4.13 mm, plate thickness is 1.9 mm.

(v) For P ¼ 15 kN, rivet diameter is 4.2 mm, plate thickness is 1.93 mm.

(vi) For P ¼ 15.5 kN, rivet diameter is 4.27 mm, plate thickness is 1.96 mm.

(vii) For P ¼ 16 kN, rivet diameter is 4.34 mm, plate thickness is 1.99 mm.

(viii) For P ¼ 16.5 kN, rivet diameter is 4.41 mm, plate thickness is 2.02 mm.

(ix) For P ¼ 17 kN, rivet diameter is 4.48 mm, plate thickness is 2.05 mm.
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 12

The airworthiness of an aircraft is concerned with the standards of safety incorporated in all aspects of

its construction. These range from structural strength to the provision of certain safeguards in the event

of crash landings and include design requirements relating to aerodynamics, performance, and electri-

cal and hydraulic systems. The selection of minimum standards of safety is largely the concern of

“national and international” airworthiness authorities, who prepare handbooks of official requirements.

The handbooks include operational requirements, minimum safety requirements, recommended prac-

tices, design data, and so forth.

In this chapter, we concentrate on the structural aspects of airworthiness that depend chiefly on

the strength and stiffness of the aircraft. Stiffness problems may be conveniently grouped under the

heading aeroelasticity and are discussed in Section B6. Strength problems arise, as we have seen,

from ground and air loads, and their magnitudes depend on the selection of maneuvering and other

conditions applicable to the operational requirements of a particular aircraft.
12.1 FACTORS OF SAFETY-FLIGHT ENVELOPE
The control of weight in aircraft design is of extreme importance. Increases in weight require stronger

structures to support them, which in turn lead to further increases in weight, and so on. Excesses of

structural weight mean lesser amounts of payload, thereby affecting the economic viability of the air-

craft. The aircraft designer is therefore constantly seeking to pare his aircraft’s weight to the minimum

compatible with safety. However, to ensure general minimum standards of strength and safety, airwor-

thiness regulations lay down several factors that the primary structure of the aircraft must satisfy. These

are the limit load, which is the maximum load that the aircraft is expected to experience in normal

operation; the proof load, which is the product of the limit load and the proof factor (1.0–1.25);

and the ultimate load, which is the product of the limit load and the ultimate factor (usually 1.5).

The aircraft’s structure must withstand the proof load without detrimental distortion and should not

fail until the ultimate load has been achieved. The proof and ultimate factors may be regarded as factors

of safety and provide for various contingencies and uncertainties, which are discussed in greater detail

in Section 12.2.

The basic strength and flight performance limits for a particular aircraft are selected by the air-

worthiness authorities and are contained in the flight envelope or V-n diagram shown in Fig. 12.1.

The curves OA and OF correspond to the stalled condition of the aircraft and are obtained from the

well-known aerodynamic relationship

Lift ¼ nW ¼ 1

2
rV2SCL;max
Introduction to Aircraft Structural Analysis, Third Edition. http://dx.doi.org/10.1016/B978-0-08-102076-0.00012-9

Copyright © 2018 T.H.G. Megson. Published by Elsevier Ltd. All rights reserved.
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FIGURE 12.1 Flight Envelope
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Therefore, for speeds below VA (positive wing incidence) and VF (negative incidence), the maxi-

mum loads that can be applied to the aircraft are governed by CL,max. As the speed increases, it is pos-

sible to apply the positive and negative limit loads, corresponding to n1 and n3, without stalling the

aircraft, so that AC and FE represent maximum operational load factors for the aircraft. Above the

design cruising speed VC, the cut-off lines CD1 and D2E relieve the design cases to be covered, since

it is not expected that the limit loads are applied at maximum speed. Values of n1, n2, and n3 are spec-
ified by the airworthiness authorities for particular aircraft; typical load factors are shown in Table 12.1.

A particular flight envelope is applicable to one altitude only, since CL,max is generally reduced with

an increase in altitude, and the speed of sound decreases with altitude, thereby reducing the critical

Mach number and hence the design diving speed VD. Flight envelopes are therefore drawn for a range

of altitudes from sea level to the operational ceiling of the aircraft.
Table 12.1 Typical load factors

Category

Load factor n Normal Semi-aerobatic Aerobatic

n1 2.1 þ 24,000/(W þ 10,000) 4.5 6.0

n2 0.75n1 but n2 ≮ 2.0 3.1 4.5

n3 1.0 1.8 3.0
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12.2 LOAD FACTOR DETERMINATION
Several problems require solution before values for the various load factors in the flight envelope can

be determined. The limit load, for example, may be produced by a specified maneuver or by an

encounter with a particularly severe gust (gust cases and the associated gust envelope are discussed

in Section 13.4). Clearly some knowledge of possible gust conditions is required to determine the lim-

iting case. Furthermore, the fixing of the proof and ultimate factors also depends upon the degree of

uncertainty in design, variations in structural strength, structural deterioration, and the like. We now

investigate some of these problems to see their comparative influence on load factor values.
12.2.1 Limit load
An aircraft is subjected to a variety of loads during its operational life, the main classes of which

are maneuver loads, gust loads, undercarriage loads, cabin pressure loads, buffeting, and induced

vibrations. Of these, maneuver, undercarriage, and cabin pressure loads are determined with reason-

able simplicity, since maneuver loads are controlled design cases, undercarriages are designed for

given maximum descent rates, and cabin pressures are specified. The remaining loads depend to

a large extent on the atmospheric conditions encountered during flight. Estimates of the magnitudes

of such loads are possible therefore only if in-flight data on these loads are available. It obviously

requires a great number of hours of flying, if the experimental data are to include possible extremes

of atmospheric conditions. In practice, the amount of data required to establish the probable period of

flight time before an aircraft encounters, say, a gust load of a given severity, is a great deal more than

that available. It therefore becomes a problem in statistics to extrapolate the available data and

calculate the probability of an aircraft being subjected to its proof or ultimate load during its

operational life. The aim would be for a zero or negligible rate of occurrence of its ultimate load

and an extremely low rate of occurrence of its proof load. Having decided on an ultimate load,

the limit load may be fixed as defined in Section 12.1, although the value of the ultimate factor

includes, as already noted, allowances for uncertainties in design, variation in structural strength,

and structural deterioration.
12.2.2 Uncertainties in design and structural deterioration
Neither of these presents serious problems in modern aircraft construction and therefore do not require

large factors of safety to minimize their effects. Modern methods of aircraft structural analysis are

refined and, in any case, tests to determine actual failure loads are carried out on representative

full-scale components to verify design estimates. The problem of structural deterioration due to

corrosion and wear may be largely eliminated by close inspection during service and the application

of suitable protective treatments.
12.2.3 Variation in structural strength
To minimize the effect of the variation in structural strength between two apparently identical

components, strict controls are employed in the manufacture of materials and in the fabrication of

the structure. Material control involves the observance of strict limits in chemical composition and
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close supervision of manufacturing methods such as machining, heat treatment, and rolling. In addi-

tion, the inspection of samples by visual, radiographic, and other means and the carrying out of strength

tests on specimens enable below-limit batches to be isolated and rejected. Thus, if a sample of a batch of

material falls below a specified minimum strength, then the batch is rejected. This means of course that

an actual structure always comprises materials with properties equal to or better than those assumed for

design purposes, an added but unallowed for “bonus” in considering factors of safety.

Similar precautions are applied to assembled structures with regard to dimension tolerances, quality

of assembly, welding, and so forth. Again, visual and other inspection methods are employed and, in

certain cases, strength tests are carried out on sample structures.
12.2.4 Fatigue
Although adequate precautions are taken to ensure that an aircraft’s structure possesses sufficient

strength to withstand the most severe expected gust or maneuver load, the problem of fatigue remains.

Practically all components of the aircraft’s structure are subjected to fluctuating loads, which occur a

great many times during the life of the aircraft. It has been known for many years that materials fail

under fluctuating loads at much lower values of stress than their normal static failure stress. A graph of

failure stress against number of repetitions of this stress has the typical form shown in Fig. 12.2. For

some materials, such as mild steel, the curve (usually known as an S–N curve or diagram) is asymptotic

to a certain minimum value, which means that the material has an actual infinite-life stress. Curves for

other materials, for example, aluminum and its alloys, do not always appear to have asymptotic values

so that these materials may not possess an infinite-life stress. We discuss the implications of this a

little later.

Prior to the mid-1940s, little attention had been paid to fatigue considerations in the design of

aircraft structures. It was felt that sufficient static strength would eliminate the possibility of fatigue
FIGURE 12.2 Typical Form of S–N Diagram
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failure. However, evidence began to accumulate that several aircraft crashes had been caused by fatigue

failure. The seriousness of the situation was highlighted in the early 1950s by catastrophic fatigue fail-

ures of two Comet airliners. These were caused by the once-per-flight cabin pressurization cycle that

produced circumferential and longitudinal stresses in the fuselage skin. Although these stresses were

well below the allowable stresses for single cycle loading, stress concentrations occurred at the corners

of the windows and around rivets, which raised local stresses considerably above the general stress

level. Repeated cycles of pressurization produced fatigue cracks that propagated disastrously, causing

an explosion of the fuselage at high altitude.

Several factors contributed to the emergence of fatigue as a major factor in design. For example,

aircraft speeds and sizes increased, calling for higher wing and other loadings. Consequently, the effect

of turbulence was magnified and the magnitudes of the fluctuating loads became larger. In civil avi-

ation, airliners had a greater utilization and a longer operational life. The new zinc-rich alloys, used for

their high static strength properties, did not show a proportional improvement in fatigue strength,

exhibited high crack propagation rates, and were extremely notch sensitive.

Even though the causes of fatigue were reasonably clear at that time, its elimination as a threat to

aircraft safety was a different matter. The fatigue problem has two major facets: the prediction of the

fatigue strength of a structure and a knowledge of the loads causing fatigue. Information was lacking on

both counts. The Royal Aircraft Establishment (RAE) and the aircraft industry therefore embarked on

an extensive test programme to determine the behavior of complete components, joints, and other detail

parts under fluctuating loads. These included fatigue testing by the RAE of some 50Meteor 4 tailplanes

at a range of temperatures, plus research, also by the RAE, into the fatigue behavior of joints and con-

nections. Further work was undertaken by some universities and by the industry itself into the effects of

stress concentrations.

In conjunction with their fatigue strength testing, the RAE initiated research to develop a suitable

instrument for counting and recording gust loads over long periods of time. Such an instrument was

developed by J. Taylor in 1950 and was designed so that the response fell off rapidly above 10 Hz.

Crossings of g thresholds from 0.2 to 1.8 g at 0.1 g intervals were recorded (note that steady level flight
is 1 g flight) during experimental flying at the RAE on three different aircraft over 28,000 km, and the

best techniques for extracting information from the data established. Civil airlines cooperated by car-

rying the instruments on their regular air services for a number of years. Eight types of aircraft were

equipped, so that by 1961, records had been obtained for regions including Europe, the Atlantic, Africa,

India, and the Far East, representing 19,000 hours and 8 million km of flying.

Atmospheric turbulence and the cabin pressurization cycle are only two of the many fluctuating

loads that cause fatigue damage in aircraft. On the ground, the wing is supported on the undercarriage

and experiences tensile stresses in its upper surfaces and compressive stresses in its lower surfaces. In

flight, these stresses are reversed, as aerodynamic lift supports the wing. Also, the impact of landing

and ground maneuvering on imperfect surfaces cause stress fluctuations, while, during landing and

take-off, flaps are lowered and raised, producing additional load cycles in the flap support structure.

Engine pylons are subjected to fatigue loading from thrust variations in take-off and landing and also

from inertia loads produced by lateral gusts on the complete aircraft.

A more detailed investigation of fatigue and its associated problems is presented in Chapter 14

while a fuller discussion of airworthiness as applied to civil jet aircraft is presented in Jenkinson,

Simpkin, and Rhodes1.
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[1] Jenkinson LR, Simpkin P, Rhodes D. Civil jet aircraft design. London: Arnold; 1999.
PROBLEMS

P.12.1A radar dome weighing 300 kg is positioned on the top of the fuselage of a surveillance aircraft.

If the dome is attached to the fuselage frames by four bolts, each having an ultimate shear strength of

5000 N and the aircraft is subjected to a maximum acceleration of 3 g in a vertical climb, determine (a)

the limit load per bolt, (b) the ultimate load per bolt, (c) the ultimate margin of safety. The special factor

of safety is 1.5.
FIGURE
Answer: (a) 2943 N, (b) 4415 N, (c) 0.133
P.12.2 The relative positions of the center of gravity and the centers of pressure of the wing and

tailplane of an aircraft are shown in Fig. P.12.2; the total weight of the aircraft is 667.5 kN. If the

fuselage and its contents weigh 26.3 kN/m and the weight of the tailplane is 8.9 kN, calculate the

ultimate shear force in the fuselage at the section AA for a maneuver load factor of 3 g including

gravity. Assume a factor of safety of 1.5.
Answer: 212.2 kN
P.12.2
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In Chapter 11, we discussed in general terms the types of load to which aircraft are subjected during

their operational life. We shall now examine in more detail the loads produced by various maneuvers

and the manner in which they are calculated.
13.1 AIRCRAFT INERTIA LOADS
The maximum loads on the components of an aircraft’s structure generally occur when the aircraft is

undergoing some form of acceleration or deceleration, such as in landings, take-offs, and maneuvers

within the flight and gust envelopes. Therefore, before a structural component can be designed, the

inertia loads corresponding to these accelerations and decelerations must be calculated. For these

purposes, we shall suppose that an aircraft is a rigid body and represent it by a rigid mass, m, as shown
in Fig. 13.1. We also, at this stage, consider motion in the plane of the mass which would correspond to

pitching of the aircraft without roll or yaw. We further suppose that the center of gravity (CG) of the

mass has coordinates �x;�y; referred to x and y axes having an arbitrary origin O; the mass is rotating about

an axis through O perpendicular to the xy plane with a constant angular velocity o.
The acceleration of any point, a distance r from O, is o2r and is directed toward O. Thus, the inertia

force acting on the element, dm, is o2rdm in a direction opposite to the acceleration, as shown in

Fig. 13.1. The components of this inertia force, parallel to the x and y axes, are o2rdm cosy and

o2rdm siny, respectively, or, in terms of x and y, o2xdm and o2ydm. The resultant inertia forces, Fx

and Fy, are given by

Fx ¼
Ð
o2x dm ¼ o2

Ð
x dm

Fy ¼
Ð
o2y dm ¼ o2

Ð
y dm

in which we note that the angular velocity o is constant and may therefore be taken outside the integral

sign. In these expressions,
Ð
x dm and

Ð
y dm are the moments of the mass, m, about the y and x axes,

respectively, so that

Fx ¼ o2�xm (13.1)

and

Fy ¼ o2�ym (13.2)

If the CG lies on the x axis, �y ¼ 0 and Fy ¼ 0. Similarly, if the CG lies on the y axis, Fx ¼ 0. Clearly,

if O coincides with the CG, �x ¼ �y ¼ 0 and Fx ¼ Fy ¼ 0.
Introduction to Aircraft Structural Analysis, Third Edition. http://dx.doi.org/10.1016/B978-0-08-102076-0.00013-0
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FIGURE 13.1 Inertia Forces on a Rigid Mass Having a Constant Angular Velocity
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Suppose now that the rigid body is subjected to an angular acceleration (or deceleration) a in

addition to the constant angular velocity, o, as shown in Fig. 13.2. An additional inertia force, ardm,
acts on the element dm in a direction perpendicular to r and in the opposite sense to the angular

acceleration. This inertia force has components ardm cosy and ardm siny, that is, axdm and aydm,
in the y and x directions, respectively. The resultant inertia forces, Fx and Fy, are then given by

Fx ¼
ð
ay dm ¼ a

ð
y dm

and

Fy ¼ �
ð
ax dm ¼ �a

ð
x dm
FIGURE 13.2 Inertia Forces on a Rigid Mass Subjected to an Angular Acceleration
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for a in the direction shown. Then, as before,

Fx ¼ a�ym (13.3)

and

Fy ¼ a�xm (13.4)

Also, if the CG lies on the x axis, �y¼ 0 andFx¼ 0. Similarly, if the CG lies on the y axis, �x¼ 0 andFy¼ 0.

The torque about the axis of rotation produced by the inertia force corresponding to the angular

acceleration on the element dm is given by

dTO ¼ ar2dm

Thus, for the complete mass,

TO ¼
ð
ar2 dm ¼ a

ð
r2 dm

The integral term in this expression is the moment of inertia, IO, of the mass about the axis of rotation.

Thus,

TO ¼ aIO (13.5)

Equation (13.5) may be rewritten in terms of ICG, the moment of inertia of the mass about an axis

perpendicular to the plane of the mass through the CG. Hence, using the parallel axes theorem,

IO ¼ m �rð Þ2 þ ICG

where �r is the distance between O and the CG. Then,

IO ¼ m½ð�xÞ2 þ ð�yÞ2� þ ICG

and

TO ¼ m½ð�xÞ2 þ ð�yÞ2�aþ ICGa (13.6)
Example 13.1
An aircraft having a total weight of 45 kN lands on the deck of an aircraft carrier and is brought to rest bymeans of a

cable engaged by an arrester hook, as shown in Fig. 13.3. If the deceleration induced by the cable is 3g, determine

the tension, T, in the cable, the load on an undercarriage strut, and the shear and axial loads in the fuselage at the

section AA; the weight of the aircraft aft of AA is 4.5 kN. Calculate also the length of deck covered by the aircraft

before it is brought to rest if the touch-down speed is 25 m/s.

The aircraft is subjected to a horizontal inertia force ma where m is the mass of the aircraft and a its decel-

eration. Thus, resolving forces horizontally

T cos10� � ma ¼ 0

that is,

T cos10� � 45

g
3g ¼ 0



FIGURE 13.3 Forces on the Aircraft of Example 13.1
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which gives

T ¼ 137:1 kN

Now, resolving forces vertically,

R�W � T sin10� ¼ 0

that is,

R ¼ 45þ 137:1 sin10� ¼ 68:8 kN

Assuming two undercarriage struts, the load in each strut is (R/2)/cos20� ¼ 36.6 kN.

Let N and S be the axial and shear loads at the section AA, as shown in Fig. 13.4. The inertia load acting at the

CG of the fuselage aft of AA is m1a, where m1 is the mass of the fuselage aft of AA. Then,

m1a ¼ 4:5

g
3 g ¼ 13:5 kN

Resolving forces parallel to the axis of the fuselage,

N � T þ m1a cos10
� � 4:5 sin10� ¼ 0

that is,

N � 137:1þ 13:5 cos10� � 4:5 sin10� ¼ 0
FIGURE 13.4 Shear and Axial Loads at the Section AA of the Aircraft of Example 13.1
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from which

N ¼ 124:6 kN

Now, resolving forces perpendicular to the axis of the fuselage,

S� m1a sin10
� � 4:5 cos10� ¼ 0

that is,

S� 13:5 sin10� � 4:5 cos10� ¼ 0

so that

S ¼ 6:8 kN

Note that, in addition to the axial load and shear load at the section AA, there will also be a bending moment.

Finally, from elementary dynamics,

v2 ¼ v20 þ 2as

where v0 is the touch-down speed, n the final speed (¼ 0), and s the length of deck covered. Then,

v20 ¼ �2as

that is,

252 ¼ �2 �3� 9:81ð Þs
which gives

s ¼ 10:6 m
Example 13.2
An aircraft having a weight of 250 kN and a tricycle undercarriage lands at a vertical velocity of 3.7 m/s, such that

the vertical and horizontal reactions on the main wheels are 1,200 kN and 400 kN, respectively; at this instant, the

nosewheel is 1.0 m from the ground, as shown in Fig. 13.5. If the moment of inertia of the aircraft about its CG is

5.65 � 108 Ns2 mm, determine the inertia forces on the aircraft, the time taken for its vertical velocity to become

zero, and its angular velocity at this instant.

The horizontal and vertical inertia forcesmax andmay act at the CG, as shown in Fig. 13.5;m is the mass of the

aircraft; and ax and ay its accelerations in the horizontal and vertical directions, respectively. Then, resolving forces

horizontally,

max � 400 ¼ 0

from which

max ¼ 400 kN

Now, resolving forces vertically,

may þ 250� 1,200 ¼ 0



FIGURE 13.5 Geometry of the Aircraft of Example 13.2
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which gives

may ¼ 950 kN

Then,

ay ¼ 950

m
¼ 950

250=g
¼ 3:8 g (i)

Now, taking moments about the CG,

ICGa� 1; 200� 1:0� 400� 2:5 ¼ 0 (ii)

from which

ICGa ¼ 2; 200 m kN

Note that the units of ICGa are mkNrad but radians are non-dimensional, so are not included but implicit.

Hence,

a ¼ ICGa
ICG

¼ 2; 200� 106

5:65� 108
¼ 3:9 rad=s2 (iii)

From Eq. (i), the aircraft has a vertical deceleration of 3.8 g from an initial vertical velocity of 3.7 m/s. Therefore,

from elementary dynamics, the time, t, taken for the vertical velocity to become zero is given by

v ¼ v0 þ ayt (iv)

in which n ¼ 0 and n0 ¼ 3.7 m/s. Hence,

0 ¼ 3:7� 3:8� 9:81t

from which

t ¼ 0:099 s

In a similar manner to Eq. (iv), the angular velocity of the aircraft after 0.099 s is given by

o ¼ o0 þ at
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in which o0 ¼ 0 and a ¼ 3.9 rad/s2. Hence,

o ¼ 3:9� 0:099

that is,

o ¼ 0:39 rad=s
Example 13.3
The aircraft shown in Fig. 13.6 has a moment of inertia of 5,460 kNs2m and an all-up weight of 430 kN. During

landing the aerodynamic lift is equal to 90 percent of its all-up weight and it is subjected to the ground loads shown.

Determine (a) the limit load factor at its center of gravity, (b) the limit pitching acceleration.

(a) Wing lift¼ 0.9� 430¼ 387 kN. Resolving vertically, the total vertical load on the aircraft¼ 387þ 1,112.5 –

430 ¼ 1,069.5 kN. Therefore the limit load factor ¼ (1,069.5/430) þ 1 ¼ 3.5

(b) Taking moments about the CG,

3:81LW þ 222:5� 2:54þ 1; 112:5� 2:54 ¼ IOa ¼ 5460a

from which

a ¼ 0:89 rad=s2
13.2 SYMMETRIC MANEUVER LOADS
We shall now consider the calculation of aircraft loads corresponding to the flight conditions specified

by flight envelopes. In fact, an infinite number of flight conditions lie within the boundary of the flight

envelope, although, structurally, those represented by the boundary are the most severe. Furthermore, it
2.54 m

2.54 m
1112.5 kN

222.5 kN

3.81 m
Wing lift Lw

W

CG

FIGURE 13.6 Aircraft of Example 13.3
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is usually found that the corners A, C, D1, D2, E, and F (see Fig. 12.1) are more critical than points on

the boundary between the corners, so that, in practice, only the six conditions corresponding to these

corner points need be investigated for each flight envelope.

In symmetric maneuvers, we consider the motion of the aircraft initiated by movement of the

control surfaces in the plane of symmetry. Examples of such maneuvers are loops, straight pull-outs,

and bunts; and the calculations involve the determination of lift, drag, and tailplane loads at given

flight speeds and altitudes. The effects of atmospheric turbulence and gusts are discussed in

Section 13.4.
13.2.1 Level flight
Although steady level flight is not a maneuver in the strict sense of the word, it is a useful condition to

investigate initially, since it establishes points of load application and gives some idea of the equilib-

rium of an aircraft in the longitudinal plane. The loads acting on an aircraft in steady flight are shown in

Fig. 13.7, with the following notation:

L is the lift acting at the aerodynamic center of the wing:
D is the aircraft drag:
M0 is the aerodynamic pitching moment of the aircraft less its horizontal tail:
P is the horizontal tail load acting at the aerodynamic center of the tail; usually taken to be at

approximately one-third of the tailplane chord:
W is the aircraft weight acting at its CG:
T is the engine thrust; assumed here to act parallel to the direction of flight in order to

simplify calculation:

The loads are in static equilibrium, since the aircraft is in a steady, unaccelerated, level flight

condition. Thus, for vertical equilibrium,

Lþ P�W ¼ 0 (13.7)
FIGURE 13.7 Aircraft Loads in Level Flight
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for horizontal equilibrium,

T � D ¼ 0 (13.8)

and taking moments about the aircraft’s CG in the plane of symmetry,

La� Db� Tc�M0 � Pl ¼ 0 (13.9)

For a given aircraft weight, speed, and altitude, Eqs. (13.7)–(13.9) may be solved for the unknown lift,

drag, and tail loads. However, other parameters in these equations, such as M0, depend upon the wing

incidence a, which in turn is a function of the required wing lift, so that, in practice, a method of

successive approximation is found to be the most convenient means of solution.

As a first approximation, we assume that the tail load P is small compared with the wing lift L, so
that, from Eq. (13.7), L � W. From aerodynamic theory with the usual notation,

L ¼ 1

2
rV2SCL

Hence,

1

2
rV2SCL � W (13.10)

Equation (13.10) gives the approximate lift coefficient CL and thus (from CL–a curves established by

wind tunnel tests), the wing incidence a. The drag load D follows (knowing V and a) and hence we

obtain the required engine thrust T from Eq. (13.8). Also M0, a, b, c, and l may be calculated (again,

since V and a are known) and Eq. (13.9) solved for P. As a second approximation, this value of P is

substituted in Eq. (13.7) to obtain a more accurate value for L and the procedure is repeated. Usually,

three approximations are sufficient to produce reasonably accurate values.

In most cases P, D, and T are small compared with the lift and aircraft weight. Therefore, from

Eq. (13.7), L � W and substitution in Eq. (13.9) gives, neglecting D and T,

P � W
a

l
�M0

l
(13.11)

We see, from Eq. (13.11), that, if a is large, then Pmost likely will be positive. In other words, the tail

load acts upward when the CG of the aircraft is far aft. When a is small or negative, that is, a forward

CG, then P probably will be negative and act downward.
13.2.2 General case of a symmetric maneuver
In a rapid pull-out from a dive, a downward load is applied to the tailplane, causing the aircraft to pitch

nose upward. The downward load is achieved by a backward movement of the control column, thereby

applying negative incidence to the elevators, or horizontal tail if the latter is all-moving. If the maneu-

ver is carried out rapidly, the forward speed of the aircraft remains practically constant, so that

increases in lift and drag result from the increase in wing incidence only. Since the lift is now greater

than that required to balance the aircraft weight, the aircraft experiences an upward acceleration normal

to its flight path. This normal acceleration combined with the aircraft’s speed in the dive results in the

curved flight path shown in Fig. 13.8. As the drag load builds up with an increase of incidence, the



FIGURE 13.8 Aircraft Loads in a Pull-out from a Dive
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forward speed of the aircraft falls, since the thrust is assumed to remain constant during themaneuver. It

is usual, as we observed in the discussion of the flight envelope, to describe the maneuvers of an aircraft

in terms of a maneuvering load factor n. For steady level flight n¼ 1, giving 1 g flight, although in fact
the acceleration is zero. What is implied in this method of description is that the inertia force on the

aircraft in the level flight condition is 1.0 times its weight. It follows that the vertical inertia force on

an aircraft carrying out an ng maneuver is nW. We therefore replace the dynamic conditions of

the accelerated motion by an equivalent set of static conditions, in which the applied loads are in equi-

librium with the inertia forces. Thus, in Fig. 13.8, n is the maneuver load factor, while f is a similar

factor giving the horizontal inertia force. Note that the actual normal acceleration in this particular

case is (n – 1) g.
For vertical equilibrium of the aircraft, we have, referring to Fig. 13.8, where the aircraft is shown at

the lowest point of the pull-out,

Lþ Pþ T sing� nW ¼ 0 (13.12)

For horizontal equilibrium,

T cosgþ fW � D ¼ 0 (13.13)

and, for pitching moment equilibrium about the aircraft’s CG,

La� Db� Tc�M0 � Pl ¼ 0 (13.14)

Equation (13.14) contains no terms representing the effect of pitching acceleration of the aircraft; this is

assumed to be negligible at this stage.

Again, the method of successive approximation is found to be most convenient for the solution of

Eqs. (13.12)–(13.14). There is, however, a difference to the procedure described for the steady level

flight case. The engine thrust T is no longer directly related to the drag D, as the latter changes during
the maneuver. Generally, the thrust is regarded as remaining constant and equal to the value appropriate

to conditions before the maneuver began.
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Example 13.4
The curves CD, a, and CM,CG for a light aircraft are shown in Fig. 13.9(a). The aircraft weight is 8,000 N, its wing

area 14.5 m2, and its mean chord 1.35 m. Determine the lift, drag, tail load, and forward inertia force for a sym-

metric maneuver corresponding to n¼ 4.5 and a speed of 60 m/s. Assume that engine-off conditions apply and that

the air density is 1.223 kg/m3. Figure 13.9(b) shows the relevant aircraft dimensions.

As a first approximation, we neglect the tail load P. Therefore, from Eq. (13.12), since T ¼ 0, we have

L � nW (i)

Hence,

CL ¼ L
1
2
rV2S

� 4:5� 8000
1
2
� 1:223� 602 � 14:5

¼ 1:113
FIGURE 13.9 (a) CD, a, CM,CG –CL Curves for Example 13.4; (b) Geometry of Example 13.4
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From Fig. 13.9(a), a ¼ 13.75� and CM,CG ¼ 0.075. The tail arm l, from Fig. 13.9(b), is

l ¼ 4:18 cos a� 2ð Þ þ 0:31 sin a� 2ð Þ (ii)

Substituting this value of a gives l¼ 4.123 m. In Eq. (13.14), the terms La – Db –M0 are equivalent to the aircraft

pitching moment MCG about its CG. Equation (13.14) may therefore be written

MCG � Pl ¼ 0

or

Pl ¼ 1

2
rV2ScCM;CG (iii)

where c ¼ wing mean chord. Substituting P from Eq. (iii) into Eq. (13.12), we have

Lþ
1
2
rV2ScCM;CG

l
¼ nW

or dividing through by 1
2
rV2S;

CL þ c

l
CM;CG ¼ nW

1
2
rV2S

(iv)

We now obtain a more accurate value for CL from Eq. (iv),

CL ¼ 1:113� 1:35

4:123
� 0:075 ¼ 1:088

giving a ¼ 13.3� and CM,CG ¼ 0.073.

Substituting this value of a into Eq. (ii) gives a second approximation for l, namely, l ¼ 4.161 m.

Equation (iv) now gives a third approximation for CL, that is, CL ¼ 1.099. Since all three calculated values of

CL are extremely close, further approximations will not give values of CL very much different to them. Therefore,

we shall take CL ¼ 1.099. From Fig. 13.9(a), CD ¼ 0.0875.

The values of lift, tail load, drag, and forward inertia force then follow:

Lift L ¼ 1

2
rV2SCL ¼ 1

2
� 1:223� 602 � 14:5� 1:099 ¼ 35; 000 N

Tail load P ¼ nW � L ¼ 4:5� 8; 000� 35; 000 ¼ 1; 000 N

Drag D ¼ 1

2
rV2SCD ¼ 1

2
� 1:223� 602 � 14:5� 0:0875 ¼ 2; 790 N

Forward inertia force fW ¼ D (from Eq. (13.13)) ¼ 2,790N

13.3 NORMAL ACCELERATIONS ASSOCIATED WITH VARIOUS TYPES
OF MANEUVER
In Section 13.2, we determined aircraft loads corresponding to a given maneuver load factor n. Clearly,
it is necessary to relate this load factor to given types of maneuver. Two cases arise: the first involves a

steady pull-out from a dive and the second, a correctly banked turn. Although the latter is not a sym-

metric maneuver in the strict sense of the word, it gives rise to normal accelerations in the plane of

symmetry and is therefore included.
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13.3.1 Steady pull-out
Let us suppose that the aircraft has just begun its pull-out from a dive, so that it is describing a curved flight

path but is not yet at its lowest point. The loads acting on the aircraft at this stage of the maneuver are

shown in Fig. 13.10, where R is the radius of curvature of the flight path. In this case, the lift vector must

equilibrate the normal (to the flight path) component of the aircraftweight and provide the force producing

the centripetal acceleration V2/R of the aircraft towards the center of curvature of the flight path. Thus,

L ¼ WV2

gR
þW cosy

or, since L ¼ nW (see Section 13.2),

n ¼ V2

gR
þ cosy (13.15)

At the lowest point of the pullout, y ¼ 0, and

n ¼ V2

gR
þ 1 (13.16)

We see, from either Eq. (13.15) or (13.16), that the smaller the radius of the flight path, that is,

the more severe the pull-out, the greater is the value of n. It is quite possible therefore for a severe
pull-out to overstress the aircraft by subjecting it to loads that lie outside the flight envelope and

which may even exceed the proof or ultimate loads. In practice, the control surface movement may

be limited by stops incorporated in the control circuit. These stops usually operate only above a
FIGURE 13.10 Aircraft Loads and Acceleration during a Steady Pull-out
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certain speed, giving the aircraft adequate maneuverability at lower speeds. For hydraulically op-

erated controls, “artificial feel” is built in to the system, whereby the stick force increases progres-

sively as the speed increases, a necessary precaution in this type of system, since the pilot is merely

opening and closing valves in the control circuit and therefore receives no direct physical indication

of control surface forces.

Alternatively, at low speeds, a severe pull-out or pull-up may stall the aircraft. Again, safety pre-

cautions are usually incorporated in the form of stall warning devices, since, for modern high-speed

aircraft, a stall can be disastrous, particularly at low altitude.
Example 13.5
A semi-aerobatic aircraft has reached its design diving speed of 185 m/s in a dive inclined at 45o to the horizontal

ground. If the maximummaneuver load factor for the aircraft is 5.5, determine the height at which the pull-out from

the dive must begin for straight and level flight to be achieved at a height of 500 m.

Assuming the design diving speed is maintained throughout the pull-out, from Eq. (13.16),

5:5 ¼ 1852=gR
� �þ 1

so that

R ¼ 775:3 m

Referring to Fig. 13.11,

a ¼ R� R cos45�

Substituting for R from the preceding,

a ¼ 227 m

Therefore,

h ¼ 727 m
13.3.2 Correctly banked turn
In this maneuver, the aircraft flies in a horizontal turn with no sideslip at constant speed. If the radius of

the turn is R and the angle of bankf, then the forces acting on the aircraft are those shown in Fig. 13.12.
The horizontal component of the lift vector in this case provides the force necessary to produce the

centripetal acceleration of the aircraft toward the center of the turn. Then,

L sinf ¼ WV2

gR
(13.17)

and, for vertical equilibrium,

L cosf ¼ W (13.18)

or



Flight path in dive

R

h

a

500 m

45�

45�

FIGURE 13.11 Pull-out from a dive, Example 13.5

FIGURE 13.12 Correctly Banked Turn
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L ¼ W secf (13.19)

From Eq. (13.19), we see that the load factor n in the turn is given by

n ¼ secf (13.20)



418 CHAPTER 13 Airframe loads
Also, dividing Eq. (13.17) by Eq. (13.18),

tanf ¼ V2

gR
(13.21)

Examination of Eq. (13.21) reveals that the tighter the turn, the greater is the angle of bank required to

maintain horizontal flight. Furthermore, we see, from Eq. (13.20), that an increase in bank angle results

in an increased load factor. Aerodynamic theory shows that, for a limiting value of n, the minimum time

taken to turn through a given angle at a given value of engine thrust occurs when the lift coefficient CL

is a maximum; that is, with the aircraft on the point of stalling.
Example 13.6
The wing of a military aircraft has a maximum lift coefficient of 1.25 and an area of 16 m2; themaximummaneuver

load factor is 6.0. If the weight of the aircraft is 50 kN, determine the angle of bank required at a speed of 180 m/s.

Calculate also the radius of turn. Take r ¼ 1.223 kg/m3.

The maximum available lift is given by

Lmax ¼ 1=2ð ÞrV2SCL ;max

that is,

Lmax ¼ 1=2ð Þ � 1:223� 1802 � 16� 1:25 ¼ 396:3 kN

Then,

n ¼ 396:3=50ð Þ ¼ 7:9

which means that the aircraft exceeds the maximum maneuver load at the point of maximum lift. The maneuver

load factor is therefore the critical criterion.

From Eq. (13.20),

secf ¼ 6:0

which gives

f ¼ 80:4�

Then, from Eq. (13.21),

tan 80:4� ¼ 1802=9:81R
� �

So that

R ¼ 558:6 m
13.4 GUST LOADS
In Section 13.2, we considered aircraft loads resulting from prescribed maneuvers in the longitudinal

plane of symmetry. Other types of in-flight load are caused by air turbulence. The movements of the air

in turbulence are generally known as gusts and produce changes in wing incidence, thereby subjecting
the aircraft to sudden or gradual increases or decreases in lift from which normal accelerations result.
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These may be critical for large, high-speed aircraft and may possibly cause higher loads than control

initiated maneuvers.

At the present time two approaches are employed in gust analysis. One method, which has been

in use for a considerable number of years, determines the aircraft response and loads due to a single

or “discrete” gust of a given profile. This profile is defined as a distribution of vertical gust velocity

over a given finite length or given period of time. Examples of these profiles are shown in

Fig. 13.13.

Early airworthiness requirements specified an instantaneous application of gust velocity u, resulting
in the “sharp-edged” gust of Fig. 13.13(a). Calculations of normal acceleration and aircraft response

were based on the assumptions that the aircraft’s flight is undisturbed while the aircraft passes from still

air into the moving air of the gust and during the time taken for the gust loads to build up; that the

aerodynamic forces on the aircraft are determined by the instantaneous incidence of the particular lift-

ing surface; and finally that the aircraft’s structure is rigid. The second assumption here relating the

aerodynamic force on a lifting surface to its instantaneous incidence neglects the fact that, in a distur-

bance such as a gust, there is a gradual growth of circulation and hence of lift to a steady state value

(Wagner effect). This in general leads to an overestimation of the upward acceleration of an aircraft and

therefore of gust loads.

The sharp-edged gust was replaced when it was realized that the gust velocity built up to a max-

imum over a period of time. Airworthiness requirements were modified, on the assumption that the gust

velocity increased linearly to a maximum value over a specified gust gradient distance H; hence, the
“graded” gust of Fig. 13.13(b). In the United Kingdom,H is taken as 30.5 m. Since, as far as the aircraft

is concerned, the gust velocity builds up to a maximum over a period of time, it is no longer allowable

to ignore the change of flight path as the aircraft enters the gust. By the time the gust has attained its

maximum value, the aircraft has developed a vertical component of velocity and, in addition, may be

pitching, depending on its longitudinal stability characteristics. The effect of the former is to reduce the
FIGURE 13.13 (a) Sharp-Edged Gust; (b) Graded Gust; (c) 1 – cosine Gust
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severity of the gust, while the latter may either increase or decrease the loads involved. To evaluate the

corresponding gust loads, the designer may either calculate the complete motion of the aircraft during

the disturbance, and hence obtain the gust loads, or replace the graded gust by an equivalent

sharp-edged gust producing approximately the same effect. We shall discuss the latter procedure in

greater detail later.

The calculation of the complete response of the aircraft to a graded gust may be obtained from its

response to a sharp-edged or “step” gust, by treating the former as comprising a large number of small

steps and superimposing the responses to each of these. Such a process is known as convolution or

Duhamel integration. This treatment is desirable for large or unorthodox aircraft, where aeroelastic

(structural flexibility) effects on gust loads may be appreciable or unknown. In such cases, the as-

sumption of a rigid aircraft may lead to an underestimation of gust loads. The equations of motion

are therefore modified to allow for aeroelastic in addition to aerodynamic effects. For small and

medium-sized aircraft having orthodox aerodynamic features, the equivalent sharp-edged gust

procedure is satisfactory.

While the graded or “ramp” gust is used as a basis for gust load calculations, other shapes of gust

profile are in current use. Typical of these is the “1 – cosine” gust of Fig. 13.13(c), where the gust

velocity u is given by u(t) ¼ (U/2)[1 – cos (pt/T)]. Again the aircraft response is determined by super-

imposing the responses to each of a large number of small steps.

Although the discrete gust approach still finds widespread use in the calculation of gust loads, al-

ternative methods based on power spectral analysis are being investigated. The advantage of the power
spectral technique lies in its freedom from arbitrary assumptions of gust shapes and sizes. It is assumed

that gust velocity is a random variable that may be regarded for analysis as consisting of a large number

of sinusoidal components whose amplitudes vary with frequency. The power spectrum of such a func-

tion is then defined as the distribution of energy over the frequency range. This may then be related to

gust velocity. Establishing appropriate amplitude and frequency distributions for a particular random

gust profile requires a large amount of experimental data. The collection of such data was referred to in

Section 12.2.

Calculations of the complete response of an aircraft and detailed assessments of the discrete gust

and power spectral methods of analysis are outside the scope of this book. More information may be

found in references [1–4] at the end of the chapter. Our present analysis is confined to the discrete gust

approach, in which we consider the sharp-edged gust and the equivalent sharp-edged gust derived from

the graded gust.
13.4.1 Sharp-edged gust
The simplifying assumptions introduced in the determination of gust loads resulting from the sharp-

edged gust have been discussed in the earlier part of this section. In Fig. 13.14, the aircraft is flying

at a speed V with wing incidence a0 in still air. After entering the gust of upward velocity u, the in-

cidence increases by an amount tan–1u/V, or since u is usually small compared with V, u/V. This is
accompanied by an increase in aircraft speed from V to (V2 þ u2)½, but again this increase is neglected
since u is small. The increase in wing lift DL is then given by

DL ¼ 1

2
rV2S

@CL

@a
u

V
¼ 1

2
rVS

@CL

@a
u (13.22)



FIGURE 13.14 Increase in Wing Incidence Due to a Sharp-Edged Gust
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where @CL/@a is the wing lift–curve slope. Neglecting the change of lift on the tailplane as a first

approximation, the gust load factor Dn produced by this change of lift is

Dn ¼
1
2
rVSð@CL=@aÞu

W
(13.23)

whereW is the aircraft weight. Expressing Eq. (13.23) in terms of the wing loading,w¼W/S, we have

Dn ¼
1
2
rVð@CL=@aÞu

w
(13.24)

This increment in gust load factor is additional to the steady level flight value n ¼ 1. Therefore, as a

result of the gust, the total gust load factor is

n ¼ 1þ
1
2
rVð@CL=@aÞu

w
(13.25)

Similarly, for a downgust,

n ¼ 1�
1
2
rVð@CL=@aÞu

w
(13.26)

If flight conditions are expressed in terms of equivalent sea-level conditions, then V becomes the equiv-

alent airspeed (EAS), VE, u becomes uE and the air density r is replaced by the sea-level value r0.
Equations (13.25) and (13.26) are written

n ¼ 1þ
1
2
r0VEð@CL=@aÞuE

w
(13.27)

and

n ¼ 1�
1
2
r0VEð@CL=@aÞuE

w
(13.28)
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We observe from Eqs. (13.25)–(13.28) that the gust load factor is directly proportional to aircraft speed

but inversely proportional to wing loading. It follows that high-speed aircraft with low or moderate

wing loadings are most likely to be affected by gust loads.

The contribution to normal acceleration of the change in tail load produced by the gust may be

calculated using the same assumptions as before. However, the change in tailplane incidence is not

equal to the change in wing incidence, due to downwash effects at the tail. Thus, if DP is the increase

(or decrease) in tailplane load, then

DP ¼ 1

2
r0V

2
ESTDCL;T (13.29)

where ST is the tailplane area and DCL,T the increment of tailplane lift coefficient given by

D CL;T ¼ @CLT;

@a
uE
VE

(13.30)

in which @CL,T/@a is the rate of change of tailplane lift coefficient with wing incidence. From aero-

dynamic theory,

@CL;T

@a
¼ @CL;T

@aT
1� @e

@a

� �

where @CL,T/@aT is the rate of change of CL,T with tailplane incidence and @e/@a the rate of change of

downwash angle with wing incidence. Substituting for DCL,T from Eq. (13.30) into Eq. (13.29),

we have

DP ¼ 1

2
r0VEST

@CL;T

@a
uE (13.31)

For positive increments of wing lift and tailplane load,

DnW ¼ DLþ DP

or, from Eqs. (13.27) and (13.31),

Dn ¼
1
2
r0VEð@CL=@aÞuE

w
1þ ST

S

@CL;T=@a
@CL=@a

� �
(13.32)

13.4.2 The graded gust
The graded gust of Fig. 13.13(b) may be converted to an equivalent sharp-edged gust by multi-

plying the maximum velocity in the gust by a gust alleviation factor, F. Equation (13.27) then

becomes

n ¼ 1þ
1
2
r0VEð@CL=@aÞFuE

w
(13.33)

Similar modifications are carried out on Eqs. (13.25), (13.26), (13.28), and (13.32). The gust alleviation

factor allows for some of the dynamic properties of the aircraft, including unsteady lift, and has been

calculated taking into account the heaving motion (i.e., the up and down motion with zero rate of pitch)

of the aircraft only5.
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Horizontal gusts cause lateral loads on the vertical tail or fin. Their magnitudes may be calculated

in an identical manner to the preceding, except that areas and values of lift–curve slope are referred to

the vertical tail. Also, the gust alleviation factor in the graded gust case becomes F1 and includes

allowances for the aerodynamic yawing moment produced by the gust and the yawing inertia of

the aircraft.
13.4.3 Gust envelope
Airworthiness requirements usually specify that gust loads shall be calculated at certain combinations

of gust and flight speed. The equations for gust load factor in the above analysis show that n is pro-

portional to aircraft speed for a given gust velocity. Therefore, we plot a gust envelope similar to the

flight envelope of Fig. 12.1, as shown in Fig. 13.15. The gust speeds �U1, �U2, and �U3 are high,

medium, and low velocity gusts, respectively. Cut-offs occur at points where the lines corresponding to

each gust velocity meet specific aircraft speeds. For example, A and F denote speeds at which a gust of

velocity �U1 would stall the wing.

The lift coefficient–incidence curve is, as we noted in connection with the flight envelope,

affected by compressibility and therefore altitude, so that a series of gust envelopes should be drawn

for different altitudes. An additional variable in the equations for gust load factor is the wing loading

w. Further gust envelopes should therefore be drawn to represent different conditions of aircraft

loading.

Typical values of U1, U2, and U3 are 20 m/s, 15.25 m/s, and 7.5 m/s. It can be seen from the gust

envelope that the maximum gust load factor occurs at the cruising speed VC. If this value of n exceeds
that for the corresponding flight envelope case, that is n1, then the gust case is the most critical in the

cruise.
FIGURE 13.15 Typical Gust Envelope
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Example 13.7
A civil, non-aerobatic aircraft has a wing loading of 2,400 N/m2 and @CL/@a¼ 5.0/rad. If n1 ¼ 2.5 and F¼ 0.715,

calculate the cruising speed for the gust case to be critical.

From Eq. (13.33),

n ¼ 1þ
1
2
� 1:223 VC � 5:0� 0:715� 15:25

2; 400

giving n ¼ 1 þ 0.0139VC, where the cruising speed VC is expressed as an EAS. For the gust case to be critical,

1þ 0:0139VC > 2:5

or

VC > 108 m=s

Thus, for civil aircraft of this type having cruising speeds in excess of 108 m/s, the gust case is the most critical.

This, in fact, applies to most modern civil airliners.

Although the same combination ofV and n in the flight and gust envelopes produce the same total lift on

an aircraft, the individual wing and tailplane loads are different, as shown previously (see the derivation

of Eq. (13.33)). This situation can be important for aircraft such as the Airbus, which has a large tail-

plane and a CG forward of the aerodynamic center. In the flight envelope case, the tail load is down-

ward, whereas in the gust case, it is upward; clearly, there will be a significant difference in wing load.

The transference of maneuver and gust loads into bending, shear, and torsional loads on wings, fu-

selage, and tailplanes has been discussed in Section 11.1. Further loads arise from aileron application,

in undercarriages during landing, on engine mountings, and during crash landings. Analysis and dis-

cussion of these may be found in the Handbook of Aeronautics6.
Example 13.8
An aircraft of all-up weight 150,000 N has wings of area 60 m2 and mean chord 2.6 m. The drag coefficient for the

complete aircraft is given by CD ¼ 0.02þ 0.04CL
2 and the lift–curve slope of the wings is 4.5. The tailplane has an

area of 10 m2 and a lift–curve slope of 2.2, allowing for the effects of downwash. The pitching moment coefficient

about the aerodynamic center (of the complete aircraft less tailplane) based on wing area is –0.03. Geometric data

are given in Fig. 13.16.

During a steady glide with zero thrust at 245 m/s EAS in which CL ¼ 0.09, the aircraft meets an upgust of

equivalent sharp-edged speed 5 m/s. Calculate the tail load, the gust load factor, and the forward inertia force. Take

ro ¼ 1.223 kg/m3.

As a first approximation, suppose that the wing lift is equal to the aircraft weight. Then,

L ¼ 1=2ð ÞrV2Sð@CL=@aÞ aW ¼ 150;000 N

so that

aW ¼ 150;000= 1=2ð Þ � 1:223� 2452 � 60� 4:6
� � ¼ 0:015 rad ¼ 0:87�



Datum for a parallel to no-lift line of  wings

P

CG

0.5 m
Mo

L

D

AC

W

0.6 m 9.0 m

CP of  tailplane

FIGURE 13.16 Geometric Data for Aircraft of Example 13.8
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Also,

CD ¼ 0:02þ 0:04� 0:092 ¼ 0:02

Taking moments about the CG and noting that cos0.87o ¼ 1 approximately,

0:6L� 0:5DþMo ¼ 9:0P

that is,

0:6 150;000� Pð Þ � 0:5� 1=2ð Þ rV2SCD þ 1=2ð ÞrV2 cCM;o ¼ 9:0P

Substituting the appropriate values gives

P ¼ �10;813 N

Then,

L ¼ W � P ¼ 150;000þ 10;813 ¼ 160;813 N

The change, DP, in the tailplane load due to the gust is, from Eqs. (13.29) and (13.30),

DP ¼ 1=2ð ÞrV2STð@LL;T=@aÞ uE=VEð Þ
so that

DP ¼ 1=2ð Þ � 1:223� 2452 � 10� 2:2� 5=245ð Þ
that is,

DP ¼ 16;480 N

The total load on the tail is then 16,480 – 10,813 ¼ 5,667 N (upwards).

The increase in wing lift, DL, due to the gust is given by

DL ¼ 1=2ð ÞrV2Sð@CL=@aÞ uE=VEð Þ
Substituting the appropriate values gives

DL ¼ 202;254 N
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Then,

n ¼ 1þ 202;254þ 16; 480ð Þ=150;000½ Þ� ¼ 2:46

The forward inertia force, FW, is given by

FW ¼ D ¼ 1=2ð ÞrV2SCD ¼ 1=2ð Þ � 1:223� 2452 � 60� 0:02

that is,

FW ¼ 44; 046 N
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PROBLEMS

P.13.1 The aircraft shown in Fig. P.13.1(a) weighs 135 kN and has landed such that, at the instant of

impact, the ground reaction on each main undercarriage wheel is 200 kN and its vertical velocity is

3.5 m/s. If each undercarriage wheel weighs 2.25 kN and is attached to an oleo strut, as shown in

Fig. P.8.1(b), calculate the axial load and bending moment in the strut; the strut may be assumed to

be vertical. Determine also the shortening of the strut when the vertical velocity of the aircraft is zero.

Finally, calculate the shear force and bending moment in the wing at the section AA if the wing,

outboard of this section, weighs 6.6 kN and has its CG 3.05 m from AA.
FIGURE
Answer: 193.3 kN, 29.0 kN m (clockwise); 0.32 m; 19.5 kN, 59.6 kN m (counterclockwise)
P.13.1
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P.13.1 MATLAB Use MATLAB to repeat Problem P.13.1 for the following aircraft weight values:

ðiÞ ðiiÞ ðiiiÞ ðivÞ ðvÞ
W 125 kN 130 kN 135 kN 140 kN 145 kN
An

An

Tan
C

FIGURE
swer: (i) 192.8 kN, 28.9 kN m (clockwise); 0.28 m; 21.1 kN, 64.4 kN m (counterclockwise)
(ii) 193.1 kN, 29 kN m (clockwise); 0.3 m; 20.3 kN, 62 kN m (counterclockwise)

(iii) 193.3 kN, 29 kN m (clockwise); 0.32 m; 19.5 kN, 59.6 kN m (counterclockwise)

(iv) 193.6 kN, 29 kN m (clockwise); 0.34 m; 18.9 kN, 57.6 kN m (counterclockwise)

(v) 193.8 kN, 29.1 kN m (clockwise); 0.35 m; 18.2 kN, 55.6 kN m (counterclockwise)
P.13.2 Determine, for the aircraft of Example 13.2, the vertical velocity of the nosewheel when it hits

the ground.
swer: 3.1 m/s
P.13.3 Figure P.13.3 shows the plan view of an aircraft with wing-tip drop tanks, each of which, when

full, weighs 15,575 N and has a radius of gyration in the yaw plane of 0.6 m about its own center of

gravity. The aircraft is in steady level flight at 260 m/s and has a total weight of 169,000 N with tip
CG of  complete
                  configuration

k
G

8.5 m

P.13.3
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tanks full. The radius of gyration in yaw of the aircraft without its tip tanks is 2.5 m and the drag

coefficient of the complete configuration is 0.02 (based on a wing area of 60 m2) of which 8 percent

is due to each tip tank. If, at the instant of release, only one tank is dropped, calculate the total fore-

and-aft loading on the mounting of the remaining tip tank. Take r ¼ 1.223 kg/m3.
An

18.0 m

24.0 m

FIGURE
swer: 2,312 N
P.13.4 Figure P.13.4 shows the idealized plan view of a four-engine jet aircraft. The weight distribution

of the wing plus fuel is assumed to be uniform and to act along the solid lines shown. Similarly, the

fuselage plus payload weight distribution is also assumed to be uniform and to act along the fuselage

center line. The weights of the engines and tail unit are assumed to be concentrated at the positions

shown. If each engine delivers 66,750 N of thrust in a certain flight condition determine the instanta-

neous yawing acceleration if two engines on one side instantaneously lose thrust.
21.0 m

9.0 m

2.5 m

2.5 m

7.5 m 7.5 m

P.13.4



FIGURE P.13.5
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The fraction of the all-up weight, W, contributed by the major components of the aircraft are

Wings þ fuel: 0.564, Fuselage þ payload: 0.310,

Each engine: 0.027, Tail unit: 0.018
An

An
swer: 17,182/W rad/s2
P.13.5 Figure P.13.5 shows the flight envelope at sea-level for an aircraft of wing span 27.5 m, average

wing chord 3.05 m and total weight 196,000 N. The aerodynamic center is 0.915 m forward of the CG

and the center of lift for the tail unit is 16.7 m aft of the CG. The pitching moment coefficient is

CM;0 ¼ �0:0638 nose-up positiveð Þ
bothCM,0 and the position of the aerodynamic center are specified for the complete aircraft less tail unit.

For steady cruising flight at sea level, the fuselage bending moment at the CG is 600,000 Nm. Calculate

the maximum value of this bending moment for the given flight envelope. For this purpose, it may be

assumed that the aerodynamic loadings on the fuselage itself can be neglected, that is, the only loads on

the fuselage structure aft of the CG are those due to the tail lift and the inertia of the fuselage.
swer: 1;549;500 Nm at n ¼ 3:5;V ¼ 152:5m=s
P.13.6 An aircraft weighing 238,000 N has wings 88.5 m2 in area, for which CD¼0.0075þ0.045CL
2.

The extra-to-wing drag coefficient based onwing area is 0.0128 and the pitchingmoment coefficient for

all parts excluding the tailplane about an axis through the CG is given byCM � c¼ (0.427CL – 0.061) m.

The radius from the CG to the line of action of the tail lift may be taken as constant at 12.2 m. The

moment of inertia of the aircraft for pitching is 204,000 kg m2. During a pull-out from a dive with zero

thrust at 215 m/s EAS when the flight path is at 40� to the horizontal with a radius of curvature of

1525 m, the angular velocity of pitch is checked by applying a retardation of 0.25 rad/s2. Calculate

the maneuver load factor both at the CG and at the tailplane CP, the forward inertia coefficient, and

the tail lift.
Answer: n ¼ 3:78 CGð Þ; n ¼ 5:19 at TP; f ¼ �0:370; P ¼ 18;925 N



FIGURE P.13.7

430 CHAPTER 13 Airframe loads
P.13.7 An aircraft flies at sea level in a correctly banked turn of radius 610 m at a speed of 168 m/s.

Figure P.13.7 shows the relative positions of the CG, aerodynamic center of the complete aircraft less

tailplane, and the tailplane center of pressure for the aircraft at zero lift incidence. Calculate the tail load

necessary for equilibrium in the turn. The necessary data are given in the usual notation as follows:

Weight W ¼ 133;500 N; dCL=da ¼ 4:5=rad;
Wing area S ¼ 46:5 m2; CD ¼ 0:01þ 0:05C2

L;
Wing mean chord �c ¼ 3:0 m; CM;0 ¼ �0:03
An

An

FIGURE
swer: 73,160 N
P.13.8 The aircraft for which the stalling speed Vs in level flight is 46.5 m/s has a maximum allowable

maneuver load factor n1 of 4.0. In assessing gyroscopic effects on the engine mounting, the following

two cases are to be considered:
Pull-out at maximum permissible rate from a dive in symmetric flight, the angle of the flight path
(a)

to the horizontal being limited to 60� for this aircraft.

Steady, correctly banked turn at the maximum permissible rate in horizontal flight.
(b)

Find the corresponding maximum angular velocities in yaw and pitch.
swer: (a) Pitch, 0.37 rad/s, (b) Pitch, 0.41 rad/s, Yaw, 0.103 rad/s
P.13.9A tail-first supersonic airliner, whose essential geometry is shown in Fig. P.13.9, flies at 610 m/s

true airspeed at an altitude of 18,300 m. Assuming that thrust and drag forces act in the same straight

line, calculate the tail lift in steady straight and level flight.
P.13.9
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If, at the same altitude, the aircraft encounters a sharp-edged vertical upgust of 18 m/s true airspeed,

calculate the changes in the lift and tail load and also the resultant load factor n.
The relevant data in the usual notation are as follows

Wing: S ¼ 280m2; @CL=@a ¼ 1:5;
Tail: ST ¼ 28m2; @CL;T=@a ¼ 2:0;

WeightW ¼ 1;600;000 N;
CM;0 ¼ �0:01;

Mean chord �c ¼ 22:8m

At 18,300 m, r ¼ 0:116 kg=m3
An

An

FIGURE
swer: P ¼ 267;852 N; DP ¼ 36; 257 N; DL ¼ 271; 931 N; n ¼ 1:19
P.13.10 An aircraft of all-up weight 145,000 N has wings of area 50 m2 and mean chord 2.5 m. For the

whole aircraft, CD¼0.021þ0.041 CL
2, for the wings dCL/da ¼ 4.8, for the tailplane of area 9.0 m2,

dCL,T/da ¼ 2.2 allowing for the effects of downwash, and the pitching moment coefficient about the

aerodynamic center (of complete aircraft less tailplane) based on wing area is CM,0 ¼ –0.032. Geomet-

ric data are given in Fig. P.13.10. During a steady glide with zero thrust at 250 m/s EAS in which CL¼
0.08, the aircraft meets a downgust of equivalent sharp-edged speed 6 m/s. Calculate the tail load, the

gust load factor and the forward inertia force, r0 ¼ 1.223 kg/m3.
swer: P ¼ �28;902 N downð Þ; n ¼ �0:64; forward inertia force ¼ 40;703 N
P.13.10



CHAPTER
Fatigue
 14

Fatigue was discussed briefly in Section 10.7, when we examined the properties of materials, and also

in Section 12.2, as part of the chapter on airworthiness. We now look at fatigue in greater detail and

consider factors affecting the life of an aircraft, including safe life and fail safe structures, designing

against fatigue, the fatigue strength of components, the prediction of aircraft fatigue life, and crack

propagation.

Fatigue is defined as the progressive deterioration of the strength of a material or structural com-

ponent during service, such that failure can occur at much lower stress levels than the ultimate stress

level. As we have seen, fatigue is a dynamic phenomenon that initiates small (micro) cracks in the

material or component and causes them to grow into large (macro) cracks; these, if not detected,

can result in catastrophic failure.

Fatigue damage can be produced in a variety of ways. Cyclic fatigue is caused by repeated fluctu-

ating loads. Corrosion fatigue is fatigue accelerated by surface corrosion of the material penetrating

inward so that the material strength deteriorates. Small-scale rubbing movements and abrasion of ad-

jacent parts cause fretting fatigue, while thermal fatigue is produced by stress fluctuations induced by

thermal expansions and contractions; the last does not include the effect on material strength of heat.

Finally, high-frequency stress fluctuations, due to vibrations excited by jet or propeller noise, cause

sonic or acoustic fatigue.
Clearly an aircraft’s structure must be designed so that fatigue does not become a problem. For

aircraft in general, the requirement that the strength of an aircraft throughout its operational life shall

be such as to ensure that the possibility of a disastrous fatigue failure shall be extremely remote (i.e., the

probability of failure is less than 10�7) under the action of the repeated loads of variable magnitude

expected in service. Also, it is required that the principal parts of the primary structure of the aircraft

be subjected to a detailed analysis and to load tests that demonstrate a safe life or that the parts of the
primary structure have fail-safe characteristics. These requirements do not apply to light aircraft,

provided that zinc-rich aluminum alloys are not used in their construction and that wing stress levels

are kept low, that is, provided that a 3.05 m/s upgust causes no greater stress than 14 N/mm2.
14.1 SAFE LIFE AND FAIL-SAFE STRUCTURES
The danger of a catastrophic fatigue failure in the structure of an aircraft may be eliminated completely

or may become extremely remote if the structure is designed to have a safe life or to be fail safe. In the

former approach, the structure is designed to have a minimum life during which it is known that no

catastrophic damage will occur. At the end of this life, the structure must be replaced even though there

may be no detectable signs of fatigue. If a structural component is not economically replaceable when

its safe life has been reached, the complete structure must be written off. Alternatively, it is possible for
Introduction to Aircraft Structural Analysis, Third Edition. http://dx.doi.org/10.1016/B978-0-08-102076-0.00014-2
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easily replaceable components, such as undercarriage legs and mechanisms, to have a safe life less than

that of the complete aircraft, since it would probably be more economical to use, say, two lightweight

undercarriage systems during the life of the aircraft rather than carry a heavier undercarriage which has

the same safe life as the aircraft.

The fail-safe approach relies on the fact that the failure of a member in a redundant structure does

not necessarily lead to the collapse of the complete structure, provided the remaining members are able

to carry the load shed by the failed member and can withstand further repeated loads until the presence

of the failed member is discovered. Such a structure is called a fail-safe structure or a damage tolerant
structure.

Generally, it is more economical to design some parts of the structure to be fail-safe rather than to

have a long safe life, since such components can be lighter. When failure is detected, either through a

routine inspection or by some malfunction, such as fuel leakage from a wing crack, the particular

aircraft may be taken out of service and repaired. However, the structure must be designed and the

inspection intervals arranged such that a failure, for example, a crack, too small to be noticed at

one inspection must not increase to a catastrophic size before the next. The determination of crack

propagation rates is discussed later.

Some components must be designed to have a safe life; these include landing gear, major wing

joints, wing–fuselage joints, and hinges on all-moving tailplanes or on variable geometry wings.

Components which may be designed to be fail safe include wing skins stiffened by stringers and fu-

selage skins stiffened by frames and stringers; the stringers and frames prevent skin cracks spreading

disastrously for a sufficient period of time for them to be discovered at a routine inspection.
14.2 DESIGNING AGAINST FATIGUE
Various precautions may be taken to ensure that an aircraft has an adequate fatigue life. We saw, in

Chapter 10, that the early aluminum–zinc alloys possessed high ultimate and proof stresses but were

susceptible to early failure under fatigue loading; choice of materials is therefore important. The

naturally aged aluminum–copper alloys possess good fatigue resistance but with lower static strengths.

Modern research is concentrating on alloys which combine high strength with high fatigue resistance.

Attention to detail design is equally important. Stress concentrations can arise at sharp corners and

abrupt changes in section. Fillets should therefore be provided at re-entrant corners, and cut-outs, such as

windows and access panels, should be reinforced. In machined panels, the material thickness should be

increased around bolt holes, while holes in primary bolted joints should be reamed to improve surface

finish; surface scratches and machine marks are sources of fatigue crack initiation. Joggles in highly

stressed members should be avoided, while asymmetry can cause additional stresses due to bending.

In addition to sound structural and detail design, an estimation of the number, frequency, and mag-

nitude of the fluctuating loads an aircraft encounters is necessary. The fatigue load spectrum begins

when the aircraft taxis to its take-off position. During taxiing, the aircraft may be maneuvering over

uneven ground with a full payload, so that wing stresses, for example, are greater than in the static case.

Also, during take-off and climb and descent and landing, the aircraft is subjected to the greatest load

fluctuations. The undercarriage is retracted and lowered; flaps are raised and lowered; there is the im-

pact on landing; the aircraft has to carry out maneuvers; and, finally, the aircraft, as we shall see, ex-

periences a greater number of gusts than during the cruise.
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The loads corresponding to these various phases must be calculated before the associated stresses

can be obtained. For example, during take-off, wing bending stresses and shear stresses due to shear and

torsion are based on the total weight of the aircraft, including full fuel tanks, and maximum payload all

factored by 1.2 to allow for a bump during each take-off on a hard runway or by 1.5 for a take-off from

grass. The loads produced during level flight and symmetric maneuvers are calculated using the

methods described in Section 13.2. From these values, distributions of shear force, bending moment,

and torque may be found in, say, the wing by integrating the lift distribution. Loads due to gusts are

calculated using the methods described in Section 13.4. Thus, due to a single equivalent sharp-edged

gust, the load factor is given by either Eq. (13.25) or (13.26).

Although it is a relatively simple matter to determine the number of load fluctuations during a

ground–air–ground cycle caused by standard operations, such as raising and lowering flaps or retract-

ing and lowering the undercarriage, it is more difficult to estimate the number and magnitude of gusts

an aircraft will encounter. For example, there is a greater number of gusts at low altitude (during take-

off, climb, and descent) than at high altitude (during cruise). Terrain (sea, flat land, mountains) also

affects the number and magnitude of gusts, as does weather. The use of radar enables aircraft to avoid

cumulus, where gusts are prevalent, but has little effect at low altitude in the climb and descent, where

clouds cannot easily be avoided. The ESDU (Engineering Sciences Data Unit) produced gust data

based on information collected by gust recorders carried by aircraft. These show, in graphical form

(l10 versus h curves, h is altitude), the average distance flown at various altitudes for a gust having

a velocity greater than�3.05 m/s to be encountered. In addition, gust frequency curves give the number

of gusts of a given velocity per 1000 gusts of velocity 3.05 m/s. Combining both sets of data enables the

gust exceedance to be calculated, that is, the number of gust cycles having a velocity greater than or

equal to a given velocity encountered per kilometre of flight.

Since an aircraft is subjected to the greatest number of load fluctuations during taxi–take-off–climb

and descent–standoff–landing while little damage is caused during cruise, the fatigue life of an aircraft

does not depend on the number of flying hours but on the number of flights. However, the operational

requirements of aircraft differ from class to class. The Airbus is required to have a life free from fatigue

cracks of 24,000 flights or 30,000 hours, while its economic repair life is 48,000 flights or 60,000 hours;

its landing gear, however, is designed for a safe life of 32,000 flights, after which it must be replaced.

On the other hand, the BAe 146, with a greater number of shorter flights per day than the Airbus, has a

specified crack-free life of 40,000 flights and an economic repair life of 80,000 flights. Although these

figures are operational requirements, the nature of fatigue is such that it is unlikely that all of a given

type of aircraft satisfies them. Of the total number of Airbus aircraft, at least 90 percent achieve these

values and 50 percent are better; clearly, frequent inspections are necessary during an aircraft’s life.
14.3 FATIGUE STRENGTH OF COMPONENTS
In Section 12.2.4, we discussed the effect of stress level on the number of cycles to failure of a material

such as mild steel. As the stress level is decreased, the number of cycles to failure increases, resulting in

a fatigue endurance curve (the S–N curve) of the type shown in Fig. 12.2. Such a curve corresponds to

the average value of N at each stress amplitude, since the given stress has a wide range of values of N;
even under carefully controlled conditions, the ratio of maximum N to minimum N may be as high as

10:1. Two other curves may therefore be drawn, as shown in Fig. 14.1, enveloping all or nearly all the



FIGURE 14.1 S–N Diagram

436 CHAPTER 14 Fatigue
experimental results; these curves are known as the confidence limits. If 99.9 percent of all the results

lie between the curves, that is, only 1 in 1000 falls outside, they represent the 99.9 percent confidence

limits. If 99.99999 percent of results lie between the curves only 1 in 107 results falls outside them and

they represent the 99.99999 percent confidence limits.

The results from tests on a number of specimens may be represented as a histogram, in which the

number of specimens failing within certain ranges R ofN is plotted againstN. Then, ifNav is the average

value of N at a given stress amplitude, the probability of failure occurring at N cycles is given by

pðNÞ ¼ 1

s
ffiffiffiffiffiffi
2p

p exp � 1

2

N � Nav

s

� �2
" #

(14.1)

in which s is the standard deviation of the whole population of N values. The derivation of Eq. (14.1)

depends on the histogram approaching the profile of a continuous function close to the normal distri-
bution, which it does as the interval Nav/R becomes smaller and the number of tests increases. The

cumulative probability, which gives the probability that a particular specimen fails at or below N
cycles, is defined as

PðNÞ ¼
ðN
�1

pðNÞ dN (14.2)

The probability that a specimen endures more than N cycles is then 1 – P(N). The normal distribution

allows negative values of N, which is clearly impossible in a fatigue testing situation. Other distribu-

tions, extreme value distributions, are more realistic and allow the existence of minimum fatigue

endurances and fatigue limits.

The damaging portion of a fluctuating load cycle occurs when the stress is tensile; this causes cracks

to open and grow. Therefore, if a steady tensile stress is superimposed on a cyclic stress, the maximum

tensile stress during the cycle increases and the number of cycles to failure decreases. Conversely, if the

steady stress is compressive, the maximum tensile stress decreases and the number of cycles to failure

increases. An approximate method of assessing the effect of a steady mean value of stress is provided

by a Goodman diagram, shown in Fig. 14.2. This shows the cyclic stress amplitudes which can be super-

imposed upon different mean stress levels to give a constant fatigue life. In Fig. 14.2, Sa is the allowable



FIGURE 14.2 Goodman Diagram
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stress amplitude, Sa,0 is the stress amplitude required to produce fatigue failure at N cycles with zero

mean stress, Sm is the mean stress, and Su the ultimate tensile stress. If Sm¼ Su, any cyclic stress causes
failure, while if Sm ¼ 0, the allowable stress amplitude is Sa,0. The equation of the straight line portion
of the diagram is

Sa
Sa;0

¼ 1� Sm
Su

� �
(14.3)

Experimental evidence suggests a nonlinear relationship for particular materials. Equation (14.3) then

becomes

Sa
Sa;0

¼ 1� Sm
Su

� �m� �
(14.4)

in which m lies between 0.6 and 2. The relationship for the case of m ¼ 2 is known as the Gerber
parabola.
Example 14.1
The allowable stress amplitude for a low-carbon steel is�225N/mm2 and its ultimate tensile stress is 750 N/mm2.

The steel is subjected to a repeated cycle of stress in which the minimum stress is zero. Calculate the safe range of

stress based on the Goodman and Gerber predictions.

For the Goodman prediction, Eq. (14.3) applies in which Sa,0 ¼ 450 N/mm2 and Sm ¼ Sa/2. Then,

Sa ¼ 450½1� ðSa=2� 750Þ�
from which

Sa ¼ 346 N=mm2

For the Gerber prediction, m ¼ 2 in Eq. (14.4). Then,

Sa ¼ 450½1� ðSa=2� 750Þ2�
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which simplifies to
S2a þ 5000Sa � 2:25� 106 ¼ 0

Solving gives

Sa ¼ 415 N=mm2
Example 14.2
If the steel in Example 14.1 is subjected to an alternating cycle of tensile stress about a mean stress of 180 N/mm2,

calculate the safe range of stress based on the Goodman prediction and also the maximum and minimum stress

values.

From Eq. (14.3),

Sa ¼ 450½1� ð180=750Þ�
that is,

Sa ¼ 342 N=mm2

Now

Sa ¼ smax � smin (i)

and

Sm ¼ ðsmax þ sminÞ=2 (ii)

Adding Eqs. (i) and (ii),

Sa þ 2Sm ¼ 2smax

that is,

342þ 2� 180 ¼ 2smax

so that

smax ¼ 351 N=mm2

Then, from Eq. (i),

smin ¼ 351� 342 ¼ 9 N=mm2
In practical situations, fatigue is not caused by a large number of identical stress cycles but by many

stress amplitude cycles. The prediction of the number of cycles to failure therefore becomes complex.

Miner and Palmgren proposed a linear cumulative damage law, as follows. If N cycles of stress
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amplitude Sa cause fatigue failure then one cycle produces 1/N of the total damage to cause failure.

Therefore, if r different cycles are applied, in which a stress amplitude Sj (j ¼ 1, 2, . . ., r) would cause
failure in Nj cycles, the number of cycles nj required to cause total fatigue failure is given by

Xr
j¼1

nj
Nj

¼ 1 (14.5)
Example 14.3
In a fatigue test, a steel specimen is subjected to a reversed cyclic loading in a continuous sequence of four stages as

follows:

200 cycles at �150 N/mm2

250 cycles at �125 N/mm2

400 cycles at �120 N/mm2

550 cycles at �100 N/mm2

If the loading is applied at the rate of 80 cycles/hour and the fatigue lives at these stress levels are 104, 105, 1.5 � 105,

and 2 � 105, respectively, calculate the life of the specimen.

Suppose that the specimen fails after P sequences of the four stages. Then, from Eq. (14.5),

P½ð200=104Þ þ ð250=105Þ þ ð400=1:5� 105Þ þ ð550=2� 105Þ� ¼ 1

which gives

P ¼ 35:8

The total number of cycles in the four stages is 1400, so that, for a loading rate of 80 cycles/hour, the total number

of hours to fracture is given by

Total hours to fracture ¼ 35:8� 1400=80 ¼ 626:5
Although S–N curves may be readily obtained for different materials by testing a large number of

small specimens (coupon tests), it is not practical to adopt the same approach for aircraft components,

since these are expensive to manufacture and the test program too expensive to run for long periods of

time. However, such a program was initiated in the early 1950s to test the wings and tailplanes of Meteor

and Mustang fighters. These were subjected to constant amplitude loading until failure, with different

specimens being tested at different load levels. Stresses were measured at points where fatigue was

expected (and actually occurred) and S–N curves plotted for the complete structure. The curves had

the usual appearance and at low stress levels had such large endurances that fatigue did not occur; thus,

a fatigue limit existed. It was found that the average S–N curve could be approximated to by the equation

Sa ¼ 10:3ð1þ 1000=
ffiffiffiffi
N

p
Þ (14.6)

in which the mean stress was 90 N/mm2. In general terms, Eq. (14.6) may be written as

Sa ¼ S1ð1þ C=
ffiffiffiffi
N

p
Þ (14.7)
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in which S1 is the fatigue limit and C is a constant. Thus, Sa! S1 as N!1. Equation (14.7) may be
rearranged to give the endurance directly:

N ¼ C2 S1
Sa � S1

� �2

(14.8)

which shows clearly that, as Sa ! S1, N ! 1.
Example 14.4
Determine the number of cycles to fracture for a specimen of low-carbon steel whose fatigue limit is 60 N/mm2 and

which is subjected to a stress amplitude of �100 N/mm2.

Assume that C in Eq. (14.8) is 1000, then

N ¼ 10002½60=ð200� 60Þ�2

which gives

N ¼ 1:8� 105cycles
It has been found experimentally that N is inversely proportional to the mean stress, as the latter

varies in the region of 90 N/mm2 while C is virtually constant. This suggests a method of determining

a “standard” endurance curve (corresponding to a mean stress level of 90 N/mm2) from tests carried

out on a few specimens at other mean stress levels. Suppose Sm is the mean stress level, not

90 N/mm2, in tests carried out on a few specimens at an alternating stress level Sa,m, where failure
occurs at a mean number of cycles Nm. Then, assuming that the S–N curve has the same form

as Eq. (14.7),

Sa;m ¼ S1;mð1þ C=
ffiffiffiffiffiffiffi
Nm

p Þ (14.9)

in whichC¼ 1000 and S1,m is the fatigue limit stress corresponding to the mean stress Sm. Rearranging
Eq. (14.9), we have

S1;m ¼ Sa;m=ð1þ C=
ffiffiffiffiffiffiffi
Nm

p Þ (14.10)

The number of cycles to failure at a mean stress of 90 N/mm2 would have been, from the above,

N0 ¼ Sm
90

Nm (14.11)

The corresponding fatigue limit stress would then have been, from a comparison with Eq. (14.10),

S01;m ¼ Sa;m=ð1þ C=
ffiffiffiffiffi
N0p
Þ (14.12)

The standard endurance curve for the component at a mean stress of 90 N/mm2 is, from Eq. (14.7),

Sa ¼ S01;m=ð1þ C=
ffiffiffiffi
N

p
Þ (14.13)
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Substituting in Eq. (14.13) for S01;m from Eq. (14.12), we have
Sa ¼ Sa;m

ð1þ C=
ffiffiffiffiffi
N0p Þ ð1þ C=

ffiffiffiffi
N

p
Þ (14.14)

in which N0 is given by Eq. (14.11).

Equation (14.14) is based on a few test results so that a “safe” fatigue strength is usually taken to be

three standard deviations below the mean fatigue strength. Hence, we introduce a scatter factor
Kn (>1) to allow for this; Eq. (14.14) then becomes

Sa ¼ Sa;m

Knð1þ C=
ffiffiffiffiffi
N0p Þ ð1þ C=

ffiffiffiffi
N

p
Þ (14.15)

Kn varies with the number of test results available and, for a coefficient of variation of 0.1,Kn¼ 1.45 for

6 specimens,Kn¼ 1.445 for 10 specimens,Kn¼ 1.44 for 20 specimens, and for 100 specimens or more,

Kn ¼ 1.43. For typical S–N curves, a scatter factor of 1.43 is equivalent to a life factor of 3 to 4.
Example 14.5
A fatigue test is carried out on 20 specimens at a mean stress level of 120 N/mm2, where the alternating stress

is �150 N/mm2. If the average number of cycles at fracture is 105, determine the equation of the S-N curve.

Assume that the constant C is equal to 1000 and determine also the number of cycles to fracture for a stress

amplitude of 200 N/mm2.

From Eq. (14.11),

N0 ¼ ð120=90Þ � 105 ¼ 1:33� 105

Therefore, from Eq. (14.15) and since Kn ¼ 1.44 for 20 specimens,

Sa ¼ f300=½1:44ð1þ 1000=ð1:33� 105Þ1=2Þ�g½1þ ð1000=ðNÞ1=2�
so that

Sa ¼ 55:7½1þ 1000=ðNÞ1=2Þ (i)

From Eq. (i),

200 ¼ 55:7½1þ 1000=ðNÞ1=2�
which gives

N ¼ 1:5� 105cycles
14.4 PREDICTION OF AIRCRAFT FATIGUE LIFE
We see that an aircraft suffers fatigue damage during all phases of the ground–air–ground cycle. The

various contributions to this damage may be calculated separately and hence the safe life of the aircraft

in terms of the number of flights calculated.
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In the ground–air–ground cycle, the maximum vertical acceleration during takeoff is 1.2 g for

a take-off from a runway or 1.5 g for a take-off from grass. It is assumed that these accelerations occur

at zero lift and therefore produce compressive (negative) stresses, –STO, in critical components such as

the undersurface of wings. The maximum positive stress for the same component occurs in level flight

(at 1g) and is þS1g. The ground–air–ground cycle produces, on the undersurface of the wing, a fluc-

tuating stress SGAG ¼ (S1g þ STO)/2 about a mean stress SGAG(mean) ¼ (S1g – STO)/2. Suppose that tests
show that for this stress cycle and mean stress, failure occurs after NG cycles. For a life factor of 3, the

safe life is NG/3, so that the damage done during one cycle is 3/NG. This damage is multiplied by a

factor of 1.5 to allow for the variability of loading between different aircraft of the same type, so that

the damage per flight DGAG from the ground–air–ground cycle is given by

DGAG ¼ 4:5=NG (14.16)

Fatigue damage is also caused by gusts encountered in flight, particularly during the climb and descent.

Suppose that a gust of velocity ue causes a stress Su about a mean stress corresponding to level flight and

suppose also that the number of stress cycles of this magnitude required to cause failure is N(Su); the
damage caused by one cycle is then 1/N(Su). Therefore, from the Palmgren–Miner hypothesis, when

sufficient gusts of this and all other magnitudes together with the effects of all other load cycles produce

a cumulative damage of 1.0, fatigue failure occurs. It is therefore necessary to know the number and

magnitude of gusts likely to be encountered in flight.

Gust data have been accumulated over a number of years from accelerometer records from aircraft

flying over different routes and terrains, at different heights, and at different seasons. The ESDU data

sheets1 present the data in two forms, as we previously noted. First, l10 against altitude curves show the

distance that must be flown at a given altitude in order that a gust (positive or negative) having a ve-

locity �3.05 m/s be encountered. It follows that 1/l10 is the number of gusts encountered in unit dis-

tance (1 km) at a particular height. Second, gust frequency distribution curves, r(ue) against ue, give the
number of gusts of velocity ue for every 1000 gusts of velocity 3.05 m/s.

From these two curves, the gust exceedance E(ue) is obtained; E(ue) is the number of times a gust of

a given magnitude (ue) will be equaled or exceeded in 1 km of flight. Thus, from the preceding,

Number of gusts � 3:05 m=s per km ¼ 1=l10
Number of gusts equal to ue per 1000 gusts equal to 3:05 m=s ¼ rðueÞ

Hence,

Number of gusts equal to ue per single gust equal to 3:05 m=s ¼ rðueÞ=1000
It follows that the gust exceedance E (ue) is given by

EðueÞ ¼ rðueÞ
1000l10

(14.17)

in which l10 is dependent on height. A good approximation for the curve of r(ue) against ue in the region
ue ¼ 3.05 m/s is

rðueÞ ¼ 3:23� 105u�5:26
e (14.18)

Consider now the typical gust exceedance curve shown in Fig. 14.3. In 1 km of flight, there are likely to

be E(ue) gusts exceeding ue m/s and E(ue) – dE(ue) gusts exceeding ue þ due m/s. Thus, there will be



FIGURE 14.3 Gust Exceedance Curve
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dE(ue) fewer gusts exceeding ueþ due m/s than ue m/s and the increment in gust speed due corresponds
to a number –dE(ue) of gusts at a gust speed close to ue. Half of these gusts will be positive (upgusts) and
half negative (downgusts), so that if it is assumed that each upgust is followed by a downgust of equal

magnitude, the number of complete gust cycles will be –dE(ue)/2. Suppose that each cycle produces a

stress S(ue) and that the number of these cycles required to produce failure isN(Su,e). The damage caused

by one cycle is then 1/N(Su,e) and over the gust velocity interval due the total damage dD is given by

dD ¼ � dEðueÞ
2NðSu;eÞ ¼ � dEðueÞ

due

due
2NðSu;eÞ (14.19)

Integrating Eq. (14.19) over the whole range of gusts likely to be encountered, we obtain the total

damage Dg per kilometre of flight:

Dg ¼ �
ð1
0

1

2NðSu;eÞ
dEðueÞ
due

due (14.20)

Further, if the average block length journey of an aircraft is Rav, the average gust damage per flight is

DgRav. Also, some aircraft in a fleet experience more gusts than others, since the distribution of gusts is

random. Therefore, if, for example, it is found that one particular aircraft encounters 50 percent more

gusts than the average, its gust fatigue damage is 1.5 Dg/km.

The gust damage predicted by Eq. (14.20) is obtained by integrating over a complete gust velocity

range from zero to infinity. Clearly, there will be a gust velocity belowwhich no fatigue damage occurs,

since the cyclic stress produced is below the fatigue limit stress of the particular component.

Equation (14.20) is therefore rewritten

Dg ¼ �
ð1
uf

1

2NðSu;eÞ
dEðueÞ
due

due (14.21)

in which uf is the gust velocity required to produce the fatigue limit stress.
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We noted previously that more gusts are encountered during climb and descent than during

cruise. Altitude therefore affects the amount of fatigue damage caused by gusts and its effects

may be determined as follows. Substituting for the gust exceedance E(ue) in Eq. (14.21) from

Eq. (14.17), we obtain

Dg ¼ � 1

1000l10

ð1
uf

1

2NðSu;eÞ
drðueÞ
due

due

or

Dg ¼ 1

l10
dg per kilometre (14.22)

in which l10 is a function of height h and

dg ¼ � 1

1000

ð1
uf

1

2NðSu;eÞ
drðueÞ
due

due

Suppose that the aircraft is climbing at a speed V with a rate of climb (ROC). The time taken for the

aircraft to climb from a height h to a height h þ dh is dh/ROC, during which time it travels a distance

Vdh/ROC. Hence, from Eq. (14.22), the fatigue damage experienced by the aircraft in climbing through

a height dh is

1

l10
dg

V

ROC
dh

The total damage produced during a climb from sea level to an altitude H at a constant speed V and

ROC is

Dg;climb ¼ dg
V

ROC

ðH
0

dh

l10
(14.23)

Plotting 1/l10 against h from ESDU data sheets for aircraft having cloud warning radar and integrating

gives ð3000
0

dh

l10
¼ 303;

ð6000
3000

dh

l10
¼ 14;

ð9000
6000

dh

l10
¼ 3:4

From this,
Ð 9000
0

dh=l10 ¼ 320:4; from which it can be seen that approximately 95 percent of the total

damage in the climb occurs in the first 3000 m.

An additional factor influencing the amount of gust damage is forward speed. For example, the

change in wing stress produced by a gust may be represented by

Su;e ¼ k1ueVe ðsee Eq: ð13:24ÞÞ (14.24)

in which the forward speed of the aircraft is in equivalent airspeed (EAS). From Eq. (14.24), we see that

the gust velocity uf required to produce the fatigue limit stress S1 is

uf ¼ S1=k1Ve (14.25)
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The gust damage per kilometre at different forward speeds Ve is then found using Eq. (14.21) with

the appropriate value of uf as the lower limit of integration. The integral may be evaluated by

using the known approximate forms of N(Su,e) and E(ue) from Eqs. (14.15) and (14.17). From

Eq. (14.15),

Sa ¼ Su;e ¼
S01;m

Kn

1þ C=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NðSu;eÞ

qh i
from which

NðSu;eÞ ¼ C

Kn

� �2 S01;m

Su;e � S01;m

 !2

where Su,e ¼ k1Veue and S01;m ¼ k1 Veuf : Also, Eq. (14.17) is

EðueÞ ¼ rðueÞ
1000l10

or, substituting for r(ue) from Eq. (14.18),

EðueÞ ¼ 3:23� 105u�5:26
e

1000l10

Equation (14.21) then becomes

Dg ¼ �
ð1
uf

1

2

Kn

C

� �2 Su;e � S01;m

S01;m

 !2 �3:23� 5:26� 105u�5:26
e

1000l10

� �
due

Substituting for Su,e and S01;m, we have

Dg ¼ 16:99� 102

2l10

Kn

C

� �2 ð1
uf

ue � uf
uf

� �2

u�6:26
e due

or

Dg ¼ 16:99� 102

2l10

Kn

C

� �2 ð1
uf

u�4:26
e

u2f
� 2u�5:26

e

uf
þ u�6:26

e

� �
due

from which

Dg ¼ 46:55

2l10

Kn

C

� �2

u�5:26
f

or, in terms of the aircraft speed Ve,

Dg ¼ 46:55

2l10

Kn

C

� �2 k1Ve

S01;m

 !5:26

per kilometre (14.26)
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It can be seen from Eq. (14.26) that gust damage increases in proportion to Ve
5.26, so that increasing

forward speed has a dramatic effect on gust damage.

The total fatigue damage suffered by an aircraft per flight is the sum of the damage caused

by the ground–air–ground cycle, the damage produced by gusts, and the damage due to other

causes, such as pilot-induced maneuvers, ground turning and braking, and landing and take-off

load fluctuations. The damage produced by these other causes can be determined from load exceed-

ance data. Thus, if this extra damage per flight is Dextra, the total fractional fatigue damage per

flight is

Dtotal ¼ DGAG þ DgRav þ Dextra

or

Dtotal ¼ 4:5=NG þ DgRav þ Dextra (14.27)

and the life of the aircraft in terms of flights is

Nflight ¼ 1=Dtotal (14.28)
Example 14.6
A passenger aircraft cruises at 250 m/s EAS and its average block length journey is 1,500 km. The fatigue limit

stress for critical components of the aircraft is �230 N/mm2 based on a mean stress of 90 N/mm2. Assuming that

the damage caused during the ground–air–ground cycle is 10 percent of the total damage per flight, calculate the

life of the aircraft in terms of the number of flights. Take k1 ¼ 2.97.

The damage per kilometre due to gusts is given by Eq. (14.26), where we assume that Kn ¼ 1.43 and C¼ 1000

(see Section 14.3). From gust data l10 ¼ 5,000 m. Substituting the appropriate values in Eq. (14.26),

Dg ¼ ð46:55=2� 5000Þð1:43=1000Þ2ð2:97� 250=460Þ5:26

so that

Dg ¼ 1:18� 10�7=km

Now,

Dtotal ¼ DgRav þ 0:1Dtotal

Then,

0:9Dtotal ¼ 1:18� 10�7 � 1500 ¼ 1:77� 10�4

and

Dtotal ¼ 1:97� 10�4

Therefore, the life of the aircraft in terms of the number of flights is

No: of flights ¼ 1=1:97� 10�4 ¼ 5; 076; say; 5; 000



44714.5 Crack propagation
14.5 CRACK PROPAGATION
We have seen that the concept of fail-safe structures in aircraft construction relies on a damaged struc-

ture being able to retain enough of its load-carrying capacity to prevent catastrophic failure, at least

until the damage is detected. It is therefore essential that the designer be able to predict how and at

what rate a fatigue crack grows. The ESDU data sheets provide a useful introduction to the study

of crack propagation; some of the results are presented here.

The analysis of stresses close to a crack tip using elastic stress concentration factors breaks down,

since the assumption that the crack tip radius approaches zero results in the stress concentration factor

tending to infinity. Instead, linear elastic fracture mechanics analyses the stress field around the crack

tip and identifies features of the field common to all cracked elastic bodies.
14.5.1 Stress concentration factor
The three basic modes of crack growth are shown in Fig. 14.4. Generally, the stress field in the region of

the crack tip is described by a two-dimensional model, which may be used as an approximation for

many practical three-dimensional loading cases. Thus, the stress system at a distance r (r � a) from
the tip of a crack of length 2a, shown in Fig. 14.5, can be expressed in the form2

Sr; Sy; Sr;y ¼ K

ð2prÞ12
f ðyÞ (14.29)

in which f(y) is a different function for each of the three stresses and K is the stress intensity factor; K is

a function of the nature and magnitude of the applied stress levels and also of the crack size. The terms

(2pr)½ and f(y) map the stress field in the vicinity of the crack and are the same for all cracks under

external loads that cause crack openings of the same type.

Equation (14.29) applies to all modes of crack opening, with K having different values, depending

on the geometry of the structure, the nature of the applied loads, and the type of crack.
FIGURE 14.4 Basic Modes of Crack Growth



FIGURE 14.5 Stress Field in the Vicinity of a Crack
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Experimental data show that crack growth and residual strength data are better correlated using K
than any other parameter. K may be expressed as a function of the nominal applied stress S and the

crack length in the form

K ¼ SðpaÞ12a (14.30)

in which a is a non-dimensional coefficient usually expressed as the ratio of crack length to any con-

venient local dimension in the plane of the component; for a crack in an infinite plate under an applied

uniform stress level S remote from the crack, a ¼ 1.0. Alternatively, in cases where opposing loads P
are applied at points close to the plane of the crack,

K ¼ Pa

ðpaÞ12
(14.31)

in which P is the load/unit thickness. Equations (14.30) and (14.31) may be rewritten as

K ¼ K0a (14.32)

where K0 is a reference value of the stress intensity factor, which depends upon the loading. For the

simple case of a remotely loaded plate in tension,

K0 ¼ SðpaÞ12 (14.33)

and Eqs. (14.32) and (14.30) are identical, so that for a given ratio of crack length to plate width, a is the
same in both formulations. In more complex cases, for example, the in-plane bending of a plate of width

2b and having a central crack of length 2a,

K0 ¼ 3Ma

4b3
ðpaÞ12 (14.34)
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in whichM is the bending moment per unit thickness. Comparing Eqs. (14.34) and (14.30), we see that
3
S ¼ 3 Ma/4b , which is the value of direct stress given by basic bending theory at a point a distance

�a/2 from the central axis. However, if S is specified as the bending stress in the outer fibers of the

plate, that is, at �b, then S¼ 3 M/2b2; clearly, the different specifications of S require different values
of a. On the other hand, the final value of Kmust be independent of the form of presentation used. Use

of Eqs. (14.30)–(14.32) depends on the form of the solution for K0 and care must be taken to ensure that

the formula used and the way in which the nominal stress is defined are compatible with those used in

the derivation of a.
A number of methods are available for determining the values of K and a. In one method, the so-

lution for a component subjected to more than one type of loading is obtained from available standard

solutions using superposition or, if the geometry is not covered, two or more standard solutions may be

compounded.1 Alternatively, a finite element analysis may be used.

The coefficient a in Eq. (14.30) has, as we have noted, different values depending on the plate and

crack geometries. The following are values of a for some of the more common cases.

(i) A semi-infinite plate having an edge crack of length a; a ¼ 1.12.

(ii) An infinite plate having an embedded circular crack or a semi-circular surface crack, each of ra-

dius a, lying in a plane normal to the applied stress; a ¼ 0.64.

(iii) An infinite plate having an embedded elliptical crack of axes 2a and 2b or a semi-elliptical crack

of width 2b in which the depth a is less than half the plate thickness, each lying in a plane normal to

the applied stress; a ¼ 1.12F in which F varies with the ratio b/a as follows:

b=a 0 0:2 0:4 0:6 0:8
F 1:0 1:05 1:15 1:28 1:42
For b/a ¼ 1, the situation is identical to case (ii).
(iv) A plate of finite width w having a central crack of length 2a, where a � 0.3w; a ¼ [sec(ap/w)]1/2.
(v) For aplateof finitewidthwhaving twosymmetrical edgecracks eachofdepth2a, Eq. (14.30)becomes
K ¼ S ½w tan ðpa=wÞ þ ð0:1wÞ sin ð2pa=wÞ�1=2

From Eq. (14.29), it can be seen that the stress intensity at a point ahead of a crack can be expressed

in terms of the parameter K. Failure occurs when K reaches a critical value Kc. This is known as the

fracture toughness of the material and has units MN/m3/2 or N/mm3/2.
Example 14.7
An infinite plate has a fracture toughness of 3,300 N/mm3/2. If the plate contains an embedded circular crack of 3 mm

radius, calculate the maximum allowable stress that could be applied around the boundary of the plate.

In this case, Eq. (14.30) applies with a ¼ 0.64. Then,

S ¼ 3; 300=½ðp� 3Þ1=2 � 0:64�
So that

S ¼ 1; 680 N=mm2
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Example 14.8
If the steel plate of Example 14.7 develops an elliptical crack of length 6 mm and width 2.4 mm calculate the

allowable stress that could be applied around the boundary of the plate.

In this case, b/a ¼ 1.2/3 ¼ 0.4. Then, a ¼ 1.12 � 1.15 ¼ 1.164 and, from Eq. (14.30),

S ¼ 3; 300=½ðp� 3Þ1=2 � 1:164�
that is,

S ¼ 931:5 N=mm2
Example 14.9
Suppose that the plate of Example 14.7 has a finite width of 50 mm and develops a central crack of length 6 mm.

What is the allowable stress that could be applied around the boundary of the plate.

For this case,

a ¼ ½secðpa=wÞ�1=2

that is,

a ¼ ½secðp� 3=50Þ�1=2 ¼ 1:018

so that

S ¼ 3; 300=½ðp� 3Þ1=2 � 1:018�
which gives

S ¼ 1; 056 N=mm2
14.5.2 Crack tip plasticity
In certain circumstances, it may be necessary to account for the effect of plastic flow in the vicinity of

the crack tip. This may be allowed for by estimating the size of the plastic zone and adding this to the

actual crack length to form an effective crack length 2a1. Thus, if rp is the radius of the plastic zone,
a1 ¼ a þ rp and Eq. (14.30) becomes

Kp ¼ Sðpa1Þ
1
2a1 (14.35)

in which Kp is the stress intensity factor corrected for plasticity and a1 corresponds to a1. Thus, for
rp/t > 0.5, that is, a condition of plane stress,

rp ¼ 1

2p
K

fy

� �2

or rp ¼ a

2

S

fy

� �2

a2 ðRef: 3Þ (14.36)
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in which fy is the yield proof stress of the material. For rp/t < 0.02, a condition of plane strain,
rp ¼ 1

6p
K

fy

� �2

(14.37)

For intermediate conditions the correction should be such as to produce a conservative solution.

Dugdale4 showed that the fracture toughness parameter Kc is highly dependent on plate thickness.

In general, since the toughness of a material decreases with decreasing plasticity, it follows that the

true fracture toughness is that corresponding to a plane strain condition. This lower limiting value

is particularly important to consider in high-strength alloys, since these are prone to brittle failure.

In addition, the assumption that the plastic zone is circular is not representative in plane strain condi-

tions. Rice and Johnson5 showed that, for a small amount of plane strain yielding, the plastic zone

extends as two lobes (Fig. 14.6), each inclined at an angle y to the axis of the crack, where y ¼ 70�

and the greatest extent L and forward penetration (ry for y ¼ 0) of plasticity are given by

L ¼ 0:155ðK=fyÞ2
ry ¼ 0:04ðK=fyÞ2

14.5.3 Crack propagation rates
Having obtained values of the stress intensity factor and the coefficient a, fatigue crack propagation

rates may be estimated. From these, the life of a structure containing cracks or crack-like defects may

be determined; alternatively, the loading condition may be modified or inspection periods arranged so

that the crack is detected before failure.
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Under constant amplitude loading, the rate of crack propagation may be represented graphically by

curves described in general terms by the law6

da

dN
¼ f ðR;DKÞ (14.38)

in which DK is the stress intensity factor range and R ¼ Smin/Smax. If Eq. (14.30) is used,

DK ¼ ðSmax � SminÞðpaÞ
1
2a (14.39)

Equation (14.39) may be corrected for plasticity under cyclic loading and becomes

DKp ¼ ðSmax � SminÞðpa1Þ
1
2a1 (14.40)

in which a1 ¼ a þ rp, where, for plane stress,7

rp ¼ 1

8p
DK
fy

� �2

The curves represented by Eq. (14.38) may be divided into three regions. The first corresponds to a very

slow crack growth rate (<10�8 m/cycle), where the curves approach a threshold value of stress inten-

sity factor DKth corresponding to 4 � 10�11 m/cycle, that is, no crack growth. In the second region

(10�8–10�6 m/cycle), much of the crack life takes place and, for small ranges of DK, Eq. (14.38)
may be represented by8

da

dN
¼ CðDKÞn (14.41)

in which C and n depend on the material properties; over small ranges of da/dN andDK, C and n remain

approximately constant. The third region corresponds to crack growth rates >10�6 m/cycle, where

instability and final failure occur.

An attempt has been made to describe the complete set of curves by the relationship9

da

dN
¼ CðDKÞn

ð1� RÞKc � DK
(14.42)

in which Kc is the fracture toughness of the material obtained from toughness tests. Integration of

Eq. (14.41) or (14.42) analytically or graphically gives an estimate of the crack growth life of the struc-

ture, that is,. the number of cycles required for a crack to grow from an initial size to an unacceptable

length, or the crack growth rate for failure, whichever is the design criterion. Thus, for example, in-

tegration of Eq. (14.41) gives, for an infinite width plate for which a ¼ 1.0,

½N�Nf

Ni
¼ 1

C½ðSmax � SminÞp1
2�n

að1�n=2Þ

1� n=2

� �af
ai

(14.43)

for n > 2. An analytical integration may be carried out only if n is an integer and a is in the form of a

polynomial; otherwise, graphical or numerical techniques must be employed.

Substituting the limits in Eq. (14.43) and taking Ni¼ 0, the number of cycles to failure is given by

Nf ¼ 2

Cðn� 2Þ½ðSmax � SminÞp1=2�n
1

a
ðn�2Þ=2
i

� 1

a
ðn�2Þ=2
f

" #
(14.44)
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Example 14.10
An infinite plate contains a crack having an initial length of 0.2 mm and is subjected to a cyclic repeated

stress range of 175 N/mm2. If the fracture toughness of the plate is 1708 N/mm3/2 and the rate of crack growth

is 40 � 10�15 (DK)4 mm/cycle, determine the number of cycles to failure.

The crack length at failure is givenbyEq. (14.30), inwhicha¼ 1,K¼ 1,708 N/mm3/2, andS¼175 N/mm2; that is,

af ¼ 1; 7082

p� 1752
¼ 30:3 mm

Also, it can be seen from Eq. (14.41) thatC¼ 40� 10�15 and n¼ 4. Then, substituting the relevant parameters

in Eq. (14.44) gives

Nf ¼ 1=ð40� 10�15½175� p1=2�4Þð1=0:1� 1=30:3Þ
From which

Nf ¼ 26;919 cycles
Example 14.10 MATLAB
Use MATLAB to repeat Example 14.10 for the following initial crack lengths:

ðiÞ ðiiÞ ðiiiÞ ðivÞ
ai 0:1 m 0:2 m 0:3 m 0:4 m

The number of cycles to failure for each case is obtained through the following MATLAB file:

% Declare any needed variables

a_i ¼ [0.1 0.2 0.3 0.4];

alpha ¼ 1;

K ¼ 1708;

S ¼ 175;

C ¼ 40e-15;

n ¼ 4;

% Calculate a_f using Eq. (14.30)

a_f ¼ K̂ 2/(pi*Ŝ 2*alphâ 2);

% Calculate the number of cycles using Eq. (14.44)

N_f ¼ 2/(C*(n-2)*(S*sqrt(pi))̂ n)*(1./a_i.̂ ((n-2)/2) - 1/a_f̂ ((n-2)/2));

% Output the results for each case to the Command Window

for i¼1:1:length(a_i)

disp([‘For a_i ¼’ num2str(a_i(i)) ‘m: N_f ¼’ num2str(round(N_f(i))) ‘cycles’])

disp(‘ ’)

end
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The Command Window outputs resulting from this MATLAB file are as follows:

For a_i ¼ 0.1 m: N_f ¼ 26919 cycles

For a_i ¼ 0.2 m: N_f ¼ 13415 cycles

For a_i ¼ 0.3 m: N_f ¼ 8914 cycles

For a_i ¼ 0.4 m: N_f ¼ 6663 cycles
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PROBLEMS

P.14.1. A material has a fatigue limit of �230 N/mm2 and an ultimate tensile strength of 870 N/mm2.

If the safe range of stress is determined by the Goodman prediction, calculate its value.
An

An

An
swer: 363 N/mm2
P.14.2. A more accurate estimate for the safe range of stress for the material of P.14.1 is given by the

Gerber prediction. Calculate its value.
swer: 432 N/mm2
P.14.3. A steel component is subjected to a reversed cyclic loading of 100 cycles/day over a period of

time in which �160 N/mm2 is applied for 200 cycles, �140 N/mm2 is applied for 200 cycles and

�100 N/mm2 is applied for 600 cycles. If the fatigue life of the material at each of these stress levels

is 104, 105, and 2 � 105 cycles, respectively, estimate the life of the component using Miner’s law.
swer: 400 days
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P.14.3. MATLAB Use MATLAB to repeat Problem P.14.3 for the following application cycles of the

160 N/mm2 load:

ðiÞ ðiiÞ ðiiiÞ ðivÞ ðvÞ ðviÞ
100 cycles 200 cycles 300 cycles 400 cycles 500 cycles 600 cycles

All other loads and cycles are as provided in P.14.3.
An

An

An

An

An

An
swer: (i) 600 days
(ii) 400 days

(iii) 314 days

(iv) 276 days

(v) 236 days

(vi) 215 days
P.14.4. An aircraft’s cruise speed is increased from 200 m/s to 220 m/s. Determine the percentage

increase in gust damage this would cause.
swer: 65 percent
P.14.5. The average block length journey of an executive jet airliner is 1,000 km and its cruise speed is

240 m/s. If the damage during the ground–air–ground cycle may be assumed to be 10 percent of the

total damage during a complete flight, determine the percentage increase in the life of the aircraft when

the cruising speed is reduced to 235 m/s.
swer: 12 percent
P.14.6. A small executive jet cruises at 220 m/s EAS and has an average block journey distance of

1,200 km. The most critical portion of the aircraft’s structure is the undersurface of the wing, which

has a fatigue limit stress of �200 N/mm2 based on a mean stress of 90 N/mm2. If the ground–air–

ground cycle and other minor loads produce 8 percent of the total damage, estimate the number of hours

of the life of the aircraft. Take k1 ¼ 3.0 and l10 ¼ 6000 m.
swer: 10,550 hours
P.14.7.An infinite steel plate has a fracture toughness of 3,320 N/mm3/2 and contains a 4 mm long crack.

Calculate the maximum allowable design stress that could be applied around the boundary of the plate.
swer: 1,324 N/mm2
P.14.8.Asemi-infiniteplatehasanedgecrackof length0.4 mm.If theplate is subjected toacyclic repeated

stress loading of 180 N/mm2, its fracture toughness is 1,800 N/mm3/2, and the rate of crack growth is

30 � 10�15 (DK)4 mm/cycle determine the crack length at failure and the number of cycles to failure.
swer: 25.4 mm, 7,916 cycles
P.14.8 MATLAB Use MATLAB to repeat Problem P.14.8 for the following cyclic repeated stress

loadings:

X ðiÞ ðiiÞ ðiiiÞ ðivÞ ðvÞ ðviÞ
S 150 N=mm2 160 N=mm2 170 N=mm2 180 N=mm2 190 N=mm2 200 N=mm2



An

456 CHAPTER 14 Fatigue
swer: (i) 36.5 mm, 16,496 cycles
(ii) 32.1 mm, 12,723 cycles

(iii) 28.4 mm, 9,967 cycles

(iv) 25.4 mm, 7,916 cycles

(v) 22.8 mm, 6,365 cycles

(vi) 20.6 mm, 5,174 cycles
P.14.9. A steel plate 50 mm wide is 5 mm thick and carries an in-plane bending moment. If the plate

develops an elliptical crack of length 6 mm and width 2.4 mm, calculate the maximum bending

moment the plate can withstand if the fracture toughness of the steel is 3,500 N/mm3/2.
swer: 4,300 Nmm
An



CHAPTER
Bending of open and closed,
thin-walled beams
 15

In Chapter 11, we discussed the various types of structural component found in aircraft construction

and the various loads they support. We saw that an aircraft is basically an assembly of stiffened shell

structures, ranging from the single-cell closed section fuselage to multicellular wings and tail surfaces,

each subjected to bending, shear, torsional, and axial loads. Other, smaller portions of the structure

consist of thin-walled channel, T, Z, “top-hat” or I sections, which are used to stiffen the thin skins

of the cellular components and provide support for internal loads from floors, engine mountings,

etc. Structural members such as these are known as open section beams, while the cellular components

are termed closed section beams; clearly, both types of beam are subjected to axial, bending, shear, and

torsional loads.

In this chapter, we investigate the stresses and displacements in thin-walled open and single-cell

closed section beams produced by bending loads.

In Chapter 1, we saw that an axial load applied to a member produces a uniform direct stress across

the cross-section of the member. A different situation arises when the applied loads cause a beam to

bend, which, if the loads are vertical, takes up a sagging (^) or hogging (_) shape. This means that, for

loads which cause a beam to sag, the upper surface of the beam must be shorter than the lower surface,

as the upper surface becomes concave and the lower one convex; the reverse is true for loads which

cause hogging. The strains in the upper regions of the beam, therefore, are different from those in the

lower regions, and since we established that stress is directly proportional to strain (Eq. (1.40)), it

follows that the stress varies through the depth of the beam.

The truth of this can be demonstrated by a simple experiment. Take a reasonably long rectangular

rubber eraser and draw three or four lines on its longer faces as shown in Fig. 15.1(a); the reason for this

becomes clear a little later. Now hold the eraser between the thumb and forefinger at each end and apply

pressure as shown by the direction of the arrows in Fig. 15.1(b). The eraser bends into the shape shown

and the lines on the side of the eraser remain straight but are now further apart at the top than at the

bottom.

Since, in Fig. 15.1(b), the upper fibers are stretched and the lower fibers compressed, there are fibers

somewhere in between which are neither stretched nor compressed; the plane containing these fibers is

called the neutral plane.
Now, rotate the eraser so that its shorter sides are vertical and apply the same pressure with your

fingers. The eraser again bends but now requires much less effort. It follows that the geometry and

orientation of a beam section must affect its bending stiffness. This is more readily demonstrated with

a plastic ruler. When flat, it requires hardly any effort to bend it but when held with its width vertical it

becomes almost impossible to bend.
Introduction to Aircraft Structural Analysis, Third Edition. http://dx.doi.org/10.1016/B978-0-08-102076-0.00015-4
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FIGURE 15.1 Bending a Rubber Eraser
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15.1 SYMMETRICAL BENDING
Although symmetrical bending is a special case of the bending of beams of arbitrary cross-section, we

shall investigate the former first, so that the more complex, general case may be more easily understood.

Symmetrical bending arises in beams which have either singly or doubly symmetrical cross-sec-

tions; examples of both types are shown in Fig. 15.2.

Suppose that a length of beam, of rectangular cross-section, say, is subjected to a pure, sagging

bending moment, M, applied in a vertical plane. We define this later as a negative bending moment.

The length of beam bends into the shape shown in Fig. 15.3(a), in which the upper surface is concave

and the lower convex. It can be seen that the upper longitudinal fibers of the beam are compressed while

the lower fibers are stretched. It follows that, as in the case of the eraser, between these two extremes

are fibers that remain unchanged in length.

The direct stress therefore varies through the depth of the beam, from compression in the upper

fibers to tension in the lower. Clearly, the direct stress is zero for the fibers that do not change in length;

we called the plane containing these fibers the neutral plane. The line of intersection of the neutral

plane and any cross-section of the beam is termed the neutral axis (Fig. 15.3(b)).
Axis of symmetry

Double
(rectangular)

Double
(I-section)

Single
(channel section)

Single
(T-section)

FIGURE 15.2 Symmetrical Section Beams
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The problem, therefore, is to determine the variation of direct stress through the depth of the beam,

determine the values of the stresses, and subsequently find the corresponding beam deflection.
15.1.1 Assumptions
The primary assumption made in determining the direct stress distribution produced by pure bending is

that plane cross-sections of the beam remain plane and normal to the longitudinal fibers of the beam

after bending. Again, we see this from the lines on the side of the eraser. We also assume that the ma-

terial of the beam is linearly elastic, that is, it obeys Hooke’s law, and that the material of the beam is

homogeneous.
15.1.2 Direct stress distribution
Consider a length of beam (Fig. 15.4(a)) that is subjected to a pure, sagging bending moment, M, ap-

plied in a vertical plane; the beam cross-section has a vertical axis of symmetry, as shown in

Fig. 15.4(b). The bending moment causes the length of beam to bend in a manner similar to that shown

in Fig. 15.3(a), so that a neutral plane exists, which is, as yet, unknown distances y1 and y2 from the top

and bottom of the beam, respectively. Coordinates of all points in the beam are referred to axes Oxyz in
which the origin O lies in the neutral plane of the beam. We now investigate the behavior of an

elemental length, dz, of the beam formed by parallel sections MIN and PGQ (Fig. 15.4(a)) and also
y
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the fiber ST of cross-sectional area dA a distance y above the neutral plane. Clearly, before bending

takes place MP¼ IG¼ST¼NQ¼dz.
The bending momentM causes the length of beam to bend about a center of curvatureC as shown in

Fig. 15.5(a). Since the element is small in length and a pure moment is applied, we can take the curved

shape of the beam to be circular with a radius of curvature R measured to the neutral plane. This is a

useful reference point, since, as we saw, strains and stresses are zero in the neutral plane.

The previously parallel plane sections MIN and PGQ remain plane, as we demonstrated, but are

now inclined at an angle dy to each other. The length MP is now shorter than dz, as is ST, while

NQ is longer; IG, being in the neutral plane, is still of length dz. Since the fiber ST has changed in

length, it has suffered a strain ez which is given by

ez ¼ change in length

original length

Then,

ez ¼ R� yð Þdy� dz
dz

that is,

ez ¼ R� yð Þdy� Rdy
Rdy

so that

ez ¼ � y

R
(15.1)

The negative sign in Eq. (15.1) indicates that fibers in the region where y is positive shorten when the

bending moment is negative. Then, from Eq. (1.40), the direct stress sz in the fiber ST is given by

sz ¼ �E
y

R
(15.2)
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The direct or normal force on the cross-section of the fiber ST is szdA. However, since the direct stress

in the beam section is due to a pure bending moment, in other words, there is no axial load, the resultant

normal force on the complete cross-section of the beam must be zero. Then,ð
A

sz dA ¼ 0 (15.3)

where A is the area of the beam cross-section.

Substituting for sz in Eq. (15.3) from (15.2) gives

�E

R

ð
A

y dA ¼ 0 (15.4)

in which both E and R are constants for a beam of a given material subjected to a given bending

moment. Therefore, ð
A

y dA ¼ 0 (15.5)

Equation (15.5) states that the first moment of the area of the cross-section of the beam with respect to

the neutral axis, that is, the x axis, is equal to zero. Therefore, we see that the neutral axis passes
through the centroid of area of the cross-section. Since the y axis in this case is also an axis of sym-

metry, it must also pass through the centroid of the cross-section. Hence, the origin, O, of the coordinate

axes coincides with the centroid of area of the cross-section.

Equation (15.2) shows that, for a sagging (i.e., negative) bending moment, the direct stress in the

beam section is negative (i.e., compressive) when y is positive and positive (i.e., tensile) when y is

negative.

Consider now the elemental strip dA in Fig. 15.4(b); this is, in fact, the cross-section of the fiber ST.

The strip is above the neutral axis, so that there will be a compressive force acting on its cross-section of
szdA, which is numerically equal to (Ey/R)dA from Eq. (15.2). Note that this force acts on all sections

along the length of ST. At S, this force exerts a clockwise moment (Ey/R)ydA about the neutral axis,

while at T the force exerts an identical counterclockwise moment about the neutral axis. Considering

either end of ST, we see that the moment resultant about the neutral axis of the stresses on all such fibers

must be equivalent to the applied negative moment M; that is,

M ¼ �
ð
A

E
y2

R
dA

or

M ¼ �E

R

ð
A

y2 dA (15.6)

The term
Ð
Ay

2dA is known as the second moment of area of the cross-section of the beam about the

neutral axis and is given the symbol I. Rewriting Eq. (15.6), we have

M ¼ �EI

R
(15.7)
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or, combining this expression with Eq. (15.2),
M

I
¼ �E

R
¼ sz

y
(15.8)

From Eq. (15.8), we see that

sz ¼ My

I
(15.9)

The direct stress, sz, at any point in the cross-section of a beam is therefore directly proportional to the

distance of the point from the neutral axis and so varies linearly through the depth of the beam as shown,

for the section JK, in Fig. 15.5(b). Clearly, for a positive bending moment sz is positive, that is, tensile,

when y is positive and compressive (i.e., negative) when y is negative. Thus, in Fig. 15.5(b),

sz;1 ¼ My1
I

ðcompressionÞ; sz;2 ¼ My2
I

ðtensionÞ (15.10)

Furthermore, we see from Eq. (15.7) that the curvature, 1/R, of the beam is given by

1

R
¼ �M

EI
(15.11)

and is therefore directly proportional to the applied bending moment and inversely proportional to the

product EI, which is known as the flexural rigidity of the beam. Note that for a negative, i.e., sagging,

bending moment the curvature is positive with the center of curvature above the beam.
Example 15.1
The cross-section of a beam has the dimensions shown in Fig. 15.6(a). If the beam is subjected to a negative bend-

ing moment of 100 kN m applied in a vertical plane, determine the distribution of direct stress through the depth of

the section.
300 mm

200 mm
(a) (b)

C

y

x

25 mm

20 mm

20 mm

78 N/mm2

78 N/mm2

FIGURE 15.6 Direct Stress Distribution in the Beam of Example 15.1
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The cross-section of the beam is doubly symmetrical, so that the centroid, C, of the section, and therefore the

origin of axes, coincides with the mid-point of the web. Furthermore, the bending moment is applied to the beam

section in a vertical plane, so that the x axis becomes the neutral axis of the beam section; we therefore need to

calculate the second moment of area, Ixx, about this axis.

Ixx ¼ 200� 3003

12
� 175� 2603

12
¼ 193:7� 106mm4 ðsee Section 15:4Þ

From Eq. (15.9), the distribution of direct stress, sz, is given by

sz ¼ � 100� 106

193:7� 106
y ¼ �0:52y (i)

The direct stress, therefore, varies linearly through the depth of the section from a value

�0:52� ðþ150Þ ¼ �78 N=mm
2 ðcompressionÞ

at the top of the beam to

�0:52� ð�150Þ ¼ þ78 N=mm
2 ðtensionÞ

at the bottom, as shown in Fig. 15.6(b).
Example 15.2
Now determine the distribution of direct stress in the beam of Example 15.1 if the bending moment is applied on a

horizontal plane and in a clockwise sense about Cy when viewed in the direction yC.

In this case, the beam bends about the vertical y axis, which therefore becomes the neutral axis of the section.

Thus, Eq. (15.9) becomes

sz ¼ M

Iyy
x (i)

where Iyy is the second moment of area of the beam section about the y axis. Again, from Section 15.4,

Iyy ¼ 2� 20� 2003

12
þ 260� 253

12
¼ 27:0� 106 mm4

Hence, substituting for M and Iyy in Eq. (i),

sz ¼ 100� 106

27:0� 106
x ¼ 3:7x

We have not specified a sign convention for bending moments applied in a horizontal plane. However, a phys-

ical appreciation of the problem shows that the left-hand edges of the beam are in compression while the right-hand

edges are in tension. Again, the distribution is linear and varies from 3.7� (–100)¼–370 N/mm2 (compression) at

the left-hand edges of each flange to 3.7� (þ100)¼þ370 N/mm2 (tension) at the right-hand edges.

We note that the maximum stresses in this example are very much greater than those in Example 15.1. This is

because the bulk of the material in the beam section is concentrated in the region of the neutral axis, where the

stresses are low. The use of an I section in this manner would therefore be structurally inefficient.
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Example 15.3
The beam section of Example 15.1 is subjected to a bending moment of 100 kNm applied in a plane parallel to the

longitudinal axis of the beam but inclined at 30� to the left of vertical. The sense of the bending moment is clockwise

when viewed from the left-hand edge of the beam section. Determine the distribution of direct stress.

The bending moment is first resolved into two components,Mx in a vertical plane andMy in a horizontal plane.

Equation (15.9) may then be written in two forms:

sz ¼ Mx

Ixx
y; sz ¼ My

Iyy
x (i)

The separate distributions can then be determined and superimposed. A more direct method is to combine the two

equations (i) to give the total direct stress at any point (x, y) in the section. Thus

sz ¼ Mx

Ixx
yþMy

Iyy
x (ii)

Now,

Mx ¼ 100 cos 30� ¼ 86:6 kNm

My ¼ 100 sin 30� ¼ 50:0 kNm

�
(iii)

Mx is, in this case, a positive bending moment producing tension in the upper half of the beam, where y is positive.

Also, My produces tension in the left-hand half of the beam, where x is negative; we therefore call My a negative

bending moment. Substituting the values of Mx and My from Eq. (iii) but with the appropriate sign in Eq. (ii),

together with the values of Ixx and Iyy from Examples 15.1 and 15.2, we obtain

sz ¼ 86:6� 106

193:7� 106
y� 50:0� 106

27:0� 106
x (iv)

or

sz ¼ 0:45y� 1:85x (v)

Equation (v) gives the value of direct stress at any point in the cross-section of the beam and may also be used to

determine the distribution over any desired portion. Thus, on the upper edge of the top flange, y¼þ150 mm,

100 mm�x�–100 mm, so that the direct stress varies linearly with x. At the top left-hand corner of the top flange,

sz ¼ 0:45� ðþ150Þ � 1:85� ð�100Þ ¼ þ252:5 N=mm
2 ðtensionÞ

At the top right-hand corner,

sz ¼ 0:45� ðþ150Þ � 1:85� ðþ100Þ ¼ �117:5 N=mm
2 ðcompressionÞ

The distributions of direct stress over the outer edge of each flange and along the vertical axis of symmetry are

shown in Fig. 15.7. Note that the neutral axis of the beam section does not, in this case, coincide with either the x or

y axis, although it still passes through the centroid of the section. Its inclination, a, to the x axis, say, can be found by
setting sz¼0 in Eq. (v). Then,

0 ¼ 0:45y� 1:85x

or

y

x
¼ 1:85

0:45
¼ 4:11 ¼ tan a
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FIGURE 15.7 Direct Stress Distribution in the Beam of Example 15.3
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which gives
a ¼ 76:3�

Note that a may be found in general terms from Eq. (ii) by again setting sz¼0. Hence,

y

x
¼ �MyIxx

MxIyy
¼ tan a (vi)

or

tan a ¼ MyIxx
MxIyy

since y is positive and x is positive for a positive value of a. We define a in a slightly different way in Section 15.2.4
for beams of unsymmetrical section.

15.1.3 Anticlastic bending
In the rectangular beam section shown in Fig. 15.8(a), the direct stress distribution due to a negative

bending moment applied in a vertical plane varies from compression in the upper half of the beam to

tension in the lower half (Fig. 15.8(b)). However, due to the Poisson effect, the compressive stress pro-

duces a lateral elongation of the upper fibers of the beam section, while the tensile stress produces a



(a) (b) (c)

Compression

Tension

FIGURE 15.8 Anticlastic Bending of a Beam Section
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lateral contraction of the lower. The section does not therefore remain rectangular but distorts as shown

in Fig. 15.8(c); the effect is known as anticlastic bending.
Anticlastic bending is of interest in the analysis of thin-walled box beams in which the cross-

sections are maintained by stiffening ribs. The prevention of anticlastic distortion induces local vari-

ations in stress distributions in the webs and covers of the box beam and also in the stiffening ribs.
15.2 UNSYMMETRICAL BENDING
We have shown that the value of direct stress at a point in the cross-section of a beam subjected to

bending depends on the position of the point, the applied loading, and the geometric properties of

the cross-section. It follows that it is of no consequence whether or not the cross-section is open or

closed. We therefore derive the theory for a beam of arbitrary cross-section and discuss its application

to thin-walled open and closed section beams subjected to bending moments.

The assumptions are identical to those made for symmetrical bending and are listed in

Section 15.1.1. However, before we derive an expression for the direct stress distribution in a beam

subjected to bending, we establish sign conventions for moments, forces, and displacements; investi-

gate the effect of choice of section on the positive directions of these parameters; and discuss the de-

termination of the components of a bending moment applied in any longitudinal plane.
15.2.1 Sign conventions and notation
Forces, moments, and displacements are referred to an arbitrary system of axes Oxyz, of which Oz is
parallel to the longitudinal axis of the beam and Oxy are axes in the plane of the cross-section. We

assign the symbols M,S,P,T, and w to bending moment, shear force, axial or direct load, torque,

and distributed load intensity, respectively, with suffixes where appropriate to indicate sense or direc-

tion. Thus, Mx is a bending moment about the x axis, Sx is a shear force in the x direction, and so on.

Figure 15.9 shows positive directions and senses for these loads and moments applied externally to a

beam and also the positive directions of the components of displacement u, v, and w of any point in the

beam cross-section parallel to the x, y, and z axes, respectively. A further condition defining the signs of

the bending moments Mx and My is that they are positive when they induce tension in the positive xy
quadrant of the beam cross-section. Note that this agrees with the hogging (+) and sagging (�) sign

convention adopted in Section 15.1.



FIGURE 15.9 Notation and Sign Convention for Forces, Moments, and Displacements
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If we refer internal forces and moments to that face of a section which is seen when viewed in the

direction zO, then, as shown in Fig. 15.10, positive internal forces and moments are in the same direc-

tion and sense as the externally applied loads, whereas on the opposite face, they form an opposing

system. The former system, which we use, has the advantage that direct and shear loads are always

positive in the positive directions of the appropriate axes, whether they are internal loads or not. It must

be realized, though, that internal stress resultants then become equivalent to externally applied forces

and moments and are not in equilibrium with them.
FIGURE 15.10 Internal Force System
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15.2.2 Resolution of bending moments
A bending momentM applied in any longitudinal plane parallel to the z axis may be resolved into com-

ponents Mx and My by the normal rules of vectors. However, a visual appreciation of the situation is

often helpful. Referring to Fig. 15.11, we see that a bending moment M in a plane at an angle y to

Ox may have components of differing sign depending on the size of y. In both cases, for the sense

of M shown,

Mx ¼ M sin y
My ¼ M cos y

which give, for y<p/2,Mx andMy positive (Fig. 15.11(a)) and for y>p/2,Mx positive andMy negative

(Fig. 15.11(b)).
15.2.3 Direct stress distribution due to bending
Consider a beam having the arbitrary cross-section shown in Fig. 15.12(a). The beam supports bending

momentsMx and My and bends about some axis in its cross-section, which is therefore an axis of zero

stress or a neutral axis (NA). Let us suppose that the origin of axes coincides with the centroid C of the

cross-section and that the neutral axis is a distance p from C. The direct stress sz on an element of area

dA at a point (x,y) and a distance x from the neutral axis is, from the third of Eq. (1.42),

sz ¼ Eez (15.12)

If the beam is bent to a radius of curvature r about the neutral axis at this particular section, then,

since plane sections are assumed to remain plane after bending and by a comparison with symmetrical

bending theory,

ez ¼ x
r

Substituting for ez in Eq. (15.12), we have

sz ¼ Ex
r

(15.13)
FIGURE 15.11 Resolution of Bending Moments



FIGURE 15.12 Determination of Neutral Axis Position and Direct Stress Due to Bending
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The beam supports pure bendingmoments so that the resultant normal load on any sectionmust be zero.
Hence, ð
A

sz dA ¼ 0

Therefore, replacing sz in this equation from Eq. (15.13) and cancelling the constant E/r givesð
A

x dA ¼ 0

that is, the first moment of area of the cross-section of the beam about the neutral axis is zero. It follows

that the neutral axis passes through the centroid of the cross-section as shown in Fig. 15.12(b) which is

the result we obtained for the case of symmetrical bending.

Suppose that the inclination of the neutral axis to Cx is a (measured clockwise from Cx), then

x ¼ x sin a þ y cos a (15.14)

and from Eq. (15.13)

sz ¼ E

r
ðx sin aþ y cos aÞ (15.15)

The moment resultants of the internal direct stress distribution have the same sense as the applied

moments Mx and My. Therefore

Mx ¼
ð
A

szy dA; My ¼
ð
A

szx dA (15.16)

Substituting for sz from Eq. (15.15) in (15.16) and defining the second moments of area of the section

about the axes Cx, Cy as

Ixx ¼
ð
A

y2 dA; Iyy ¼
ð
A

x2 dA; Ixy ¼
ð
A

xy dA
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gives
Mx ¼ E sin a
r

Ixy þ E cos a
r

Ixx; My ¼ E sin a
r

Iyy þ E cos a
r

Ixy

or, in matrix form

Mx

My

� �
¼ E

r
Ixy Ixx
Iyy Ixy

� �
sin a
cos a

� �

from which

E

r
sin a
cos a

� �
¼ Ixy Ixx

Iyy Ixy

� ��1
Mx

My

� �

that is,

E

r
sin a
cos a

� �
¼ 1

IxxIyy � I2xy

�Ixy Ixx
Iyy �Ixy

� �
Mx

My

� �

so that, from Eq. (15.15),

sz ¼ MyIxx �MxIxy
IxxIyy � I2xy

 !
xþ MxIyy �MyIxy

IxxIyy � I2xy

 !
y (15.17)

Alternatively, Eq. (15.17) may be rearranged in the form

sz ¼
Mx Iyyy� Ixyx
� �
IxxIyy � I2xy

þMy Ixxx� Ixyy
� �
IxxIyy � I2xy

(15.18)

From Eq. (15.18), it can be seen that, if, say,My¼0, the momentMx produces a stress which varies with

both x and y; similarly forMy ifMx¼0. In the case where the beam cross-section has either (or both) Cx
or Cy as an axis of symmetry, the product second moment of area Ixy is zero and Cxy are principal axes.
Equation (15.18) then reduces to

sz ¼ Mx

Ixx
yþMy

Iyy
x (15.19)

Further, if either My or Mx is zero, then

sz ¼ Mx

Ixx
y or sz ¼ My

Iyy
x (15.20)

Equations (15.19) and (15.20) are those derived for the bending of beams having at least a singly sym-

metrical cross-section (see Section 15.1). It may also be noted that, in Eq. (15.20), sz¼0 when, for the

first equation, y¼0 and, for the second equation, when x¼0. Therefore, in symmetrical bending the-

ory, the x axis becomes the neutral axis when My¼0 and the y axis becomes the neutral axis when

Mx¼0. We see that the position of the neutral axis depends on the form of the applied loading as well

as the geometrical properties of the cross-section.
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There exists, in any unsymmetrical cross-section, a centroidal set of axes for which the product

second moment of area is zero1. These axes are then principal axes and the direct stress distribution

referred to these axes takes the simplified form of Eq. (15.19) or (15.20). It therefore appears that

the amount of computation can be reduced if these axes are used. This is not the case, however, unless

the principal axes are obvious from inspection, since the calculation of the position of the principal

axes, the principal sectional properties, and the coordinates of points at which the stresses are to be

determined consumes a greater amount of time than direct use of Eqs. (15.17) or (15.18) for an arbitrary

but convenient set of centroidal axes.
15.2.4 Position of the neutral axis
The neutral axis always passes through the centroid of area of a beam’s cross-section, but its inclination

a (see Fig. 15.12(b)) to the x axis depends on the form of the applied loading and the geometrical prop-

erties of the beam’s cross-section.

At all points on the neutral axis, the direct stress is zero. Therefore, from Eq. (15.17),

0 ¼ MyIxx �MxIxy
IxxIyy � I2xy

 !
xNA þ MxIyy �MyIxy

IxxIyy � I2xy

 !
yNA

where xNA and yNA are the coordinates of any point on the neutral axis. Hence,

yNA
xNA

¼ �MyIxx �MxIxy
MxIyy �MyIxy

or, referring to Fig. 15.12(b) and noting that, when a is positive, xNA and yNA are of opposite sign,

tan a ¼ MyIxx �MxIxy
MxIyy �MyIxy

(15.21)
Example 15.4
A beam having the cross-section shown in Fig. 15.13 is subjected to a bending moment of 1,500 Nm in a vertical

plane. Calculate the maximum direct stress due to bending stating the point at which it acts.

The position of the centroid of the section may be found by taking moments of areas about some convenient

point. Thus,

120� 8þ 80� 8ð Þ�y ¼ 120� 8� 4þ 80� 8� 48

giving

�y ¼ 21:6 mm

and

120� 8þ 80� 8ð Þ�x ¼ 80� 8� 4þ 120� 8� 24

giving

�x ¼ 16 mm



FIGURE 15.13 Cross-Section of Beam in Example 15.4
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The next step is to calculate the section properties referred to axes Cxy (see Section 15.4):

Ixx ¼ 120� ð8Þ3
12

þ 120� 8� ð17:6Þ2 þ 8� ð80Þ3
12

þ 80� 8� ð26:4Þ2

¼ 1:09� 106 mm4

Iyy ¼ 8� ð120Þ3
12

þ 120� 8� ð8Þ2 þ 80� ð8Þ3
12

þ 80� 8� ð12Þ2

¼ 1:31� 106 mm4

Ixy ¼ 120� 8� 8� 17:6þ 80� 8� ð�12Þ � ð�26:4Þ
¼ 0:34� 106 mm4

Since Mx¼1,500 Nm and My¼0, we have, from Eq. (15.18),

sz ¼ 1:5y� 0:39x (i)

in which the units are N and mm.

By inspection of Eq. (i), we see that sz is a maximum at F, where x¼– 8 mm, y¼–66.4 mm. Thus,

sz;max ¼ �96 N=mm
2 ðcompressiveÞ

In some cases the maximum value cannot be obtained by inspection, so that values of sz at several points must be

calculated.

15.2.5 Load intensity, shear force, and bending moment relationships,
the general case
Consider an element of length dz of a beam of unsymmetrical cross-section subjected to shear forces,

bending moments, and a distributed load of varying intensity, all in the yz plane, as shown in Fig. 15.14.
The forces and moments are positive in accordance with the sign convention previously adopted. Over



FIGURE 15.14 Equilibrium of a Beam Element Supporting a General Force System in the yz Plane
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the length of the element, we assume that the intensity of the distributed load is constant. Therefore, for

equilibrium of the element in the y direction,

Sy þ @Sy
@z

dz
� 	

þ wydz� Sy ¼ 0

from which

wy ¼ � @Sy
@z

Taking moments about A, we have

Mx þ @Mx

@z
dz

� 	
� Sy þ @Sy

@z
dz

� 	
dz� wy

dzð Þ2
2

�Mx ¼ 0

or, when second-order terms are neglected,

Sy ¼ @Mx

@z

We may combine these results into a single expression:

�wy ¼ @Sy
@z

¼ @2Mx

@z2
(15.22)

Similarly, for loads in the xz plane,

�wx ¼ @Sx
@z

¼ @2My

@z2
(15.23)

15.3 DEFLECTIONS DUE TO BENDING
We noted that a beam bends about its neutral axis whose inclination relative to arbitrary centroidal axes

is determined from Eq. (15.21). Suppose that, at some section of an unsymmetrical beam, the deflection

normal to the neutral axis (and therefore an absolute deflection) is z, as shown in Fig. 15.15. In other



FIGURE 15.15 Determination of Beam Deflection Due to Bending
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words, the centroid C is displaced from its initial position CI through an amount z to its final position

CF. Suppose also that the center of curvature R of the beam at this particular section is on the opposite

side of the neutral axis to the direction of the displacement z and that the radius of curvature is r. For
this position of the center of curvature and from the usual approximate expression for curvature,

we have

1

r
¼ d2z

dz2
(15.24)

The components u and v of z are in the negative directions of the x and y axes, respectively, so that

u ¼ �z sin a; v ¼ �z cos a (15.25)

Differentiating Eqs. (15.25) twice with respect to z and substituting for z from Eq. (15.24), we obtain

sin a
r

¼ � d2u

dz2
;

cos a
r

¼ � d2v

dz2
(15.26)

In the derivation of Eq. (15.17), we see that

1

r
sin a
cos a

� �
¼ 1

E IxxIyy � I2xy


 � �Ixy Ixx
Iyy �Ixy

� �
Mx

My

� �
(15.27)

Substituting inEqs. (15.27) for sina/r and cosa/r fromEqs. (15.26) andwriting u00 ¼d2u/dz2, v00 ¼d2v/dz2,
we have

u 00

v 00

� �
¼ �1

E IxxIyy � I2xy


 � �Ixy Ixx
Iyy �Ixy

� �
Mx

My

� �
(15.28)

It is instructive to rearrange Eq. (15.28) as follows:

Mx

My

� �
¼ �E

Ixy Ixx
Iyy Ixy

� �
u 00

v 00

� �
ðsee derivation of Eq: ð15:17ÞÞ (15.29)
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that is,
Mx ¼ �EIxyu
00 � EIxxv

00

My ¼ �EIyyu
00 � EIxyv

00

�
(15.30)

The first of Eqs. (15.30) shows thatMx produces curvatures, that is, deflections, in both the xz and yz
planes even thoughMy¼0; similarly forMy whenMx¼0. Thus, for example, an unsymmetrical beam

deflects both vertically and horizontally, even though the loading is entirely in a vertical plane.

Similarly, vertical and horizontal components of deflection in an unsymmetrical beam are produced

by horizontal loads.

For a beam having either Cx or Cy (or both) as an axis of symmetry, Ixy¼0 and Eqs. (15.28)

reduce to

u00 ¼ � My

EIyy
; v 00 ¼ � Mx

EIxx
(15.31)
Example 15.5
Determine the deflection curve and the deflection of the free end of the cantilever shown in Fig. 15.16(a); the

flexural rigidity of the cantilever is EI and its section is doubly symmetrical.

The load W causes the cantilever to deflect such that its neutral plane takes up the curved shape shown

Fig. 15.16(b); the deflection at any section Z is then v, while that at its free end is vtip. The axis system is chosen

so that the origin coincides with the built-in end, where the deflection is clearly zero.

The bending moment, M, at the section Z is, from Fig. 15.16(a),

M ¼ WðL� zÞ (i)

Substituting for M in the second of Eq. (15.31),

v 00 ¼ �W

EI
ðL� zÞ
EI

L

W
Z

(a)

(b)

y

C z
y ytip

FIGURE 15.16 Deflection of a Cantilever Beam Carrying a Concentrated Load at Its Free End (Example 15.5)



478 CHAPTER 15 Bending of open and closed, thin-walled beams
or, in more convenient form,
EIv 00 ¼ �WðL� zÞ (ii)

Integrating Eq. (ii) with respect to z gives

EIv 0 ¼ �W Lz� z2

2

� 	
þ C1

where C1 is a constant of integration, which is obtained from the boundary condition that v 0 ¼0 at the built-in end,

where z¼0. Hence, C1¼0 and

EIv 0 ¼ �W Lz� z2

2

� 	
(iii)

Integrating Eq. (iii), we obtain

EIv ¼ �W
Lz2

2
� z3

6

� 	
þ C2

in which C2 is again a constant of integration. At the built-in end, v¼0 when z¼0, so that C2¼0. Hence, the

equation of the deflection curve of the cantilever is

v ¼ � W

6EI
ð3Lz2 � z3Þ (iv)

The deflection, vtip, at the free end is obtained by setting z¼L in Eq. (iv). Then,

vtip ¼ �WL3

3EI
(v)

and is clearly negative and downward.
Example 15.6
Determine the deflection curve and the deflection of the free end of the cantilever shown in Fig. 15.17(a).

The cantilever has a doubly symmetrical cross-section.

The bending moment, M, at any section Z is given by

M ¼ w

2
ðL� zÞ2 (i)

Substituting for M in the second of Eqs. (15.31) and rearranging, we have

EIv 00 ¼ �w

2
ðL� zÞ2 ¼ �w

2
ðL2 � 2Lzþ z2Þ (ii)

Integration of Eq. (ii) yields

EIv 0 ¼ �w

2
L2z� Lz2 þ z3

3

� 	
þ C1



EI

w
Z

(a) L

(b)

y

C z
y ytip

FIGURE 15.17 Deflection of a Cantilever Beam Carrying a Uniformly Distributed Load
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When z¼0 at the built-in end, v 0 ¼0, so that C1¼0 and
EIv 0 ¼ �w

2
L2z� Lz2 þ z3

3

� 	
(iii)

Integrating Eq. (iii), we have

EIv ¼ �w

2
L2

z2

2
� Lz3

3
þ z4

12

� 	
þ C2

and since v¼0 when z¼0, C2 ¼0. The deflection curve of the beam therefore has the equation

v ¼ � w

24EI
ð6L2z2 � 4Lz3 þ z4Þ (iv)

and the deflection at the free end when z¼L, is

vtip ¼ �wL4

8EI
(v)

which is again negative and downward.
Example 15.7
Determine the deflection curve and the mid-span deflection of the simply supported beam shown in Fig. 15.18(a);

the beam has a doubly symmetrical cross-section.

The support reactions are each wL/2 and the bending moment, M, at any section Z, a distance z from the left-

hand support is

M ¼ �wL

2
zþ wz2

2
(i)



(b)

C

Z

EI

z

y

L

w

(a)

2
wL

2
wL

y

FIGURE 15.18 Deflection of a Simply Supported Beam Carrying a Uniformly Distributed Load (Example 15.7.)
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Substituting for M in the second of Eqs. (15.31), we obtain
EIv 00 ¼ w

2
ðLz� z2Þ (ii)

Integrating, we have

EIv 0 ¼ w

2

Lz2

2
� z3

3

� 	
þ C1

From symmetry, it is clear that, at the mid-span section, the gradient v0 ¼0. Hence,

0 ¼ w

2

L3

8
� L3

24

� 	
þ C1

which gives

C1 ¼ �wL3

24

Therefore,

EIv 0 ¼ w

24
ð6Lz2 � 4z3 � L3Þ (iii)

Integrating again gives

EIv ¼ w

24
ð2Lz3 � z4 � L3zÞ þ C2

Since v¼0 when z¼0 (or since v¼0 when z¼L), it follows thatC2¼0 and the deflected shape of the beam has the

equation

v ¼ w

24EI
ð2Lz3 � z4 � L3zÞ (iv)



48115.3 Deflections due to bending
The maximum deflection occurs at mid-span, where z¼L/2 and is
vmid-span ¼ � 5wL4

384EI
(v)
So far, the constants of integration were determined immediately they arose. However, in some

cases, a relevant boundary condition, say, a value of gradient, is not obtainable. The method is then

to carry the unknown constant through the succeeding integration and use known values of deflection

at two sections of the beam. Thus, in the previous example, Eq. (ii) is integrated twice to obtain

EIv ¼ w

2

Lz3

6
� z4

12

� 	
þ C1zþ C2

The relevant boundary conditions are v¼0 at z¼0 and z¼L. The first of these gives C2¼0, while from

the second, we have C1¼–wL3/24. Thus, the equation of the deflected shape of the beam is

v ¼ w

24EI
ð2Lz3 � z4 � L3zÞ

as before.
Example 15.8
Figure 15.19(a) shows a simply supported beam carrying a concentrated load W at mid-span. Determine the de-

flection curve of the beam and the maximum deflection if the beam section is doubly symmetrical.

The support reactions are eachW/2 and the bending momentM at a section Z a distance z (�L/2) from the left-

hand support is

M ¼ �W

2
z (i)
y

(a)

Z

C

W

EI

L

z

y

(b)

2
W

2
W

FIGURE 15.19 Deflection of a Simply Supported Beam Carrying a Concentrated Load at Mid-span (Example 15.8)
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From the second of Eqs. (15.31), we have
EIv 00 ¼ W

2
z (ii)

Integrating we obtain

EIv 0 ¼ W

2

z2

2
þ C1

From symmetry, the slope of the beam is zero at mid-span, where z¼L/2. Thus, C1¼–WL2/16 and

EIv 0 ¼ W

16
ð4z2 � L2Þ (iii)

Integrating Eq. (iii), we have

EIv ¼ W

16

4z3

3
� L2z

� 	
þ C2

and, when z¼0, v¼0, so that C2¼0. The equation of the deflection curve is, therefore,

v ¼ W

48EI
ð4z3 � 3L2zÞ (iv)

The maximum deflection occurs at mid-span and is

vmid-span ¼ � WL3

48EI
(v)

Note that, in this problem, we could not use the boundary condition that v¼0 at z¼L to determine C2, since

Eq. (i) applies only for 0� z�L/2; it follows that Eqs. (iii) and (iv) for slope and deflection apply only for

0� z � L/2, although the deflection curve is clearly symmetrical about mid-span.

Examples 15.5–15.8 are frequently regarded as ‘standard’ cases of beam deflection.

15.3.1 Singularity functions
The double integration method used in Examples 15.5–15.8 becomes extremely lengthy when even

relatively small complications, such as the lack of symmetry due to an offset load, are introduced.

For example, the addition of a second concentrated load on a simply supported beam results in a

total of six equations for slope and deflection, producing six arbitrary constants. Clearly, the compu-

tation involved in determining these constants is tedious, even though a simply supported beam

carrying two concentrated loads is a comparatively simple practical case. An alternative approach

is to introduce so-called singularity or half-range functions. Such functions were first applied to beam
deflection problems by Macauley in 1919 and hence the method is frequently known as Macauley’s
method.

We now introduce a quantity [z – a] and define it to be zero if (z – a)<0, that is, z<a, and to be

simply (z – a) if z>a. The quantity [z – a] is known as a singularity or half-range function and is defined
to have a value only when the argument is positive, in which case the square brackets behave in an

identical manner to ordinary parentheses.
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Example 15.9
Determine the position and magnitude of the maximum upward and downward deflections of the beam shown

in Fig. 15.20.

A consideration of the overall equilibrium of the beam gives the support reactions; thus,

RA ¼ 3

4
W ðupwardÞ; RF ¼ 3

4
W ðdownwardÞ

Using the method of singularity functions and taking the origin of axes at the left-hand support, we write an

expression for the bending moment, M, at any section Z between D and F, the region of the beam furthest from

the origin:

M ¼ �RAzþW½z� a� þW½z� 2a� � 2W½z� 3a� (i)

Substituting for M in the second of Eqs. (15.31), we have

EIv 00 ¼ 3

4
Wz�W½z� a� �W½z� 2a� þ 2W½z� 3a� (ii)

Integrating Eq. (ii) and retaining the square brackets, we obtain

EIv 0 ¼ 3

8
Wz2 �W

2
½z� a�2 �W

2
½z� 2a�2 þW½z� 3a�2 þ C1 (iii)

and

Elv ¼ 1

8
Wz3 �W

6
½z� a�3 �W

6
½z� 2a�3 þW

3
½z� 3a�3 þ C1zþ C2 (iv)

in which C1 and C2 are arbitrary constants. When z¼0 (at A), v¼0 and hence C2¼0. Note that the second, third,

and fourth terms on the right-hand side of Eq. (iv) disappear for z<a. Also v¼0 at z¼4a (F), so that, from Eq. (iv),

we have

0 ¼ W

8
64a3 �W

6
27a3 �W

6
8a3 þW

3
a3 þ 4aC1

which gives

C1 ¼ � 5

8
Wa2
B

Z

F

2W

C DA

W

z
EI

W

RA RF

y

a a a a

FIGURE 15.20 Macauley’s Method for the Deflection of a Simply Supported Beam (Example 15.9)
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Equations (iii) and (iv) now become
EIv 0 ¼ 3

8
Wz2 �W

2
½z� a�2 �W

2
½z� 2a�2 þW½z� 3a�2 � 5

8
Wa2 (v)

and

EIv ¼ 1

8
Wz3 �W

6
½z� a�3 �W

6
½z� 2a�3 þW

3
½z� 3a�3 � 5

8
Wa2z (vi)

respectively.

To determine the maximum upward and downward deflections, we need to know in which bays v0 ¼ 0 and

thereby which terms in Eq. (v) disappear when the exact positions are being located. One method is to select a

bay and determine the sign of the slope of the beam at the extremities of the bay. A change of sign indicates that

the slope is zero within the bay.

By inspection of Fig. 15.20, it seems likely that the maximum downward deflection occurs in BC. At B, using

Eq. (v),

Elv 0 ¼ 3

8
Wa2 � 5

8
Wa2

which is clearly negative. At C,

EIv 0 ¼ 3

8
W4a2 �W

2
a2 � 5

8
Wa2

which is positive. Therefore, the maximum downward deflection does occur in BC and its exact position is located

by equating v0 to zero for any section in BC. Thus, from Eq. (v),

0 ¼ 3

8
Wz2 �W

2
½z� a�2 � 5

8
Wa2

or, simplifying,

0 ¼ z2 � 8azþ 9a2 (vii)

Solution of Eq. (vii) gives

z ¼ 1:35a

so that the maximum downward deflection is, from Eq. (vi),

EIv ¼ 1

8
Wð1:35aÞ3 �W

6
ð0:35aÞ3 � 5

8
Wa2ð1:35aÞ

that is,

vmaxðdownwardÞ ¼ � 0:54Wa3

EI

In a similar manner it can be shown that the maximum upward deflection lies between D and F at z¼3.42a and that

its magnitude is

vmaxðupwardÞ ¼ 0:04Wa3

EI
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An alternative method of determining the position of maximum deflection is to select a possible bay, set v0 ¼0 for
that bay and solve the resulting equation in z. If the solution gives a value of z that lies within the bay, then the

selection is correct; otherwise, the procedure must be repeated for a second and possibly a third and a fourth bay.

This method is quicker than the former if the correct bay is selected initially; if not, the equation corresponding to

each selected bay must be completely solved, a procedure clearly longer than determining the sign of the slope at

the extremities of the bay.
Example 15.10
Determine the position and magnitude of the maximum deflection in the beam of Fig. 15.21.

Following themethod of Example 15.9, we determine the support reactions and find the bendingmoment,M, at

any section Z in the bay furthest from the origin of the axes.

Then,

M ¼ �RAzþ w
L

4
z� 5L

8

� �
(i)

Examining Eq. (i), we see that the singularity function [z – 5 L/8] does not become zero until z�5 L/8, although

Eq. (i) is valid only for z�3 L/4. To obviate this difficulty, we extend the distributed load to the support D while

simultaneously restoring the status quo by applying an upward distributed load of the same intensity and length as

the additional load (Fig. 15.22).
A B C D

Z

L/2

EI

L/4 L/4

w
y

z

RD �
5wL
32RA �

3wL
32

FIGURE 15.21 Deflection of a Beam Carrying a Part Span Uniformly Distributed Load (Example 15.10)

L/2

EI
RA

RD

L/4 L/4

A B
C

Z

D

w

z

y
w

FIGURE 15.22 Method of Solution for a Part Span Uniformly Distributed Load
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At the section Z, a distance z from A, the bending moment is now given by

M ¼ �RAzþ w

2
z� L

2

� �2
� w

2
z� 3L

4

� �2
(ii)

Equation (ii) is valid for all sections of the beam if the singularity functions are discarded as they become zero.

Substituting Eq. (ii) into the second of Eqs. (15.31), we obtain

EIv 00 ¼ 3

32
wLz� w

2
z� L

2

� �2
þ w

2
z� 3L

4

� �2
(iii)

Integrating Eq. (iii) gives

EIv 0 ¼ 3

64
wLz2 � w

6
z� L

2

� �3
þ w

6
z� 3L

4

� �3
þ C1 (iv)

3
� �4 � �4
EIv ¼ wLz

64
� w

24
z� L

2
þ w

24
z� 3L

4
þ C1zþ C2 (v)

where C1 and C2 are arbitrary constants. The required boundary conditions are v¼0 when z¼0 and z¼L.

From the first of these, we obtain C2¼0 ,while the second gives

0 ¼ wL4

64
� w

24

L

2

� 	4

þ w

24

L

4

� 	4

þ C1L

from which

C1 ¼ � 27wL3

2; 048

Equations (iv) and (v) then become

EIv 0 ¼ 3

64
wLz2 � w

6
z� L

2

� �3
þ w

6
z� 3L

4

� �3
� 27wL3

2; 048
(vi)

and

EIv ¼ wLz3

64
� w

24
z� L

2

� �4
þ w

24
z� 3L

4

� �4
� 27wL3

2; 048
z (vii)

In this problem, the maximum deflection clearly occurs in the region BC of the beam. Therefore, equating the

slope to zero for BC, we have

0 ¼ 3

64
wLz2 � w

6
z� L

2

� �3
� 27wL3

2; 048

which simplifies to

z3 � 1:78Lz2 þ 0:75zL2 � 0:046L3 ¼ 0 (viii)

Solving Eq. (viii) by trial and error, we see that the slope is zero at z ’ 0.6 L. Hence, from Eq. (vii), the maximum

deflection is

vmax ¼ � 4:53� 10�3wL4

EI
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Example 15.11
Determine the deflected shape of the beam shown in Fig. 15.23.

In this problem, an external moment M0 is applied to the beam at B. The support reactions are found in the

normal way and are

RA ¼ �M0

L
ðdownwardÞ; RC ¼ M0

L
ðupwardÞ

The bending moment at any section Z between B and C is then given by

M ¼ �RAz�M0 (i)

Equation (i) is valid only for the region BC and clearly does not contain a singularity function which would cause

M0 to vanish for z�b. We overcome this difficulty by writing

M ¼ �RAz�M0 ½z� b�0 ðNote : ½z� b�0 ¼ 1Þ (ii)

Equation (ii) has the same value as Eq. (i) but is now applicable to all sections of the beam, since [z – b]0 disappears

when z�b. Substituting for M from Eq. (ii) in the second of Eqs. (15.31), we obtain

EIv 00 ¼ RAzþM0 ½z� b�0 (iii)

Integration of Eq. (iii) yields

Elv 0 ¼ RA

z2

2
þM0½z� b� þ C1 (vi)

and

EIv ¼ RA

z3

6
þM0

2
½z� b�2 þ C1zþ C2 (v)

where C1 and C2 are arbitrary constants. The boundary conditions are v¼0 when z¼0 and z¼L. From the first of

these, we have C2¼0, while the second gives

0 ¼ �M0

L

L3

6
þM0

2
½L� b�2 þ C1L

from which

C1 ¼ �M0

6L
ð2L2 � 6Lbþ 3b2Þ (vi)
A

B
C

Z

z

b

M0

L

EI

y

RA � �
M0

L
RC �

M0

L

FIGURE 15.23 Deflection of a Simply Supported Beam Carrying a Point Moment (Example 15.11)
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The equation of the deflection curve of the beam is then

v ¼ M0

6EIL
fz3 þ 3L½z� b�2 � ð2L2 � 6Lbþ 3b2Þzg (vii)
Example 15.11 MATLAB
Use MATLAB to repeat Example 15.11.

The beam deflection curve equation is obtained through the following MATLAB file:

% Declare any needed variables

syms M_0 L b EI z a o C_1 C_2

% Define the support reactions shown in Fig. 15.23

R_A¼-M_0/L;

R_C¼M_0/L;

% Define the equation for the bending moment at any section Z between B and C

M¼[-R_A*z -M_0*(a)̂ o]; % For z<¼b: a¼0; For z>b: a¼z-b

% Substitute M into the second of Eq. (15.32)

v_zz¼-M/EI;

% Integrate v_zz to get v_z and v

v_z¼[int(v_zz(1),z)þC_1/EI int(v_zz(2),a)];

v¼[int(v_z(1),z)þC_2/EI int(v_z(2),a)];

v¼sum(subs(v,o,0));

% Use boundary conditions to determine C_1 and C_2

% BC #1: v¼0 when z¼0

c_2¼solve(subs(subs(v*EI,a,0),z,0),C_2);

v¼subs(v,C_2,c_2);

% BC #1: v¼0 when z¼0

c_1¼solve(subs(subs(v*EI,a,z-b),z,L),C_1);

v¼simplify(subs(v,C_1,c_1));

% Output the resulting deflection equation to the Command Window

disp(‘The equation for the deflection curve of the beam is:’)

disp([‘v¼’ char(v)])

disp(‘Where: a¼0 for z<¼b, and a¼z-b for z>b’)

The Command Window outputs resulting from this MATLAB file are as follows. The equation for the deflection

curve of the beam is

v¼-(M_0*(2*L̂ 2*z - 3*L*â 2 - 6*L*b*zþ3*b̂ 2*zþ ẑ 3))/(6*EI*L)

Where: a¼0 for z<¼b, and a¼z-b for z>b
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Example 15.12
Determine the horizontal and vertical components of the tip deflection of the cantilever shown in Fig. 15.24. The

second moments of area of its unsymmetrical section are Ixx, Iyy, and Ixy.

From Eqs. (15.28),

u00 ¼ MxIxy �MyIxx
EðIxxIyy � I2xyÞ

(i)

In this case, Mx¼W(L – z), My¼0, so that Eq. (i) simplifies to

u00 ¼ WIxy
EðIxxIyy � I2xyÞ

ðL� zÞ (ii)

Integrating Eq. (ii) with respect to z,

u0 ¼ WIxy
EðIxxIyy � I2xyÞ

Lz� z2

2
þ A

� 	
(iii)

and

u ¼ WIxy
EðIxxIyy � I2xyÞ

L
z2

2
� z3

6
þ Azþ B

� 	
(iv)

in which u0 denotes du/dz and the constants of integration A and B are found from the boundary conditions, namely,

u0 ¼0 and u¼0 when z¼0. From the first of these and Eq. (iii), A¼0, while from the second and Eq. (iv), B¼0.

Hence, the deflected shape of the beam in the xz plane is given by

u ¼ WIxy
EðIxxIyy � I2xyÞ

L
z2

2
� z3

6

� 	
(v)

At the free end of the cantilever (z¼L), the horizontal component of deflection is

uf:e: ¼ WIxyL
3

3EðIxyIyy � I2xyÞ
(vi)
FIGURE 15.24 Determination of the Deflection of a Cantilever
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Similarly, the vertical component of the deflection at the free end of the cantilever is
vf:e: ¼ �WIyyL
3

3EðIxxIyy � I2xyÞ
(vii)

The actual deflection df.e. at the free end is then given by

df:e: ¼ ðu2f:e: þ v2f:e:Þ
1
2

at an angle of tan–1uf.e./vf.e. to the vertical.

Note that, if either Cx or Cy were an axis of symmetry, Ixy¼0 and Eqs. (vi) and (vii) reduce to

uf:e: ¼ 0; vf:e: ¼ �WL3

3EIxx

the well-known results for the bending of a cantilever having a symmetrical cross-section and carrying a concen-

trated vertical load at its free end (see Example 15.5).

15.4 CALCULATION OF SECTION PROPERTIES
It will be helpful at this stage to discuss the calculation of the various section properties required in the

analysis of beams subjected to bending. Initially, however, two useful theorems are quoted.

15.4.1 Parallel axes theorem
Consider the beam section shown in Fig. 15.25 and suppose that the second moment of area, IC, about
an axis through its centroid C is known. The second moment of area, IN, about a parallel axis, NN, a
distance b from the centroidal axis is then given by

IN ¼ IC þ Ab2 (15.32)

15.4.2 Theorem of perpendicular axes
In Fig. 15.26, the second moments of area, Ixx and Iyy, of the section about Ox and Oy are known. The
second moment of area about an axis through O perpendicular to the plane of the section (i.e., a polar
second moment of area) is

Io ¼ Ixx þ Iyy (15.33)
C

N N

b

Cross-sectional area, A

FIGURE 15.25 Parallel Axes Theorem



y

O
x

FIGURE 15.26 Theorem of Perpendicular Axes
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15.4.3 Second moments of area of standard sections
Many sections may be regarded as comprising a number of rectangular shapes. The problem of deter-

mining the properties of such sections is simplified if the second moments of area of the rectangular

components are known and use is made of the parallel axes theorem. Thus, for the rectangular section

of Fig. 15.27,

Ixx ¼
ð
A

y2dA ¼
ðd=2
�d=2

by2 dy ¼ b
y3

3

� �d=2
�d=2

which gives

Ixx ¼ bd3

12
(15.34)

Similarly,

Iyy ¼ db3

12
(15.35)

Frequently, it is useful to know the second moment of area of a rectangular section about an axis which

coincides with one of its edges. Therefore, in Fig. 15.27 and using the parallel axes theorem,

IN ¼ bd3

12
þ bd � d

2

� 	2

¼ bd3

3
(15.36)
d

N

C

N
b

y

x
y

�y

FIGURE 15.27 Second Moments of Area of a Rectangular Section
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Example 15.13
Determine the second moments of area Ixx and Iyy of the I section shown in Fig. 15.28.

Using Eq. (15.34),

Ixx ¼ bd3

12
� ðb� twÞd3w

12

Alternatively, using the parallel axes theorem in conjunction with Eq. (15.34),

Ixx ¼ 2
bt3f
12

þ btf
dw þ tf

2

� 	2
" #

þ twd
3
w

12

The equivalence of these two expressions for Ixx is most easily demonstrated by a numerical example.

Also, from Eq. (15.35),

Iyy ¼ 2
tfb

3

12
þ dwt

3
w

12
b
y

O
x

ddw

tf

tf

tw

FIGURE 15.28 Second Moments of Area of an I-Section
It is also useful to determine the second moment of area, about a diameter, of a circular section. In

Fig. 15.29, where the x and y axes pass through the centroid of the section,

Ixx ¼
ð
A

y2dA ¼
ðd=2
�d=2

2
d

2
cos y

� 	
y2 dy (15.37)

Integration of Eq. (15.37) is simplified if an angular variable, y, is used. Thus,

Ixx ¼
ðp=2
�p=2

d cos y
d

2
sin y

� 	2 d

2
cos y dy

that is,

Ixx ¼ d4

8

ðp=2
�p=2

cos2y sin2y dy



x

y

O

u
y

�y

d
2

FIGURE 15.29 Second Moments of Area of a Circular Section
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which gives
Ixx ¼ pd4

64
(15.38)

Clearly, from symmetry,

Iyy ¼ pd4

64
(15.39)

Using the theorem of perpendicular axes, the polar second moment of area, Io, is given by

Io ¼ Ixx þ Iyy ¼ pd4

32
(15.40)

15.4.4 Product second moment of area
The product second moment of area, Ixy, of a beam section with respect to x and y axes is defined by

Ixy ¼
ð
A

xy dA (15.41)

Thus, each element of area in the cross-section is multiplied by the product of its coordinates and the

integration is taken over the complete area. Although second moments of area are always positive,

since elements of area are multiplied by the square of one of their coordinates, it is possible for Ixy
to be negative if the section lies predominantly in the second and fourth quadrants of the axes system.

Such a situation would arise in the case of the Z section of Fig. 15.30(a), where the product second

moment of area of each flange is clearly negative.

A special case arises when one (or both) of the coordinate axes is an axis of symmetry, so that

for any element of area, dA, having the product of its coordinates positive, there is an identical element



(a)
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b
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O
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X
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FIGURE 15.30 Product Second Moment of Area
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for which the product of its coordinates is negative (Fig. 15.30 ((b)). Summation (i.e., integration) over

the entire section of the product second moment of area of all such pairs of elements results in a zero

value for Ixy.
We have shown previously that the parallel axes theorem may be used to calculate second moments

of area of beam sections comprising geometrically simple components. The theorem can be extended to

the calculation of product second moments of area. Let us suppose that we wish to calculate the product

second moment of area, Ixy, of the section shown in Fig. 15.30(c) about axes xy when IXY about its own,
say, centroidal, axes system CXY is known. From Eq. (15.41),

Ixy ¼
ð
A

xy dA

or

Ixy ¼
ð
A

ðX � aÞðY � bÞdA

which, on expanding, gives

Ixy ¼
ð
A

XY dA� b

ð
A

XdA� a

ð
A

Y dAþ ab

ð
A

dA

If X and Y are centroidal axes, then
Ð
AX dA ¼ ÐAY dA ¼ 0: Hence,

Ixy ¼ IXY þ abA (15.42)

It can be seen from Eq. (15.42) that, if either CX or CY is an axis of symmetry, that is. IXY¼0, then

Ixy ¼ abA (15.43)

Therefore, for a section component having an axis of symmetry that is parallel to either of the sec-

tion reference axes, the product second moment of area is the product of the coordinates of its centroid

multiplied by its area.
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15.4.5 Approximations for thin-walled sections
We may exploit the thin-walled nature of aircraft structures to make simplifying assumptions in the

determination of stresses and deflections produced by bending. Thus, the thickness t of thin-walled
sections is assumed to be small compared with their cross-sectional dimensions, so that stresses

may be regarded as constant across the thickness. Furthermore, we neglect squares and higher

powers of t in the computation of sectional properties and take the section to be represented by the

mid-line of its wall. As an illustration of the procedure we shall consider the channel section of

Fig. 15.31(a). The section is singly symmetric about the x axis so that Ixy¼0. The second moment

of area Ixx is then given by

Ixx ¼ 2
ðbþ t=2Þt3

12
þ bþ t

2


 �
th2

� �
þ t

½2ðh� t=2Þ�3
12

Expanding the cubed term, we have

Ixx ¼ 2
ðbþ t=2Þt3

12
þ bþ t

2


 �
th2

� �
þ t

12
ð2Þ3 h3 � 3h2

t

2
þ 3h

t2

4
� t3

8

� 	� �

which reduces, after powers of t2 and upward are ignored, to

Ixx ¼ 2bth2 þ t
ð2hÞ3
12

The second moment of area of the section about Cy is obtained in a similar manner.

We see therefore that, for the purpose of calculating section properties, wemay regard the section as

represented by a single line, as shown in Fig. 15.31(b).

Thin-walled sections frequently have inclined or curved walls, which complicate the calculation of

section properties. Consider the inclined thin section of Fig. 15.32. Its second moment of area about a

horizontal axis through its centroid is given by

Ixx ¼ 2

ða=2
0

ty2 ds ¼ 2

ða=2
0

tðs sin bÞ2 ds
FIGURE 15.31 (a) Actual Thin-Walled Channel Section; (b) Approximate Representation of Section



FIGURE 15.32 Second Moments of Area of an Inclined Thin Section
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from which
Ixx ¼ a3t sin2b
12

Similarly,

Iyy ¼ a3t cos2b
12

The product second moment of area is

Ixy ¼ 2

ða=2
0

txy ds

¼ 2

ða=2
0

tðs cos bÞðs sin bÞds
which gives

Ixy ¼ a3t sin 2b
24

We note here that these expressions are approximate, in that their derivation neglects powers of t2 and
upward by ignoring the second moments of area of the element ds about axes through its own centroid.

Properties of thin-walled curved sections are found in a similar manner. Thus, Ixx for the semi-

circular section of Fig. 15.33, is

Ixx ¼
ðpr
0

ty2 ds
FIGURE 15.33 Second Moment of Area of a Semicircular Section
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Expressing y and s in terms of a single variable y simplifies the integration; hence,
Ixx ¼
ðp
0

tðr cos yÞ2r dy

from which

Ixx ¼ pr3t
2

Example 15.14
Determine the direct stress distribution in the thin-walled Z section shown in Fig. 15.34, produced by a positive

bending moment Mx.

The section is antisymmetrical, with its centroid at the mid-point of the vertical web. Therefore, the direct stress

distribution is given by either of Eq. (15.17) or (15.18), in which My¼0. From Eq. (15.18),

sz ¼ MxðIyyy� IxyxÞ
IxxIyy � I2xy

(i)

The section properties are calculated as follows:

Ixx ¼ 2
ht

2

h

2

0
@
1
A

2

þ th3

12
¼ h3t

3

Iyy ¼ 2
t

3

h

2

0
@
1
A

3

¼ h3t

12

Ixy ¼ ht

2

h

4

0
@
1
A h

2

0
@
1
Aþ ht

2
� h

4

0
@

1
A � h

2

0
@

1
A ¼ h3t

8

FIGURE 15.34 Z Section Beam of Example 15.14
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Substituting these values in Eq. (i),

sz ¼ Mx

h3t
ð6:86y� 10:30xÞ (ii)

On the top flange, y¼h/2, 0�x�h/2 and the distribution of direct stress is given by

sz ¼ Mx

h3t
ð3:43h� 10:30xÞ

which is linear. Hence,

sz;1 ¼ � 1:72Mx

h3t
ðcompressiveÞ

sz;2 ¼ þ 3:43Mx

h3t
ðtensileÞ

In the web, �h/2�y�h/2 and x¼0. Again, the distribution is of linear form and is given by the equation

sz ¼ Mx

h3t
6:86y

from which

sz;2 ¼ þ 3:43Mx

h3t
ðtensileÞ

and

sz;3 ¼ � 3:43Mx

h3t
ðcompressiveÞ

The distribution in the lower flange may be deduced from antisymmetry; the complete distribution is as shown

in Fig. 15.35.
FIGURE 15.35 Distribution of Direct Stress in Z Section Beam of Example 15.14
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15.5 APPLICABILITY OF BENDING THEORY
The expressions for direct stress and displacement derived in the preceding theory are based on the

assumptions that the beam is of uniform, homogeneous cross-section and that plane sections remain

plane after bending. The latter assumption is strictly true only if the bending moments Mx and My

are constant along the beam. Variation of bending moment implies the presence of shear loads, and

the effect of these is to deform the beam section into a shallow reversed S (see Section 2.6). However,

shear stresses in beams whose cross-sectional dimensions are small in relation to their lengths are com-

paratively low so that the basic theory of bending may be used with reasonable accuracy.

In thin-walled sections, shear stresses produced by shear loads are not small and must be calculated,

although the direct stresses may still be obtained from the basic theory of bending so long as axial con-

straint stresses are absent; this effect is discussed in Chapters 26 and 27 of Ref. 2. Deflections in thin-

walled structures are assumed to result primarily from bending strains; the contribution of shear strains

may be calculated separately if required.
15.6 TEMPERATURE EFFECTS
In Section 1.15.1, we considered the effect of temperature change on stress–strain relationships, while

in Section 5.11, we examined the effect of a simple temperature gradient on a cantilever beam of rect-

angular cross-section using an energy approach. However, as we saw, beam sections in aircraft struc-

tures are generally thin walled and do not necessarily have axes of symmetry. We now investigate how

the effects of temperature on such sections may be determined.

We saw that the strain produced by a temperature change DT is given by

e ¼ aDT ðsee Eq: ð1:55ÞÞ
It follows from Eq. (1.40) that the direct stress on an element of cross-sectional area dA is

s ¼ EaDT (15.44)

Consider now the beam section shown in Fig. 15.36 and suppose that a temperature variation DT is

applied to the complete cross-section, that is, DT is a function of both x and y.
The total normal force due to the temperature change on the beam cross-section is then given by

NT ¼
ðð

A

EaDT dA (15.45)

Further, the moments about the x and y axes are

MxT ¼
ðð

A

EaDTy dA (15.46)

and

MyT ¼
ðð

A

EaDTx dA (15.47)

respectively.
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FIGURE 15.36 Beam Section Subjected to a Temperature Rise
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We have noted that beam sections in aircraft structures are generally thin-walled, so that

Eqs. (15.41)–(15.43) may be more easily integrated for such sections by dividing them into thin rect-

angular components, as we did when calculating section properties. We then use the Riemann integra-

tion technique, in which we calculate the contribution of each component to the normal force and

moments and sum them to determine each result. Equations (15.45)–(15.47) then become

NT ¼ SEaDTAi (15.48)

MxT ¼ SEaDT�y Ai (15.49)
i

MyT ¼ SEaDT�xiAi (15.50)
in which Ai is the cross-sectional area of a component and �xi and �yi are the coordinates of its centroid.
Example 15.15
The beam section shown in Fig. 15.37 is subjected to a temperature rise of 2T0 in its upper flange, a temperature rise

of T0 in its web, and no temperature change in its lower flange. Determine the normal force on the beam section and

the moments about the centroidal x and y axes. The beam section has a Young’s modulus E and the coefficient of

linear expansion of the material of the beam is a.
From Eq. (15.48),

NT ¼ Eað2T0atþ T0 2atÞ ¼ 4EaatT0
From Eq. (15.49),

MxT ¼ Ea½2T0atðaÞ þ T0 2atð0Þ� ¼ 2Eaa2tT0
and from Eq. (15.50),

MyT ¼ Ea½2T0atð�a=2Þ þ T0 2atð0Þ� ¼ �Eaa2tT0

Note that MyT is negative, which means that the upper flange tends to rotate out of the paper about the web,

which agrees with a temperature rise for this part of the section. The stresses corresponding to these stress resultants

are calculated in the normal way and are added to those produced by any applied loads.
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FIGURE 15.37 Beam Section of Example 15.15
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In some cases, the temperature change is not conveniently constant in the components of a beam

section and must then be expressed as a function of x and y. Consider the thin-walled beam section

shown in Fig. 15.38 and suppose that a temperature change DT(x, y) is applied.
The direct stress on an element ds in the wall of the section is then, from Eq. (15.44),

s ¼ EaDTðx; yÞ
Equations (15.45)–(15.47) then become

NT ¼
ð
A

EaDTðx; yÞt ds (15.51)

ð

MxT ¼

A

EaDTðx; yÞty ds (15.52)

ð

MyT ¼

A

EaDTðx; yÞtx ds (15.53)
Example 15.16
If, in the beam section of Example 15.15, the temperature change in the upper flange is 2T0 but in the web varies

linearly from 2T0 at its junction with the upper flange to zero at its junction with the lower flange, determine the

values of the stress resultants; the temperature change in the lower flange remains zero.
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FIGURE 15.38 Thin-walled Beam Section Subjected to a Varying Temperature Change
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The temperature change at any point in the web is given by

Tw ¼ 2T0ðaþ yÞ=2a ¼ T0
a
ðaþ yÞ

Then, from Eqs. (15.48) and (15.51),

NT ¼ Ea2T0atþ
ða
�a

Ea
T0
a
ðaþ yÞt ds

that is,

NT ¼ EaT0 2atþ 1

a
ayþ y2

2

� �a
�a

� �

which gives

NT ¼ 4EaT0at

Note that, in this case, the answer is identical to that in Example 15.15, which is to be expected, since the average

temperature change in the web is (2 T0þ0)/2¼T0, which is equal to the constant temperature change in the web in

Example 15.15.

From Eqs. (15.49) and (15.52),

MxT ¼ Ea2T0atðaÞ þ
ða
�a

Ea
T0
a
ðaþ yÞyt ds

that is,

MxT ¼ EaT0 2a2tþ 1

a

ay2

2
þ y3

3

� �a
�a

� �
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from which

MxT ¼ 8Eaa2tT0
3

Alternatively, the average temperature change T0 in the web may be considered to act at the centroid of the tem-

perature change distribution. Then,

MxT ¼ Ea2T0atðaÞ þ EaT02at
a

3


 �
that is,

MxT ¼ 8Eaa2tT0
3

as before. The contribution of the temperature change in the web toMyT remains zero, since the section centroid is

in the web; the value of MyT is therefore –Eaa2tT0 as in Example 15.14.
Reference
[1] Megson THG. Structures and stress analysis. 3rd ed. Oxford: Elsevier; 2014.

[2] Megson THG. Aircraft Structures for Engineering Students. 6th ed. Elsevier; 2016.

PROBLEMS

P.15.1 Figure P.15.1 shows the section of an angle purlin. A bending moment of 3,000 Nm is applied

to the purlin in a plane at an angle of 30� to the vertical y axis. If the sense of the bending moment is

such that both its components Mx and My produce tension in the positive xy quadrant, calculate the

maximum direct stress in the purlin, stating clearly the point at which it acts.
An

An
swer: sz;max ¼ �63:3 N=mm
2
at C
P.15.2 A thin-walled, cantilever beam of unsymmetrical cross-section supports shear loads at its free

end as shown in Fig. P.15.2. Calculate the value of direct stress at the extremity of the lower flange

(point A) at a section halfway along the beam if the position of the shear loads is such that no twisting

of the beam occurs.
swer: 194.5 N/mm2 (tension)
P.15.2MATLAB If the 400 and 800 N shear loads in Fig. P.15.2 are labeled Sx and Sy, respectively, use
MATLAB to repeat Problem P.15.2 for the following (Sx,Sy) combinations, assuming positive values

are in the direction of the load arrows shown:

ðiÞ ðiiÞ ðiiiÞ ðivÞ ðvÞ ðviÞ ðviiÞ ðviiiÞ ðixÞ
SyðNÞ 400 500 600 700 800 900 1000 1100 1200

SxðNÞ 600 600 600 400 400 �400 �400 �600 �600



An

FIGURE P.15.1

800 N

400 N

2000 mm

100 mm

80 mm

40 mm

2.0 mm

2.0 mm

1.0 mm
A

FIGURE P.15.2
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swer: (i) 269.9 N/mm2 (tension)
(ii) 272.6 N/mm2 (tension)

(iii) 275.3 N/mm2 (tension)

(iv) 191.8 N/mm2 (tension)

(v) 194.5 N/mm2 (tension)

(vi) 148.1 N/mm2 (compression)

(vii) 145.3 N/mm2 (compression)

(viii) 228.9 N/mm2 (compression)

(ix) 226.2 N/mm2 (compression)
P.15.3 A beam, simply supported at each end, has a thin-walled cross-section, as shown in Fig. P.15.3.

If a uniformly distributed loading of intensity w/unit length acts on the beam in the plane of the lower,

horizontal flange, calculate the maximum direct stress due to bending of the beam and show



FIGURE P.15.3
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diagrammatically the distribution of the stress at the section where the maximum occurs. The thickness

t is to be taken as small in comparison with the other cross-sectional dimensions in calculating the

section properties Ixx, Iyy and Ixy.
An

FIGURE
swer: sz;max ¼ sz;3 ¼ 13wl2=384a2t; sz;1 ¼ wl2=96a2t; sz;2 ¼ �wl2=48a2t
P.15.4 A thin-walled cantilever with walls of constant thickness t has the cross-section shown in

Fig. P.15.4. It is loaded by a vertical force W at the tip and a horizontal force 2W at the mid-section,

both forces acting through the shear center. Determine and sketch the distribution of direct stress,

according to the basic theory of bending, along the length of the beam for the points 1 and 2 of the

cross-section. The wall thickness t can be taken as very small in comparison with d in calculating

the sectional properties Ixx, Ixy, and so forth.
swer: sz;1 ðmid-pointÞ ¼ �0:05 Wl=td2; sz;1 ðbuilt-in endÞ ¼ �1:85 Wl=td2;
An

sz;2 ðmid-pointÞ ¼ �0:63 Wl=td2; sz;2 ðbuilt-in endÞ ¼ 0:1 Wl=td2
P.15.4
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P. 15.5 A thin-walled beam has the cross-section shown in Fig. P.15.5. If the beam is subjected to a

bending momentMx in the plane of the web 23, calculate and sketch the distribution of direct stress in

the beam cross-section.
An

An

An
swer: At 1, 0.41Mx/th
2; at 2, –0.5Mx/th

2; at 3, 0.5Mx/th
2; at 4, 0.04Mx/th

2

P.15.6 The thin-walled beam section shown in Fig. P.15.6 is subjected to a bending moment Mx

applied in a negative sense. Find the position of the neutral axis and the maximum direct stress in

the section.
swer: NA inclined at 40.9� to Cx. �0.74 Mx/ta
2 at 1 and 2, respectively
P.15.6 MATLAB If the angle from horizontal of the web in the section shown in Fig. P.15.6 is labeled

y, use MATLAB to repeat Problem P.15.6 for the following values of y:

ðiÞ ðiiÞ ðiiiÞ ðivÞ ðvÞ ðviÞ
y 30� 40� 50� 60� 70� 80�
swer: (i) NA inclined at 23.4� to Cx. �1.03Mx/a
2t at 1 and 2, respectively
(ii) NA inclined at 30.5� to Cx. �0.86Mx/a
2t at 1 and 2, respectively

(iii) NA inclined at 36.6� to Cx. �0.78Mx/a
2t at 1 and 2, respectively

(iv) NA inclined at 40.9� to Cx. �0.74Mx/a
2t at 1 and 2, respectively

(v) NA inclined at 41.2� to Cx. �0.70Mx/a
2t at 1 and 2, respectively

(vi) NA inclined at 31.4� to Cx. �0.59Mx/a
2t at 1 and 2, respectively
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P.15.7 A thin-walled cantilever has a constant cross-section of uniform thickness with the dimensions

shown in Fig. P.15.7. It is subjected to a system of point loads acting in the planes of the walls of the

section in the directions shown. Calculate the direct stresses according to the basic theory of bending at

the points 1, 2, and 3 of the cross-section at the built-in end and halfway along the beam. Illustrate your

answer by means of a suitable sketch. The thickness is to be taken as small in comparison with the other

cross-sectional dimensions in calculating the section properties Ixx, Ixy, and so on.
An

FIGURE
swer: At built-in end; sz;1 ¼ �11:4 N=mm
2; sz;2 ¼ �18:9 N=mm

2; sz;3 ¼ 39:1 N=mm
2

An

Halfway;sz;1 ¼ �20:3 N=mm
2; sz;2 ¼ �1:1 N=mm

2; sz;3 ¼ 15:4N=mm
2:
P.15.7
P.15.8A uniform thin-walled beam has the open cross-section shown in Fig. P.15.8. The wall thickness

t is constant. Calculate the position of the neutral axis and the maximum direct stress for a bending

moment Mx¼3.5 Nm applied about the horizontal axis Cx. Take r¼5 mm, t¼0.64 mm.
swer: a ¼ 51:9�; sz;max ¼ 101 N=mm
2:



FIGURE P.15.8
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P.15.9 A uniform beam is simply supported over a span of 6 m. It carries a trapezoidally distributed

load with intensity varying from 30 kN/m at the left-hand support to 90 kN/m at the right-hand support.

Find the equation of the deflection curve and hence the deflection at the mid-span point. The second

moment of area of the cross-section of the beam is 120�106 mm4 and Young’s modulus

E¼206,000 N/mm2.
An

An

An

An

FIGURE
swer: 41 mm (downward)
P.15.10A cantilever of length L and having a flexural rigidity EI carries a distributed load that varies in
intensity fromw/unit length at the built-in end to zero at the free end. Find the deflection of the free end.
swer: wL4/30EI (downward)
P.15.11 Determine the position and magnitude of the maximum deflection of the simply supported

beam shown in Fig. P.15.11 in terms of its flexural rigidity EI.
swer: 38.8/EI m downwards at 2.9 m from left-hand support.
6 kN 4 kN

1 kN/m

1 m 1 m2 m 2 m

P.15.11
P.15.12Determine the equation of the deflection curve of the beam shown in Fig. P.15.12. The flexural

rigidity of the beam is EI.
swer: v ¼ � 1

EI

125

6
z3 � 50 z� 1½ �2 þ 50

12
z� 2½ �4 � 50

12
z� 4½ �4 � 525

6
z� 4½ �3 � 237:5z

� 	
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P.15.13 A uniform thin-walled beam ABD of open cross-section (Fig. P.15.13) is simply supported at

points B and D with its web vertical. It carries a downward vertical forceW at the end A in the plane of

the web. Derive expressions for the vertical and horizontal components of the deflection of the beam

midway between the supports B and D. The wall thickness t and Young’s modulus E are constant

throughout.
An

(a)

(b)

An

FIGURE
swer: u ¼ 0:186Wl3=Ea3t; v ¼ 0:177Wl3=Ea3t:
P.15.13
P.15.14 A uniform cantilever of arbitrary cross-section and length l has section properties Ixx, Iyy, and
Ixywith respect to the centroidal axes shown in Fig. P.15.14. It is loaded in the vertical (yz) plane with a
uniformly distributed load of intensity w/unit length. The tip of the beam is hinged to a horizontal link

which constrains it to move in the vertical direction only (provided that the actual deflections are

small). Assuming that the link is rigid and that there are no twisting effects, calculate
The force in the link;

The deflection of the tip of the beam.

swer: (a) 3wlIxy/8Ixx; (b) wl
4/8EIxx.



FIGURE P.15.14
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P.15.15 A uniform beam of arbitrary, unsymmetrical cross-section and length 2l is built-in at one end

and simply supported in the vertical direction at a point halfway along its length. This support, how-

ever, allows the beam to deflect freely in the horizontal x direction (Fig. P.15.15). For a vertical loadW
applied at the free end of the beam, calculate and draw the bending moment diagram, putting in the

principal values.
An

An

FIGURE
swer: MC ¼ 0; MB ¼ Wl; MA ¼ �Wl=2; linear distribution
P.15.16 The beam section of P.15.4 is subjected to a temperature rise of 4 T0 in its upper flange 12, a

temperature rise of 2T0 in both vertical webs, and a temperature rise of T0 in its lower flange 34. De-

termine the changes in axial force and in the bendingmoments about the x and y axes. Young’s modulus

for the material of the beam is E and its coefficient of linear expansion is a.
swer: NT ¼ 9EadtT0; MxT ¼ 3Ea d2t T0=2; MyT ¼ 3Ea d2t T0=4
P.15.15
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P.15.17 The beam section shown in Fig. P.15.17 is subjected to a temperature change which varies with

y such that T¼T0y/2a. Determine the corresponding changes in the stress resultants. Young’s modulus

for the material of the beam is E, while its coefficient of linear expansion is a.
An
swer: NT ¼ 0; MxT ¼ 5Eaa2t T0=3; MyT ¼ Ea a2t T0=6



CHAPTER
Shear of beams
 16

In Chapter 15, we developed the theory for the bending of beams by considering solid or thick beam

sections and extended the theory to the thin-walled beam sections typical of aircraft structural compo-

nents. In fact, it is only in the calculation of section properties that thin-walled sections subjected to

bending are distinguished from solid and thick sections. However, for thin-walled beams subjected

to shear, the theory is based on assumptions applicable only to thin-walled sections, so that we do

not consider solid and thick sections; the relevant theory for such sections may be found in any text

on structural and stress analysis1. The relationships between bending moments, shear forces, and load

intensities derived in Section 15.2.5 still apply.
16.1 GENERAL STRESS, STRAIN, AND DISPLACEMENT
RELATIONSHIPS FOR OPEN AND SINGLE-CELL CLOSED SECTION
THIN-WALLED BEAMS
We establish in this section the equations of equilibrium and expressions for strain necessary for the

analysis of open section beams supporting shear loads and closed section beams carrying shear and

torsional loads. The analysis of open section beams subjected to torsion requires a different ap-

proach and is discussed separately in Chapter 17. The relationships are established from first prin-

ciples for the particular case of thin-walled sections in preference to the adaption of Eqs. (1.6),

(1.27), and (1.28), which refer to different coordinate axes; the form, however, will be seen

to be the same. Generally, in the analysis, we assume that axial constraint effects are negligible,

that the shear stresses normal to the beam surface may be neglected since they are zero at each

surface and the wall is thin, that direct and shear stresses on planes normal to the beam surface

are constant across the thickness, and finally that the beam is of uniform section so that the thick-

ness may vary with distance around each section but is constant along the beam. In addition, we

ignore squares and higher powers of the thickness t in the calculation of section properties (see

Section 15.4.5).

The parameter s in the analysis is distance measured around the cross-section from some convenient

origin.

An element ds � dz � t of the beam wall is maintained in equilibrium by a system of direct and

shear stresses, as shown in Fig. 16.1(a). The direct stress sz is produced by bending moments or by the

bending action of shear loads, while the shear stresses are due to shear and/or torsion of a closed section

beam or shear of an open section beam. The hoop stress ss is usually zero but may be caused, in closed

section beams, by internal pressure. Although we specified that tmay vary with s, this variation is small

for most thin-walled structures, so that we may reasonably make the approximation that t is constant
Introduction to Aircraft Structural Analysis, Third Edition. http://dx.doi.org/10.1016/B978-0-08-102076-0.00016-6
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FIGURE 16.1 (a) General Stress System on an Element of a Closed or Open Section Beam; (b) Direct Stress

and Shear Flow System on the Element
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over the length ds. Also, from Eq. (1.4), we deduce that tzs ¼ tsz ¼ t, say. However, we find it con-

venient to work in terms of shear flow q, that is, shear force per unit length rather than in terms of shear

stress. Hence, in Fig. 16.1(b),

q ¼ tt (16.1)

and is regarded as being positive in the direction of increasing s.
For equilibrium of the element in the z direction and neglecting body forces (see Section 1.2),

sz þ @sz

@z
dz

� �
tds� sztdsþ qþ @q

@s
ds

� �
dz� qdz ¼ 0

which reduces to

@q

@s
þ t

@sz

@z
¼ 0 (16.2)

Similarly, for equilibrium in the s direction,

@q

@z
þ t

@ss

@s
¼ 0 (16.3)

The direct stresses sz and ss produce direct strains ez and es, while the shear stress t induces

a shear strain g(¼ gzs ¼ gsz). We now proceed to express these strains in terms of the three

components of the displacement of a point in the section wall (see Fig. 16.2). Of these components

vt is a tangential displacement in the xy plane and is taken to be positive in the direction of increasing

s; vn is a normal displacement in the xy plane and is positive outward; and w is an axial displacement

defined in Section 15.2.1. Immediately, from the third of Eqs. (1.18), we have

ez ¼ @w

@z
(16.4)



FIGURE 16.2 Axial, Tangential, and Normal Components of Displacement of a Point in the Beam Wall

51516.1 General stress, strain, and displacement relationships
It is possible to derive a simple expression for the direct strain es in terms of vt, vn, s, and the curvature

1/r in the xy plane of the beam wall. However, as we do not require es in the subsequent analysis, for

brevity, we merely quote the expression

es ¼ @vt
@s

þ vn
r

(16.5)

The shear strain g is found in terms of the displacements w and vt by considering the shear distortion of
an element ds � dz of the beam wall. From Fig. 16.3, we see that the shear strain is given by

g ¼ f1 þ f2

or, in the limit as both ds and dz tend to zero,

g ¼ @w

@s
þ @vt

@z
(16.6)
FIGURE 16.3 Determination of Shear Strain g in Terms of Tangential and Axial Components of Displacement



FIGURE 16.4 Establishment of Displacement Relationships and Position of Center of Twist of Beam (Open or

Closed)
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In addition to the assumptions specified in the earlier part of this section, we further assume that, during
any displacement, the shape of the beam cross-section is maintained by a system of closely spaced

diaphragms, which are rigid on their own plane but are perfectly flexible normal to their own plane

(CSRD assumption). There is, therefore, no resistance to axial displacement w and the cross-section

moves as a rigid body in its own plane, the displacement of any point being completely specified

by translations u and v and a rotation y (see Fig. 16.4).

At first sight this appears to be a rather sweeping assumption, but for aircraft structures of the thin-

shell type described in Chapter 11 whose cross-sections are stiffened by ribs or frames positioned at

frequent intervals along their lengths, it is a reasonable approximation of the actual behavior of such

sections. The tangential displacement vt of any point N in the wall of either an open or closed section

beam is seen from Fig. 16.4 to be

nt ¼ pyþ u cos cþ v sin c (16.7)

where clearly u, v, and y are functions of z only (w may be a function of z and s).
The origin O of the axes in Fig. 16.4 has been chosen arbitrarily and the axes suffer displacements u,

v, and y. These displacements, in a loading case such as pure torsion, are equivalent to a pure rotation

about some point R(xR, yR) in the cross-section, where R is the center of twist. Therefore, in Fig. 16.4,

vt ¼ pRy (16.8)

and

pR ¼ p� xR sin cþ yR cos c

which gives

vt ¼ py� xRy sin cþ yR y cos c
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and
@vt
@z

¼ p
dy
dz

� xR sin c
dy
dz

þ yR cos c
dy
dz

(16.9)

Also, from Eq. (16.7),

@vt
@z

¼ p
dy
dz

þ du

dz
cos cþ dv

dz
sin c (16.10)

Comparing the coefficients of Eqs. (16.9) and (16.10), we see that

xR ¼ � dv=dz

dy=dz
; yR ¼ du=dz

dy=dz
(16.11)

16.2 SHEAR OF OPEN SECTION BEAMS
The open section beam of arbitrary section shown in Fig. 16.5 supports shear loads Sx and Sy such that
there is no twisting of the beam cross-section. For this condition to be valid, both the shear loads must

pass through a particular point in the cross-section known as the shear center.
Since there are no hoop stresses in the beam, the shear flows and direct stresses acting on an element

of the beam wall are related by Eq. (16.2), that is,

@q

@s
þ t

@sz

@z
¼ 0

We assume that the direct stresses are obtained with sufficient accuracy from basic bending theory so

that, from Eq. (15.17),

@sz

@z
¼ ½ð@My=@zÞIxx � ð@Mx=@zÞIxy�

IxxIyy � I2xy
xþ ½ð@Mx=@zÞIyy � ð@My=@zÞIxy�

IxxIyy � I2xy
y

FIGURE 16.5 Shear Loading of an Open Section Beam
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Using the relationships of Eqs. (15.22) and (15.23), that is, @My/@z ¼ Sx, and so forth, this expression

becomes

@sz

@z
¼ ðSxIxx � SyIxyÞ

IxxIyy � I2xy
xþ ðSyIyy � SxIxyÞ

IxxIyy � I2xy
y

Substituting for @sz/@z in Eq. (16.2) gives

@q

@s
¼ �ðSxIxx � SyIxyÞ

IxxIyy � I2xy
tx� ðSyIyy � SxIxyÞ

IxxIyy � I2xy
ty (16.12)

Integrating Eq. (16.12) with respect to s from some origin for s to any point around the cross-section, we
obtain

ðs
0

@q

@s
ds ¼ � SxIxx � SyIxyÞ

IxxIyy � I2xy

 !ðs
0

tx ds� SyIyy � SxIxyÞ
IxxIyy � I2xy

 !ðs
0

ty ds (16.13)

If the origin for s is taken at the open edge of the cross-section, then q¼ 0 when s¼ 0, and Eq. (16.13)

becomes

qs ¼ � SxIxx � SyIxy
IxxIyy � I2xy

 ! ðs
0

tx ds� SyIyy � SxIxy
IxxIyy � I2xy

 !ðs
0

ty ds (16.14)

For a section having either Cx or Cy as an axis of symmetry, Ixy ¼ 0 and Eq. (16.14) reduces to

qs ¼ � Sx
Iyy

ðs
0

tx ds� Sy
Ixx

ðs
0

ty ds
Example 16.1
Determine the shear flow distribution in the thin-walled Z section shown in Fig. 16.6 due to a shear load Sy applied

through the shear center of the section.

The origin for our system of reference axes coincides with the centroid of the section at the midpoint of the web.

From antisymmetry, we also deduce by inspection that the shear center occupies the same position. Since Sy is

applied through the shear center, no torsion exists and the shear flow distribution is given by Eq. (16.14), in which

Sx ¼ 0, that is,

qs ¼ SyIxy
IxxIyy � I2xy

ðs
0

tx ds� SyIyy
IxxIyy � I2xy

ðs
0

ty ds

or

qs ¼ Sy
IxxIyy � I2xy

Ixy

ðs
0

tx ds� Iyy

ðs
0

ty ds

� �
(i)



FIGURE 16.6 Shear Loaded Z Section of Example 16.1
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The second moments of area of the section were determined in Example 15.14 and are
Ixx ¼ h3t

3
; Iyy ¼ h3t

12
; Ixy ¼ h3t

8

Substituting these values in Eq. (i) we obtain

qs ¼ Sy
h3

ðs
0

ð10:32x� 6:84yÞds (ii)

On the bottom flange 12, y ¼ –h/2 and x ¼ –h/2 þ s1, where 0 � s1 � h/2. Therefore,

q12 ¼ Sy
h3

ðs1
0

ð10:32s1 � 1:74hÞds1

giving

q12 ¼ Sy
h3

ð5:16s21 � 1:74hs1Þ (iii)

Hence, at 1, (s1¼ 0), q1¼ 0 and, at 2, (s1¼ h/2), q2¼ 0.42Sy/h. Further examination of Eq. (iii) shows that the shear

flow distribution on the bottom flange is parabolic with a change of sign (i.e., direction) at s1 ¼ 0.336h. For values

of s1 < 0.336h, q12 is negative and therefore in the opposite direction to s1.

In the web 23, y ¼ –h/2 þ s2, where 0 � s2 � h and x ¼ 0. Then,

q23 ¼ Sy
h3

ðs2
0

ð3:42h� 6:84s2Þds2 þ q2 (iv)

We note, in Eq. (iv), that the shear flow is not zero when s2¼ 0 but equal to the value obtained by inserting s1¼ h/2

in Eq. (iii), that is, q2 ¼ 0.42Sy/h. Integration of Eq. (iv) yields

q23 ¼ Sy
h3

ð0:42h2 þ 3:42hs2 � 3:42s22Þ (v)



FIGURE 16.7 Shear Flow Distribution in Z Section of Example 16.1
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This distribution is symmetrical about Cxwith a maximum value at s2¼ h/2(y¼ 0) and the shear flow is positive at
all points in the web.

The shear flow distribution in the upper flange may be deduced from antisymmetry, so that the complete

distribution is of the form shown in Fig. 16.7.
Example 16.2
Calculate the shear flow distribution in the thin-walled open section shown in Fig. 16.8 produced by a vertical shear

load, Sy, acting through its shear center.

The centroid of the section coincides with the center of the circle. Also the Cx axis is an axis of symmetry so

that Ixy ¼ 0 and since Sx ¼ 0 Eq. (16.14) reduces to

qs ¼ � Sy=Ixx
� � ðs

0

ty ds (i)
y

Sy

S

s

t

C

Narrow slit

xs

q
r

x

FIGURE 16.8 Beam Section of Example 16.2
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FIGURE 16.9 Shear Flow Distribution in the Section of Example 16.2
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The second moment of area, Ixx, of the section about Cx may be deduced from the second moment of area of
the semi-circular section shown in Fig. 15.33 and is pr3t. Then, at any point a distance s from one edge of the

narrow slit

qs ¼ � Sy=pr3t
� � ðs

0

ty ds (ii)

Working with angular coordinates for convenience Eq. (ii) becomes

qy ¼ �ðSy=pr3tÞ
ðy
0

tr siny r dy

i.e.,

qy ¼ �ðSy=prÞ
ðy
0

siny dy

which gives

qy ¼ �ðSy=prÞ cosy½ �0y
Then

qy ¼ ðSy=prÞðcos y� 1Þ (iii)

From Eq. (iii), when y¼ 0, qy¼ 0 (as expected at an open edge) and when y¼ p, qy¼�2Sy/pr. Further analysis of
Eq. (iii) shows that qy is also zero at y ¼ 2p and that qy is a maximum when y ¼ p. Also qy is negative, i.e., in the
opposite sense to increasing values of y, for all values of y. The complete shear flow distribution is shown in

Fig. 16.9.

16.2.1 Shear center
We defined the position of the shear center as that point in the cross-section through which shear loads

produce no twisting. It may be shown by use of the reciprocal theorem that this point is also the center

of twist of sections subjected to torsion. There are, however, some important exceptions to this general



FIGURE 16.10 Shear Center Position for the Type of Open Section Beam Shown
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rule, as we observe in Section 26.1 of Ref. 2. Clearly, in the majority of practical cases, it is impossible

to guarantee that a shear load will act through the shear center of a section. Equally apparent is the fact

that any shear load may be represented by the combination of the shear load applied through the shear

center and a torque. The stresses produced by the separate actions of torsion and shear may then be

added by superposition. It is therefore necessary to know the location of the shear center in all types

of section or to calculate its position. Where a cross-section has an axis of symmetry, the shear center

must, of course, lie on this axis. For cruciform or angle sections of the type shown in Fig. 16.10, the

shear center is located at the intersection of the sides, since the resultant internal shear loads all pass

through these points.
Example 16.3
Calculate the position of the shear center of the thin-walled channel section shown in Fig. 16.11. The thickness t of

the walls is constant.

The shear center S lies on the horizontal axis of symmetry at some distance xS, say, from the web. If we apply

an arbitrary shear load Sy through the shear center, then the shear flow distribution is given by Eq. (16.14) and the

moment about any point in the cross-section produced by these shear flows is equivalent to the moment of the

applied shear load. Sy appears on both sides of the resulting equation and may therefore be eliminated to leave xS.
FIGURE 16.11 Determination of Shear Center Position of Channel Section of Example 16.3
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For the channel section, Cx is an axis of symmetry so that Ixy ¼ 0. Also Sx ¼ 0 and therefore Eq. (16.14) sim-

plifies to

qs ¼ � Sy
Ixx

ðs
0

ty ds (i)

where

Ixx ¼ 2bt
h

2

� �2

þ th3

12
¼ h3t

12
1þ 6b

h

� �

Substituting for Ixx in Eq. (i), we have

qs ¼ �12Sy
h3ð1þ 6b=hÞ

ðs
0

y ds (ii)

The amount of computation involved may be reduced by giving some thought to the requirements of the problem.

In this case, we are asked to find the position of the shear center only, not a complete shear flow distribution. From

symmetry, it is clear that the moments of the resultant shears on the top and bottom flanges about the midpoint of

the web are numerically equal and act in the same rotational sense. Furthermore, the moment of the web shear

about the same point is zero. We deduce that it is necessary to obtain the shear flow distribution only on either

the top or bottom flange for a solution. Alternatively, choosing a web–flange junction as a moment center leads

to the same conclusion.

On the bottom flange, y ¼ –h/2, so that, from Eq. (ii), we have

q12 ¼ 6Sy
h2ð1þ 6b=hÞ s1 (iii)

Equating the clockwise moments of the internal shears about the midpoint of the web to the clockwise moment of

the applied shear load about the same point gives

Syxs ¼ 2

ðb
0

q12
h

2
ds1

or, by substitution from Eq. (iii),

Syxs ¼ 2

ðb
0

6Sy
h2ð1þ 6b=hÞ

h

2
s1 ds1

from which

xs ¼
3b2

hð1þ 6b=hÞ (iv)
In the case of an unsymmetrical section, the coordinates (xS, ZS) of the shear center referred to some

convenient point in the cross-section are obtained by first determining xS in a similar manner to that of

Example 16.3 then finding ZS by applying a shear load Sx through the shear center. In both cases, the

choice of a web–flange junction as a moment center reduces the amount of computation.
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Example 16.4
Determine the position of the shear center of the open section beam of Example 16.2.

The shear centre S lies on the horizontal axis of symmetry a distance, xS, say, from the centroid C. The shear

flow distribution is given by Eq. (iii) of Ex. 16.2 , i.e., qy = Sy(cosy � 1)/pr. Therefore, taking moments about C

SyxS ¼ �
ð2p
0

qyr ds ¼ �
ð2p
0

qyr
2 dy

Then

SyxS ¼ �ðSyr=pÞ
ð2p
0

ðcosy� 1Þ dy (i)

Note that the assumed direction of qy in Ex. 16.2 is in the direction of increasing y so that we introduce a negative
sign to allow for this when equating the moment of the external shear force to that of the internal shear flow.

Integrating Eq. (i) we obtain

xS ¼ �ðr=pÞ½siny� y�02p

which gives

xS ¼ 2r
Example 16.5
Calculate the position of the shear center of the thin-walled section shown in Fig. 16.12; the thickness of the section

is 2mm and is constant throughout.
50 mm

50 mm

25 mm

43

2 mm
12

Sy

Sx
y

x

hs

C

yS
xs

x

FIGURE 16.12 Beam Section of Example 16.5
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Since we are only asked to find the position of the shear center of the section and not a complete shear flow

distribution the argument of Ex. 16.3 applies in that if we refer the position of the shear center to the web/flange

junction 2 (or 3) it is only necessary to obtain the shear flow distribution in the flange 34 (or 12). First, we must

calculate the section’s properties.

Taking moments of area about the top flange

2 50þ 50þ 25ð Þ�y ¼ 2� 50� 25þ 2� 25� 50

which gives

�y ¼ 20 mm

Now taking moments of area about the vertical web

2 50þ 50þ 25ð Þ�x ¼ 2� 50� 25þ 2� 25� 12:5

from which

�x ¼ 12:5 mm

The second moments of area are then calculated using the methods of Section 15.4.5.

Ixx ¼ 2� 50� 202 þ ð2� 503=12Þ þ 2� 50� 52 þ 2� 25� 302

i.e.,

Ixx ¼ 108,333 mm4

Iyy ¼ ð2� 503=12Þ þ 2� 50� 12:52 þ 2� 50� 12:52 þ ð2� 253=12Þ
i.e.,

Iyy ¼ 54,689 mm4

Ixy ¼ 2� 50 ðþ12:5Þðþ20Þ þ 2� 50ð�12:5Þð�5Þ
i.e.,

Ixy ¼ 31,250 mm4

Note that the flange 34 makes no contribution to Ixy since its centroid coincides with the y axis of the section.

Considering the horizontal position of the shear center we apply a vertical shear load, Sy, through the shear

center and determine the shear flow distribution in the flange 34. Since Sx = 0, Eq. (16.14) reduces to

qs ¼ SyIxy
� �

= IxxIyy � Ixy
2

� �� � ðs
0

tx ds� SyIyy
� �

= IxxIyy � Ixy
2

� �� � ðs
0

ty ds (i)

Substituting the values of Ixx etc. gives

qs ¼ 1:26� 10�5Sy

ðs
0

x ds� 2:21� 10�5Sy

ðs
0

y ds (ii)

On the flange 34, x = 12.5 – s and y = �30 mm. Eq. (ii) then becomes

q43 ¼ Sy � 10�5

ðs
0

82:05� 1:26sð Þ ds

Integrating gives

q43 ¼ Sy � 10�5 82:05s� 0:63s2
� �

(iii)
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Now taking moments about the flange/web junction 2
SyxS ¼
ð25
0

q43 � 50 ds

Substituting for q43 from Eq. (iii) and integrating gives

xS ¼ 11:2 mm

We now apply Sx only through the shear center and carry out the same procedure as above. Then

q43 ¼ Sx � 10�5 2:19s2 � 92:55s
� �

(iv)

Taking moments about the web/flange junction 2

SxZS ¼ �
ð25
0

q43 � 50 ds

Note that in this case the moment of the resultant of the internal shear flows is in the opposite sense to that of the

applied force. Substituting for q43 from Eq. (iv) and carrying out the integration gives

ZS ¼ 7:2 mm

16.3 SHEAR OF CLOSED SECTION BEAMS
The solution for a shear loaded closed section beam follows a similar pattern to that described

in Section 16.2 for an open section beam but with two important differences. First, the shear loads

may be applied through points in the cross-section other than the shear center, so that torsional as

well as shear effects are included. This is possible, since, as we shall see, shear stresses produced

by torsion in closed section beams have exactly the same form as shear stresses produced by shear,

unlike shear stresses due to shear and torsion in open section beams. Second, it is generally not

possible to choose an origin for s at which the value of shear flow is known. Consider the closed

section beam of arbitrary section shown in Fig. 16.13. The shear loads Sx and Sy are applied through

any point in the cross-section and, in general, cause direct bending stresses and shear flows related

by the equilibrium equation (16.2). We assume that hoop stresses and body forces are absent.

Therefore,

@q

@s
þ t

@sz

@z
¼ 0

From this point, the analysis is identical to that for a shear loaded open section beam, until we reach the

stage of integrating Eq. (16.13), namely,

ðs
0

@q

@s
ds ¼ � SxIxx � SyIxy

IxxIyy � I2xy

 !ðs
0

tx ds� SyIyy � SxIxy
IxxIyy � I2xy

 !ðs
0

ty ds



FIGURE 16.13 Shear of Closed Section Beams
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Let us suppose that we choose an origin for s where the shear flow has the unknown value qs,0.
Integration of Eq. (16.13) then gives

qs � qs;0 ¼ � SxIxx � SyIxy
IxxIyy � I2xy

 ! ðs
0

tx ds� SyIyy � SxIxy
IxxIyy � I2xy

 !ðs
0

ty ds

or

qs ¼ � SxIxx � SyIxy
IxxIyy � I2xy

 ! ðs
0

tx ds� SyIyy � SxIxy
IxxIyy � I2xy

 !ðs
0

ty dsþ qs;0 (16.15)

We observe by comparison of Eqs. (16.15) and (16.14) that the first two terms on the right-hand side of

Eq. (16.15) represent the shear flow distribution in an open section beam loaded through its shear cen-

ter. This fact indicates a method of solution for a shear loaded closed section beam. Representing this

“open” section or “basic” shear flow by qb, we write Eq. (16.15) in the form

qs ¼ qb þ qs;0 (16.16)

We obtain qb by supposing that the closed beam section is “cut” at some convenient point, thereby

producing an “open” section (see Fig. 16.14(b)). The shear flow distribution (qb) around this open

section is given by

qb ¼ � SxIxx � SyIxy
IxxIyy � I2xy

 ! ðs
0

tx ds� SyIyy � SxIxy
IxxIyy � I2xy

 !ðs
0

ty ds

as in Section 16.2. The value of shear flow at the cut (s ¼ 0) is found by equating applied and internal

moments taken about some convenient moment center. Then, from Fig. 16.14(a),

SxZ0 � Syx0 ¼
þ
pq ds ¼

þ
pqb dsþ qs;0

þ
p ds

where

þ
denotes integration completely around the cross-section. In Fig. 16.14(a),

dA ¼ 1

2
pds



FIGURE 16.14 (a) Determination of qs,0; (b) Equivalent Loading on an “Open” Section Beam
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so that þ
dA ¼ 1

2

þ
p ds

Hence, þ
p ds ¼ 2A

where A is the area enclosed by the midline of the beam section wall. Hence,

SxZ0 � Syx0 ¼
þ
pqb dsþ 2Aqs;0 (16.17)

If the moment center is chosen to coincide with the lines of action of Sx and Sy, then Eq. (16.17)

reduces to

0 ¼
þ
pqb dsþ 2Aqs;0 (16.18)

The unknown shear flow qs,0 follows from either Eq. (16.17) or (16.18).

It is worthwhile to consider some of the implications of this process. Equation (16.14) represents the

shear flow distribution in an open section beam for the condition of zero twist. Therefore, by “cutting”

the closed section beam of Fig. 16.14(a) to determine qb, we are, in effect, replacing the shear loads of
Fig. 16.14(a) by shear loads Sx and Sy acting through the shear center of the resulting “open” section

beam together with a torque T, as shown in Fig. 16.14(b). We show in Section 17.1 that the application

of a torque to a closed section beam results in a constant shear flow. In this case, the constant shear flow

qs,0 corresponds to the torque but has different values for different positions of the cut, since the cor-

responding various open’section beams have different locations for their shear centers. An additional

effect of cutting the beam is to produce a statically determinate structure, since the qb shear flows are
obtained from statical equilibrium considerations. It follows that a single-cell closed section beam

supporting shear loads is singly redundant.
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Example 16.6
Determine the shear flow distribution in the walls of the thin-walled closed section beam shown in Fig. 16.15;

the wall thickness, t, is constant throughout.

Since the x axis is an axis of symmetry, Ixy = 0, and since Sx = 0, Eq. (16.15) reduces to

qs ¼ � Sy=Ixx
� � ðs

0

ty dsþ qs ;0 (i)

where

Ixx ¼ ðptr3=2Þ þ 2� 2rt� r2 þ t 2rð Þ3=12
h i

¼ 6:24tr3

(see Section 15.4.5)

We now “cut” the beam section at 1. Any point may be chosen for the “cut” but the amount of computation will

be reduced if a point is chosen which coincides with the axis of symmetry. Then

qb;12 ¼ � Sy=Ixx
� � ðy

0

tr sinyrdy

which gives

qb;12 ¼ 0:16 Sy=r
� � ½cosy�0y

so that

qb;12 ¼ 0:16 Sy=r
� �ðcosy� 1Þ (ii)

When y = p/2, qb,2 = �0.16(Sy/r). The qb shear flow in the wall 23 is then

qb;23 ¼ � Sy=Ixx
� � ðs1

0

tr ds1 � 0:16 Sy=r
� �

i.e.,

qb;23 ¼ �0:16 Sy=r
2

� �
s1 þ rð Þ (iii)
Sy

s1 3

s2

x
O

r

q

5 4

2r

2r

t 2

1

FIGURE 16.15 Beam Section of Example 16.6
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FIGURE 16.16 Shear Flow Distribution in Beam Section of Example 16.6
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and when s1 = 2r, qb,3 = �0.48(Sy/r). Then, in the wall 34

qb;34 ¼ �0:16 Sy=tr
3

� � ðs2
0

t r � s2ð Þ ds2 � 0:48 Sy=r
� �

i.e.,

qb;34 ¼ �0:16 Sy=r
3

� �
rs2 � 0:5s2

2 þ 3r2
� �

(iv)

The remaining distribution follows from symmetry. Now taking moments about O and using Eq. (16.18)

0 ¼ 2

ðp=2
0

qb;12r
2 dyþ

ð2r
0

qb;23rds1 þ
ðr
0

qb;342rds2

" #
þ 2 4r2 þ ðpr2=2Þ� �

qs;0 (v)

Substituting in Eq. (v) for qb,12 etc from Eqs. (ii), (iii) and (iv) gives

qs;0 ¼ 0:32Sy=r

Adding qs,0 to the qb distributions of Eqs. (ii), (iii) and (iv) gives

q12 ¼ 0:16 Sy=r
3

� �ðr2cosyþ r2Þ
q23 ¼ 0:16 Sy=r

3
� �

r2 � rs1ð Þ
q34 ¼ 0:16 Sy=r

3
� �

0:5s2
2 � rs2 � r2ð Þ

Note that q23 changes sign at s1 = r. The shear flow distribution in the lower half of the section follows from sym-

metry and the complete distribution is shown in Fig. 16.16.

16.3.1 Twist and warping of shear loaded closed section beams
Shear loads that are not applied through the shear center of a closed section beam cause cross-sections

to twist and warp; that is, in addition to rotation, they suffer out-of-plane axial displacements. Expres-

sions for these quantities may be derived in terms of the shear flow distribution qs as follows. Since
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q ¼ tt and t ¼ Gg (see Chapter 1), we can express qs in terms of the warping and tangential displace-

ments w and vt of a point in the beam wall by using Eq. (16.6). Thus

qs ¼ Gt
@w

@s
þ @vt

@z

� �
(16.19)

Substituting for @vt/@z from Eq. (16.10), we have

qs
Gt

¼ @w

@s
þ p

dy
dz

þ du

dz
cos cþ dv

dz
sin c (16.20)

Integrating Eq. (16.20) with respect to s from the chosen origin for s and noting that G may also be a

function of s, we obtainðs
0

qs
Gt

ds ¼
ðs
0

@w

@s
dsþ dy

dz

ðs
0

p dsþ du

dz

ðs
0

cos c dsþ dv

dz

ðs
0

sin c ds

or ðs
0

qs
Gt

ds ¼
ðs
0

@w

@s
dsþ dy

dz

ðs
0

p dsþ du

dz

ðs
0

dxþ dv

dz

ðs
0

dy

which gives ðs
0

qs
Gt

ds ¼ ðws � w0Þ þ 2AOs
dy
dz

þ du

dz
ðxs � x0Þ þ dv

dz
ðys � y0Þ (16.21)

whereAOs is the area swept out by a generator, center at the origin of axes, O, from the origin for s to any
point s around the cross-section. Continuing the integration completely around the cross-section yields,

from Eq. (16.21), þ
qs
Gt

ds ¼ 2A
dy
dz

from which

dy
dz

¼ 1

2A

þ
qs
Gt

ds (16.22)

Substituting for the rate of twist in Eq. (16.21) from Eq. (16.22) and rearranging, we obtain the warping

distribution around the cross-section:

ws � w0 ¼
ðs
0

qs
Gt

ds� AOs

A

þ
qs
Gt

ds� du

dz
ðxs � x0Þ � dv

dz
ðys � y0Þ (16.23)

Using Eqs. (16.11) to replace du/dz and dv/dz in Eq. (16.23), we have

ws � w0 ¼
ðs
0

qs
Gt

ds� AOs

A

þ
qs
Gt

ds� yR
dy
dz

ðxs � x0Þ þ xR
dy
dz

ðys � y0Þ (16.24)
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The last two terms in Eq. (16.24) represent the effect of relating the warping displacement to an arbi-
trary origin that itself suffers axial displacement due to warping. In the case where the origin coincides

with the center of twist R of the section, Eq. (16.24) simplifies to

ws � w0 ¼
ðs
0

qs
Gt

ds� AOs

A

þ
qs
Gt

ds (16.25)

In problems involving singly or doubly symmetrical sections, the origin for smay be taken to coincide

with a point of zero warping, which occurs where an axis of symmetry and the wall of the section in-

tersect. For unsymmetrical sections, the origin for s may be chosen arbitrarily. The resulting warping

distribution has exactly the same form as the actual distribution but is displaced axially by the unknown

warping displacement at the origin for s. This value may be found by referring to the torsion of closed

section beams subject to axial constraint (see Section 26.3 of Ref. 2). In the analysis of such beams, it is

assumed that the direct stress distribution set up by the constraint is directly proportional to the free

warping of the section; that is,

s ¼ constant� w

Also, since a pure torque is applied, the result of any internal direct stress system must be zero; in other

words, it is self-equilibrating. Thus,

Resultant axial load ¼
þ
st ds

where s is the direct stress at any point in the cross-section. Then, from the preceding assumption,

0 ¼
þ
wt ds

or

0 ¼
þ
ðws � w0Þt ds

so that

w0 ¼
Þ
wst dsÞ
t ds

(16.26)

16.3.2 Shear center
The shear center of a closed section beam is located in a similar manner to that described in

Section 16.2.1 for open section beams. Therefore, to determine the coordinate xS (referred to any

convenient point in the cross-section) of the shear center S of the closed section beam shown in

Fig. 16.17, we apply an arbitrary shear load Sy through S, calculate the distribution of shear flow

qs due to Sy and equate internal and external moments. However, a difficulty arises in obtaining

qs,0 since, at this stage, it is impossible to equate internal and external moments to produce an equa-

tion similar to Eq. (16.17) as the position of Sy is unknown. We therefore use the condition that a



FIGURE 16.17 Shear Center of a Closed Section Beam
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shear load acting through the shear center of a section produces zero twist. It follows that dy/dz in
Eq. (16.22) is zero, so that

0 ¼
þ
qs
Gt

ds

or

0 ¼
þ
1

Gt
ðqb þ qs;0Þds

which gives

qs;0 ¼ �
Þðqb=GtÞdsÞ

ds=Gt
(16.27)

If Gt ¼ constant, then Eq. (16.27) simplifies to

qs;0 ¼ �
Þ
qb dsÞ
ds

(16.28)

The coordinate ZS is found in a similar manner by applying Sx through S.
Example 16.7
A thin-walled closed section beam has the singly symmetrical cross-section shown in Fig. 16.18. Each wall of the

section is flat and has the same thickness t and shear modulus G. Calculate the distance of the shear center from

point 4.

The shear center clearly lies on the horizontal axis of symmetry, so that it is necessary only to apply a shear load

Sy through S and to determine xS. If we take the x reference axis to coincide with the axis of symmetry, then Ixy¼ 0,

and since Sx ¼ 0, Eq. (16.15) simplifies to

qs ¼ � Sy
Ixx

ðs
0

ty dsþ qs;0 (i)



FIGURE 16.18 Closed Section Beam of Example 16.7
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in which

Ixx ¼ 2

ð10a
0

t
8

10
s1

� �2

ds1 þ
ð17a
0

t
8

17
s2

� �2

ds2

" #

Evaluating this expression gives Ixx ¼ 1,152a3t.

The basic shear flow distribution qb is obtained from the first term in Eq. (i). Then, for the wall 41,

qb;41 ¼ �Sy
1;152a3t

ðs1
0

t
8

10
s1

� �
ds1 ¼ �Sy

1;152a3
2

5
s21

� �
(ii)

In the wall 12,

qb;12 ¼ �Sy
1;152a3

ðs2
0

ð17a� s2Þ 8

17
ds2 þ 40a2

� 	
(iii)

which gives

qb;12 ¼ �Sy
1;152a3

� 4

17
s22 þ 8as2 þ 40a2

� �
(iv)

The qb distributions on the walls 23 and 34 follow from symmetry. Hence, from Eq. (16.28),

qs;0 ¼ 2Sy
54a� 1;152a3

ð10a
0

2

5
s21 ds1 þ

ð17a
0

� 4

17
s22 þ 8as2 þ 40a2

� �
ds2

� 	

giving

qs;0 ¼ Sy
1;152a3

ð58:7a2Þ (v)
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Taking moments about the point 2, we have
SyðxS þ 9aÞ ¼ 2

ð10a
0

q4117a sin y ds1

or

SyðxS þ 9aÞ ¼ Sy34a sin y
1;152a3

ð10a
0

� 2

5
s21 þ 58:7a2

� �
ds1 (vi)

We may replace sin y by sin(y1 – y2) ¼ sin y1 cos y2 – cos y1 sin y2, where sin y1 ¼ 15/17, cos y2 ¼ 8/10,

cos y1 ¼ 8/17, and sin y2 ¼ 6/10. Substituting these values and integrating Eq. (vi) gives

xs ¼ �3:35a

which means that the shear center is inside the beam section.

References
[1] Megson THG. Structural and stress analysis. 3rd ed. Oxford: Elsevier; 2014.

[2] Megson THG. Aircraft Structures for Engineering Students. 6th ed. Elsevier; 2016.
PROBLEMS

P.16.1.Abeamhas the singly symmetrical, thin-walledcross-section shown inFig.P.16.1.The thickness

t of the walls is constant throughout. Show that the distance of the shear center from the web is given by

xS ¼ �d
r2 sin a cos a

1þ 6rþ 2r3 sin2a

where

r ¼ d=h
P.16.2. A beam has the singly symmetrical, thin-walled cross-section shown in Fig. P.16.2. Each wall

of the section is flat and has the same length a and thickness t. Calculate the distance of the shear center
from the point 3.
An

An
swer: 5a cos a/8
P.16.3. Determine the position of the shear center S for the thin-walled, open cross-section shown in

Fig. P.16.3. The thickness t is constant.
swer: pr/3
P.16.4. Figure P.16.4 shows the cross-section of a thin, singly symmetrical I section. Show that the

distance xS of the shear center from the vertical web is given by

xS
d

¼ 3rð1� bÞ
ð1þ 12rÞ

where r¼ d/h. The thickness t is taken to be negligibly small in comparison with the other dimensions.



FIGURE P.16.3

FIGURE P.16.2

FIGURE P.16.1
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FIGURE P.16.4

537Problems
P.16.5. A thin-walled beam has the cross-section shown in Fig. P.16.5. The thickness of each flange

varies linearly from t1 at the tip to t2 at the junction with the web. The web itself has a constant thickness
t3. Calculate the distance xS from the web to the shear center S.
An

An

An

FIGURE
swer: d2 (2 t1 þ t2)/[3d (t1 þ t2) þ ht3]
P.16.6. Figure P.16.6 shows the singly symmetrical cross-section of a thin-walled open section beam of

constant wall thickness t, which has a narrow longitudinal slit at the corner 15. Calculate and sketch

the distribution of shear flow due to a vertical shear force Sy acting through the shear center S and note

the principal values. Show also that the distance xS of the shear center from the nose of the section is

xS ¼ l/2(1 þ a/b).
swer: q2 ¼ q4 ¼ 3bSy=2hðbþ aÞ; q3 ¼ 3Sy=2h; parabolic distributions
P.16.7. Show that the position of the shear center S with respect to the intersection of the web and lower

flange of the thin-walled section shown in Fig. P.16.7, is given by

xs ¼ �45a=97; Zs ¼ 46a=97
P.16.8. Determine the position of the shear center of the beam section shown in Fig. P.16.8.
swer: 13.5 mm to the left of the web 24 and 32.7 mm below the flange 123.
P.16.5



FIGURE P.16.6

FIGURE P.16.7
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P.16.9. Define the term shear center of a thin-walled open section and determine the position of the

shear center of the thin-walled open section shown in Fig. P.16.9.
An

An

An

An

An

FIGURE

FIGURE
swer: 2.66r from center of semi-circular wall
P.16.10. Determine the position of the shear center of the cold-formed, thin-walled section shown in

Fig. P.16.10. The thickness of the section is constant throughout.
swer: 87.5 mm above center of semi-circular wall
P.16.11. Find the position of the shear center of the thin-walled beam section shown in Fig. P.16.11.
swer: 1.2r on axis of symmetry to the left of the section
P.16.12. Calculate the position of the shear center of the thin-walled section shown in Fig. P.16.12.
swer: 20.2 mm to the left of the vertical web on axis of symmetry
P.16.12. MATLAB If the total length of the vertical web of the thin-walled section shown in

Fig. P.16.12 is labeled Lweb, use MATLAB to repeat Problem P.16.12 for values of Lweb ranging from
40 mm to 80 mm in increments of 5 mm (i.e., 40, 45, 50, . . . , 80).
swer: (i) Lweb ¼ 40 mm: 16.2 mm to the left of the vertical web on axis of symmetry
(ii) Lweb ¼ 45 mm: 17.3 mm to the left of the vertical web on axis of symmetry
2r

t

r

2r

Narrow slit

P.16.9

25 mm 25 mm

50 mm

100 mm

50
mm

P.16.10
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An

An

FIGURE

541Problems
(iii) Lweb ¼ 50 mm: 18.3 mm to the left of the vertical web on axis of symmetry

(iv) Lweb ¼ 55 mm: 19.3 mm to the left of the vertical web on axis of symmetry

(v) Lweb ¼ 60 mm: 20.2 mm to the left of the vertical web on axis of symmetry

(vi) Lweb ¼ 65 mm: 21.0 mm to the left of the vertical web on axis of symmetry

(vii) Lweb ¼ 70 mm: 21.8 mm to the left of the vertical web on axis of symmetry

(viii) Lweb ¼ 75 mm: 22.5 mm to the left of the vertical web on axis of symmetry

(ix) Lweb ¼ 80 mm: 23.1 mm to the left of the vertical web on axis of symmetry
P.16.13. Determine the horizontal distance from O of the shear center of the beam section shown in

Fig. P.16.13. Note that the position of the centroid of area, C, is given.
swer: 2.0r to the left of O.
P.16.14. Calculate the horizontal distance from the vertical flange 12 of the shear center of the beam

section shown in Fig. P.16.14. What would be the horizontal movement of the shear center if the

circular arc 34 was removed? Note that the section properties are given.
swer: 0.36r. 0.36r to the left
P.16.15. A thin-walled closed section beam of constant wall thickness t has the cross-section shown in
Fig. P.16.15. Assuming that the direct stresses are distributed according to the basic theory of bending,

calculate and sketch the shear flow distribution for a vertical shear force Sy applied tangentially to the

curved part of the beam.
Answer: qO1 ¼ Syð1:61 cos y� 0:80Þ=r
q12 ¼ Sy

r3
0:57s2 � 1:14rsþ 0:33r2
� �
2r

2t

r

12

3 4

t
y

t

r r

x

r

CO

0.14r

P.16.13
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FIGURE P.16.14

FIGURE P.16.15
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P.16.16. A uniform thin-walled beam of constant wall thickness t has a cross-section in the shape of an

isosceles triangle and is loaded with a vertical shear force Sy applied at the apex. Assuming that the

distribution of shear stress is according to the basic theory of bending, calculate the distribution of shear

flow over the cross-section. Illustrate your answer with a suitable sketch, marking in carefully with

arrows the direction of the shear flows and noting the principal values.
2
Answer: q12 ¼ Syð3s1=d � h� 3dÞ=hðhþ 2dÞ
q23 ¼ Syð�6s22 þ 6hs2 � h2Þ=h2ðhþ 2dÞ
P.16.17. FigureP.16.17 shows the regular hexagonal cross-sectionof a thin-walled beamof sidesa and con-
stantwall thickness t.Thebeamis subjected toa transverse shear forceS, its lineofactionbeingalongasideof
the hexagon, as shown. Plot the shear flow distribution around the section, with values in terms of S and a.
Answer: q1 ¼ �0:52S=a; q2 ¼ q8 ¼ �0:47S=a; q3 ¼ q7 ¼ �0:17S=a;

q4 ¼ q6 ¼ 0:13S=a; q5 ¼ 0:18S=a

Parabolic distributions, q positive clockwise



FIGURE P.16.16

FIGURE P.16.17

543Problems
P.16.18. A box girder has the singly symmetrical trapezoidal cross-section shown in Fig. P.16.18.

It supports a vertical shear loadof 500kNapplied through its shear center and in a direction perpendicular

to its parallel sides. Calculate the shear flow distribution and the maximum shear stress in the section.
An

An
Answer: qOA ¼ 0:25sA
qAB ¼ 0:21sB � 2:14� 10�4s2B þ 250

qBC ¼ �0:17sC þ 246

tmax ¼ 30:2 N=mm2

P.16.19. Calculate the position of the shear center of the beam section shown in Fig. P.16.15.
swer: 0.61r from the corner 2.
P.16.20. Determine the radius of the inscribed circle of the beam section shown in Fig. P.16.16 and

show that the shear center of the section coincides with its center.
swer: h[(2d � h)(2d + h)]1/2/2
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CHAPTER
Torsion of beams
 17

In Chapter 3, we developed the theory for the torsion of solid sections using both the Prandtl stress

function approach and the St. Venant warping function solution. From that point, we looked, via

the membrane analogy, at the torsion of a narrow rectangular strip. We use the results of this analysis

to investigate the torsion of thin-walled open section beams, but first we shall examine the torsion of

thin-walled closed section beams, since the theory for this relies on the general stress, strain, and dis-

placement relationships, which we established in Chapter 16.
17.1 TORSION OF CLOSED SECTION BEAMS
A closed section beam subjected to a pure torque T, as shown in Fig. 17.1, does not, in the absence of
an axial constraint, develop a direct stress system. It follows that the equilibrium conditions of

Eqs. (16.2) and (16.3) reduce to @q/@s ¼ 0 and @q/@z ¼ 0, respectively. These relationships

may be satisfied simultaneously only by a constant value of q. We deduce, therefore, that the appli-

cation of a pure torque to a closed section beam results in the development of a constant shear flow

in the beam wall. However, the shear stress t may vary around the cross-section, since we allow the

wall thickness t to be a function of s. The relationship between the applied torque and this constant

shear flow is simply derived by considering the torsional equilibrium of the section shown in

Fig. 17.2. The torque produced by the shear flow acting on an element ds of the beam wall is pqds.
Hence,

T ¼
þ
pq ds

or, since q is constant and
Þ
p ds ¼ 2A (see Section 16.3),

T ¼ 2Aq (17.1)

Note that the origin O of the axes in Fig. 17.2 may be positioned in or outside the cross-section of the

beam, since the moment of the internal shear flows (whose resultant is a pure torque) is the same about

any point in their plane. For an origin outside the cross-section, the term
Þ
p ds involves the summation

of positive and negative areas. The sign of an area is determined by the sign of p, which itself is as-

sociated with the sign convention for torque as follows. If the movement of the foot of p along the

tangent at any point in the positive direction of s leads to a counterclockwise rotation of p about

the origin of axes, p is positive. The positive direction of s is in the positive direction of q, which
is counterclockwise (corresponding to a positive torque). Thus, in Fig. 17.3, a generator OA, rotating

about O, initially sweeps out a negative area, since pA is negative. At B, however, pB is positive, so that
the area swept out by the generator has changed sign (at the point where the tangent passes through O
Introduction to Aircraft Structural Analysis, Third Edition. http://dx.doi.org/10.1016/B978-0-08-102076-0.00017-8

Copyright © 2018 T.H.G. Megson. Published by Elsevier Ltd. All rights reserved.
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FIGURE 17.1 Torsion of a Closed Section Beam

FIGURE 17.2 Determination of the Shear Flow Distribution in a Closed Section Beam Subjected to Torsion

FIGURE 17.3 Sign Convention for Swept Areas
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and p ¼ 0). Positive and negative areas cancel each other out, as they overlap, so that, as the generator

moves completely around the section, starting and returning to A, say, the resultant area is that enclosed

by the profile of the beam.

The theory of the torsion of closed section beams is known as the Bredt–Batho theory and Eq. (17.1)
is often referred to as the Bredt–Batho formula.

17.1.1 Displacements associated with the Bredt–Batho shear flow
The relationship between q and shear strain g, established in Eq. (16.19) namely,

q ¼ Gt
@w

@s
þ @vt

@z

� �

is valid for the pure torsion case where q is constant. Differentiating this expression with respect to z,
we have

@q

@z
¼ Gt

@2w

@z@s
þ @2vt

@z2

� �
¼ 0

or

@

@s

@w

@z

� �
þ @2vt

@z2
¼ 0 (17.2)

In the absence of direct stresses, the longitudinal strain @w/@z (¼ ez) is zero, so that

@2vt

@z2
¼ 0

Hence, from Eq. (16.7),

p
d2y
dz2

þ d2u

dz2
cos cþ d2v

dz2
sin C ¼ 0 (17.3)

For Eq. (17.3) to hold for all points around the section wall, in other words for all values of C,

d2y
dz2

¼ 0;
d2u

dz2
¼ 0;

d2v

dz2
¼ 0

It follows that y¼ Azþ B, u¼ CzþD, v¼ Ezþ F, where A, B, C, D, E, and F are unknown constants.

Thus, y, u, and v are all linear functions of z.
Equation (16.22), relating the rate of twist to the variable shear flow qs developed in a shear loaded

closed section beam, is also valid for the case qs ¼ q ¼ constant. Hence,

dy
dz

¼ q

2A

þ
ds

Gt

which becomes, on substituting for q from Eq. (17.1),

dy
dz

¼ T

4A2

þ
ds

Gt
(17.4)
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The warping distribution produced by a varying shear flow, as defined by Eq. (16.25) for axes hav-
ing their origin at the center of twist, is also applicable to the case of a constant shear flow. Thus,

ws � w0 ¼ q

ðs
0

ds

Gt
� AOs

A
q

þ
ds

Gt

Replacing q from Eq. (17.1), we have

ws � w0 ¼ Td
2A

dOs
d

� AOs

A

� �
(17.5)

where

d ¼
þ
ds

Gt
and dOs ¼

ðs
0

ds

Gt

The sign of the warping displacement in Eq. (17.5) is governed by the sign of the applied torque T and

the signs of the parameters dOs and AOs. Having specified initially that a positive torque is counterclock-

wise, the signs of dOs and AOs are fixed, in that dOs is positive when s is positive, that is, s is taken as

positive in a counterclockwise sense, and AOs is positive when, as before, p (see Fig. 17.3) is positive.

We noted that the longitudinal strain ez is zero in a closed section beam subjected to a pure torque. This

means that all sections of the beammust possess identical warping distributions. In other words, longitu-

dinal generators of the beamsurface remain unchanged in length although subjected to axial displacement.
Example 17.1
A thin-walled circular section beam has a diameter of 200 mm and is 2 m long; it is firmly restrained against ro-

tation at each end. A concentrated torque of 30 kNm is applied to the beam at its mid-span point. If the maximum

shear stress in the beam is limited to 200 N/mm2 and the maximum angle of twist to 2�, calculate the minimum

thickness of the beam walls. Take G ¼ 25,000 N/mm2.

The minimum thickness of the beam corresponding to the maximum allowable shear stress of 200 N/mm2 is

obtained directly using Eq. (17.1), in which Tmax ¼ 15 kNm.

Then,

tmin ¼ 15� 106 � 4

2� p� 2002 � 200
¼ 1:2 mm

The rate of twist along the beam is given by Eq. (17.4), in whichþ
ds

t
¼ p� 200

tmin

Hence,

dy
dz

¼ T

4A2G
� p� 200

tmin

(i)

Taking the origin for z at one of the fixed ends and integrating Eq. (i) for half the length of the beam, we obtain

y ¼ T

4A2G
� 200p

tmin

zþ C1
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where C1 is a constant of integration. At the fixed end, where z ¼ 0, y ¼ 0, so that C1 ¼ 0.

Hence,

y ¼ T

4A2G
� 200p

tmin

z

The maximum angle of twist occurs at the mid-span of the beam, where z ¼ 1 m. Hence,

tmin ¼ 15� 106 � 200� p� 1� 103 � 180

4� ðp� 2002=4Þ2 � 25; 000� 2� p
¼ 2:7 mm

The minimum allowable thickness that satisfies both conditions is therefore 2.7 mm.
Example 17.2
Determine the warping distribution in the doubly symmetrical rectangular, closed section beam, shown in

Fig. 17.4, when subjected to a counterclockwise torque T.

From symmetry, the center of twist R coincides with the mid-point of the cross-section and points of zero warp-

ing lie on the axes of symmetry at the mid-points of the sides. We therefore take the origin for s at the mid-point of

side 14 and measure s in the positive, counterclockwise, sense around the section. Assuming the shear modulus G

to be constant, we rewrite Eq. (17.5) in the form

ws � w0 ¼ Td
2AG

dOs
d

� AOs

A

� �
(i)

where

d ¼
þ
ds

t
and dOs ¼

ðs
0

ds

t

FIGURE 17.4 Torsion of a Rectangular Section Beam
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In Eq. (i),

w0 ¼ 0; d ¼ 2
b

tb
þ a

ta

� �
; and A ¼ ab

From 0 to 1, 0 � s1 � b/2 and

dOs ¼
ðs
0

ds1
tb

¼ s1
tb
; AOs ¼ as1

4
(ii)

Note that both dOs and AOs are positive.

Substitution for dOs and AOs from Eq. (ii) in (i) shows that the warping distribution in the wall 01, w01, is linear.

Also,

w1 ¼ T

2abG
2

b

tb
þ a

ta

� �
b=2tb

2ðb=tb þ a=taÞ �
ab=8

ab

� �

which gives

w1 ¼ T

8abG

b

tb
� a

ta

� �
(iii)

The remainder of the warping distribution may be deduced from symmetry and the fact that the warping must be

zero at points where the axes of symmetry and the walls of the cross-section intersect. It follows that

w2 ¼ �w1 ¼ �w3 ¼ w4

giving the distribution shown in Fig. 17.5. Note that the warping distribution takes the form shown in Fig. 17.5 as

long as T is positive and b/tb> a/ta. If either of these conditions is reversed, w1 and w3 become negative and w2 and

w4 positive. In the case when b/tb ¼ a/ta, the warping is zero at all points in the cross-section.

Suppose now that the origin for s is chosen arbitrarily at, say, point 1. Then, from Fig. 17.6, dOs in the wall

12 ¼ s1/ta and AOs ¼ 1
2
s1b/2 ¼ s1b/4 and both are positive.

Substituting in Eq. (i) and setting w0 ¼ 0,

w0
12 ¼

Td
2abG

s1
dta

� s1
4a

� �
(iv)
FIGURE 17.5 Warping Distribution in the Rectangular Section Beam of Example 17.2



FIGURE 17.6 Arbitrary Origin for s
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so that w0
12 varies linearly from zero at 1 to
w0
2 ¼

T

2abG
2

b

tb
þ a

ta

� �
a

2ðb=tb þ a=taÞta �
1

4

� �

at 2. Thus,

w0
2 ¼

T

4abG

a

ta
� b

tb

� �

or

w0
2 ¼ � T

4abG

b

tb
� a

ta

� �
(v)

Similarly,

w0
23 ¼

Td
2abG

1

d
a

ta
þ s2

tb

� �
� 1

4b
ðbþ s2Þ

� �
(vi)

The warping distribution therefore varies linearly from a value –T (b/tb – a/ta)/4abG at 2 to zero at 3. The remaining

distribution follows from symmetry, so that the complete distribution takes the form shown in Fig. 17.7.

Comparing Figs. 17.5 and 17.7, it can be seen that the form of the warping distribution is the same but that, in

the latter case, the complete distribution has been displaced axially. The actual value of the warping at the origin for

s is found using Eq. (16.26).

Thus,

w0 ¼ 2

2ðata þ btbÞ
ða
0

w0
12ta ds1 þ

ðb
0

w0
23tb ds2

� �
(vii)

Substituting in Eq. (vii) for w0
12 and w0

23 from Eqs. (iv) and (vi), respectively, and evaluating gives

w0 ¼ � T

8abG

b

tb
� a

ta

� �
(viii)



FIGURE 17.7 Warping Distribution Produced by Selecting an Arbitrary Origin for s
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Subtracting this value from the values of w0
1(¼ 0) and w0

2(¼ –T(b/tb – a/ta)/4abG, we have

w1 ¼ T

8abG

b

tb
� a

ta

� �
; w2 ¼ � T

8abG

b

tb
� a

ta

� �

as before. Note that setting w0¼ 0 in Eq. (i) implies that w0, the actual value of warping at the origin for s, has been

added to all warping displacements. This value must therefore be subtracted from the calculated warping displace-

ments (i.e., those based on an arbitrary choice of origin) to obtain true values.

It is instructive at this stage to examine the mechanics of warping to see how it arises. Suppose that each end of

the rectangular section beam of Example 17.2 rotates through opposite angles y giving a total angle of twist 2y
along its length L. The corner 1 at one end of the beam is displaced by amounts ay/2 vertically and by/2 horizon-

tally, as shown in Fig. 17.8. Consider now the displacements of the web and cover of the beam due to rotation. From

Figs. 17.8 and 17.9(a) and (b), it can be seen that the angles of rotation of the web and the cover are, respectively,

fb ¼ ðay=2Þ=ðL=2Þ ¼ ay=L
FIGURE 17.8 Twisting of a Rectangular Section Beam



FIGURE 17.9 Displacements Due to Twist and Shear Strain
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and
fa ¼ ðby=2Þ=ðL=2Þ ¼ by=L

The axial displacements of the corner 1 in the web and cover are then

b

2

ay
L
;

a

2

by
L

respectively, as shown in Figs. 17.9(a) and (b). In addition to displacements produced by twisting, the webs and

covers are subjected to shear strains gb and ga corresponding to the shear stress system given by Eq. (17.1). Due to

gb, the axial displacement of corner 1 in the web is gbb/2 in the positive z direction, while in the cover the dis-

placement is gaa/2 in the negative z direction. Note that the shear strains gb and ga correspond to the shear stress

system produced by a positive counterclockwise torque. Clearly, the total axial displacement of the point 1 in the

web and cover must be the same, so that

� b

2

ay
L
þ gb

b

2
¼ a

2

by
L
� ga

a

2

from which

y ¼ L

2ab
ðgaaþ gbbÞ

The shear strains are obtained from Eq. (17.1) and are

ga ¼
T

2abGta
; gb ¼

T

2abGtb

from which

y ¼ TL

4a2b2G

a

ta
þ b

tb

� �

The total angle of twist from end to end of the beam is 2y, therefore,

2y
L

¼ TL

4a2b2G

2a

ta
þ 2b

tb

� �
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or
dy
dz

¼ T

4A2G

þ
ds

t

as in Eq. (17.4).

Substituting for y in either of the expressions for the axial displacement of the corner 1 gives the warping w1

at 1. Thus,

w1 ¼ a

2

b

L

TL

4a2b2G

a

ta
þ b

tb

� �
� T

2abGta

a

2

that is,

w1 ¼ T

8abG

b

tb
� a

ta

� �

as before. It can be seen that the warping of the cross-section is produced by a combination of the displacements

caused by twisting and the displacements due to the shear strains; these shear strains correspond to the shear stres-

ses whose values are fixed by statics. The angle of twist must therefore be such as to ensure compatibility of

displacement between the webs and covers.

17.1.2 Condition for zero warping at a section
The geometry of the cross-section of a closed section beam subjected to torsion may be such

that no warping of the cross-section occurs. From Eq. (17.5), we see that this condition arises

when

dOs
d

¼ AOs

A

or

1

d

ðs
0

ds

Gt
¼ 1

2A

ðs
0

pR ds (17.6)

Differentiating Eq. (17.6) with respect to s gives

1

dGt
¼ pR

2A

or

pR Gt ¼ 2A

d
¼ constant (17.7)

A closed section beam for which pRGt ¼ constant does not warp and is known as a Neuber beam.
For closed section beams having a constant shear modulus, the condition becomes

pRt ¼ constant (17.8)
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Examples of such beams are a circular section beam of constant thickness, a rectangular section beam
for which atb ¼ bta (see Example 17.2), and a triangular section beam of constant thickness. In the last

case, the shear center and hence the center of twist may be shown to coincide with the center of the

inscribed circle so that pR for each side is the radius of the inscribed circle.
17.2 TORSION OF OPEN SECTION BEAMS
An approximate solution for the torsion of a thin-walled open section beam may be found by applying

the results obtained in Section 3.4 for the torsion of a thin rectangular strip. If such a strip is bent to form

an open section beam, as shown in Fig. 17.10(a), and if the distance smeasured around the cross-section

is large compared with its thickness t, then the contours of the membrane, that is, lines of shear stress,

are still approximately parallel to the inner and outer boundaries. It follows that the shear lines in an

element ds of the open section must be nearly the same as those in an element dy of a rectangular strip,
as demonstrated in Fig. 17.10(b). Equations (3.27)–(3.29) may therefore be applied to the open beam

but with reduced accuracy. Referring to Fig. 17.10(b), we observe that Eq. (3.27) becomes

tzs ¼ 2Gn
dy
dz

; tzn ¼ 0 (17.9)

Equation (3.28) becomes

tzs; max ¼ �Gt
dy
dz

(17.10)
FIGURE 17.10 (a) Shear Lines in a Thin-Walled Open Section Beam Subjected to Torsion; (b) Approximation of

Elemental Shear Lines to Those in a Thin Rectangular Strip
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and Eq. (3.29) is
J ¼
X st3

3
or J ¼ 1

3

ð
sect

t3 ds (17.11)

In Eq. (17.11), the second expression for the torsion constant is used if the cross-section has a variable

wall thickness. Finally, the rate of twist is expressed in terms of the applied torque by Eq. (3.12),

namely,

T ¼ GJ
dy
dz

(17.12)

The shear stress distribution and the maximum shear stress are sometimes more conveniently

expressed in terms of the applied torque. Therefore, substituting for dy/dz in Eqs. (17.9) and

(17.10) gives

tzs ¼ 2n

J
T; tzs;max ¼ � tT

J
(17.13)

We assume, in open beam torsion analysis, that the cross-section is maintained by the system of

closely spaced diaphragms described in Section 16.1 and that the beam is of uniform section. Clearly,

in this problem, the shear stresses vary across the thickness of the beam wall, whereas other stresses,

such as axial constraint stresses which are discussed in Chapter 27 of Ref. 1, are assumed constant

across the thickness.
17.2.1 Warping of the cross-section
We saw, in Section 3.4, that a thin rectangular strip suffers warping across its thickness when subjected

to torsion. In the same way, a thin-walled open section beam warps across its thickness. This warping,

wt, may be deduced by comparing Fig. 17.10(b) with Fig. 3.10 and using Eq. (3.32), thus,

wt ¼ ns
dy
dz

(17.14)

In addition to warping across the thickness, the cross-section of the beam warps in a manner similar to

that of a closed section beam. From Fig. 16.3,

gzs ¼
@w

@s
þ @vt

@z
(17.15)

Referring the tangential displacement vt to the center of twist R of the cross-section, we have, from

Eq. (16.8),

@vt
@z

¼ pR
dy
dz

(17.16)

Substituting for @vt/@z in Eq. (17.15) gives

gzs ¼
@w

@s
þ pR

dy
dz
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from which
tzs ¼ G
@w

@s
þ pR

dy
dz

� �
(17.17)

On the midline of the section wall tzs ¼ 0 (see Eq. (17.9)), so that, from Eq. (17.17),

@w

@s
¼ �pR

dy
dz

Integrating this expression with respect to s and taking the lower limit of integration to coincide with

the point of zero warping, we obtain

ws ¼ � dy
dz

ðs
0

pR ds (17.18)

From Eqs. (17.14) and (17.18), it can be seen that two types of warping exist in an open section beam.

Equation (17.18) gives the warping of the midline of the beam; this is known as primary warping and is
assumed to be constant across the wall thickness. Equation (17.14) gives the warping of the beam

across its wall thickness. This is called secondary warping, is very much less than primary warping,

and is usually ignored in the thin-walled sections common to aircraft structures.

Equation (17.18) may be rewritten in the form

ws ¼ �2AR

dy
dz

(17.19)

or, in terms of the applied torque,

ws ¼ �2AR

T

GJ
ðsee Eq: ð17:12ÞÞ (17.20)

in whichAR ¼ 1
2

Ð s
0
pR ds is the area swept out by a generator, rotating about the center of twist, from the

point of zero warping, as shown in Fig. 17.11. The sign of ws, for a given direction of torque, depends
FIGURE 17.11 Warping of an Open Section Beam
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upon the sign of AR, which in turn depends upon the sign of pR, the perpendicular distance from the

center of twist to the tangent at any point. Again, as for closed section beams, the sign of pR depends

upon the assumed direction of a positive torque, in this case counterclockwise. Therefore, pR (and

therefore AR) is positive if movement of the foot of pR along the tangent in the assumed direction

of s leads to a counterclockwise rotation of pR about the center of twist. Note that, for open section

beams, the positive direction of s may be chosen arbitrarily, since, for a given torque, the sign of

the warping displacement depends only on the sign of the swept area AR.
Example 17.3
Determine the maximum shear stress and the warping distribution in the channel section shown in Fig. 17.12 when

it is subjected to a counterclockwise torque of 10 Nm. G ¼ 25,000 N/mm2.

From the second of Eqs. (17.13), it can be seen that the maximum shear stress occurs in the web of the section

where the thickness is greatest. Also, from the first of Eqs. (17.11),

J ¼ 1

3
ð2� 25� 1:53 þ 50� 2:53Þ ¼ 316:7 mm4

so that

tmax ¼ � 2:5� 10� 103

316:7
¼ �78:9 N=mm

2

The warping distribution is obtained using Eq. (17.20), in which the origin for s (and hence AR) is taken at the

intersection of the web and the axis of symmetry where the warping is zero. Further, the center of twist R of

the section coincides with its shear center S, whose position is found using the method described in

Section 16.2.1, this gives xS ¼ 8.04 mm. In the wall O2,

AR ¼ 1

2
� 8:04s1 ðpR is positiveÞ
FIGURE 17.12 Channel Section of Example 17.3
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so that
wO2 ¼ �2� 1

2
� 8:04s1 � 10� 103

25;000� 316:7
¼ �0:01s1 (i)

that is, the warping distribution is linear in O2 and

w2 ¼ �0:01� 25 ¼ �0:25 mm

In the wall 21,

AR ¼ 1

2
� 8:04� 25� 1

2
� 25s2

in which the area swept out by the generator in the wall 21 provides a negative contribution to the total swept area

AR. Thus

w21 ¼ �25ð8:04� s2Þ 10� 103

25;000� 316:7

or

w21 ¼ �0:03ð8:04� s2Þ (ii)

Again, the warping distribution is linear and varies from –0.25 mm at 2 toþ 0.54 mm at 1. Examination of Eq. (ii)

shows that w21 changes sign at s2 ¼ 8.04 mm. The remaining warping distribution follows from symmetry and the

complete distribution is shown in Fig. 17.13. In unsymmetrical section beams, the position of the point of zero

warping is not known but may be found using the method described in Section 27.2 of Ref. 1 for the restrained

warping of an open section beam. From the derivation of Eq. (27.3) of Ref. 1, we see that

2A0
R ¼

Ð
sect

2AR;Ot dsÐ
sect

t ds
(iii)
FIGURE 17.13 Warping Distribution in Channel Section of Example 17.3
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in which AR,O is the area swept out by a generator rotating about the center of twist from some convenient origin
and A0
R is the value of AR,O at the point of zero warping. As an illustration, we apply the method to the beam section

of Example 17.3.

Suppose that the position of the center of twist (i.e., the shear center) has already been calculated and suppose

also that we choose the origin for s to be at the point 1. Then, in Fig. 17.14,ð
sect

t ds ¼ 2� 1:5� 25þ 2:5� 50 ¼ 200 mm2

In the wall 12,

A12 ¼ 1

2
� 25s1 ðAR;O for the wall 12Þ (iv)

from which

A2 ¼ 1

2
� 25� 25 ¼ 312:5 mm2

Also,

A23 ¼ 312:5� 1

2
� 8:04s2 (v)

and

A3 ¼ 312:5� 1

2
� 8:04� 50 ¼ 111:5 mm2
FIGURE 17.14 Determination of Points of Zero Warping
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Finally,
A34 ¼ 111:5þ 1

2
� 25s3 (vi)

Substituting for A12, A23, and A34 from Eqs. (iv)–(vi) in Eq. (iii), we have

2A0
R ¼ 1

200

ð25
0

25� 1:15s1 ds1 þ
ð50
0

2ð312:5� 4:02s2Þ2:5 ds2 þ
ð25
0

2ð111:5þ 12:5s3Þ1:5 ds3
� �

(vii)

Evaluation of Eq. (vii) gives

2A0
R ¼ 424 mm2

We now examine each wall of the section in turn to determine points of zero warping. Suppose that, in the wall 12, a

point of zero warping occurs at a value of s1 equal to s1,0. Then,

2� 1

2
� 25s1;0 ¼ 424

from which

s1;0 ¼ 16:96 mm

so that a point of zero warping occurs in the wall 12 at a distance of 8.04 mm from the point 2 as before. In the web

23, let the point of zero warping occur at s2 ¼ s2,0. Then,

2� 1

2
� 25� 25� 2� 1

2
� 8:04s2;0 ¼ 424

which gives s2,0 ¼ 25 mm (i.e., on the axis of symmetry). Clearly, from symmetry, a further point of zero warping

occurs in the flange 34 at a distance of 8.04 mm from the point 3. The warping distribution is then obtained directly

using Eq. (17.20), in which

AR ¼ AR;O � A0
R

Reference
[1] Megson THG. Aircraft Structures for Engineering Students. Elsevier; 2016.
PROBLEMS

P.17.1 A uniform, thin-walled, cantilever beam of closed rectangular cross-section has the dimensions

shown in Fig. P.17.1. The shear modulus G of the top and bottom covers of the beam is 18,000 N/mm2

while that of the vertical webs is 26,000 N/mm2. The beam is subjected to a uniformly distributed tor-

que of 20 N m/mm along its length. Calculate the maximum shear stress according to the Bred–Batho

theory of torsion. Calculate also, and sketch, the distribution of twist along the length of the cantilever,

assuming that axial constraint effects are negligible. � �

An
swer: tmax ¼ 83:3 N=mm

2; y ¼ 8:14� 10�9 2; 500z� z2

2
rad



FIGURE P.17.1

FIGURE P.17.2
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P.17.2 A single-cell, thin-walled beam with the double trapezoidal cross-section shown in Fig. P.17.2,

is subjected to a constant torque T ¼ 90,500 N m and is constrained to twist about an axis through the

point R. Assuming that the shear stresses are distributed according to the Bredt–Batho theory of torsion,

calculate the distribution of warping around the cross-section. Illustrate your answer clearly by means

of a sketch and insert the principal values of the warping displacements. The shear modulus

G ¼ 27,500 N/mm2 and is constant throughout.
An
swer: w1 ¼ �w6 ¼ �0:53 mm; w2 ¼ �w5 ¼ 0:05 mm; w3 ¼ �w4 ¼ 0:38 mm
Linear distribution.
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P.17.3A uniform thin-walled beam is circular in cross-section and has a constant thickness of 2.5 mm.

The beam is 2,000 mm long, carrying end torques of 450 N m and, in the same sense, a distributed

torque loading of 1.0 N m/mm. The loads are reacted by equal couples R at sections 500 mm distant

from each end (Fig. P.17.3). Calculate the maximum shear stress in the beam and sketch the distribution

of twist along its length. Take G ¼ 30,000 N/mm2 and neglect axial constraint effects.
FIGURE
2 �8 2
Answer: tmax ¼ 24:2 N=mm ; y ¼ �0:85� 10 z rad; 0 � z � 500 mm;
y ¼ 1:7� 10�8ð1; 450z� z2=2Þ � 12:33� 10�3 rad; 500 � z � 1; 000 mm:
P.17.4 The thin-walled box section beam ABCD shown in Fig. P.17.4 is attached at each end to sup-

ports that allow rotation of the ends of the beam in the longitudinal vertical plane of symmetry but

prevent rotation of the ends in vertical planes perpendicular to the longitudinal axis of the beam.

The beam is subjected to a uniform torque loading of 20 N m/mm over the portion BC of its span.

Calculate the maximum shear stress in the cross-section of the beam and the distribution of angle

of twist along its length, G ¼ 70,000 N/mm2.
2 � �
Answer: 71:4 N=mm ; yB ¼ yC ¼ 0:36 ; y at mid-span ¼ 0:72
4 mm

4 mm

6 mm 6 mm

350 mm

200 mm

20 Nm/mm

4 m

1 m

1 m

A B

C
D

P.17.4
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FIGURE P.17.5
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P.17.5 Figure P.17.5 shows a thin-walled cantilever box beam having a constant width of 50 mm

and a depth which decreases linearly from 200 mm at the built-in end to 150 mm at the free end.

If the beam is subjected to a torque of 1 kN m at its free end, plot the angle of twist of the beam

at 500 mm intervals along its length and determine the maximum shear stress in the beam section.

Take G ¼ 25,000 N/mm2.
An

FIGURE
swer: tmax ¼ 33:3 N=mm
2

P.17.6A uniform closed section beam, of the thin-walled section shown in Fig. P.17.6, is subjected to a

twisting couple of 4,500 N m. The beam is constrained to twist about a longitudinal axis through the

center C of the semi-circular arc 12. For the curved wall 12, the thickness is 2 mm and the shear mod-

ulus is 22,000 N/mm2. For the plane walls 23, 34, and 41, the corresponding figures are 1.6 mm and

27,500 N/mm2. (Note: Gt ¼ constant.) Calculate the rate of twist in radians per millimetre. Give a

sketch illustrating the distribution of warping displacement in the cross-section and quote values at

points 1 and 4.
�6

Answer: dy=dz ¼ 29:3� 10 rad=mm;

w3 ¼ �w4 ¼ �0:19 mm; w2 ¼ �w1 ¼ �0:056 mm
P.17.6
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P.17.7A uniform beam with the doubly symmetrical cross-section shown in Fig. P.17.7, has horizontal

and vertical walls made of different materials, which have shear moduliGa andGb, respectively. If, for

any material, the ratio mass density/shear modulus is constant, find the ratio of the wall thicknesses ta
and tb, so that, for a given torsional stiffness and given dimensions a,b, the beam has minimum weight

per unit span. Assume the Bredt–Batho theory of torsion is valid. If this thickness requirement is sat-

isfied find the a/b ratio (previously regarded as fixed), which gives minimumweight for given torsional

stiffness.
An

An

An

FIGURE
swer: tb=ta ¼ Ga=Gb; b=a ¼ 1
P.17.8 The cold-formed section shown in Fig. P.17.8 is subjected to a torque of 50 Nm. Calculate the

maximum shear stress in the section and its rate of twist. G ¼ 25,000 N/mm2.
swer: tmax ¼ 220:6 N=mm
2; dy=dz ¼ 0:0044 rad=mm
P.17.9Determine the rate of twist per unit torque of the beam section shown in Fig. P.16.11 if the shear

modulus G is 25,000 N/mm2. (Note that the shear center position is calculated in P.16.11.)
swer: 6.42 � 10–8 rad/mm
2 mm

20 mm25 mm

25 mm

25 mm

15 mm

15 mm

P.17.8
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P.17.10 Figure P.17.10 shows the cross-section of a thin-walled beam in the form of a channel with

lipped flanges. The lips are of constant thickness 1.27 mm, while the flanges increase linearly in thick-

ness from 1.27 mm where they meet the lips to 2.54 mm at their junctions with the web. The web has a

constant thickness of 2.54 mm. The shear modulus G is 26,700 N/mm2 throughout. The beam has an

enforced axis of twist RR0 and is supported in such a way that warping occurs freely but is zero at the

mid-point of the web. If the beam carries a torque of 100 Nm, calculate the maximum shear stress

according to the St. Venant theory of torsion for thin-walled sections. Ignore any effects of stress con-

centration at the corners. Find also the distribution of warping along the middle line of the section,

illustrating your results by means of a sketch.
swer: tmax ¼ �297:4 N=mm
2; w1 ¼ �5:48 mm ¼ �w6
An

w2 ¼ 5:48 mm ¼ �w5; w3 ¼ 17:98 mm ¼ �w4

P.17.11 The thin-walled section shown in Fig. P.17.11 is symmetrical about the x axis. The thickness
t0 of the center web 34 is constant, while the thickness of the other walls varies linearly from t0 at
points 3 and 4 to zero at the open ends 1, 6, 7, and 8. Determine the St. Venant torsion constant J for
the section and also the maximum value of the shear stress due to a torque T. If the section is
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constrained to twist about an axis through the origin O, plot the relative warping displacements of the

section per unit rate of twist.
FIGURE
swer: J ¼ 4at30=3; tmax ¼ �3T=4at20;ffiffiffip ffiffiffip
An

w1 ¼ þa2ð1þ 2 2Þ; w2 ¼ þ 2a2; w7 ¼ �a2; w3 ¼ 0
P.17.11MATLAB If the length of the vertical web of the section shown in Fig. P.17.11 is labeled Lweb,
use MATLAB to repeat the calculation of J and tmax in Problem P.17.11 for values of Lweb ranging
from a to 4a in increments of a/2 (i.e., a, 3a/2, 2a, . . . , 4a).
3 2
Answer: ðiÞ Lweb ¼ a : J ¼ at0=3; tmax ¼ �T=at0
ðiiÞ Lweb ¼ 3a=2 : J ¼ 7at30=6; tmax ¼ �6T=7at20
ðiiiÞ Lweb ¼ 2a : J ¼ 4at30=3; tmax ¼ �3T=4at20
ðivÞ Lweb ¼ 5a=2 : J ¼ 3at30=2; tmax ¼ �2T=3at20
ðvÞ Lweb ¼ 3a : J ¼ 5at30=3; tmax ¼ �3T=5at20
ðviÞ Lweb ¼ 7a=2 : J ¼ 11at30=6; tmax ¼ �6T=11at20
ðviiÞ Lweb ¼ 4a : J ¼ 2at30; tmax ¼ �T=2at20
P.17.12 The thin-walled section shown in Fig. P.17.12 is constrained to twist about an axis through R,

the center of the semi-circular wall 34. Calculate the maximum shear stress in the section per unit tor-

que and the warping distribution per unit rate of twist. Also compare the value of warping displacement

at the point 1 with that corresponding to the section being constrained to twist about an axis through the
P.17.11
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point O and state what effect this movement has on the maximum shear stress and the torsional stiffness

of the section.
An

FIGURE
swer: Maximum shear stress is �0.42/rt2 per unit torque
w03 ¼ þr2y; w32 ¼ þ r

2
ðpr þ 2s1Þ; w21 ¼ � r

2
ð2s2 � 5:142rÞ
th center of twist at O, w1 ¼ –0.43r2. Maximum shear stress is unchanged, torsional stiffness
Wi

increased since warping reduced.

P.17.13Determine the maximum shear stress in the beam section shown in Fig. P.17.13, stating clearly

the point at which it occurs. Determine also the rate of twist of the beam section if the shear modulusG
is 25,000 N/mm2.
swer: 70.2 N/mm2 on the underside of 24 at 2 or on the upper surface of 32 at 2. 9.0� 10–4 rad/mm
An
100 mm

3 mm

25 mm

423

1

80 mm

1 kN

2 mm

P.17.13



CHAPTER
Combined open and closed
section beams
 18

So far, in Chapters 15–17, we analyzed thin-walled beams that consist of either completely closed

cross-sections or completely open cross-sections. Frequently, aircraft components comprise combina-

tions of open and closed section beams. For example, the section of a wing in the region of an under-

carriage bay could take the form shown in Fig. 18.1. Clearly, part of the section is an open channel

section, while the nose portion is a single-cell closed section. We now examine the methods of analysis

of such sections when subjected to bending, shear, and torsional loads.
18.1 BENDING
It is immaterial what form the cross-section of a beam takes; the direct stresses due to bending are given

by either Eq. (15.17) or (15.18).
Example 18.1
Determine the direct stress distribution in the wing section shown in Fig. 18.2 when it is subjected to a bending

moment of 5,000 Nm applied in a vertical plane.

The beam section has the x axis as an axis of symmetry so that Ixy = 0 and, also, since My = 0 Eq. (15.18)

reduces to

sz ¼ Mx=Ixxð Þy (i)

From Section 15.4.5 the second moment of area of the semicircular nose portion is

Ixx nose portionð Þ ¼ p� 503 � 2=2 ¼ 0:4� 106 mm4

For the rectangular box

Ixx rect:boxð Þ ¼ 2� 4� 1003
� �

=12þ 2� 200� 2� 502 ¼ 2:7� 106 mm4

For the arcs 23 and 56

Ixx arcs 23; 56ð Þ ¼ 2

ðp=2
p=4

2 50 sin yð Þ2 50 dy

which gives

Ixx arcsð Þ ¼ 0:3� 106 mm4

Therefore for the complete beam section

Ixx ¼ 3:4� 106 mm4
Introduction to Aircraft Structural Analysis, Third Edition. http://dx.doi.org/10.1016/B978-0-08-102076-0.00018-X

Copyright © 2018 T.H.G. Megson. Published by Elsevier Ltd. All rights reserved.
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FIGURE 18.1 Wing Section Comprising Open and Closed Components
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FIGURE 18.2 Beam Section of Example 18.1
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and Eq. (i) becomes
sz ¼ 5;000� 103=3:4� 106
� �

y ¼ 1:47y (ii)

In 01

sz;01 ¼ 1:47� 50 sin f ¼ 73:5 sinf (iii)

so that when f = 0, sz,01 = 0 and when f = 90o, sz,1 = +73.5 N/mm2.

In 71

sz;71 ¼ 1:47y (iv)

When y = 0, sz,7 = 0 and y = 50 mm, sz,1 = +73.5 N/mm2.

By inspection, sz,12 = +73.5 N/mm2 and the direct stress distribution in 82 will be identical to that in 71.

In 32

sz ;32 ¼ 1:47y ¼ 1:47� 50 sin y ¼ 73:5 siny (v)

When y = p/4,

sz;3 ¼ þ52:0 N=mm2:

The direct stress distribution in the lower half of the wing section follows from symmetry; the complete distribution

is shown in Fig. 18.3.
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FIGURE 18.3 Direct Stress Distribution in Beam Section of Example 18.1
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18.2 SHEAR
The methods described in Sections 16.2 and 16.3 are used to determine the shear stress distribution,

although, unlike the completely closed section case, shear loads must be applied through the shear

center of the combined section; otherwise, shear stresses of the type described in Section 17.2 due

to torsion arise. Where shear loads do not act through the shear center, its position must be found

and the loading system replaced by shear loads acting through the shear center together with a torque;

the two loading cases are then analyzed separately. Again, we assume that the cross-section of the beam

remains undistorted by the loading.
Example 18.2
Determine the shear flow distribution in the beam section shown in Fig. 18.4 when it is subjected to a shear load in

its vertical plane of symmetry. The thickness of the walls of the section is 2 mm throughout.

The centroid of area C lies on the axis of symmetry at some distance �y from the upper surface of the beam

section. Taking moments of area about this upper surface,

4� 100� 2þ 4� 200� 2ð Þ�y ¼ 2� 100� 2� 50þ 2� 200� 2� 100þ 200� 2� 200

which gives �y ¼ 75 mm.

The second moment of area of the section about Cx is given by

Ixx ¼ 2
2� 1003

12
þ 2� 100� 252

0
@

1
Aþ 400� 2� 752 þ 200� 2� 1252

þ 2
2� 2003

12
þ 2� 200� 252

0
@

1
A
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that is,
Ixx ¼ 14:5� 106 mm4

The section is symmetrical about Cy so that Ixy ¼ 0 and, since Sx ¼ 0, the shear flow distribution in the closed

section 3456 is, from Eq. (16.15),

qs ¼ � Sy
Ixx

ðs
0

ty dsþ qs;0 (i)

Also, the shear load is applied through the shear center of the complete section, that is, along the axis of symmetry,

so that, in the open portions 123 and 678, the shear flow distribution is, from Eq. (16.14),

qs ¼ Sy
Ixx

ðs
0

ty ds (ii)

We note that the shear flow is zero at the points 1 and 8 and therefore the analysis may conveniently, though not

necessarily, begin at either of these points. Thus, referring to Fig. 18.4,

q12 ¼ � 100� 103

14:5� 106

ðs1
0

2ð�25þ s1Þ ds1

that is,

q12 ¼ �69:0� 10�4 �50s1 þ s21
� �

(iii)

from which q2 ¼ –34.5 N/mm.
FIGURE 18.4 Beam Section of Example 18.2
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Examination of Eq. (iii) shows that q12 is initially positive and changes sign when s1¼ 50 mm. Further, q12 has

a turning value (dq12/ds1 ¼ 0) at s1 ¼ 25 mm of 4.3 N/mm. In the wall 23,

q23 ¼ �69:0� 10�4

ðs2
0

2� 75 ds2 � 34:5

that is,

q23 ¼ �1:04s2 � 34:5 (iv)

Hence, q23 varies linearly from a value of –34.5 N/mm at 2 to –138.5 N/mm at 3 in the wall 23.

The analysis of the open part of the beam section is now complete, since the shear flow distribution in the walls

67 and 78 follows from symmetry. To determine the shear flow distribution in the closed part of the section, we

must use the method described in Section 16.3, in which the line of action of the shear load is known. Thus,

we “cut” the closed part of the section at some convenient point, obtain the qb or “open section” shear

flows for the complete section then take moments as in Eq. (16.17) or (16.18). However, in this case, we may

use the symmetry of the section and loading to deduce that the final value of shear flow must be zero at the

midpoints of the walls 36 and 45, that is, qs ¼ qs,0 ¼ 0 at these points. Hence,

q03 ¼ �69:0� 10�4

ðs3
0

2� 75 ds3

so that

q03 ¼ �1:04s3 (v)

and q3 ¼ –104 N/mm in the wall 03. It follows that, for equilibrium of shear flows at 3, q3, in the wall 34, must be

equal to –138.5 –104 ¼ –242.5 N/mm. Hence,

q34 ¼ �69:0� 10�4

ðs4
0

2 75� s4ð Þds4 � 242:5

which gives

q34 ¼ �1:04s4 þ 69:0� 10�4s24 � 242:5 (vi)

Examination of Eq. (vi) shows that q34 has a maximum value of –281.7 N/mm at s4 ¼ 75 mm; also,

q4 ¼ –172.5 N/mm. Finally, the distribution of shear flow in the wall 94 is given by

q94 ¼ �69:0� 10�4

ðs5
0

2 �125ð Þ ds5

that is,

q94 ¼ 1:73s5 (vii)

The complete distribution is shown in Fig. 18.5.



FIGURE 18.5 Shear Flow Distribution in Beam of Example 18.2 (All Shear Flows in N/mm)
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18.3 TORSION
Generally, in the torsion of composite sections, the closed portion is dominant, since its torsional stiff-

ness is far greater than that of the attached open section portion, which frequently may be ignored in the

calculation of torsional stiffness; shear stresses should, however, be checked in this part of the section.
Example 18.3
Find the angle of twist per unit length in the wing whose cross-section is shown in Fig. 18.6 when it is subjected to a

torque of 10 kN m. Find also the maximum shear stress in the section. G ¼ 25,000 N/mm2.

Wall 12 ðouterÞ ¼ 900 mm; nose cell area ¼ 20;000 mm2
FIGURE 18.6 Wing Section of Example 18.3
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It may be assumed, in a simplified approach, that the torsional rigidityGJ of the complete section is the sum of the

torsional rigidities of the open and closed portions. For the closed portion, the torsional rigidity is, from Eq. (17.4),

GJð Þcl ¼
4A2G

rds=t
¼ 4� 20;0002 � 25;000

900þ 300ð Þ=1:5
which gives

GJð Þcl ¼ 5;000� 107 N mm2

The torsional rigidity of the open portion is found using Eq. (17.11), thus,

GJð Þop ¼ G
X st3

3
¼ 25;000� 900� 23

3

that is,

GJð Þop ¼ 6� 107 N mm2

The torsional rigidity of the complete section is then

GJ ¼ 5;000� 107 þ 6� 107 ¼ 5;006� 107 N mm2

In all unrestrained torsion problems, the torque is related to the rate of twist by the expression

T ¼ GJ
dy
dz

The angle of twist per unit length is therefore given by

dy
dz

¼ T

GJ
¼ 10� 106

5;006� 107
¼ 0:0002 rad=mm

Substituting for T in Eq. (17.1) from Eq. (17.4), we obtain the shear flow in the closed section. Thus,

qcl ¼ GJð Þcl
2A

dy
dz

¼ 5;000� 107

2� 20;000
� 0:0002

from which

qcl ¼ 250 N=mm

The maximum shear stress in the closed section is then 250/1.5 ¼ 166.7 N/mm2.

In the open portion of the section, the maximum shear stress is obtained directly from Eq. (17.10) and is

tmax;op ¼ 25;000� 2� 0:0002 ¼ 10 N=mm2

It can be seen from this that, in terms of strength and stiffness, the closed portion of the wing section dominates.

This dominance may be used to determine the warping distribution. Having first found the position of the center

of twist (the shear center), the warping of the closed portion is calculated using the method described in

Section 17.1. The warping in the walls 13 and 34 is then determined using Eq. (17.19), in which the origin

of the swept area AR is taken at the point 1 and the value of warping is that previously calculated for the closed

portion at 1.
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Example 18.4
The wing section shown in Fig. 18.7 is subjected to a vertical shear load of 50 kN in the plane of the web 43.

Determine the rate of twist of the section and the maximum shear stress. Take G=25,000 N/mm2.

The 50 kN load acting in the plane of the web 43 must be replaced by a 50 kN load acting through the shear

center of the section together with a torque. Initially, therefore, we must find the position of the shear center which

will, however, lie on the horizontal axis of symmetry.

From Section 15.4.5

Ixx ¼ ðp� 503 � 2Þ=2þ ð4� 1003=12Þ þ 2 2� 100� 502 þ ð2� 253=12Þ þ 2� 25� 37:52
� �

i.e.,

Ixx ¼ 1:87� 106 mm4

To find the position of the shear center we apply an arbitrary shear load, Sy, through the shear center S as shown in

Fig. 18.7. Then, since Sx=0 and Ixy=0, Eq. (16.15) reduces to

qs ¼ �ðSy=IxxÞ
ðs
0

ty dsþ qs;0 (i)

For the open part of the wing section qs,0=0 at the open edges 1 and 6 while for the closed part of the section qs,0 may

be found using Eq. (16.27) since the rate of twist will be zero for a shear load applied through the shear center. Then

q12 ¼ �ðSy=IxxÞ
ðs1
0

ty ds1

i.e.,

q12 ¼ �ðSy=IxxÞ
ðs1
0

2ð25þ s1Þ ds1
50 kN

2 mm

2

4 mm

4 2 mm

2 mm

2 mm

25 mm

25 mm

s1

s2

s3

2 mm

100 mm

100 mm
x

3

0q

xs

1

6

5

Sy

S
7

50 m
m

FIGURE 18.7 Wing Section of Example 18.4
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which gives
q12 ¼ �ðSy=IxxÞ ð50s1 þ s1
2Þ (ii)

At the point 2, when s1=25 mm, q2= -1,875(Sy/Ixx).

In the wall 23

q23 ¼ �ðSy=IxxÞð
ðs2
0

2� 50 ds2 þ 1;875Þ

so that

q23 ¼ �ðSy=IxxÞ ð100s2 þ 1;875Þ (iii)

When s2=100 mm, q3= -11,875(Sy/Ixx).

Now we “cut” the closed part of the section at 7. Then

qb;73 ¼ �ðSy=IxxÞ
ðy
0

2� 50 sin y� 50 dy

which gives

qb;73 ¼ 5;000ðSy=IxxÞð cos y� 1Þ (iv)

When y = p/2 at 3, qb,3= -5,000(Sy/Ixx).

In the wall 34

qb;34 ¼ �ðSy=IxxÞ½
ðs3
0

4ð50� s3Þds3 þ 5;000þ 11;875�

which gives

qb;34 ¼ ðSy=IxxÞ ð2s32 � 200s3 � 16;875Þ (v)

From Eq. (16.27)

qs ;0 ¼ �½rðqb=tÞds�=ðrðds=tÞ (vi)

whererds/t=(p�50/2)+(100/4)=103.5 and

rðqb=tÞds ¼ 2ðSy=IxxÞ½
ðp=2
0

ð5;000=2Þð cos y� 1Þ50 dyþ
ð50
0

ð1=4Þð2s32 � 200s3 � 16;875Þds3�

Integrating and substituting the limits gives

rðqb=tÞds ¼ �647;908ðSy=IxxÞ
so that from Eq. (vi)

qs;0 ¼ 6;260ðSy=IxxÞ
Then

q73 ¼ ðSy=IxxÞð5;000 cos yþ 1;260Þ (vii)

and

q34 ¼ ðSy=IxxÞð2s32 � 200s3 � 10;615Þ (viii)
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Now taking moments about the center of the web 34
SyxS ¼ 2½
ðp=2
0

q73 � 502 dy�
ð25
0

q12 � 100 ds1 �
ð100
0

q23 � 50 ds2�

Substituting for q73 etc. from Eqs. (vii), (ii), and (iii) and carrying out the integration gives

xS ¼ 57:7 mm

The actual loading on the wing section of 50 kN in the plane of the web 43 is therefore equivalent to a 50 kN load

acting through the shear center together with an anticlockwise torque of 50 x 103 x 57.7=2885 Nm.

The shear flow distribution due to the 50 kN load acting through the shear center is given by Eqs. (ii), (iii), (vii),

and (viii) in which Sy=50 kN. Then

q12 ¼ �ð50� 103=1:87� 106Þð50s1 þ s1
2Þ ¼ �0:027ð50s1 þ s1

2Þ (ix)
q23 ¼ �0:027ð100s2 þ 1;875Þ (x)

q ¼ 0:027ð5;000 cos yþ 1;260Þ (xi)
73

2
q34 ¼ 0:027ð2s3 � 200s3 � 10;615Þ (xii)

The maximum shear flow in the wall 12 occurs, from Eq. (ix), at s1=25 mm and is equal to –50.1 N/mm.

From Eq. (x) the maximum shear flow in the wall 23 occurs when s2=100 mm and is equal to -320.6 N/mm. From

Eq. (xi) the maximum shear flow in the wall 73 occurs when y = 0 and is +169.0 N/mm. At 3 in the wall 73 the shear

flow is 34.0 N/mm. Also, in the wall 34 at 3, the shear flow, from Eq. (xii), is 286.6 N/mm and the maximum value

of the shear flow in the wall 34 occurs when s3=50 mm and is equal to –421.6 N/mm.

We shall assume, as in Ex. 18.3, that the torsional rigidity, GJ, of the complete section is the sum of the tor-

sional rigidities of the closed and open sections. For the closed portion, from Eq. (17.4)

ðGJÞcl ¼ ð4A2=GÞ=ðrds=tÞ ¼ ½4ðp� 502=2Þ2 � 25;000�=103:5 ¼ 1;487� 107 Nmm2

From Eq. (17.11)

ðGJÞop ¼ 25;000� 2ð100� 23 þ 25� 23Þ=3 ¼ 1:7� 107 Nmm2

The torsional rigidity of the complete section is then

GJ ¼ 1;487� 107 þ 1:7� 107 ¼ 1;489� 107 Nmm2

The rate of twist in the combined section is given by

ðdy=dzÞ ¼ ðT=GJÞ ¼ 2;885� 103=1;489� 107 ¼ 1:94� 10�4 rad=mm

Substituting for the torque, T, in Eq. (17.1) from Eq. (17.4) we obtain the shear flow in the closed part of the section,

i.e.,

qcl ¼ ½ðGJÞcl=2A�ðdy=dzÞ ¼ ½1;487� 107=2ðp� 502=2Þ� � 1:94� 10�4 ¼ 367:3 N=mm

which is due to torsion.

In the open part of the section the maximum shear stress is obtained directly from Eq. (17.10) and is

tmax;op ¼ 25;000� 2� 1:94� 10�4 ¼ 9:7 N=mm2
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We shall now examine the complete shear stress distribution to determine its maximum value. The maximum shear
flow due to shear in the open part of the section occurs at 3 in the wall 23 and is 320.6 N/mm so that the corre-

sponding shear stress is 320.6/2=160.3 N/mm2 giving a maximum shear stress of 160.3+9.7=170.0 N/mm2. The

maximum shear flow due to shear in the closed part of the section is 421.6 N/mm in the direction 43 while the shear

flow due to torsion is 363.5 N/mm in the direction 34 giving a resultant shear flow of 421.6 – 363.5=58.1 N/mm in

the direction 43; the corresponding shear stress is 58.1/4=14.5 N/mm2. At 3 in the web 34 the combined shear

flow due to shear and torsion is 363.5 – 286.6=76.9 N/mm in the direction 34; the corresponding shear stress

is 76.9/4=19.2 N/mm2. In the wall 73 the maximum shear flow due to shear and torsion is 169.0+

363.5=532.5 N/mm giving a shear stress of 532.5/2=266.3 N/mm2.

We conclude, therefore, that the maximum shear stress in the combined section is 266.3 N/mm2 and occurs at

the point 7 in the wall 73.
PROBLEMS

P.18.1. The beam section of Example 18.2 (see Fig. 18.4) is subjected to a bending moment in a vertical

plane of 20 kN m. Calculate the maximum direct stress in the cross-section of the beam.
An

An

An

FIGURE
swer: 172.5 N/mm2
P.18.2. A wing box has the cross-section shown diagrammatically in Fig. P.18.2 and supports a shear

load of 100 kN in its vertical plane of symmetry. Calculate the shear stress at the midpoint of the web 36

if the thickness of all walls is 2 mm.
swer: 89.7 N/mm2
P.18.3. If the wing box of P.18.2 is subjected to a torque of 100 kN m, calculate the rate of twist of the

section and the maximum shear stress. The shear modulus G is 25,000 N/mm2.
swer: 18.5 � 10–6 rad/mm, 170 N/mm2
600 mm

100 kN

7

8

1

2 3

4

500 mm

5
6

200 mm
100 mm

100 mm
200 mm

P.18.2
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P.18.3. MATLAB Use MATLAB to repeat Problem P.18.3 for values of t ranging from 1 to 3 mm in

increments of 0.25 mm.
An

An

FIGURE
�6 2
Answer: ið Þ t ¼ 1 mm: 37� 10 rad=mm; 340 N=mm

iið Þ t ¼ 1:25 mm: 29:6� 10�6 rad=mm; 272 N=mm2

iiið Þ t ¼ 1:5 mm: 24:7� 10�6 rad=mm; 227 N=mm2

ivð Þ t ¼ 1:75 mm: 21:2� 10�6 rad=mm; 194 N=mm2

vð Þ t ¼ 2 mm: 18:5� 10�6 rad=mm; 170 N=mm2

við Þ t ¼ 2:25 mm: 16:5� 10�6 rad=mm; 151 N=mm2

viið Þ t ¼ 2:5 mm: 14:8� 10�6 rad=mm; 136 N=mm2

viiið Þ t ¼ 2:75 mm: 13:5� 10�6 rad=mm; 124 N=mm2

ixð Þ t ¼ 3 mm: 12:3� 10�6 rad=mm; 113 N=mm2

P.18.4. If the shear load of 100 kN acting in the vertical plane of symmetry of the wing box shown in

Fig. P.18.2 now acts in the plane of the web 72, calculate the rate of twist in the section and the max-

imum shear stress.
swer: 5.6�10-6 rad/mm, 140.7 N/mm2.
P.18.5. The singly symmetrical wing section shown in Fig. P.18.5 carries a vertical shear load of 50 kN

in the plane of the web 63. Calculate the rate of twist of the section and the maximum shear stress in its

walls. Take G = 25,000 N/mm2.
swer: 3.23�10-4 rad/mm, 441.3 N/mm2.
50 kN

2 mm2 mm

2 mm

4 mm

25 mm

25 mm

2 mm2

1

8

76

50 mm 50 mm 50 mm

3

4

5

9

50 mm

50 mm

25 mm

25 mm
0

P.18.5



CHAPTER
Structural idealization
 19

So far, we have been concerned with relatively uncomplicated structural sections which, in practice, are

formed from thin plate or by the extrusion process. While these sections exist as structural members in

their own right, they are frequently used, as we saw in Chapter 11, to stiffen more complex structural

shapes, such as fuselages, wings, and tail surfaces. Thus, a two spar wing section could take the form

shown in Fig. 19.1, in which Z-section stringers are used to stiffen the thin skin, while angle sections

form the spar flanges. Clearly, the analysis of a section of this type is complicated and tedious unless

some simplifying assumptions are made. Generally, the number and nature of these simplifying

assumptions determine the accuracy and the degree of complexity of the analysis; the more complex

the analysis, the greater the accuracy obtained. The degree of simplification introduced is governed by

the particular situation surrounding the problem. For a preliminary investigation, speed and simplicity

are often of greater importance than extreme accuracy; on the other hand, a final solution must be as

exact as circumstances allow.

Complex structural sections may be idealized into simpler “mechanical model” forms, which be-

have, under given loading conditions, in the same, or very nearly the same, way as the actual structure.

We shall see, however, that different models of the same structure are required to simulate actual be-

havior under different systems of loading.
19.1 PRINCIPLE
In the wing section of Fig. 19.1, the stringers and spar flanges have small cross-sectional dimensions

compared with the complete section. Therefore, the variation in stress over the cross-section of a

stringer due to, say, bending of the wing is small. Furthermore, the difference between the distances

of the stringer centroids and the adjacent skin from the wing section axis is small. It is reasonable to

assume therefore that the direct stress is constant over the stringer cross-sections. We therefore replace

the stringers and spar flanges by concentrations of area, known as booms, over which the direct stress is
constant and which are located along the mid-line of the skin, as shown in Fig. 19.2. In wing and fu-

selage sections of the type shown in Fig. 19.1, the stringers and spar flanges carry most of the direct

stresses while the skin is effective mainly in resisting shear stresses, although it also carries some of the

direct stresses. The idealization shown in Fig. 19.2 may therefore be taken a stage further by assuming

that all direct stresses are carried by the booms while the skin is effective only in shear. The direct stress

carrying capacity of the skin may be allowed for by increasing each boom area by an area equivalent to

the direct stress carrying capacity of the adjacent skin panels. The calculation of these equivalent areas

generally depends upon an initial assumption as to the form of the distribution of direct stress in a

boom–skin panel.
Introduction to Aircraft Structural Analysis, Third Edition. http://dx.doi.org/10.1016/B978-0-08-102076-0.00019-1
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FIGURE 19.1 Typical Wing Section

FIGURE 19.2 Idealization of a Wing Section

582 CHAPTER 19 Structural idealization
19.2 IDEALIZATION OF A PANEL
Suppose we wish to idealize the panel of Fig. 19.3(a) into a combination of direct stress carrying booms

and shear stress only carrying skin, as shown in Fig. 19.3(b). In Fig. 19.3(a), the direct stress carrying

thickness tD of the skin is equal to its actual thickness t; while, in Fig. 19.3(b), tD¼ 0. Suppose also that

the direct stress distribution in the actual panel varies linearly from an unknown value s1 to an un-

known value s2. Clearly, the analysis should predict the extremes of stress s1 and s2, although the

distribution of direct stress is obviously lost. Since the loading producing the direct stresses in the actual

and idealized panels must be the same, we can equate moments to obtain expressions for the boom areas

B1 and B2. Thus, taking moments about the right-hand edge of each panel,
FIGURE 19.3 Idealization of a Panel
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s2tD
b2

2
þ 1

2
s1 � s2ð ÞtDb 2

3
b ¼ s1B1b

from which

B1 ¼ tDb

6
2þ s2

s1

� �
(19.1)

Similarly,

B2 ¼ tDb

6
2þ s1

s2

� �
(19.2)

In Eqs. (19.1) and (19.2), the ratio of s1 to s2, if not known, may frequently be assumed.

The direct stress distribution in Fig. 19.3(a) is caused by a combination of axial load and bending

moment. For axial load only, s1/s2 ¼ 1 and B1 ¼ B2 ¼ tDb/2; for a pure bending moment, s1/s2 ¼ –1

and B1¼ B2¼ tDb/6. Thus, different idealizations of the same structure are required for different load-

ing conditions.
Example 19.1
Part of a wing section is in the form of the two-cell box shown in Fig. 19.4(a), in which the vertical spars are con-

nected to the wing skin through angle sections all having a cross-sectional area of 300 mm2. Idealize the section

into an arrangement of direct stress carrying booms and shear stress only carrying panels suitable for resisting

bending moments in a vertical plane. Position the booms at the spar/skin junctions.

The idealized section is shown in Fig. 19.4(b), in which, from symmetry, B1 ¼ B6, B2 ¼ B5, B3 ¼ B4. Since the

section is required to resist bending moments in a vertical plane, the direct stress at any point in the actual wing

section is directly proportional to its distance from the horizontal axis of symmetry. Further, the distribution of

direct stress in all the panels is linear, so that either Eq. (19.1) or (19.2) may be used. We note that, in addition

to contributions from adjacent panels, the boom areas include the existing spar flanges. Hence.

B1 ¼ 300þ 3:0� 400

6
2þ s6

s1

� �
þ 2:0� 600

6
2þ s2

s1

� �
FIGURE 19.4 Idealization of a Wing Section
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or
B1 ¼ 300þ 3:0� 400

6
2� 1ð Þ þ 2:0� 600

6
2þ 150

200

� �

which gives

B1 ¼ B6ð Þ ¼ 1; 050 mm2

Also,

B2 ¼ 2� 300þ 2:0� 600

6
2þ s1

s2

� �
þ 2:5� 300

6
2þ s5

s2

� �
þ 1:5� 600

6
2þ s3

s2

� �

that is,

B2 ¼ 2� 300þ 2:0� 600

6
2þ 200

150

� �
þ 2:5� 300

6
2�1ð Þ þ 1:5� 600

6
2þ 100

150

� �

from which

B2 ¼ B5ð Þ ¼ 1; 791:7 mm2

Finally,

B3 ¼ 300þ 1:5� 600

6
2þ s2

s3

� �
þ 2:0� 200

6
2þ s4

s3

� �

that is,

B3 ¼ 300þ 1:5� 600

6
2þ 150

100

� �
þ 2:0� 200

6
2� 1ð Þ

so that

B3 ¼ B4ð Þ ¼ 891:7 mm2
19.3 EFFECT OF IDEALIZATION ON THE ANALYSIS OF OPEN AND CLOSED
SECTION BEAMS
The addition of direct stress carrying booms to open and closed section beams clearly modifies the

analyses presented in Chapters 15–17. Before considering individual cases, we shall discuss the im-

plications of structural idealization. Generally, in any idealization, different loading conditions require

different idealizations of the same structure. In Example 19.1, the loading is applied in a vertical plane.

If, however, the loading had been applied in a horizontal plane, the assumed stress distribution in the

panels of the section would have been different, resulting in different values of boom area.

Suppose that an open or closed section beam is subjected to given bending or shear loads and that the

required idealization has been completed. The analysis of such sections usually involves the determina-

tion of the neutral axis position and the calculation of sectional properties. The position of the neutral axis

is derived from the condition that the resultant load on the beam cross-section is zero, that is,
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ð
A

sz dA ¼ 0 ðsee Eq: ð15:3ÞÞ

The area A in this expression is clearly the direct stress carrying area. It follows that the centroid of the

cross-section is the centroid of the direct stress carrying area of the section, depending on the degree

and method of idealization. The sectional properties, Ixx, and so forth, must also refer to the direct stress

carrying area.
19.3.1 Bending of open and closed section beams
The analysis presented in Sections 15.1 and 15.2 applies and the direct stress distribution is given by

any of Eqs. (15.9), (15.17), or (15.18), depending on the beam section being investigated. In these equa-

tions the coordinates (x, y) of points in the cross-section are referred to axes having their origin at the

centroid of the direct stress carrying area. Furthermore, the section properties Ixx, Iyy, and Ixy are

calculated for the direct stress carrying area only.

In the case where the beam cross-section has been completely idealized into direct stress carrying

booms and shear stress only carrying panels, the direct stress distribution consists of a series of direct

stresses concentrated at the centroids of the booms.
Example 19.2
The fuselage section shown in Fig. 19.5 is subjected to a bending moment of 100 kNm applied in the vertical plane

of symmetry. If the section has been completely idealized into a combination of direct stress carrying booms and

shear stress only carrying panels, determine the direct stress in each boom.

The section has Cy as an axis of symmetry and resists a bending moment Mx ¼ 100 kNm. Equation (15.17)

therefore reduces to
FIGURE 19.5 Idealized fuselage Section of Example 19.2



Table 19.1 Example 19.2

➀
Boom

➁
y (mm)

➂
B (mm2)

➃
DIxx ¼ By2 (mm4)

➄
sz (N/mm2)

1 þ660 640 278 � 106 35.6

2 þ600 600 216 � 106 32.3

3 þ420 600 106 � 106 22.6

4 þ228 600 31 � 106 12.3

5 þ25 620 0.4 � 106 1.3

6 –204 640 27 � 106 –11.0

7 –396 640 100 � 106 –21.4

8 –502 850 214 � 106 –27.0

9 –540 640 187 � 106 –29.0
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sz ¼ Mx

Ixx
y (i)

The origin of axes Cxy coincides with the position of the centroid of the direct stress carrying area, which, in this

case, is the centroid of the boom areas. Thus, taking moments of area about boom 9,

6� 640þ 6� 600þ 2� 620þ 2� 850ð Þy
¼ 640� 1; 200þ 2� 600� 1140þ 2� 600� 960þ 2� 600� 768

þ 2� 620� 565þ 2� 640� 336þ 2� 640� 144þ 2� 850� 38

which gives

y ¼ 540 mm

The solution is now completed in Table 19.1.

From column ➃.

Ixx ¼ 1; 854� 106 mm4

and column ➄ is completed using Eq. (i).

19.3.2 Shear of open section beams
The derivation of Eq. (16.14) for the shear flow distribution in the cross-section of an open section

beam is based on the equilibrium equation (16.2). The thickness t in this equation refers to the direct

stress carrying thickness tD of the skin. Equation (16.14) may therefore be rewritten

qs ¼ � SxIxx � SyIxy
IxxIyy � I2xy

 !ðs
0

tDx ds� SyIyy � SxIxy
IxxIyy � I2xy

 !ðs
0

tDy ds (19.3)

in which tD ¼ t if the skin is fully effective in carrying direct stress or tD ¼ 0 if the skin is assumed to

carry only shear stresses. Again, the section properties in Eq. (19.3) refer to the direct stress carrying

area of the section, since they are those which feature in Eqs. (15.17) and (15.18).



FIGURE 19.6 (a) Elemental Length of Shear Loaded Open Section Beam with Booms; (b) Equilibrium of Boom

Element
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Equation (19.3) makes no provision for the effects of booms which cause discontinuities in the skin

and therefore interrupt the shear flow. Consider the equilibrium of the rth boom in the elemental length

of beam shown in Fig. 19.6(a), which carries shear loads Sx and Sy acting through its shear center S.

These shear loads produce direct stresses due to bending in the booms and skin and shear stresses in the

skin. Suppose that the shear flows in the skin adjacent to the rth boom of cross-sectional area Br are q1
and q2. Then, from Fig. 19.6(b),

sz þ @sz

@z
dz

� �
Br � szBr þ q2dz� q1dz ¼ 0

which simplifies to

q2 � q1 ¼ � @sz

@z
Br (19.4)

Substituting for sz in Eq. (19.4) from (15.17), we have

q2 � q1 ¼� @My=@z
� �

Ixx � @Mx=@zð ÞIxy
IxxIyy � I2xy

2
4

3
5Brxr

� @Mx=@zð ÞIyy � @My=@z
� �

Ixy

IxxIyy � I2xy

2
4

3
5Bryr

or, using the relationships of Eqs. (15.22) and (15.23),

q2 � q1 ¼ � SxIxx � SyIxy
IxxIyy � I2xy

 !
Brxr � SyIyy � SxIxy

IxxIyy � I2xy

 !
Bryr (19.5)
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Equation (19.5) gives the change in shear flow induced by a boom which itself is subjected to a direct
load (szBr). Each time a boom is encountered, the shear flow is incremented by this amount, so that if,

at any distance s around the profile of the section, n booms have been passed, the shear flow at the point

is given by

qs ¼� SxIxx � SyIxy
IxxIyy � I2xy

0
@

1
A ðs

0

tDx dsþ
Xn
r¼1

Brxr

 !

� SyIyy � SxIxy
IxxIyy � I2xy

0
@

1
A ðs

0

tDy dsþ
Xn
r¼1

Bryr

 ! (19.6)
Example 19.3
Calculate the shear flow distribution in the channel section shown in Fig. 19.7 produced by a vertical shear load of

4.8 kN acting through its shear center. Assume that the walls of the section are effective in resisting only shear

stresses, while the booms, each of area 300 mm2, carry all the direct stresses.

The effective direct stress carrying thickness tD of the walls of the section is zero so that the centroid of area and

the section properties refer to the boom areas only. Since Cx (and Cy as far as the boom areas are concerned) is an

axis of symmetry, Ixy ¼ 0; also Sx ¼ 0 and Eq. (19.6) thereby reduces to

qs ¼ � Sy
Ixx

Xn
r¼1

Bryr (i)

in which Ixx ¼ 4 � 300 � 2002 ¼ 48 � 106 mm4. Substituting the values of Sy and Ixx in Eq. (i) gives
FIGURE 19.7 Idealized Channel Section of Example 19.3
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qs ¼ � 4:8� 103

48� 106

Xn
r¼1

Bryr ¼ �10�4
Xn
r¼1

Bryr (ii)

At the outside of boom 1, qs ¼ 0. As boom 1 is crossed, the shear flow changes by an amount given by

Dq1 ¼ �10�4 � 300� 200 ¼ �6 N=mm

Hence, q12¼ –6 N/mm, since, from Eq. (i), it can be seen that no further changes in shear flow occur until the next

boom (2) is crossed. Hence,

q23 ¼ �6� 10�4 � 300� 200 ¼ �12 N=mm

Similarly,

q34 ¼ �12� 10�4 � 300� �200ð Þ ¼ �6 N=mm

while, finally, at the outside of boom 4, the shear flow is

�6� 10�4 � 300� �200ð Þ ¼ 0

as expected. The complete shear flow distribution is shown in Fig. 19.8.

It can be seen, from Eq. (i) in Example 19.3, that the analysis of a beam section which is idealized

into a combination of direct stress carrying booms and shear stress only carrying skin gives constant

values of the shear flow in the skin between the booms; the actual distribution of shear flows is there-

fore lost. What remains is in fact the average of the shear flow, as can be seen by referring to Example

19.3. Analysis of the unidealized channel section results in a parabolic distribution of shear flow in the

web 23, whose resultant is statically equivalent to the externally applied shear load of 4.8 kN. In

Fig. 19.8, the resultant of the constant shear flow in the web 23 is 12 � 400 ¼ 4800 N ¼ 4.8 kN. It

follows that this constant value of shear flow is the average of the parabolically distributed shear flows

in the unidealized section.

The result, from the idealization of a beam section, of a constant shear flow between booms may be

used to advantage in parts of the analysis. Suppose that the curved web 12 in Fig. 19.9 has booms at its

extremities and that the shear flow q12 in the web is constant. The shear force on an element ds of the
FIGURE 19.8 Shear Flow in Channel Section of Example 19.3
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FIGURE 19.9 Curved Web with Constant Shear Flow
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web is q12ds, whose components horizontally and vertically are q12ds cos f and q12ds sin f. The
resultant, parallel to the x axis, Sx, of q12 is therefore given by

Sx ¼
ð2
1

q12 cos f ds

or

Sx ¼ q12

ð2
1

cos f ds

which, from Fig. 19.9, may be written

Sx ¼ q12

ð2
1

dx ¼ q12 x2 � x1ð Þ (19.7)

Similarly, the resultant of q12 parallel to the y axis is

Sy ¼ q12 y2 � y1ð Þ (19.8)

Thus, the resultant, in a given direction, of a constant shear flow acting on a web is the value of the shear

flow multiplied by the projection on that direction of the web.

The resultant shear force S on the web of Fig. 19.9 is

S ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2x þ S2y

q
¼ q12

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � x1ð Þ2 þ y2 � y1ð Þ2

q
that is,

S ¼ q12L12 (19.9)



FIGURE 19.10 Moment Produced by a Constant Shear Flow
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Therefore, the resultant shear force acting on the web is the product of the shear flow and the length
of the straight line joining the ends of the web; clearly, the direction of the resultant is parallel to

this line.

The moment Mq produced by the shear flow q12 about any point O in the plane of the web is, from

Fig. 19.10,

Mq ¼
ð2
1

q12p ds ¼ q12

ð2
1

2 dA

or

Mq ¼ 2Aq12 (19.10)

in which A is the area enclosed by the web and the lines joining the ends of the web to the point O. This

result may be used to determine the distance of the line of action of the resultant shear force from any

point. From Fig. 19.10,

Se ¼ 2Aq12

from which

e ¼ 2A

S
q12

Substituting for q12 from Eq. (19.9) gives

e ¼ 2A

L12
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Example 19.3 MATLAB
Use MATLAB to repeat Example 19.3.

The shear flow distribution is obtained through the following MATLAB file:

% Declare any needed variables

S_y ¼ 4.8e3;

B ¼ 300*ones(1,4);

% Define the lengths of all open section walls

L ¼ [200 400 200];

% Calculate the section properties

y_r ¼ [L(2)/2 L(2)/2 -L(2)/2 -L(2)/2];

I_xx ¼ sum(B.*y_r.̂ 2); % I_yy and I_xy not needed due to symmetry and S_x¼0

% Due to symmetry and since S_x,t_D¼0, Eq. (19.6) simplifies

% Calculate the shear flow in wall 1-2 using the reduced Eq. (19.6)

A ¼ B.*y_r;

q_12 ¼ -S_y/I_xx*sum(A(1));

% Calculate the subsequent shear flow in walls 2-3 and 3-4

q_23 ¼ -S_y/I_xx*sum(A(1:2));

q_34 ¼ -S_y/I_xx*sum(A(1:3));

% Output the calculated shear flows to the Command Window

disp([‘q_12 ¼’ num2str(q_12) ‘N/mm’])

disp([‘q_23 ¼’ num2str(q_23) ‘N/mm’])

disp([‘q_34 ¼’ num2str(q_34) ‘N/mm’])

The Command Window outputs resulting from this MATLAB file are as follows:

q_12 ¼ -6 N/mm

q_23 ¼ -12 N/mm

q_34 ¼ -6 N/mm

19.3.3 Shear loading of closed section beams
Arguments identical to those in the shear of open section beams apply in this case. Thus, the shear flow

at any point around the cross-section of a closed section beam comprising booms and skin of direct

stress carrying thickness tD is, by a comparison of Eqs. (19.6) and (16.15),

qs ¼ � SxIxx � SyIxy
IxxIyy � I2xy

0
@

1
A ðs

0

tDx dsþ
Xn
r¼1

Brxr

 !

� SyIyy � SxIxy
IxxIyy � I2xy

0
@

1
A ðs

0

tDy dsþ
Xn
r¼1

Bryr

 !
þ qs;0

(19.11)
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Note that the zero value of the “basic” or “open section” shear flow at the “cut” in a skin for which
tD ¼ 0 extends from the cut to the adjacent booms.
Example 19.4
The thin-walled single cell beam shown in Fig. 19.11 has been idealized into a combination of direct stress carrying

booms and shear stress only carrying walls. If the section supports a vertical shear load of 10 kN acting in a vertical

plane through booms 3 and 6, calculate the distribution of shear flow around the section.

Boom areas: B1 ¼ B8 ¼ 200 mm2; B2 ¼ B7 ¼ 250 mm2; B3 ¼ B6 ¼ 400 mm2; B4 ¼ B5 ¼ 100 mm2

The centroid of the direct stress carrying area lies on the horizontal axis of symmetry, so that Ixy ¼ 0. Also, since

tD ¼ 0 and only a vertical shear load is applied, Eq. (19.11) reduces to

qs ¼ � Sy
Ixx

Xn
r¼1

Bryr þ qs;0 (i)

in which

Ixx ¼ 2 200� 302 þ 250� 1002 þ 400� 1002 þ 100� 502
� � ¼ 13:86� 106 mm4

Equation (i) then becomes

qs ¼ � 10� 103

13:86� 106

Xn
r¼1

Bryr þ qs;0

that is,

qs ¼ �7:22� 10�4
Xn
r¼1

Bryr þ qs;0 (ii)

“Cutting” the beam section in the wall 23 (any wall may be chosen) and calculating the basic shear flow distri-

bution qb from the first term on the right-hand side of Eq. (ii), we have
FIGURE 19.11 Closed Section of Beam of Example 19.4
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qb;23 ¼ 0

qb;34 ¼ �7:22� 10�4 400� 100ð Þ ¼ �28:9 N=mm

qb;45 ¼ �28:9� 7:22� 10�4 100� 50ð Þ ¼ �32:5 N=mm

qb;56 ¼ qb;34 ¼ �28:9 N=mm ðby symmetryÞ
qb;67 ¼ qb;23 ¼ 0 by symmetryð Þ
qb;21 ¼ �7:22� 10�4 250� 100ð Þ ¼ �18:1 N=mm

qb;18 ¼ �18:1� 7:22� 10�4 200� 30ð Þ ¼ �22:4 N=mm

qb;87 ¼ qb;21 ¼ �18:1 N=mm ðby symmetryÞ
Taking moments about the intersection of the line of action of the shear load and the horizontal axis of symmetry

and referring to the results of Eqs. (19.7) and (19.8), we have, from Eq. (16.18),

0 ¼ ½qb;81 � 60� 480þ 2qb;12ð240� 100þ 70� 240Þ þ 2qb;23 � 240� 100

� 2qb;43 � 120� 100� qb;54 � 100� 120� þ 2� 97; 200qs;0

Substituting these values of qb in this equation gives

qs;0 ¼ �5:4 N=mm

the negative sign indicating that qs,0 acts in a clockwise sense.

In any wall, the final shear flow is given by qs ¼ qb þ qs,0, so that

q21 ¼ �18:1þ 5:4 ¼ �12:7 N=mm ¼ q87
q23 ¼ �5:4 N=mm ¼ q67
q34 ¼ �34:3 N=mm ¼ q56
q45 ¼ �37:9 N=mm

q81 ¼ 17:0 N=mm

giving the shear flow distribution shown in Fig. 19.12.
FIGURE 19.12 Shear Flow Distribution N/mm in Walls of the Beam Section of Example 19.4
19.3.4 Alternative method for the calculation of shear flow distribution
Equation (19.4) may be rewritten in the form

q2 � q1 ¼ �@Pr

@z
(19.12)
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in which Pr is the direct load in the rth boom. This form of the equation suggests an alternative approach
to the determination of the effect of booms on the calculation of shear flow distributions in open and

closed section beams.

Let us suppose that the boom load varies linearly with z. This is the case for a length of beam over

which the shear force is constant. Equation (19.12) then becomes

q2 � q1 ¼ �DPr (19.13)

in whichDPr is the change in boom load over unit length of the rth boom.DPrmay be calculated by first

determining the change in bending moment between two sections of a beam a unit distance apart then

calculating the corresponding change in boom stress using either Eq. (15.17) or (15.18); the change in

boom load follows by multiplying the change in boom stress by the boom area Br. Note that the section

properties contained in Eqs. (15.17) and (15.18) refer to the direct stress carrying area of the beam

section. In cases where the shear force is not constant over the unit length of beam, the method is

approximate.

We illustrate the method by applying it to Example 19.3. In Fig. 19.7, the shear load of 4.8 kN is

applied to the face of the section, which is seen when a view is taken along the z axis toward the origin.
Thus, when considering unit length of the beam, we must ensure that this situation is unchanged.

Figure 19.13 shows a unit (1 mm, say) length of beam. The change in bending moment between

the front and rear faces of the length of beam is 4.8 � 1 kN mm, which produces a change in boom

load given by (see Eq. (15.17))

DPr ¼ 4:8� 103 � 200

48� 106
� 300 ¼ 6 N

The change in boom load is compressive in booms 1 and 2 and tensile in booms 3 and 4.
FIGURE 19.13 Alternative Solution to Example 19.3
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Equation (19.12), and hence Eq. (19.13), is based on the tensile load in a boom increasing with

increasing z. If the tensile load increases with decreasing z, the right-hand side of these equations is

positive. It follows that in the case where a compressive load increases with decreasing z, as for booms

1 and 2 in Fig. 19.13, the right-hand side is negative; similarly for booms 3 and 4, the right-hand side is

positive. Thus,

q12 ¼ �6 N=mm

q23 ¼ �6þ q12 ¼ �12 N=mm

and

q34 ¼ þ6þ q23 ¼ �6 N=mm

giving the same solution as before. Note that, if the unit length of beam had been taken to be 1 m, the

solution would have been q12 ¼ –6000 N/m, q23 ¼ –12000 N/m, q34 ¼ –6000 N/m.
19.3.5 Torsion of open and closed section beams
No direct stresses are developed in either open or closed section beams subjected to a pure torque unless

axial constraints are present. The shear stress distribution is therefore unaffected by the presence of

booms and the analyses presented in Chapter 17 apply.
19.4 DEFLECTION OF OPEN AND CLOSED SECTION BEAMS
Bending, shear, and torsional deflections of thin-walled beams are readily obtained by application of

the unit load method described in Section 5.5.

The displacement in a given direction due to torsion is given directly by the last of Eqs.

(5.21), thus,

DT ¼
ð
L

T0T1
GJ

dz (19.14)

where J, the torsion constant, depends on the type of beam under consideration. For an open section

beam, J is given by either of Eqs. (17.11), whereas in the case of a closed section beam, J¼ 4A2/(r ds/t)
(Eq. (17.4)) for a constant shear modulus.

Expressions for the bending and shear displacements of unsymmetrical thin-walled beams may also

be determined by the unit load method. They are complex for the general case and are most easily de-

rived from first principles by considering the complementary energy of the elastic body in terms of

stresses and strains rather than loads and displacements. In Chapter 5, we observed that the theorem

of the principle of the stationary value of the total complementary energy of an elastic system is equiv-

alent to the application of the principle of virtual work where virtual forces act through real displace-

ments. We may therefore specify that, in our expression for total complementary energy, the

displacements are the actual displacements produced by the applied loads, while the virtual force sys-

tem is the unit load.

Considering deflections due to bending, we see, from Eq. (5.6), that the increment in total comple-

mentary energy due to the application of a virtual unit load is
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�
ð
L

ð
A

sz;1ez;0 dA
� �

dzþ 1DM

where sz,1 is the direct bending stress at any point in the beam cross-section corresponding to the unit

load and ez,0 is the strain at the point produced by the actual loading system. Further, DM is the actual

displacement due to bending at the point of application and in the direction of the unit load. Since the

system is in equilibrium under the action of the unit load this expression must equal zero (see Eq. (5.6)).

Hence,

DM ¼
ð
L

ð
A

sz;1ez;0 dA
� �

dz (19.15)

From Eq. (15.17) and the third of Eqs. (1.42),

sz;1 ¼ My;1Ixx �Mx;1Ixy
IxxIyy � I2xy

0
@

1
Axþ Mx;1Iyy �My;1Ixy

IxxIyy � I2xy

0
@

1
Ay

ez;0 ¼ 1

E

My;0Ixx �Mx;0Ixy
IxxIyy � I2xy

0
@

1
Axþ Mx;0Iyy �My;0Ixy

IxxIyy � I2xy

0
@

1
Ay

2
4

3
5

where the suffixes 1 and 0 refer to the unit and actual loading systems and x, y are the coordinates of any
point in the cross-section referred to a centroidal system of axes. Substituting for sz,1 and ez,0 in

Eq. (19.15) and remembering that
Ð
A x

2dA ¼ Iyy;
Ð
A y

2dA ¼ Ixx; and
Ð
A xydA ¼ Ixy; we have

DM ¼ 1

E IxxIyy � I2xy

� �2
ð
L

My;1Ixx �Mx;1Ixy
� �

My;oIxx �Mx;0Ixy
� �

Iyy
	

þ Mx;1Iyy �My;1Ixy
� �

Mx;oIyy �My;0Ixy
� �

Ixx

þ My;1Ixx �Mx;1Ixy
� �

Mx;oIyy �My;0Ixy
� �


þ Mx;1Iyy �My;1Ixy
� �

My;oIxx �Mx;0Ixy
� ��Ixygdz

(19.16)

For a section having either the x or y axis as an axis of symmetry, Ixy ¼ 0 and Eq. (19.16) reduces to

DM ¼ 1

E

ð
L

My;1My;0

Iyy
þMx;1Mx;0

Ixx

� �
dz (19.17)

The derivation of an expression for the shear deflection of thin-walled sections by the unit load method

is achieved in a similar manner. By comparison with Eq. (19.15), we deduce that the deflection DS, due

to shear of a thin-walled open or closed section beam of thickness t, is given by

DS ¼
ð
L

ð
sect

t1g0t ds
� �

dz (19.18)

where t1 is the shear stress at an arbitrary point s around the section produced by a unit load applied at
the point and in the direction DS, and g0 is the shear strain at the arbitrary point corresponding to the

actual loading system. The integral in parentheses is taken over all the walls of the beam. In fact, both
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the applied and unit shear loads must act through the shear center of the cross-section, otherwise ad-

ditional torsional displacements occur. Where shear loads act at other points, these must be replaced by

shear loads at the shear center plus a torque. The thickness t is the actual skin thickness and may vary

around the cross-section but is assumed to be constant along the length of the beam. Rewriting

Eq. (19.18) in terms of shear flows q1 and q0, we obtain

DS ¼
ð
L

ð
sect

q0q1
Gt

ds

� �
dz (19.19)

where again the suffixes refer to the actual and unit loading systems. In the cases of both open and

closed section beams, the general expressions for shear flow are long and are best evaluated before

substituting in Eq. (19.19). For an open section beam comprising booms and walls of direct stress car-

rying thickness tD, we have, from Eq. (19.6),

q0 ¼ � Sx;0Ixx � Sy;0Ixy
IxxIyy � I2xy

0
@

1
A ðs

0

tDx dsþ
Xn
r¼1

Brxr

 !

� Sy;0Iyy � Sx;0Ixy
IxxIyy � I2xy

0
@

1
A ðs

0

tDy dsþ
Xn
r¼1

Bryr

 ! (19.20)

and

q1 ¼ � Sx;1Ixx � Sy;1Ixy
IxxIyy � I2xy

0
@

1
A ðs

0

tDx dsþ
Xn
r¼1

Brxr

 !

� Sy;1Iyy � Sx;1Ixy
IxxIyy � I2xy

0
@

1
A ðs

0

tDy dsþ
Xn
r¼1

Bryr

 ! (19.21)

Similar expressions are obtained for a closed section beam from Eq. (19.11).
Example 19.5
Calculate the deflection of the free end of a cantilever 2,000 mm long having a channel section identical to that in

Example 19.3 and supporting a vertical, upward load of 4.8 kN acting through the shear center of the section. The

effective direct stress carrying thickness of the skin is zero while its actual thickness is 1 mm. Young’s modulus E

and the shear modulus G are 70,000 and 30,000 N/mm2, respectively.

The section is doubly symmetrical (i.e., the direct stress carrying area) and supports a vertical load producing a

vertical deflection. Thus, we apply a unit load through the shear center of the section at the tip of the cantilever and

in the same direction as the applied load. Since the load is applied through the shear center, there is no twisting of

the section and the total deflection is given, from Eqs. (19.17), (19.19), (19.20), and (19.21), by

D ¼
ðL
0

Mx;0Mx;1

EIxx
dzþ

ðL
0

ð
sect

q0q1
Gt

ds

� �
dz (i)

where Mx,0 ¼ –4.8 � 103 (2000 – z), Mx,1 ¼ –1(2000 –z),
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q0 ¼ � 4:8� 103

Ixx

Xn
r¼1

Bryr; q1 ¼ � 1

Ixx

Xn
r¼1

Bryr

and z is measured from the built-in end of the cantilever. The actual shear flow distribution was calculated in

Example 19.3. In this case, the q1 shear flows may be deduced from the actual distribution shown in Fig. 19.8, that is,

q1 ¼ q0=4:8� 103

Evaluating the bending deflection, we have

DM ¼
ð2000
0

4:8� 103 2; 000� zð Þ2 dz
70; 000� 48� 106

¼ 3:81 mm

The shear deflection DS is given by

DS ¼
ð2000
0

1

30; 000� 1

1

4:8� 103
62 � 200þ 122 � 400þ 62 � 200
� �2

4
3
5dz

¼ 1:0 mm

The total deflection D is then DM þ DS ¼ 4.81 mm in a vertical upward direction.
PROBLEMS

P.19.1. Idealize the box section shown in Fig. P.19.1 into an arrangement of direct stress carrying

booms positioned at the four corners and panels that are assumed to carry only shear stresses. Hence,

determine the distance of the shear center from the left-hand web.

Answer: 225 mm

P.19.1. MATLABAssuming the width of the section shown in Fig. P.19.1 is labeled L1, use MATLAB

to repeat Problem P.19.1 for values of L1 from 300 to 700 mm in increments of 50 mm.
10 mm

10 mm

Angles
 60 � 50 � 10mm
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50 � 40 � 8 mm

10 mm

500 mm

8 mm
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FIGURE P.19.1
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Answer: ið Þ L1 ¼ 300 mm: 133 mm from left-hand web

iið Þ L1 ¼ 350 mm: 156 mm from left-hand web

iiið Þ L1 ¼ 400 mm: 178 mm from left-hand web

ivð Þ L1 ¼ 450 mm: 201 mm from left-hand web

vð Þ L1 ¼ 500 mm: 225 mm from left-hand web

við Þ L1 ¼ 550 mm: 248 mm from left-hand web

viið Þ L1 ¼ 600 mm: 271 mm from left-hand web

viiið Þ L1 ¼ 650 mm: 295 mm from left-hand web

ixð Þ L1 ¼ 700 mm: 319 mm from left-hand web
P.19.2. The beam section shown in Fig. P.19.2 has been idealized into an arrangement of direct stress

carrying booms and shear stress only carrying panels. If the beam section is subjected to a vertical shear

load of 1,495 N through its shear center, each of booms 1, 4, 5, and 8 has an area of 200 mm2, and each

of booms 2, 3, 6, and 7 has an area of 250 mm2, determine the shear flow distribution and the position of

the shear center.

Answer: Wall 12, 1.86 N/mm; 43, 1.49 N/mm; 32, 5.21 N/mm; 27, 10.79 N/mm; remaining

distribution follows from symmetry. 122 mm to the left of the web 27

P.19.3 Figure P.19.3 shows the cross-section of a single-cell, thin-walled beamwith a horizontal axis of

symmetry. The direct stresses are carried by the booms B1 to B4, while the walls are effective only in

carrying shear stresses. Assuming that the basic theory of bending is applicable, calculate the position

of the shear center S. The shear modulus G is the same for all walls:

Cell area ¼ 135; 000 mm2; Boom areas: B1 ¼ B4 ¼ 450 mm2; B2 ¼ B3 ¼ 550 mm2
50 mm

50 mm

FIGURE P.19.2
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Answer: 197.2 mm from vertical through booms 2 and 3.
40 mm
80 mm

80 mm
40 mm

150 mm0 mm

6

5

4

3



FIGURE P.19.3
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P.19.3 MATLAB

Use MATLAB to repeat Problem P.19.3 for the following boom area combinations:
FIGURE P.19.4
(i)
 (ii)
 (iii)
 (iv)
 (v)
 (vi)
B1 (mm2)
 550
 450
 550
 450
 550
 450
B2 (mm2)
 550
 450
 450
 550
 450
 550
B3 (mm2)
 450
 550
 550
 450
 450
 550
B4 (mm2)
 450
 550
 450
 550
 550
 450
Answer: (i) 197.2 mm from vertical through booms 2 and 3
(ii) 230.9 mm from vertical through booms 2 and 3

(iii) 215.4 mm from vertical through booms 2 and 3

(iv) 215.4 mm from vertical through booms 2 and 3

(v) 209.9 mm from vertical through booms 2 and 3

(vi) 218.2 mm from vertical through booms 2 and 3
P.19.4 Find the position of the shear center of the rectangular four boom beam section shown in

Fig. P.19.4. The booms carry only direct stresses, but the skin is fully effective in carrying both shear

and direct stress. The area of each boom is 100 mm2.

Answer: 142.5 mm from side 23



FIGURE P.19.5
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P.19.5 A uniform beam with the cross-section shown in Fig. P.19.5(a) is supported and loaded as

shown in Fig. P.19.5(b). If the direct and shear stresses are given by the basic theory of bending,

the direct stresses being carried by the booms and the shear stresses by the walls, calculate the vertical

deflection at the ends of the beamwhen the loads act through the shear centers of the end cross-sections,

allowing for the effect of shear strains. Take E¼ 69,000 N/mm2 and G¼ 26,700 N/mm2. Boom areas:

1, 3, 4, 6 ¼ 650 mm2; 2, 5 ¼ 1,300 mm2.

Answer: 3.4 mm

P.19.6 A cantilever, length L, has a hollow cross-section in the form of a doubly symmetric wedge, as

shown in Fig. P.19.6. The chord line is of length c, wedge thickness is t, the length of a sloping side is

a/2, and the wall thickness is constant and equal to t0. Uniform pressure distributions of the magnitudes

shown act on the faces of the wedge. Find the vertical deflection of point A due to this given loading.

If G ¼ 0.4E, t/c ¼ 0.05, and L ¼ 2c, show that this deflection is approximately 5,600p0c
2/Et0.

P.19.7A rectangular section thin-walled beam of length L and breadth 3b, depth b, and wall thickness t
is built-in at one end (Fig. P.19.7). The upper surface of the beam is subjected to a pressure which varies

linearly across the breadth from a value p0 at edge AB to zero at edge CD. Thus, at any given value of x,
the pressure is constant in the z direction. Find the vertical deflection of point A.

Answer: p0L
2(9L2/80Eb2 þ 1,609/2,000G)/t
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CHAPTER
Wing spars and box beams
 20

In Chapters 15–17, we established the basic theory for the analysis of open and closed section thin-

walled beams subjected to bending, shear, and torsional loads. In addition, in Chapter 19, we saw

how complex stringer stiffened sections could be idealized into sections more amenable to analysis.

We now extend this analysis to actual aircraft components, including, in this chapter, wing spars

and box beams. In subsequent chapters, we investigate the analysis of fuselages, wings, frames, and

ribs and consider the effects of cut-outs in wings and fuselages. Finally, in Chapter 25, an introduction

is given to the analysis of components fabricated from composite materials.

Aircraft structural components are, as we saw in Chapter 11, complex, consisting usually of thin

sheets of metal stiffened by arrangements of stringers. These structures are highly redundant and re-

quire some degree of simplification or idealization before they can be analyzed. The analysis presented

here is therefore approximate and the degree of accuracy obtained depends on the number of simpli-

fying assumptions made. A further complication arises in that factors such as warping restraint, struc-

tural and loading discontinuities, and shear lag significantly affect the analysis; we investigate these

effects in some simple structural components in Chapters 26 and 27 of Ref. 1. Generally, a high degree

of accuracy can be obtained only by using computer-based techniques, such as the finite element

method (see Chapter 6). However, the simpler, quicker, and cheaper approximate methods can be used

to advantage in the preliminary stages of design, when several possible structural alternatives are being

investigated; they also provide an insight into the physical behavior of structures which computer-

based techniques do not.

Major aircraft structural components such as wings and fuselages are usually tapered along their

lengths for greater structural efficiency. Thus, wing sections are reduced both chordwise and in depth

along the wing span toward the tip and fuselage sections aft of the passenger cabin taper to provide a

more efficient aerodynamic and structural shape.

The analysis of open and closed section beams, presented in Chapters 15–17, assumes that the beam

sections are uniform. The effect of taper on the prediction of direct stresses produced by bending is

minimal if the taper is small and the section properties are calculated at the particular section being

considered; Eqs. (15.17)–(15.21) may therefore be used with reasonable accuracy. On the other hand,

the calculation of shear stresses in beam webs can be significantly affected by taper.
20.1 TAPERED WING SPAR
Consider first the simple case of a beam, for example, a wing spar, positioned in the yz plane and com-

prising two flanges and a web: an elemental length dz of the beam is shown in Fig. 20.1. At the section z,
the beam is subjected to a positive bending moment Mx and a positive shear force Sy. The bending

moment resultants Pz,1 and Pz,2 are parallel to the z axis of the beam. For a beam in which the flanges
Introduction to Aircraft Structural Analysis, Third Edition. http://dx.doi.org/10.1016/B978-0-08-102076-0.00020-8
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FIGURE 20.1 Effect of Taper on Beam Analysis

608 CHAPTER 20 Wing spars and box beams
are assumed to resist all the direct stresses, Pz,1 ¼Mx/h and Pz,2 ¼ –Mx/h. In the case where the web is
assumed to be fully effective in resisting direct stress, Pz,1 and Pz,2 are determined by multiplying the

direct stresses sz,1 and sz,2, found using Eq. (15.17) or (15.18), by the flange areas B1 and B2. Pz,1 and

Pz,2 are the components in the z direction of the axial loads P1 and P2 in the flanges. These have com-

ponents Py,1 and Py,2 parallel to the y axis given by

Py;1 ¼ Pz;1
dy1
dz

; Py;2 ¼ �Pz;2
dy2
dz

(20.1)

in which, for the direction of taper shown, dy2 is negative. The axial load in flange ➀ is given by

P1 ¼ ðP2
z;1 þ P2

y;1Þ1=2

Substituting for Py,1 from Eq. (20.1), we have

P1 ¼ Pz;1
ðdz2 þ dy21Þ1=2

dz
¼ Pz;1

cosa1
(20.2)

Similarly,

P2 ¼ Pz;2

cosa2
(20.3)

The internal shear force Sy comprises the resultant Sy,w of the web shear flows together with the vertical
components of P1 and P2. Thus,

Sy ¼ Sy;w þ Py;1 � Py;2

or

Sy ¼ Sy;w þ Pz;1
dy1
dz

þ Pz;2
dy2
dz

(20.4)
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so that

Sy;w ¼ Sy � Pz;1
dy1
dz

� Pz;2
dy2
dz

(20.5)

Again we note that dy2 in Eqs. (20.4) and (20.5) is negative. Equation (20.5) may be used to determine

the shear flow distribution in the web. For a completely idealized beam, the web shear flow is constant

through the depth and is given by Sy,w/h. For a beam in which the web is fully effective in resisting

direct stresses, the web shear flow distribution is found using Eq. (19.6) in which Sy is replaced by

Sy,w and which, for the beam of Fig. 20.1, simplifies to

qs ¼ � Sy;w
Ixx

ðs
0

tDy dsþ B1y1

� �
(20.6)

or

qs ¼ � Sy;w
Ixx

ðs
0

tDy dsþ B2y2

� �
(20.7)
Example 20.1
Determine the shear flow distribution in the web of the tapered beam shown in Fig. 20.2, at a section midway

along its length. The web of the beam has a thickness of 2 mm and is fully effective in resisting direct stress.

The beam tapers symmetrically about its horizontal centroidal axis and the cross-sectional area of each flange

is 400 mm2.

The internal bending moment and shear load at the section AA produced by the externally applied load are,

respectively,

Mx ¼ 20� 1 ¼ 20 kNm; Sy ¼ �20 kN
FIGURE 20.2 Tapered Beam of Example 20.1
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The direct stresses parallel to the z axis in the flanges at this section are obtained from either Eq. (15.17) or (15.18)
in which My ¼ 0 and Ixy ¼ 0. Thus, from Eq. (15.17),

sz ¼ Mxy

Ixx
(i)

in which

Ixx ¼ 2� 400� 1502 þ 2� 3003=12

that is,

Ixx ¼ 22:5� 106 mm4

Hence,

sz;1 ¼ �sz;2 ¼ 20� 106 � 150

22:5� 106
¼ 133:3 N=mm2

The components parallel to the z axis of the axial loads in the flanges are therefore

Pz;1 ¼ �Pz;2 ¼ 133:3� 400 ¼ 53;320 N

The shear load resisted by the beam web is then, from Eq. (20.5),

Sy;w ¼ �20� 103 � 53;320
dy1
dz

þ 53;320
dy2
dz

in which, from Figs. 20.1 and 20.2, we see that

dy1
dz

¼ �100

2� 103
¼ �0:05;

dy2
dz

¼ 100

2� 103
¼ 0:05

Hence,

Sy;w ¼ �20� 103 þ 53;320� 0:05þ 53;320� 0:05 ¼ �14;668 N

The shear flow distribution in the web follows from either Eq. (20.6) or (20.7) and is (see Fig. 19.2(b))

q12 ¼ 14;668

22:5� 106

ðs
0

2 150� sð Þdsþ 400� 150

� �

that is,

q12 ¼ 6:52� 10�4 �s2 þ 300sþ 60;000
� �

(ii)

Themaximum value of q12 occurs when s¼ 150 mm and q12 (max)¼ 53.8 N/mm. The values of shear flow at points 1

(s¼ 0) and 2 (s¼ 300 mm) are q1¼ 39.1 N/mm and q2¼ 39.1 N/mm; the complete distribution is shown in Fig. 20.3.
FIGURE 20.3 Shear Flow (N/mm) Distribution at Section AA in Example 20.1
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20.2 OPEN AND CLOSED SECTION BEAMS
We now consider the more general case of a beam tapered in two directions along its length and com-

prising an arrangement of booms and skin. Practical examples of such a beam are complete wings and

fuselages; note that in addition to the effects of taper the method allows for sweep of a wing which

occurs in modern high speed jet aircraft (see Fig. 11.6). The beam may be of open or closed section;

the effects of taper are determined in an identical manner in either case.

Figure 20.4(a) shows a short length dz of a beam carrying shear loadsSx and Sy at the section z; Sx, and Sy
are positive when acting in the directions shown. Note that, if the beam is of open cross-section, the shear

loadsareappliedthrough its shearcenter, so thatno twistingof thebeamoccurs. Inaddition toshear loads, the

beam is subjected to bending momentsMx andMy, which produce direct stressessz in the booms and skin.

Suppose that, in the rth boom, the direct stress in a direction parallel to the z axis issz,r, whichmay be found

using either Eq. (15.17) or (15.18). The componentPz,r of the axial loadPr in the rth boom is then given by

Pz;r ¼ sz;rBr (20.8)
FIGURE 20.4 Effect of Taper on the Analysis of Open and Closed Section Beams
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where Br is the cross-sectional area of the rth boom.
From Fig. 20.4(b),

Py;r ¼ Pz;r
dyr
dz

(20.9)

Further, from Fig. 20.4(c),

Px;r ¼ Py;r
dxr
dyr

or, substituting for Py,r from Eq. (20.9),

Px;r ¼ Pz;r
dxr
dz

(20.10)

The axial load Pr is then given by

Pr ¼ P2
x;r þ P2

y;r þ P2
z;r

� �1=2

(20.11)

or, alternatively,

Pr ¼ Pz;r

dx2r þ dy2r þ dz2
� �1=2

dz
(20.12)

The applied shear loads Sx and Sy are reacted by the resultants of the shear flows in the skin panels

and webs, together with the components Px,r and Py,r of the axial loads in the booms. Therefore, if Sx,w
and Sy,w are the resultants of the skin and web shear flows and there is a total of m booms in

the section,

Sx ¼ Sx;w þ
Xm
r¼1

Px;r; Sy ¼ Sy;w þ
Xm
r¼1

Py;r (20.13)

Substituting in Eq. (20.13) for Px,r and Py,r from Eqs. (20.10) and (20.9), we have

Sx ¼ Sx;w þ
Xm
r¼1

Pz;r
dxr
dz

; Sy ¼ Sy;w þ
Xm
r¼1

Pz;r
dyr
dz

(20.14)

Hence,

Sx;w ¼ Sx �
Xm
r¼1

Pz;r
dxr
dz

; Sy;w ¼ Sy �
Xm
r¼1

Pz;r
dyr
dz

(20.15)

The shear flow distribution in an open section beam is now obtained using Eq. (19.6), in which Sx is
replaced by Sx,w and Sy by Sy,w from Eq. (20.15). Similarly, for a closed section beam, Sx and Sy in
Eq. (19.11) are replaced by Sx,w and Sy,w. In the latter case, the moment equation (Eq. (16.17)) requires

modification, due to the presence of the boom load components Px,r and Py,r. Thus, from Fig. 20.5, we

see that Eq. (16.17) becomes

SxZ0 � Syx0 ¼
þ
qbp dsþ 2Aqs;0 �

Xm
r¼1

Px;rZr þ
Xm
r¼1

Py;rxr (20.16)



FIGURE 20.5 Modification of Moment Equation in Shear of Closed Section Beams Due to Boom Load
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Equation (20.16) is directly applicable to a tapered beam subjected to forces positioned in relation to the
moment center, as shown. Care must be taken in a particular problem to ensure that the moments of the

forces are given the correct sign.
Example 20.2
The cantilever beam shown in Fig. 20.6 is uniformly tapered along its length in both x and y directions and carries a

load of 100 kN at its free end. Calculate the forces in the booms and the shear flow distribution in the walls at a

section 2 m from the built-in end if the booms resist all the direct stresses while the walls are effective only in shear.

Each corner boom has a cross-sectional area of 900 mm2, while both central booms have cross-sectional areas of

1,200 mm2.

The internal force system at a section 2 m from the built-in end of the beam is

Sy ¼ 100 kN; Sx ¼ 0; Mx ¼ �100� 2 ¼ �200 kNm; My ¼ 0
FIGURE 20.6 (a) Beam of Example 20.2; (b) Section 2 m from Built-in End



614 CHAPTER 20 Wing spars and box beams
The beam has a doubly symmetrical cross-section, so that Ixy ¼ 0 and Eq. (15.17) reduces to
sz ¼ Mxy

Ixx
(i)

in which, for the beam section shown in Fig. 20.6(b),

Ixx ¼ 4� 900� 3002 þ 2� 1; 200� 3002 ¼ 5:4� 108 mm4

Then,

sz;r ¼ �200� 106

5:4� 108
yr

or

sz;r ¼ �0:37yr (ii)

Hence,

Pz;r ¼ �0:37yrBr (iii)

The value of Pz,r is calculated from Eq. (iii) in column ➁ of Table 20.1; Px,r and Py,r follow from Eqs. (20.10)

and (20.9), respectively, in columns ➄ and ➅. The axial load Pr, column ➆, is given by [➁2 þ ➄2 þ ➅2]1/2

and has the same sign as Pz,r (see Eq. (20.12)). The moments of Px,r and Py,r are calculated for a moment center at

the center of symmetry with counterclockwise moments taken as positive. Note that, in Table 20.1, Px,r and Py,r are

positive when they act in the positive directions of the section x and y axes, respectively; the distances Zr and xr of
the lines of action of Px,r and Py,r from the moment center are not given signs, since it is simpler to determine the

sign of each moment, Px,rZr and Py,rxr, by referring to the directions of Px,r and Py,r individually.

From column ➅,

X6
r¼1

Py;r ¼ 33:4 kN

From column ➉,

X6
r¼1

Px;rZr ¼ 0
Table 20.1 Example 20.2

➀
Boom

➁
Pz,r

(kN)

➂
dxr/dz

➃
dyr/dz

➄
Px,r

(kN)

➅
Py,r

(kN)

➆
Pr

(kN)

➇
jr
(m)

➈
hr

(m)

11

Px,rhr

(kNm)

10

Py,rjr
(kNm)

1 �100 0.1 �0.05 �10 5 �101.3 0.6 0.3 3 �3

2 �133 0 �0.05 0 6.7 �133.2 0 0.3 0 0

3 �100 �0.1 �0.05 10 5 �101.3 0.6 0.3 �3 3

4 100 �0.1 0.05 �10 5 101.3 0.6 0.3 �3 3

5 133 0 0.05 0 6.7 133.2 0 0.3 0 0

6 100 0.1 0.05 10 5 101.3 0.6 0.3 3 �3
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From column 11,
X6
r¼1

Py;rxr ¼ 0

From Eq. (20.15),

Sx;w ¼ 0; Sy;w ¼ 100� 33:4 ¼ 66:6 kN

The shear flow distribution in the walls of the beam is now found using themethod described in Section 19.3. Since,

for this beam, Ixy ¼ 0 and Sx ¼ Sx,w ¼ 0, Eq. (19.11) reduces to

qs ¼ �Sy;w
Ixx

Xn
r¼1

Bryr þ qs;0 (iv)

We now “cut” one of the walls, say 16. The resulting “open section” shear flow is given by

qb ¼ � 66:6� 103

5:4� 108

Xn
r¼1

Bryr

or

qb ¼ �1:23� 10�4
Xn
r¼1

Bryr (v)

Thus,

qb;16 ¼ 0

qb;12 ¼ 0� 1:23� 10�4 � 900� 300 ¼ �33:2 N=mm

qb;23 ¼ �33:2� 1:23� 10�4 � 1; 200� 300 ¼ �77:5 N=mm

qb;34 ¼ �77:5� 1:23� 10�4 � 900� 300 ¼ �110:7 N=mm

qb;45 ¼ �77:5 N=mm from symmetryð Þ
qb;56 ¼ �33:2 N=mm from symmetryð Þ

giving the distribution shown in Fig. 20.7. Taking moments about the center of symmetry, we have, from

Eq. (20.16),

�100� 103 � 600 ¼ 2� 33:2� 600� 300þ 2� 77:5� 600� 300þ 110:7� 600� 600þ 2� 1; 200� 600qs;0

from which qs,0¼ –97.0 N/mm (i.e., clockwise). The complete shear flow distribution is found by adding the value

of qs,0 to the qb shear flow distribution of Fig. 20.7 and is shown in Fig. 20.8.
FIGURE 20.7 ”Open Section” Shear Flow (N/mm) Distribution in Beam Section of Example 20.2



FIGURE 20.8 Shear Flow (N/mm) Distribution in Beam Section of Example 20.2
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Example 20.3
If the central vertical plane of the box beam of Exercise 20.2, i.e., the vertical plane through booms 2 and 5, has a

sweep of 20o as shown in Fig. 20.9(a) calculate the forces in the booms and the shear flow distribution in the walls

at a section BB, 2 m distant from the built-in end. Note that the span of the beam has been retained.

At the section 2 m from the built-in end the internal force system and second moment of area Ixx are identical to

those in Example 20.2, i.e.,

Sy ¼ 100 kN; Sx ¼ 0; Mx ¼ �200 kNm; M
y
¼ 0; Ixx ¼ 5:4� 106 mm4

Also Pz;r ¼ �0:37yrBr as in Example 20.2.

The values of @xr=@z are obtained by elementary trigonometry and are listed in Table 20.2 as are the values of

@yr=@z which are identical to those in Example 20.2. The final boom loads Pr are listed in column 7.

From Table 20.2
Xn

r¼1
Px;r ¼ 0,

Xn

r¼1
Py;r ¼ 33:4 kN;

Xn

r¼1
Py;rZr ¼ �74:0 kNm (i.e., anticlockwise),Xn

r¼1
Py;rxr ¼ 0. Then Sx;w ¼ 0; S

y;w
¼ 100� 33:4 ¼ 66:6 kN:

The qb shear flows are identical to those in Example. 20.2. Therefore, taking moments about the center of

symmetry and noting that the line of action of the externally applied load is 0.33 m to the right of the center

of symmetry (again obtained from elementary trigonometry) we have

100� 103 � 330 ¼ 2� 33:2� 600� 300þ 2� 77:5� 600� 300

þ110:7� 600� 600þ 74:0� 10
6 þ 2� 1200� 600� qs;0

from which qs;0 ¼ �83:8 N/mm (i.e., clockwise).

The final shear flow distribution is then as shown in Fig. 20.10.

20.3 BEAMS HAVING VARIABLE STRINGER AREAS
In many aircraft, structural beams, such as wings, have stringers whose cross-sectional areas vary in the

spanwise direction. The effects of this variation on the determination of shear flow distribution cannot

therefore be found by the methods described in Section 19.3, which assume constant boom areas. In

fact, as we noted in Section 19.3, if the stringer stress is made constant by varying the area of cross-

section, there is no change in shear flow, as the stringer–boom is crossed.
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FIGURE 20.9 Box Beam of Example 20.3

Table 20.2 Example 20.3

➀
Boom

➁
Pz,r (kN)

➂
dxr/dz

➃
dyr/dz

➄
Px,r (kN)

➅
Py,r (kN)

➆
Pr (kN)

➇
jr (m)

➈
hr (m)

10

Px,rhr

(kNm)

11

Py,rjr
(kNm)

1 �100 0.47 �0.05 �47.0 5.0 �110.6 �0.6 0.3 �14.1 �3

2 �133 0.37 �0.05 �49.2 6.7 �142.0 0 0.3 �14.8 0

3 �100 0.27 �0.05 �27.0 5.0 �103.7 0.6 0.3 �8.1 3

4 100 0.27 0.05 27.0 5.0 103.7 0.6 �0.3 �8.1 3

5 133 0.37 0.05 49.2 6.7 142.0 0 �0.3 �14.8 0

6 100 0.47 0.05 47.0 5.0 110.6 �0.6 �0.3 �14.1 �3
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FIGURE 20.10 Shear Flow (N/mm) Distribution at Section BB in Box Beam of Example 20.3
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The calculation of shear flow distributions in beams having variable stringer areas is based on

the alternative method for the calculation of shear flow distributions described in Section 19.3

and illustrated in the alternative solution to Example 19.3. The stringer loads Pz,1 and Pz,2 are

calculated at two sections z1 and z2 of the beam a convenient distance apart. We assume that the

stringer load varies linearly along its length so that the change in stringer load per unit length of beam

is given by

DP ¼ Pz;1 � Pz;2

z1 � z2

The shear flow distribution follows as previously described.
Example 20.4
Solve Example 20.2 by considering the differences in boom load at sections of the beam either side of the specified

section.

In this example, the stringer areas do not vary along the length of the beam but the method of solution is

identical.

We are required to find the shear flow distribution at a section 2 m from the built-in end of the beam. We

therefore calculate the boom loads at sections, say, 0.1 m either side of this section. Thus, at a distance 2.1 m from

the built-in end,

Mx ¼ �100� 1:9 ¼ �190 kNm

The dimensions of this section are easily found by proportion and are width¼ 1.18 m, depth¼ 0.59 m. Therefore,

the second moment of area is

Ixx ¼ 4� 900� 2952 þ 2� 1; 200� 2952 ¼ 5:22� 108 mm4

and

sz;r ¼ �190� 106

5:22� 108
yr ¼ �0:364yr

Hence,

P1 ¼ P3 ¼ �P4 ¼ �P6 ¼ �0:364� 295� 900 ¼ �96;642 N
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and
P2 ¼ �P5 ¼ �0:364� 295� 1;200 ¼ �128;856 N

At a section 1.9 m from the built-in end,

Mx ¼ �100� 2:1 ¼ �210 kNm

and the section dimensions are width ¼ 1.22 m, depth ¼ 0.61 m, so that

Ixx ¼ 4� 900� 3052 þ 2� 1; 200� 3052 ¼ 5:58� 108 mm4

and

sz;r ¼ �210� 106

5:58� 108
yr ¼ �0:376yr

Hence,

P1 ¼ P3 ¼ �P4 ¼ �P6 ¼ �0:376� 305� 900 ¼ �103;212 N

and

P2 ¼ �P5 ¼ �0:376� 305� 1;200 ¼ �137;616 N

Thus, there is an increase in compressive load of 103,212 – 96,642¼ 6,570 N in booms 1 and 3 and an increase in

tensile load of 6,570 N in booms 4 and 6 between the two sections. Also, the compressive load in boom 2 increases

by 137,616 – 128,856 ¼ 8,760 N, while the tensile load in boom 5 increases by 8,760 N. Therefore, the change in

boom load per unit length is given by

DP1 ¼ DP3 ¼ �DP4 ¼ �DP6 ¼ 6; 570

200
¼ 32:85 N

and

DP2 ¼ �DP5 ¼ 8; 760

200
¼ 43:8 N

The situation is illustrated in Fig. 20.11. Suppose now that the shear flows in the panels 12, 23, 34, and so forth are

q12, q23, q34, and so on and consider the equilibrium of boom 2, as shown in Fig. 20.12, with adjacent portions of the

panels 12 and 23. Thus,

q23 þ 43:8� q12 ¼ 0

or

q23 ¼ q12 � 43:8

Similarly,

q34 ¼ q23 � 32:85 ¼ q12 � 76:65
q45 ¼ q34 þ 32:85 ¼ q12 � 43:8
q56 ¼ q45 þ 43:8 ¼ q12
q61 ¼ q45 þ 32:85 ¼ q12 þ 32:85



FIGURE 20.11 Change in Boom Loads/Unit Length of Beam

FIGURE 20.12 Equilibrium of Boom
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The moment resultant of the internal shear flows, together with the moments of the components Py,r of the boom
loads about any point in the cross-section, is equivalent to the moment of the externally applied load about the same

point. We note, from Example 20.2, that for moments about the center of symmetry,

X6
r¼1

Px;rZr ¼ 0;
X6
r¼1

Py;rxr ¼ 0

Therefore, taking moments about the center of symmetry,

100� 103 � 600 ¼ 2q12 � 600� 300þ 2 q12 � 43:8ð Þ600� 300þ q12 � 76:65ð Þ600� 600

þ q12 þ 32:85ð Þ600� 600

from which

q12 ¼ 62:5 N=mm

whence

q23 ¼ 19:7 N=mm; q34 ¼ �13:2 N=mm; q45 ¼ 19:7 N=mm;
q56 ¼ 63:5 N=mm; q61 ¼ 96:4 N=mm

so that the solution is almost identical to the longer exact solution of Example 20.2.



621Problems
The shear flows q12, q23, and so forth induce complementary shear flows q12, q23, and so on in the panels in the

longitudinal direction of the beam; these are, in fact, the average shear flows between the two sections considered.

For a complete beam analysis, this procedure is applied to a series of sections along the span. The distance between

adjacent sections may be taken to be any convenient value; for actual wings, distances of the order of 350–700 mm

are usually chosen. However, for very small values, small percentage errors in Pz,1 and Pz,2 result in large percent-

age errors in DP. On the other hand, if the distance is too large, the average shear flow between two adjacent

sections may not be quite equal to the shear flow midway between the sections.

Reference
[1] Megson THG. Aircraft Structures for Engineering Students. Elsevier; 2016.
PROBLEMS

P.20.1.Awing spar has the dimensions shown in Fig. P.20.1 and carries a uniformly distributed load of

15 kN/m along its complete length. Each flange has a cross-sectional area of 500 mm2 with the top

flange being horizontal. If the flanges are assumed to resist all direct loads while the spar web is ef-

fective only in shear, determine the flange loads and the shear flows in the web at sections 1 and 2 m

from the free end.
An

FIGURE
Answer: 1 m from free end: PU ¼ 25 kN tensionð Þ;PL ¼ 25:1 kN compressionð Þ;
q ¼ 41:7 N=mm

2 m from free end: PU ¼ 75 kN tensionð Þ;PL ¼ 75:4 kN compressionð Þ;
q ¼ 56:3 N=mm

P.20.2. If the web in the wing spar of Problem 20.1 has a thickness of 2 mm and is fully effective in
resisting direct stresses, calculate the maximum value of shear flow in the web at a section 1 m from the

free end of the beam.
swer: 46.8 N/mm
P.20.1



An

FIGURE
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MATLAB Use MATLAB to repeat Problem P.20.2 for web thickness values (t) from 1 to
P.20.2
2.6 mm in increments of 0.2 mm.
swer: (i) t ¼ 1 mm : 44 N=mm
(ii) t ¼ 1:2 mm : 45:1 N=mm

(iii) t ¼ 1:4 mm : 45:4 N=mm

(iv) t ¼ 1:6 mm : 45:6 N=mm

(v) t ¼ 1:8 mm : 46:7 N=mm

(vi) t ¼ 2 mm : 46:8 N=mm

(vii) t ¼ 2:2 mm : 46:9 N=mm

(viii) t ¼ 2:4 mm : 47:9 N=mm

(ix) t ¼ 2:6 mm : 48 N=mm
P.20.3. Calculate the shear flow distribution and the stringer and flange loads in the beam shown

in Fig. P.20.3 at a section 1.5 m from the built-in end. Assume that the skin and web panels are

effective in resisting shear stress only; the beam tapers symmetrically in a vertical direction about

its longitudinal axis.
Answer: q13 ¼ q42 ¼ 19:2 N=mm; q35 ¼ q64 ¼ �10:4 N=mm; q21 ¼ 78:5 N=mm;
q65 ¼ 40:0 N=mm

P2 ¼ �P1 ¼ 133:3 kN; P4 ¼ P6 ¼ �P3 ¼ �P5 ¼ 66:7 kN
P.20.3
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P.20.4 If the vertical plane of symmetry in the beam of P.20.3 is swept back by 25o as shown in plan in

Fig. P.20.4, the span of 3 m is retained and the 40 kN load is applied as in P.20.3, calculate the flange

and stringer loads and the shear flow distribution at a section 1.5 m from the built-in end.
FIGURE
Answer: P1 ¼ �P2 ¼ �147:3 kN; P3 ¼ �P4 ¼ P5 ¼ �P6 ¼ �73:7 kN
q12 ¼ �31:7 N=mm; q13 ¼ q42 ¼ �27:6 N=mm; q35 ¼ q64 ¼ �57:2 N=mm;
q65 ¼ 86:8 N=mm
250 mm

250 mm

5(6)

3 m

3(4)

1(2)

Booms 25°

250 mm

250 mm

P.20.4



CHAPTER
Fuselages
 21

Aircraft fuselages consist, as we saw in Chapter 11, of thin sheets of material stiffened by large numbers

of longitudinal stringers together with transverse frames. Generally, they carry bendingmoments, shear

forces, and torsional loads, which induce axial stresses in the stringers and skin, together with shear

stresses in the skin; the resistance of the stringers to shear forces is generally ignored. Also, the distance

between adjacent stringers is usually small, so that the variation in shear flow in the connecting panel is

small. It is therefore reasonable to assume that the shear flow is constant between adjacent stringers, so

that the analysis simplifies to the analysis of an idealized section in which the stringers/booms carry all

the direct stresses while the skin is effective only in shear. The direct stress carrying capacity of the skin

may be allowed for by increasing the stringer/boom areas as described in Section 19.3. The analysis of

fuselages therefore involves the calculation of direct stresses in the stringers and the shear stress dis-

tributions in the skin; the latter are also required in the analysis of transverse frames, as we shall see in

Chapter 23.
21.1 BENDING
The skin–stringer arrangement is idealized into one comprising booms and skin, as described in

Section 19.3. The direct stress in each boom is then calculated using either Eq. (15.17) or (15.18),

in which the reference axes and the section properties refer to the direct stress carrying areas of the

cross-section.
Example 21.1
The fuselage of a light passenger carrying aircraft has the circular cross-section shown in Fig. 21.1(a). The cross-

sectional area of each stringer is 100 mm2 and the vertical distances given in Fig. 21.1(a) are to the mid-line of the

section wall at the corresponding stringer position. If the fuselage is subjected to a bending moment of 200 kN m

applied in the vertical plane of symmetry, at this section, calculate the direct stress distribution.

The section is first idealized using the method described in Section 19.3. As an approximation, we assume that

the skin between adjacent stringers is flat, so that we may use either Eq. (19.1) or (19.2) to determine the boom

areas. From symmetry, B1¼B9, B2¼B8¼B10¼B16, B3¼B7¼B11¼B15, B4¼B6¼B12¼B14, and B5¼B13. From

Eq. (19.1),

B1 ¼ 100þ 0:8� 149:6

6
2þ s2

s1

� �
þ 0:8� 149:6

6
2þ s16

s1

� �
Introduction to Aircraft Structural Analysis, Third Edition. http://dx.doi.org/10.1016/B978-0-08-102076-0.00021-X

Copyright © 2018 T.H.G. Megson. Published by Elsevier Ltd. All rights reserved.
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FIGURE 21.1 (a) Actual Fuselage Section; (b) Idealized Fuselage Section
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that is,

B1 ¼ 100þ 0:8� 149:6

6
2þ 352:0

381:0

� �
� 2 ¼ 216:6 mm2

Similarly B2¼216.6 mm2, B3¼216.6 mm2, B4¼216.7 mm2.We note that stringers 5 and 13 lie on the neutral axis

of the section and are therefore unstressed; the calculation of boom areas B5 and B13 does not then arise. For this

particular section, Ixy¼0, since Cx (and Cy) is an axis of symmetry. Further,My¼0, so that Eq. (15.17) reduces to

sz ¼ Mxy

Ixx

in which

Ixx ¼ 2� 216:6� 381:02 þ 4� 216:6� 352:02 þ 4� 216:6� 269:52 þ 4� 216:7� 145:82

¼ 2:52� 108mm4

The solution is completed in Table 21.1.
Table 21.1 Example 21.1

Stringer/boom y (mm) sz (N/mm2)

1 381.0 302.4

2,16 352.0 279.4

3,15 269.5 213.9

4,14 145.8 115.7

5,13 0 0

6,12 –145.8 –115.7

7,11 –269.5 –213.9

8,10 –352.0 –279.4

9 –381.0 –302.4
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21.2 SHEAR
For a fuselage having a cross-section of the type shown in Fig. 21.1(a), the determination of the shear

flow distribution in the skin produced by shear is basically the analysis of an idealized single-cell closed

section beam. The shear flow distribution is therefore given by Eq. (19.11), in which the direct stress

carrying capacity of the skin is assumed to be zero, that is, tD¼0, thus,

qs ¼ � SxIxx � SyIxy
IxxIyy � I2xy

 !Xn
r¼1

Bryr � SyIyy � SxIxy
IxxIyy � I2xy

 !Xn
r¼1

Brxr þ qs;0 (21.1)

Equation (21.1) is applicable to loading cases in which the shear loads are not applied through the sec-

tion shear center, so that the effects of shear and torsion are included simultaneously. Alternatively,

if the position of the shear center is known, the loading system may be replaced by shear loads acting

through the shear center together with a pure torque, and the corresponding shear flow distributions

may be calculated separately and superimposed to obtain the final distribution.
Example 21.2
The fuselage of Example 21.1 is subjected to a vertical shear load of 100 kN applied at a distance of 150 mm from

the vertical axis of symmetry, as shown, for the idealized section, in Fig. 21.2. Calculate the distribution of shear

flow in the section.

As in Example 21.1, Ixy¼ 0 and, since Sx¼ 0, Eq. (21.1) reduces to

qs ¼ � Sy
Ixx

Xn
r¼1

Bryr þ qs;0 (i)
FIGURE 21.2 Idealized Fuselage Section of Example 21.2
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in which Ixx¼ 2.52�108 mm4 as before. Then,

qs ¼ �100� 103

2:52� 108

Xn
r¼1

Bryr þ qs;0

or

qs ¼ �3:97� 10�4
Xn
r¼1

Bryr þ qs;0 (ii)

The first term on the right-hand side of Eq. (ii) is the “open section” shear flow qb. We therefore “cut” one of the

skin panels, say, 12, and calculate qb. The results are presented in Table 21.2.

Note that in Table 21.2, the column headed Boom indicates the boom that is crossed when the analysis moves

from one panel to the next. Note also that, as would be expected, the qb shear flow distribution is symmetrical about

theCx axis. The shear flow qs,0 in panel 12 is now found by taking moments about a convenient moment center, say

C. Therefore, from Eq. (16.17),

100� 103 � 150 ¼ rqbpdsþ 2Aqs;0 (iii)

in which A¼ p�381.02¼ 4.56�105 mm2. Since the qb shear flows are constant between the booms, Eq. (iii) may

be rewritten in the form (see Eq. (19.10))

100� 103 � 150 ¼ �2A12qb;12 � 2A23qb;23 � �� � � 2A161qb;16l þ 2Aqs;0 (iv)

in which A12, A23, � � �, A161 are the areas subtended by the skin panels 12, 23, � � �, 161 at the center C of the circular

cross-section and counterclockwise moments are taken as positive. Clearly, A12¼ A23¼ . . . ¼ A161¼ 4.56�
105/16¼ 28,500 mm2. Equation (iv) then becomes

100� 103 � 150 ¼ 2� 28; 500 �qb12 � qb23 � � � � � qb16lð Þ þ 2� 4:56� 105qs ;0 (v)
Table 21.2 Example 21.2

Skin panel Boom Br (mm2) yr (mm) qb (N/mm)

1 2 — — — 0

2 3 2 216.6 352.0 –30.3

3 4 3 216.6 269.5 –53.5

4 5 4 216.7 145.8 –66.0

5 6 5 — 0 –66.0

6 7 6 216.7 –145.8 –53.5

7 8 7 216.6 –269.5 –30.3

8 9 8 216.6 –352.0 0

1 16 1 216.6 381.0 –32.8

16 15 16 216.6 352.0 –63.1

15 14 15 216.6 269.5 –86.3

14 13 14 216.6 145.8 –98.8

13 12 13 — 0 –98.8

12 11 12 216.7 –145.8 –86.3

11 10 11 216.6 –269.5 –63.1

10 9 10 216.6 –352.0 –32.8



FIGURE 21.3 Shear Flow (N/mm) Distribution in the Fuselage Section of Example 21.2

62921.3 Torsion
Substituting the values of qb from Table 21.2 in Eq. (v), we obtain

100� 103 � 150 ¼ 2� 28; 500 �262:4ð Þ þ 2� 4:56� 105qs;0

from which

qs;0 ¼ 32:8 N=mm acting in a counterclockwise senseð Þ
The complete shear flow distribution follows by adding the value of qs,0 to the qb shear flow distribution, giving the

final distribution shown in Fig. 21.3. The solution may be checked by calculating the resultant of the shear flow

distribution parallel to the Cy axis. Thus,

2 98:8þ 66:0ð Þ145:8þ 86:3þ 53:5ð Þ123:7þ 63:1þ 30:3ð Þ82:5þ 32:8� 0ð Þ29:0½ � � 10�3 ¼ 99:96 kN

which agrees with the applied shear load of 100 kN. The analysis of a fuselage tapered along its length is carried out

using the method described in Section 20.2 and illustrated in Example 20.2.

21.3 TORSION
A fuselage section is basically a single-cell closed section beam. The shear flow distribution produced

by a pure torque is therefore given by Eq. (17.1) and is

q ¼ T

2A
(21.2)

It is immaterial whether or not the section has been idealized, since, in both cases, the booms are as-

sumed not to carry shear stresses.

Equation (21.2) provides an alternative approach to that illustrated in Example 21.2 for the

solution of shear loaded sections in which the position of the shear center is known. In Fig. 21.1,

the shear center coincides with the center of symmetry, so that the loading system may be replaced



FIGURE 21.4 Alternative Solution of Example 21.2
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by the shear load of 100kN acting through the shear center together with a pure torque equal to

100�103�150¼ 15�106Nmm, as shown in Fig. 21.4. The shear flow distribution due to the shear

load may be found using the method of Example 21.2 but with the left-hand side of the moment

equation (iii) equal to zero for moments about the center of symmetry. Alternatively, use may be made

of the symmetry of the section and the fact that the shear flow is constant between adjacent booms. Sup-

pose that the shear flow in the panel 21 is q21. Then, from symmetry and using the results of Table 21.2,

q9 8 ¼ q9 10 ¼ q16 1 ¼ q2 1

q3 2 ¼ q8 7 ¼ q10 11 ¼ q15 16 ¼ 30:3þ q2 1
q4 3 ¼ q7 6 ¼ q11 12 ¼ q14 15 ¼ 53:5þ q2 1

q5 4 ¼ q6 5 ¼ q12 13 ¼ q13 14 ¼ 66:0þ q2 1

The resultant of these shear flows is statically equivalent to the applied shear load, so that

4ð29:0q2 1 þ 82:5q3 2 þ 123:7q4 3 þ 145:8q5 4Þ ¼ 100� 103

Substituting for q3 2, q4 3 and q5 4 from the preceding, we obtain

4 381q2 1 þ 18; 740:5ð Þ ¼ 100� 103

from which

q2 1 ¼ 16:4N=mm

and

q3 2 ¼ 46:7N=mm; q4 3 ¼ 69:9N=mm; q5 4 ¼ 83:4 N=mm; and so forth

The shear flow distribution due to the applied torque is, from Eq. (21.2),

q ¼ 15� 106

2� 4:56� 105
¼ 16:4N=mm
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acting in a counterclockwise sense completely around the section. This value of shear flow is now

superimposed on the shear flows produced by the shear load; this gives the solution shown in

Fig. 21.3; that is,

q2 1 ¼ 16:4þ 16:4 ¼ 32:8 N=mm

q16 1 ¼ 16:4� 16:4 ¼ 0; and so on

21.4 CUT-OUTS IN FUSELAGES
So far, we have considered fuselages to be closed sections stiffened by transverse frames and longi-

tudinal stringers. In practice, it is necessary to provide openings in these closed stiffened shells for,

for example, doors, cockpits, bomb bays, and windows in passenger cabins. These openings or

“cut-outs” produce discontinuities in the otherwise continuous shell structure, so that loads are redistri-

buted in the vicinity of the cut-out, thereby affecting loads in the skin, stringers, and frames. Frequently,

these regions must be heavily reinforced, resulting in unavoidable weight increases. In some cases, for

example, door openings in passenger aircraft, it is not possible to provide rigid fuselage frames on each

side of the opening, because the cabin space must not be restricted. In such situations, a rigid frame is

placed around the opening to resist shear loads and to transmit loads from one side of the opening to

the other.

The effects of smaller cut-outs such as those required for rows of windows in the cabin of a pas-

senger aircraft may be found approximately as follows. Figure 21.5 shows a fuselage panel provided

with cut-outs for windows. The dotted lines represent the fuselage frames and stringers required to

stiffen the panel. In practice, of course, the panel would be curved but for a large passenger aircraft

the panel, over a depth of fuselage containing the windows, may be regarded as flat.
qav

Cut-out

qavqav

qav

qav

qav

dw

qavqav

q3

q3

q1

lw l1

q1

q3

q3

q2

q2

d1

d1

FIGURE 21.5 Fuselage Panel With Regularly Spaced Cut-outs
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The panel carries a known shear flow, qav, which would be constant throughout the panel were it not
for the presence of the cut-outs. It will be assumed that the cut-outs only affect the shear flows in the

line of shear panels above and below them (shear flows will be present in all the shear panels). There

will, therefore, be three unknown shear flows, q1, q2 and q3 as shown in the central area of the panel in
Fig. 21.5. These may be found using the equations of statical equilibrium as follows.
dw

qav

qav

qav

qav

q2 q2

q2

q2

q2

q2

q1

(a) (b) (c)

l1

lw/2 lw/2 lw/2 lw/2

l1

q2

q3

q2

qav

qav

qav qav

qav

qav

qav

qav

qav

qav

qav

d1

FIGURE 21.6 Free-body diagrams of portions of the fuselage panel of Fig. 21.5
Figure 21.6(a) shows the free-body diagram of an area of the panel between and above a cut-out.

Considering horizontal forces

q1l1 ¼ qav l1 þ lwð Þ
so that

q1 ¼ qav 1þ lw
l1

� �
(21.3)

Note that there will be axial loads in the frames and stringers produced by the different values of shear

flow in adjacent panels. However, from symmetry, the horizontal (stringer) loads will be equal while

the vertical (frame) loads do not enter the equation of horizontal equilibrium.

Now consider the free-body diagram in Fig. 21.6(b). Resolving forces vertically

2q2d1 ¼ qav 2d1 þ dwð Þ
from which

q2 ¼ qav 1þ dw
2d1

� �
(21.4)

Finally, from the free-body diagram in Fig. 21.6(c) and considering horizontal equilibrium

q3l1 þ q2lw ¼ qav l1 þ lwð Þ
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Substituting for q2 from Eq. (21.4) and rearranging

q3 ¼ qav 1� dwlw
2d1l1

� �
(21.5)

The distribution of axial load in the stringers again may be found from statics as illustrated in

Example 21.3
Example 21.3
The fuselage panel shown in Fig. 21.7 carries an average shear flow of 40 kN/mm along its outer edges. Cut-outs

for windows are arranged regularly along its length and stiffeners are provided as shown. Determine the shear

flows in the panels and the distribution of axial load along the stiffeners bordering a cut-out.
600 mm

qav = 40 kN/m

1 2 3 4 5 6

Cut-out

All shear
flows are
in the
same sense.

300 mm

600 mm

600 mm

q4

q2 q3 q2 q4

q5q1q5

q4

87 9 10 11 12

q2 q3 q2 q4

600 mm

300 m 300 m

600 mm

FIGURE 21.7 Fuselage Panel of Example 21.3
In this example the shear flows in the outer shear panels cannot be assumed to be equal to the externally applied

shear flow since there are no intermediate frames and stiffeners between the cut-outs and the outer edges of the

panel. Again we consider the equilibrium of a series of free-body diagrams.

From Fig. 21.8(a) and resolving forces horizontally

600q1 ¼ 900qav

so that

q1 ¼ 1:5� 40 ¼ 60 kN=m or N=mmð Þ
From Fig. 21.8(b) and resolving forces vertically

2q2 � 600 ¼ qav � 1500



3

1

1

(a)

(d)

(e)

(b) (c)

2 3 4 5 6

7

4
4

65

q3

q1

q5q5 q1

q4

q5

q4

q1

q2

q2
600 mm

150 mm 150 mm

q3

q3

q3

qav

qav

qav

qav

qav

qav

qav

qav

qav

600 mm
300 mm

600 mm

qav

qav

qav

qav

FIGURE 21.8 Free-Body Diagrams for the Fuselage Panel of Example 21.3
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which gives

q2 ¼ 1:25� 40 ¼ 50 kN=m or N=mmð Þ
From Fig. 21.8(c) and resolving forces vertically

2� 600q3 þ 300q1 ¼ 1500qav
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from which

q3 ¼ 35 kN=m or N=mmð Þ
From Fig. 21.8(d) and resolving forces horizontally

2q5 � 600þ 600q1 ¼ 2400qav

so that

1200q5 þ 600� 60 ¼ 2400� 40

which gives

q5 ¼ 50 kN=mm or N=mmð Þ
Now from Fig. 21.8(c) and resolving forces vertically

2q4 � 600þ 300q5 ¼ 1500qav

or

1200q4 þ 300 � 50 ¼ 1500 � 40

from which

q4 ¼ 37:5 kN=m or N=mmð Þ
The shear flows acting on the stringer 7 8 9 10 11 12 are shown in Fig. 21.9(a)
7

37.5

(a)

(b)

37.550

8 9 10 11
12

7.5 kN

7 8

9 11

10
12

–7.5 kN –7.5 kN

7.5 kN

5050

5035

60

FIGURE 21.9 (a) Shear Flows (kN/m) Acting on Stringer 7 8 9 10 11 12; (b) Distribution of Axial Load in Stringer 7

8 9 10 11 12
and the variation of axial load follows from simple statics. For example, at 8

Axial load ¼ 50 � 0:6 � 37:5 � 0:6 ¼ 7:5 kN

and so on. The complete distribution is shown in Fig. 21.9(b).
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PROBLEMS

P.21.1 The doubly symmetrical fuselage section shown in Fig. P.21.1 has been idealized into an

arrangement of direct stress carrying booms and shear stress carrying skin panels; all the boom

areas are 150 mm2. Calculate the direct stresses in the booms and the shear flows in the panels when the

section is subjected to a shear load of 50 kN and a bending moment of 100 kNm.
Sy (kN

Mx (kN

FIGURE
2 2
Answer: sz;1 ¼ �sz;6 ¼ 180 N=mm ; sz;2 ¼ sz;10 ¼ �sz;5 ¼ �sz;7 ¼ 144:9 N=mm ;
sz;3 ¼ sz;9 ¼ �sz;4 ¼ �sz;8 ¼ 60 N=mm2

q2 1 ¼ q6 5 ¼ 1:9N=mm; q3 2 ¼ q5 4 ¼ 12:8 N=mm; q4 3 ¼ 17:3 N=mm;
q6 7 ¼ q10 1 ¼ 11:6 N=mm; q7 8 ¼ q9 10 ¼ 22:5 N=mm; q8 9 ¼ 27:0 N=mm
P.21.1 MATLAB Use MATLAB to repeat Problem P.21.1 for the following shear load (Sy) and
bending moment (Mx) combinations.
(i) (ii) (iii) (iv) (v)

) 40 50 50 60 50

m) 150 100 75 200 250

P.21.1
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Answer: ðiÞ ½sz;1; sz;2; . . . ; sz;10� ¼ ½262:5; 211:2; 87:5;�87:5;�211:2;�262:5;�211:2;
�87:5; 87:5; 211:2� N=mm2

½q1 2; q2 3; . . . ; q10 1� ¼ ½�1:4;�9:8;�13:3;�9:8;�1:4; 9:1; 17:5; 21;
17:5; 9:1� N=mm

ðiiÞ ½sz;1; sz;2; . . . ; sz;10� ¼ ½180; 144:9; 60;�60;�144:9;�180;�144:9;�60;
60; 144:9�N=mm2;
½q1 2; q2 3; . . . ; q10 1� ¼ ½�1:9;�12:8;�17:3;�12:8;�1:9; 11:6; 22:5; 27;
22:5; 11:6�N=mm

ðiiiÞ ½sz;1; sz;2; . . . ; sz;10� ¼ ½135; 108:6; 45;�45;�108:6;�135;�108:6;�45;
45; 108:6�N=mm2;
½q1 2; q2 3; . . . ; q10 1� ¼ ½�2;�14:7;�20;�14:8;�2:1; 13:7; 26:4; 31:7; 26:4;
13:8�N=mm

ðivÞ ½sz;1; sz;2; . . . ; sz;10� ¼ ½352:5; 283:7; 117:5;�117:5;�283:7;�352:5;�283:7;
�117:5; 117:5; 283:7�N=mm2;
½q1 2; q2 3; . . . ; q10 1� ¼ ½�1:9;�12:8;�17:3;�12:8;�1:9; 11:6; 22:5; 27;
22:5; 11:6�N=mm

ðvÞ ½sz;1; sz;2; . . . ; sz;10� ¼ ½442:5; 356:1; 147:5;�147:5;�356:1;�442:5;
�356:1;�147:5; 147:5; 356:1�N=mm2;
½q1 2; q2 3; . . . ; q10 1� ¼ ½�1:4;�9:8;�13:3;�9:8;�1:4; 9:1; 17:5; 21;
17:5; 9:1�N=mm
P.21.2 Determine the shear flow distribution in the fuselage section of P.21.1 by replacing the applied

load by a shear load through the shear center together with a pure torque.

P.21.3 Determine the shear flows q1, q2 and q3 in the panel shown in Fig. P.21.3 and also the

distribution of axial load along the stiffeners 1234 and 5678.

Answer: q1 ¼ 75 kN=m; q2 ¼ 42:2 kN=m; q3 ¼ 65:6 kN=m
P2 ¼ �P3 ¼ �3:1 kN; P6 ¼ �P7 ¼ 9:4 kN
50 kN/m

50 kN/m

50 kN/m

50 kN/m

300 mm

400 mm 400 mm250 mm

300 mm

300 mm

1 3 4

5 6 7 8

2

P.21.3 Box Beam of Example 20.3
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We have seen, in Chapters 11 and 19, that wing sections consist of thin skins stiffened by combinations

of stringers, spar webs, and caps and ribs. The resulting structure frequently comprises one, two, or

more cells and is highly redundant. However, as in the case of fuselage sections, the large number

of closely spaced stringers allows the assumption of a constant shear flow in the skin between adjacent

stringers, so that a wing section may be analyzed as though it were completely idealized, as long as the

direct stress carrying capacity of the skin is allowed for by additions to the existing stringer/boom

areas. We shall investigate the analysis of multicellular wing sections subjected to bending, torsional,

and shear loads, although, initially, it is instructive to examine the special case of an idealized three-

boom shell.
22.1 THREE-BOOM SHELL
The wing section shown in Fig. 22.1 has been idealized into an arrangement of direct stress carrying

booms and shear stress only carrying skin panels. The part of the wing section aft of the vertical spar 31

performs only an aerodynamic role and is therefore unstressed. Lift and drag loads, Sy and Sx, induce
shear flows in the skin panels, which are constant between adjacent booms, since the section has been

completely idealized. Therefore, resolving horizontally and noting that the resultant of the internal

shear flows is equivalent to the applied load, we have

Sx ¼ �q12l12 þ q23l23 (22.1)

Now resolving vertically,

Sy ¼ q31 h12 þ h23ð Þ � q12h12 � q23h23 (22.2)

Finally, taking moments about, say, boom 3,

SxZ0 þ Syx0 ¼ �2A12q12 � 2A23q23 (22.3)

(see Eqs. (19.9) and (19.10)). In the preceding, there are three unknown values of shear flow, q12, q23,
q31 and three equations of statical equilibrium.We conclude therefore that a three-boom idealized shell

is statically determinate.

We shall return to the simple case of a three-boom wing section when we examine the distributions

of direct load and shear flows in wing ribs. Meanwhile, we consider the bending, torsion, and shear of

multicellular wing sections.
Introduction to Aircraft Structural Analysis, Third Edition. http://dx.doi.org/10.1016/B978-0-08-102076-0.00022-1
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FIGURE 22.1 Three-Boom Wing Section

640 CHAPTER 22 Wings
22.2 BENDING
Bending moments at any section of a wing are usually produced by shear loads at other sections of the

wing. The direct stress system for such a wing section (Fig. 22.2) is given by either Eq. (15.17) or (15.18),

in which the coordinates (x,y) of any point in the cross-section and the sectional properties are referred to
axes Cxy, in which the origin C coincides with the centroid of the direct stress carrying area.
Example 22.1
The wing section shown in Fig. 22.3 has been idealized such that the booms carry all the direct stresses. If the wing

section is subjected to a bending moment of 300 kNm applied in a vertical plane, calculate the direct stresses in the

booms:

Boom areas: B1 ¼ B6 ¼ 2; 580 mm2; B2 ¼ B5 ¼ 3; 880 mm2; B3 ¼ B4 ¼ 3; 230 mm2
FIGURE 22.2 Idealized Section of a Multicell Wing



FIGURE 22.3 Wing Section of Example 22.1

Table 22.1 Example 22.1

Boom y (mm) sz (N/mm2)

1 165 61.2

2 230 85.3

3 200 74.2

4 �200 �74.2

5 �230 �85.3

6 �165 �61.2

64122.3 Torsion
We note that the distribution of the boom areas is symmetrical about the horizontal x axis. Hence, in
Eq. (15.17), Ixy ¼ 0. Further, Mx ¼ 300 kNm and My ¼ 0, so that Eq. (15.17) reduces to

sz ¼ Mxy

Ixx
(i)

in which

Ixx ¼ 2 2; 580� 1652 þ 3; 880� 2302 þ 3; 230� 2002
� � ¼ 809� 106 mm4

Hence,

sz ¼ 300� 106

809� 106
y ¼ 0:371y (ii)

The solution is now completed in Table 22.1, in which positive direct stresses are tensile and negative direct stres-

ses compressive.

22.3 TORSION
The chordwise pressure distribution on an aerodynamic surface may be represented by shear loads (lift

and drag loads) acting through the aerodynamic center together with a pitching moment M0 (see

Section 11.1). This system of shear loads may be transferred to the shear center of the section in

the form of shear loads Sx and Sy together with a torque T. The pure torsion case is considered here.



FIGURE 22.4 Multicell Wing Section Subjected to Torsion

642 CHAPTER 22 Wings
In the analysis, we assume that no axial constraint effects are present and that the shape of the wing

section remains unchanged by the load application. In the absence of axial constraint, there is no

development of direct stress in the wing section, so that only shear stresses are present. It follows that

the presence of booms does not affect the analysis in the pure torsion case.

The wing section shown in Fig. 22.4 comprises N cells and carries a torque T, which generates

individual but unknown torques in each of the N cells. Each cell therefore develops a constant shear

flow qI,qII, . . ., qR, . . ., qN given by Eq. (17.1).

The total is therefore

T ¼
XN
R¼1

2ARqR (22.4)

Although Eq. (22.4) is sufficient for the solution of the special case of a single-cell section, which is

therefore statically determinate, additional equations are required for an N-cell section. These are

obtained by considering the rate of twist in each cell and the compatibility of displacement condition

that all N cells possess the same rate of twist dy/dz; this arises directly from the assumption of an undis-

torted cross-section.

Consider the Rth cell of the wing section, shown in Fig. 22.5. The rate of twist in the cell is, from

Eq. (16.22),

dy
dz

¼ 1

2ARG

þ
R

q
ds

t
(22.5)

The shear flow in Eq. (22.5) is constant along each wall of the cell and has the values shown in Fig. 22.5.

Writing
Ð
ds/t for each wall as d, Eq. (22.5) becomes

dy
dz

¼ 1

2ARG
½qRd12 þ ðqR � qR�1Þd23 þ qRd34 þ ðqR � qRþ1Þd41�

or, rearranging the terms in square brackets,

dy
dz

¼ 1

2ARG
½�qR�1d23 þ qRðd12 þ d23 þ d34 þ d41Þ � qRþ1d41�



FIGURE 22.5 Shear Flow Distribution in the Rth Cell of an N-Cell Wing Section
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In general terms, this equation may be rewritten in the form
dy
dz

¼ 1

2ARG
ð�qR�1dR�1;R þ qRdR � qRþ1dRþ1;RÞ (22.6)

in which dR-1,R is
Ð
ds/t for the wall common to the Rth and (R – 1)th cells, dR is

Ð
ds/t for all the walls

enclosing the Rth cell, and dRþ1,R is
Ð
ds/t for the wall common to the Rth and (R þ 1)th cells.

The general form of Eq. (22.6) is applicable to multicell sections in which the cells are connected

consecutively, that is, cell I is connected to cell II, cell II to cells I and III, and so on. In some cases, cell I

may be connected to cells II and III, and so forth (see Problem P.22.4), so that Eq. (22.6) cannot be used

in its general form. For this type of section, the term
Ð
q(ds/t) should be computed by consideringÐ

q(ds/t) for each wall of a particular cell in turn.

There are N equations of the type (22.6), which, with Eq. (22.4), comprise the N þ 1 equations

required to solve for the N unknown values of shear flow and the one unknown value of dy/dz.
Frequently, in practice, the skin panels and spar webs are fabricated from materials possessing

different properties such that the shear modulus G is not constant. The analysis of such sections is

simplified if the actual thickness t of a wall is converted to a modulus-weighted thickness t* as

follows. For the Rth cell of an N-cell wing section in which G varies from wall to wall, Eq. (22.5) takes

the form

dy
dz

¼ 1

2AR

þ
R

q
ds

Gt

This equation may be rewritten as

dy
dz

¼ 1

2ARGREF

þ
R

q
ds

G=GREFð Þt (22.7)

in which GREF is a convenient reference value of the shear modulus. Equation (22.7) is now

rewritten as

dy
dz

¼ 1

2ARGREF

þ
R

q
ds

t�
(22.8)
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in which the modulus-weighted thickness t* is given by
t� ¼ G

GREF

t (22.9)

Then, in Eq. (22.6), d becomes
Ð
ds/t*.
Example 22.2
Calculate the shear stress distribution in the walls of the three-cell wing section shown in Fig. 22.6 when it is

subjected to a counterclockwise torque of 11.3 kN m. The data are in Table 22.2.

Since the wing section is loaded by a pure torque, the presence of the booms has no effect on the analysis.

Choosing GREF ¼ 27,600 N/mm2, then, from Eq. (22.9),

t�12� ¼
24;200

27;600
� 1:22 ¼ 1:07 mm

Similarly,

t�13 ¼ t�24 ¼ 1:07 mm; t�35 ¼ t�46 ¼ t�56 ¼ 0:69 mm
FIGURE 22.6 Wing Section of Example 22.2

Table 22.2 Example 22.2

Wall Length (mm) Thickness (mm) G (N/mm2) Cell area (mm2)

12
�

1,650 1.22 24,200 AI ¼ 258,000

12i 508 2.03 27,600 AII ¼ 355,000

13, 24 775 1.22 24,200 AIII ¼ 161,000

34 380 1.63 27,600

35, 46 508 0.92 20,700

56 254 0.92 20,700

Note: The superscript symbols o and i are used to distinguish between outer and inner walls connecting the same two booms.
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Hence,
d12� ¼
ð
12�

ds

t�
¼ 1; 650

1:07
¼ 1542

Similarly,

d12i ¼ 250; d13 ¼ d24 ¼ 725; d34 ¼ 233; d35 ¼ d46 ¼ 736; d56 ¼ 368

Substituting the appropriate values of d in Eq. (22.6) for each cell in turn gives the following:

• For cell I,

dy
dz

¼ 1

2� 258;000GREF

½qIð1;542þ 250Þ � 250qII� (i)

• For cell II,

dy
dz

¼ 1

2� 355;000GREF

½�250qI þ qIIð250þ 725þ 233þ 725Þ � 233qIII� (ii)

• For cell III,

dy
dz

¼ 1

2� 161;000GREF

½�233qII þ qIIIð736þ 233þ 736þ 368Þ� (iii)

In addition, from Eq. (22.4),

11:3� 106 ¼ 2ð258; 000qI þ 355; 000qII þ 161; 000qIIIÞ (iv)

Solving Eqs. (i)–(iv) simultaneously gives

qI ¼ 7:1 N=mm; qII ¼ 8:9 N=mm; qIII ¼ 4:2 N=mm

The shear stress in any wall is obtained by dividing the shear flow by the actual wall thickness. Hence, the shear

stress distribution is as shown in Fig. 22.7.
FIGURE 22.7 Shear Stress (N/mm2) Distribution in the Wing Section of Example 22.2
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22.4 SHEAR
Initially, we consider the general case of an N-cell wing section comprising booms and skin panels, the

latter being capable of resisting both direct and shear stresses. The wing section is subjected to shear

loads Sx and Sy, whose lines of action do not necessarily pass through the shear center S (see Fig. 22.8);

the resulting shear flow distribution is therefore due to the combined effects of shear and torsion.

The method for determining the shear flow distribution and the rate of twist is based on a simple ex-

tension of the analysis of a single-cell beam subjected to shear loads (Sections 16.3 and 19.3). Such a beam

is statically indeterminate, the single redundancy being selected as the value of shear flow at an arbitrarily

positioned “cut.” Thus, theN-cell wing section of Fig. 22.8may bemade statically determinate by cutting

a skin panel in each cell, as shown.While the actual position of these cuts is theoretically immaterial, there

are advantages to be gained from a numerical point of view if the cuts aremade near the center of the top or

bottom skin panel in each cell. Generally, at these points, the redundant shear flows (qs,0) are small, so that

the final shear flows differ only slightly from those of the determinate structure. The system of simulta-

neous equations from which the final shear flows are found will then be “well conditioned” and produce

reliable results. The solution of an”‘ill-conditioned” system of equations would probably involve the sub-

traction of large numbers of a similar size, which therefore need to be expressed to a large number of

significant figures for reasonable accuracy. Although this reasoning does not apply to a completely ide-

alized wing section, since the calculated values of shear flow are constant between the booms, it is again

advantageous to cut either the top or bottom skin panels for, in the special case of a wing section having a

horizontal axis of symmetry, a cut in, say, the top skin panels results in the “‘open section” shear flows (qb)
being zero in the bottom skin panels. This decreases the arithmetical labor and simplifies the derivation of

the moment equation, as will become obvious in Example 22.3.

The open section shear flow qb in the wing section of Fig. 22.8 is given by Eq. (19.6), that is,

qb ¼� SxIxx � SyIxy
IxxIyy � I2xy

0
@

1
A ðs

0

tDxdsþ
Xn
r¼1

Brxr

 !

� SyIyy � SxIxy
IxxIyy � I2xy

0
@

1
A ðs

0

tDydsþ
Xn
r¼1

Bryr

 !
FIGURE 22.8 N-Cell Wing Section Subjected to Shear Loads
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We are left with an unknown value of shear flow at each of the cuts, that is, qs,0,I, qs,0,II, . . ., qs,0,N, plus

the unknown rate of twist dy/dz, which, from the assumption of an undistorted cross-section, is the same

for each cell. Therefore, as in the torsion case, there areNþ 1 unknowns requiringNþ 1 equations for a

solution.

Consider the Rth cell shown in Fig. 22.9. The complete distribution of shear flow around the cell is

given by the summation of the open section shear flow qb and the value of shear flow at the cut, qs,0,R.
We may therefore regard qs,0,R as a constant shear flow acting around the cell. The rate of twist is again

given by Eq. (16.22); thus,

dy
dz

¼ 1

2ARG

þ
R

q
ds

t
¼ 1

2ARG

þ
R

ðqb þ qs;0;RÞ ds
t

By comparison with the pure torsion case, we deduce that

dy
dz

¼ 1

2ARG
�qs;0;R�1dR�1;R þ qs;0;RdR � qs;0;Rþ1dRþ1;R þ

þ
R

qb
ds

t

� �
(22.10)

in which qb has previously been determined. There are N equations of the type (22.10), so that a further

equation is required to solve for the N þ 1 unknowns. This is obtained by considering the moment

equilibrium of the Rth cell in Fig. 22.10.

The moment Mq,R produced by the total shear flow about any convenient moment center O is

given by

Mq;R ¼
þ
qRp0 ds ðsee Section 17:1Þ
FIGURE 22.9 Redundant Shear Flow in the Rth Cell of an N-Cell Wing Section Subjected to Shear

FIGURE 22.10 Moment Equilibrium of the Rth Cell
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Substituting for qR in terms of the open section shear flow qb and the redundant shear flow qs,0,R, we

have

Mq;R ¼
þ
R

qbp0 dsþ qs;0;R

þ
R

p0 ds

or

Mq;R ¼
þ
R

qbp0 dsþ 2ARqs;0;R

The sum of the moments from the individual cells is equivalent to the moment of the externally applied

loads about the same point. Thus, for the wing section of Fig. 22.8,

SxZ0 � Syx0 ¼
XN
R¼1

Mq;R ¼
XN
R¼1

þ
R

qbp0 dsþ
XN
R¼1

2ARqs;0;R (22.11)

If the moment center is chosen to coincide with the point of intersection of the lines of action of Sx and
Sy, Eq. (22.11) becomes

0 ¼
XN
R¼1

þ
R

qbp0 dsþ
XN
R¼1

2ARqs;0;R (22.12)
Example 22.3
The wing section of Example 22.1 (Fig. 22.3) carries a vertically upward shear load of 86.8 kN in the plane of the

web 572. The section has been idealized such that the booms resist all the direct stresses while the walls are

effective only in shear. If the shear modulus of all walls is 27,600 N/mm2 except for wall 78, for which it is three

times this value, calculate the shear flow distribution in the section and the rate of twist. Additional data are given in

Table 22.3.

Choosing GREF as 27,600 N/mm2, then, from Eq. (22.9),

t�78 ¼
3� 27; 600

27; 600
� 1:22 ¼ 3:66 mm
Table 22.3 Example 22.3

Wall Length (mm) Thickness (mm) Cell area (mm2)

12, 56 1,023 1.22 AI ¼ 265,000

23 1,274 1.63 AII ¼ 213,000

34 2,200 2.03 AIII ¼ 413,000

483 400 2.64

572 460 2.64

61 330 1.63

78 1,270 1.22
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Hence,
d78 ¼ 1; 270

3:66
¼ 347

Also,

d12 ¼ d56 ¼ 839; d23 ¼ 782; d34 ¼ 1; 084; d38 ¼ 57; d84 ¼ 95; d87 ¼ 347; d27 ¼ 68; d75 ¼ 106; d16 ¼ 202

We now cut the top skin panels in each cell and calculate the open section shear flows using Eq. (19.6), which, since

the wing section is idealized, singly symmetrical (as far as the direct stress carrying area is concerned), and sub-

jected to a vertical shear load only, reduces to

qb ¼ �Sy
Ixx

Xn
r¼1

Bryr (i)

where, from Example 22.1, Ixx ¼ 809 � 106 mm4. Thus, from Eq. (i),

qb ¼ � 86:8� 103

809� 106

Xn
r¼1

Bryr ¼ �1:07� 10�4
Xn
r¼1

Bryr (ii)

Since qb ¼ 0 at each “cut,” qb ¼ 0 for the skin panels 12, 23, and 34. The remaining qb shear flows are now cal-

culated using Eq. (ii). Note that the order of the numerals in the subscript of qb indicates the direction of movement

from boom to boom.

qb;27 ¼ �1:07� 10�4 � 3; 880� 230 ¼ �95:5 N=mm

qb;16 ¼ �1:07� 10�4 � 2; 580� 165 ¼ �45:5 N=mm

qb;65 ¼ �45:5� 1:07� 10�4 � 2; 580� �165ð Þ ¼ 0

qb;57 ¼ �1:07� 10�4 � 3; 880� �230ð Þ ¼ 95:5 N=mm

qb;38 ¼ �1:07� 10�4 � 3; 230� 200 ¼ �69:1 N=mm

qb;48 ¼ �1:07� 10�4 � 3; 230� �200ð Þ ¼ 69:1 N=mm

Therefore, as qb,83¼ qb,48 (or qb,72¼ qb,57), qb,78¼ 0. The distribution of the qb shear flows is shown in Fig. 22.11.

The values of d and qb are now substituted in Eq. (22.10) for each cell in turn.

• For cell I,

dy=dz ¼ ½qs;0;Ið1;084þ 95þ 57Þ � 57qs ;0;II þ 69:1� 95þ 69:1� 57�=ð2� 265;000GREFÞ (iii)
• For cell II,

dy=dz ¼ ½�57qs ;0;I þ qs ;0;II 782þ 57þ 347þ 68ð Þ � 68qs ;0;III þ 95:5� 68

�69:1� 57�= 2� 213;000GREFð Þ (iv)
FIGURE 22.11 The qb Distribution (N/mm)
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• For cell III,

dy=dz ¼ ½�68qs;0;II þ qs;0;IIIð839þ 68þ 106þ 839þ 202Þ þ 45:5� 202� 95:5� 68

�95:5� 106�=ð2� 413;000GREFÞ (v)

The solely numerical terms in Eqs. (iii)–(v) represent
Þ
Rqbðds=tÞ for each cell. Care must be taken to ensure that the

contribution of each qb value to this term is interpreted correctly. The path of the integration follows the positive

direction of qs,0 in each cell, that is, counterclockwise. Thus, the positive contribution of qb,83 to
Þ
I
qb ds=tð Þ becomes

a negative contribution to
Þ
II
qb ds=tð Þ and so on.

The fourth equation required for a solution is obtained from Eq. (22.12) by taking moments about the inter-

section of the x axis and the web 572. Thus,

0 ¼ �69:1� 250� 1; 270� 69:1� 150� 1; 270þ 45:5� 330� 1; 020þ 2� 265; 000qs;0;I
þ2� 213;000qs;0;IIþ 2� 413; 000qs;0;III

(vi)

Simultaneous solution of Eqs. (iii)–(vi) gives

qs;0;I ¼ 4:9 N=mm; qs ;0;II ¼ 9:3 N=mm; qs;0;III ¼ 16:0 N=mm

Superimposing these shear flows on the qb distribution of Fig. 22.11, we obtain the final shear flow distribution:

q34 ¼ 4:9 N=mm; q23 ¼ q87 ¼ 9:3 N=mm; q12 ¼ q56 ¼ 16:0 N=mm

q61 ¼ 61:5 N=mm; q57 ¼ 79:5 N=mm; q72 ¼ 88:7 N=mm

q48 ¼ 74:0 N=mm; q83 ¼ 64:7 N=mm

Finally, from any of Eqs. (iii)–(v),

dy=dz ¼ 1:09� 10�6 rad=mm
Example 22.3 MATLAB
Use MATLAB to repeat Example 22.3.

The shear flow distribution and rate of twist in the section are obtained through the following MATLAB file:

% Declare any needed variables

syms q_s0I q_s0II q_s0III

B ¼ [2580 3880 3230 3230 3880 2580];

y ¼ [165 230 200 -200 -230 -165];

e ¼ 50;

w ¼ 1020;

S_y ¼ 86.8*10̂ 3;

G ¼ [27600 27600 27600 3*27600 27600 27600 27600 27600 27600 27600];

G_ref ¼ 27600;

% Define the length, thickness, and cell areas provided

L ¼ [1023 1274 2200 1270 1023 330 (y(2)-e) -(y(5)-e) (y(3)-e) -(y(4)-e)];

t ¼ [1.22 1.63 2.03 1.22 1.22 1.63 2.64 2.64 2.64 2.64];

A ¼ [265000 213000 413000];
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% Calculate the modulus weighted thickness using Eq. (22.9)

t_s ¼ t.*G/G_ref;

% Calculate the delta for each wall/cell

del ¼ round(L./t_s);

delta_I ¼ del(3)þsum(del(9:10));

delta_II ¼ del(2)þdel(9)þdel(4)þdel(7);

delta_III ¼ del(1)þsum(del(5:8));

delta ¼ [delta_I delta_II delta_III];

delta_I ¼ [del(3) del(9) del(10)];

delta_II ¼ [del(2) del(9) del(4) del(7)];

delta_III ¼ [del(1) del(5) del(6) del(7) del(8)];

% Calculate the section properties

I_xx ¼ sum(B.*y.̂ 2);

% I_yy and I_xy not needed due to symmetry and M_y¼0

% Due to symmetry and since S_x¼0, Eq. (19.6) simplifies

% Calculate the base shear flows in the section using the reduced Eq. (19.6)

B_i ¼ B.*y;

C ¼ round(-S_y/I_xx*10̂ 6)/(10̂ 6);

q_12b ¼ 0; % Cut cell in wall 1-2

q_23b ¼ 0; % Cut cell in wall 2-3

q_34b ¼ 0; % Cut cell in wall 3-4

q_38b ¼ round(C*B_i(3)*10)/10;

q_48b ¼ round(C*B_i(4)*10)/10;

q_78b ¼ q_48b þ q_38b;

q_27b ¼ round(C*B_i(2)*10)/10;

q_57b ¼ round(C*B_i(5)*10)/10;

q_16b ¼ round(C*B_i(1)*10)/10;

q_65b ¼ q_16b þ round(C*B_i(6)*10)/10;

q_b ¼ [q_12b q_23b q_34b -q_78b -q_65b -q_16b q_27b q_57b q_38b -q_48b];

q_bI ¼ [q_34b -q_38b q_48b];

q_bII ¼ [q_23b q_38b q_78b -q_27b];

q_bIII ¼ [q_12b -q_65b -q_16b q_27b -q_57b];

% Substitute the values of delta and q_b into Eq. (22.10) for each cell

eqI ¼ (q_s0I*delta(1)-q_s0II*del(9)þsum(q_bI.*delta_I))/(2*A(1)*G_ref);

eqII ¼ (-q_s0I*del(9)þq_s0II*delta(2)-q_s0III*del(7)þsum(q_bII.*delta_II))/

(2*A(2)*G_ref);

eqIII ¼ (-q_s0II*del(7)þq_s0III*delta(3)þsum(q_bIII.*delta_III))/

(2*A(3)*G_ref);

% Take moments about the intersection of the x-axis and web 572 using Eq. (22.12)

L_M ¼ [y(1) y(2) y(3) e y(5) w 0 0 L(4) L(4)];

eqIV ¼ sum(q_b.*L_M.*L)þsum(2*A.*[q_s0I q_s0II q_s0III]);



652 CHAPTER 22 Wings
% Simultaneously solve eqI-eqIV

[q_s0i q_s0ii q_s0iii] ¼ solve(eqI-eqII,eqII-eqIII,eqIV,q_s0I,q_s0II,q_s0III);

q_s0i ¼ vpa(q_s0i,2);

q_s0ii ¼ vpa(q_s0ii,2);

q_s0iii ¼ vpa(q_s0iii,2);

% Calculate the shear flows using q_s0i, q_s0ii, and q_s0iii

q_12 ¼ q_12bþq_s0iii;

q_23 ¼ q_23bþq_s0ii;

q_34 ¼ q_34bþq_s0i;

q_78 ¼ q_78b-q_s0ii;

q_65 ¼ q_65b-q_s0iii;

q_16 ¼ q_16b-q_s0iii;

q_27 ¼ q_27bþq_s0iii-q_s0ii;

q_57 ¼ q_57b-q_s0iii;

q_38 ¼ q_38b-q_s0iþq_s0ii;

q_48 ¼ q_48bþq_s0i;

q ¼ double([q_12 q_23 q_34 q_78 q_65 q_16 q_27 q_57 q_38 q_48]);

q ¼ round(q*10)/10;

% Substitute q_s0i, q_s0ii, and q_s0iii back into any of eqI-eqIV

dtheta_dz ¼ subs(subs(eqI,q_s0I,q_s0i),q_s0II,q_s0ii);

dtheta_dz ¼ round(double(dtheta_dz)*10̂ 8)/(10̂ 8);

% Output the shear flows and angle of twist to the Command Window

disp(‘The shear flows (N/mm) are:’)

text ¼ ‘[q_12, q_23, q_34, q_78, q_65, q_16, q_27, q_57, q_38, q_48] ¼ [’;

c ¼ length(text);

for j¼1:1:10

num ¼ num2str(q(j));

if j<10

text(cþ1:cþlength(num)þ2) ¼ [num ‘,’];

c ¼ length(text);

else

text(cþ1:cþlength(num)þ1) ¼ [num ‘]’];

disp(text)

end

end

disp([‘The rate of twist in the section ¼’ num2str(dtheta_dz) ‘rad/mm’])

The Command Window outputs resulting from this MATLAB file are as follows:

The shear flows (N/mm) are:

[q_12, q_23, q_34, q_78, q_65, q_16, q_27, q_57, q_38, q_48]¼ [16, 9.3, 4.9, -9.3, -16,

-61.5, -88.7, 79.5, -64.7, 74]

The rate of twist in the section ¼ 1.09e-006 rad/mm
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22.5 SHEAR CENTER
The position of the shear center of a wing section is found in an identical manner to that described in

Section 16.3. Arbitrary shear loads Sx and Sy are applied in turn through the shear center S, the corre-

sponding shear flow distributions determined, and moments taken about some convenient point. The

shear flow distributions are obtained as described previously in the shear of multicell wing sections,

except that theN equations of the type (22.10) are sufficient for a solution, since the rate of twist dy/dz is
zero for shear loads applied through the shear center.
22.6 TAPERED WINGS
Wings are generally tapered in both spanwise and chordwise directions. The effects on the analysis of

taper in a single-cell beam have been discussed in Section 20.2. In a multicell wing section, the effects

are dealt with in an identical manner, except that the moment equation (20.16) becomes, for an N-cell
wing section (see Figs 20.5 and 22.8),

SxZ0 � Syx0 ¼
XN
R¼1

þ
R

qbp0 dsþ
XN
R¼1

2ARqs;0;R �
Xm
r¼1

Px;rZr þ
Xm
r¼1

Py;rxr (22.13)
Example 22.4
A two-cell beam has singly symmetrical cross-sections 1.2 m apart and tapers symmetrically in the y direction

about a longitudinal axis (Fig. 22.12). The beam supports loads which produce a shear force Sy ¼ 10 kN and a

bending moment Mx ¼ 1.65 kN m at the larger cross-section; the shear load is applied in the plane of the internal

spar web. If booms 1 and 6 lie on a plane which is parallel to the yz plane, calculate the forces in the booms and the

shear flow distribution in the walls at the larger cross-section. The booms are assumed to resist all the direct stresses

while the walls are effective only in shear. The shear modulus is constant throughout, the vertical webs are all 1.0

mm thick, while the remaining walls are all 0.8 mm thick:

Boom areas: B1 ¼ B3 ¼ B4 ¼ B6 ¼ 600 mm2; B2 ¼ B5 ¼ 900 mm2

At the larger cross-section,

Ixx ¼ 4� 600� 902 þ 2� 900� 902 ¼ 34:02� 106 mm4

The direct stress in a boom is given by Eq. (15.17) in which Ixy ¼ 0 and My ¼ 0; that is,

sz;r ¼ Mxyr
Ixx

from which

Pz;r ¼ Mxyr
Ixx

Br

or

Pz;r ¼ 1:65� 106yrBr

34:02� 106
¼ 0:08yrBr (i)



FIGURE 22.12 Tapered Beam of Example 22.4
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The value of Pz,r is calculated from Eq. (i) in column ➁ of Table 22.4; Px,r and Py,r follow from Eqs. (20.10) and

(20.9), respectively, in columns➄ and➅. The axial load Pr is given by [➁
2þ➄2þ➅2]1/2 in column➆ and has the

same sign as Pz,r (see Eq. (20.12)). The moments of Px,r and Py,r, columns ➉ and 11, are calculated for a moment

center at the mid-point of the internal web taking counterclockwise moments as positive.

From column ➄, X6
r¼1

Px;r ¼ 0

(as would be expected from symmetry). From column ➅,

X6
r¼1

Py;r ¼ 764:4 N
Table 22.4 Example 22.4

➀

Boom

➁
Pz,r

(N)

➂
dxr
dz

➃
dyr
dz

➄
Px,r

(N)

➅
Py,r

(N)

➆
Pr

(N)

➇
jr
(mm)

➈
hr

(mm)

10

Px,rhr

(N mm)

11

Py,rjr
(N mm)

1 2,619.0 0 0.0417 0 109.2 2,621.3 400 90 0 43,680

2 3,928.6 0.0833 0.0417 327.3 163.8 3,945.6 0 90 �29,457 0

3 2,619.0 0.1250 0.0417 327.4 109.2 2,641.6 200 90 �29,466 21,840

4 �2,619.0 0.1250 �0.0417 �327.4 109.2 �2,641.6 200 90 �29,466 21,840

5 �3,928.6 0.0833 �0.0417 �327.3 163.8 �3,945.6 0 90 �29,457 0

6 �2,619.0 0 �0.0417 0 109.2 �2,621.3 400 90 0 �43,680
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From column ➉,
X6
r¼1

Px;rZr ¼ �117; 846 Nmm

From column 11, X6
r¼1

Py;rxr ¼ �43;680 Nmm

From Eq. (20.15),

Sx;w ¼ 0; Sy;w ¼ 10� 103 � 764:4 ¼ 9; 235:6 N

Also, since Cx is an axis of symmetry, Ixy ¼ 0 and Eq. (19.6) for the “open section” shear flow reduces to

qb ¼ � Sy;w
Ixx

Xn
r¼1

Bryr

or

qb ¼ 9; 235:6

34:02� 106

Xn
r¼1

Bryr ¼ �2:715� 10�4
Xn
r¼1

Bryr (ii)

Cutting the top walls of each cell and using Eq. (ii), we obtain the qb distribution shown in Fig. 22.13. Evaluating d
for each wall and substituting in Eq. (22.10) gives, for cell I,

dy
dz

¼ 1

2� 36;000G
ð760qs;0;I � 180qs;0;II � 1314Þ (iii)

and, for cell II,

dy
dz

¼ 1

2� 72;000G
ð�180qs;0;I þ 1160qs;0;II þ 1314Þ (iv)

Taking moments about the mid-point of web 25, we have, using Eq. (22.13),

0 ¼ �14:7� 180� 400þ 14:7� 180� 200þ 2� 36;000qs;0;I þ 2� 72;000qs;0;II
�117;846� 43;680

or

0 ¼ �690; 726þ 72;000qs;0;I þ 144;000qs;0;II (v)

Solving Eqs (iii)–(v) gives

qs ;0;I ¼ 4:6 N=mm; qs;0;II ¼ 2:5 N=mm

and the resulting shear flow distribution is shown in Fig. 22.14.
FIGURE 22.13 The qb (N/mm) Distribution in the Beam Section of Example 22.4 (viewed along z axis toward C)



FIGURE 22.14 Shear Flow (N/mm) Distribution in the Tapered Beam of Example 22.4
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22.7 DEFLECTIONS
Deflections of multicell wings may be calculated by the unit load method in an identical manner to that

described in Section 19.4 for open and single-cell beams.
Example 22.5
Calculate the deflection at the free end of the two-cell beam shown in Fig. 22.15, allowing for both bending and

shear effects. The booms carry all the direct stresses while the skin panels, of constant thickness throughout, are

effective only in shear.

Take E ¼ 69;000 N=mm
2
and G ¼ 25;900 N=mm

2

Boom areas: B1 ¼ B3 ¼ B4 ¼ B6 ¼ 650 mm2; B2 ¼ B5 ¼ 1; 300 mm2

The beam cross-section is symmetrical about a horizontal axis and carries a vertical load at its free end through

the shear center. The deflection D at the free end is then, from Eqs. (19.17) and (19.19),

D ¼
ð2;000
0

Mx;0Mx;1

EIxx
dzþ

ð2;000
0

ð
section

q0q1
Gt

ds

� �
dz (i)
FIGURE 22.15 Deflection of a Two-Cell Wing Section
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where
Mx;0 ¼ �44:5� 103 2; 000� zð Þ; Mx;1 ¼ � 2; 000� zð Þ
and

Ixx ¼ 4� 650� 1252 þ 2� 13; 00� 1252 ¼ 81:3� 106mm4

also

Sy;0 ¼ 44:5� 103 N; Sy ;1 ¼ 1

The q0 and q1 shear flow distributions are obtained as previously described (note dy/dz¼ 0 for a shear load through

the shear center) and are

q0;12 ¼ 9:6 N=mm; q0;23 ¼ �5:8 N=mm; q0;43 ¼ 50:3 N=mm

q0;45 ¼ �5:8 N=mm; q0;56 ¼ 9:6 N=mm; q0;61 ¼ 54:1 N=mm

q0;52 ¼ 73:6 N=mm at all sections of the beam

The q1 shear flows in this case are given by q0/44.5 � 103. Thus,ð
section

q0q1
Gt

ds ¼ 1

25;900� 2� 44:5� 103
ð9:62 � 250� 2þ 5:82 � 500� 2

þ 50:32 � 250þ 54:12 � 250þ 73:62 � 250Þ
¼ 1:22� 10�3

Hence, from Eq. (i),

D ¼
ð2;000
0

44:5� 103 2;000� zð Þ2
69;000� 81:3� 106

dzþ
ð2;000
0

1:22� 10�3 dz

giving

D ¼ 23:5 mm

22.8 CUT-OUTS IN WINGS
Wings, as well as fuselages, have openings in their surfaces to accommodate undercarriages, engine

nacelles and weapons installations,and the like. In addition, inspection panels are required at specific

positions, so that, as for fuselages, the loads in adjacent portions of the wing structure are modified.

Initially, we consider the case of a wing subjected to a pure torque in which one bay of the wing has

the skin on its undersurface removed. The method is best illustrated by a numerical example.
Example 22.6
The structural portion of a wing consists of a three-bay rectangular section box which may be assumed to be firmly

attached at all points around its periphery to the aircraft fuselage at its inboard end. The skin on the undersurface of

the central bay has been removed and the wing is subjected to a torque of 10 kN m at its tip (Fig. 22.16). Calculate

the shear flows in the skin panels and spar webs, the loads in the corner flanges, and the forces in the ribs on each



FIGURE 22.16 Three-Bay Wing Structure with Cut-out of Example 22.6

658 CHAPTER 22 Wings
side of the cut-out, assuming that the spar flanges carry all the direct loads while the skin panels and spar webs are

effective only in shear.

If the wing structure were continuous and the effects of restrained warping at the built-in end ignored, the shear

flows in the skin panels would be given by Eq. (17.1), that is,

q ¼ T

2A
¼ 10� 106

2� 200� 800
¼ 31:3 N=mm

and the flanges would be unloaded. However, the removal of the lower skin panel in bay ➁ results in a torsionally

weak channel section for the length of bay➁, which must in any case still transmit the applied torque to bay➀ and

subsequently to the wing support points. Although open section beams are inherently weak in torsion (see

Section 17.2), the channel section in this case is attached at its inboard and outboard ends to torsionally stiff closed

boxes, so that, in effect, it is built-in at both ends. The effect of axial constraint on open section beams is examined

in Chapter 27 of Ref. 1. An alternative approach is to assume that the torque is transmitted across bay ➁ by the

differential bending of the front and rear spars. The bendingmoment in each spar is resisted by the flange loads P as

shown, for the front spar, in Fig. 22.17(a). The shear loads in the front and rear spars form a couple at any station in

bay ➁ which is equivalent to the applied torque. Thus, from Fig. 22.17(b),

800S ¼ 10� 106 Nmm

that is,

S ¼ 12;500 N

The shear flow q1 in Fig. 22.17(a) is given by

q1 ¼ 12;500

200
¼ 62:5 N=mm



FIGURE 22.17 Differential Bending of Front Spar
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Midway between stations 1500 and 3000 a point of contraflexure occurs in the front and rear spars, so that at this
point the bending moment is zero. Hence,

200P ¼ 12;500� 750 N mm

so that

P ¼ 46;875 N

Alternatively, P may be found by considering the equilibrium of either of the spar flanges. Thus,

2P ¼ 1; 500q1 ¼ 1; 500� 62:5 N

from which

P ¼ 46; 875 N

The flange loads P are reacted by loads in the flanges of bays ➀ and ➂. These flange loads are transmitted to the

adjacent spar webs and skin panels, as shown in Fig. 22.18 for bay➂, and modify the shear flow distribution given

by Eq. (17.1). For equilibrium of flange 1,

1;500q2 � 1;500q3 ¼ P ¼ 46;875 N

or

q2 � q3 ¼ 31:3 (i)

The resultant of the shear flows q2 and q3 must be equivalent to the applied torque. Hence, for moments about the

center of symmetry at any section in bay ➂ and using Eq. (19.10),

200� 800q2 þ 200� 800q3 ¼ 10� 106 Nmm

or

q2 þ q3 ¼ 62:5 (ii)



FIGURE 22.18 Loads on Bay ➂ of the Wing of Example 22.6
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Solving Eqs. (i) and (ii), we obtain
q2 ¼ 46:9 N=mm; q3 ¼ 15:6 N=mm

Comparison with the results of Eq. (17.1) shows that the shear flows are increased by a factor of 1.5 in the upper and

lower skin panels and decreased by a factor of 0.5 in the spar webs.

The flange loads are in equilibrium with the resultants of the shear flows in the adjacent skin panels and spar

webs. Thus, for example, in the top flange of the front spar,

P st: 4500ð Þ ¼ 0

P st: 3000ð Þ ¼ 1;500q2 � 1;500q3 ¼ 46;875 N compressionð Þ
P st: 2250ð Þ ¼ 1;500q2 � 1;500q3 � 750q1 ¼ 0

The loads along the remainder of the flange follow from antisymmetry, giving the distribution shown in Fig. 22.19.

The load distribution in the bottom flange of the rear spar is identical to that shown in Fig. 22.19, while the dis-

tributions in the bottom flange of the front spar and the top flange of the rear spar are reversed. We note that the

flange loads are zero at the built-in end of the wing (station 0). Generally, however, additional stresses are induced
FIGURE 22.19 Distribution of Load in the Top Flange of the Front Spar of the Wing of Example 22.6



FIGURE 22.20 Shear Flows (N/mm) on Wing Rib at Station 3000 in the Wing of Example 22.6
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by the warping restraint at the built-in end; these are investigated in Chapter 26 of Ref. 1. The loads on the wing ribs

on either the inboard or outboard end of the cut-out are found by considering the shear flows in the skin panels and

spar webs immediately inboard and outboard of the rib. Thus, for the rib at station 3000, we obtain the shear flow

distribution shown in Fig. 22.20.

In Example 22.6, we implicitly assumed in the analysis that the local effects of the cut-out were

completely dissipated within the length of the adjoining bays, which were equal in length to the

cut-out bay. The validity of this assumption relies on St. Venant’s principle (Section 2.4). It may gen-

erally be assumed therefore that the effects of a cut-out are restricted to spanwise lengths of the wing

equal to the length of the cut-out on both the inboard and outboard ends of the cut-out bay.

We now consider the more complex case of a wing having a cut-out and subjected to shear loads

which produce both bending and torsion. Again, the method is illustrated by a numerical example.
Example 22.7
A wing box has the skin panel on its undersurface removed between stations 2000 and 3000 and carries lift and drag

loads which are constant between stations 1000 and 4000, as shown in Fig. 22.21(a). Determine the shear flows in the

skin panels and spar webs and also the loads on the wing ribs at the inboard and outboard ends of the cut-out bay.

Assume that all bending moments are resisted by the spar flanges while the skin panels and spar webs are

effective only in shear.
FIGURE 22.21 Wing Box of Example 22.7



FIGURE 22.22 Shear Flow (N/mm) Distribution at Any Station in the Wing Box of Example 22.7 without the Cut-out
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The simplest approach is first to determine the shear flows in the skin panels and spar webs as though the wing

box were continuous and to apply an equal and opposite shear flow to that calculated around the edges of the

cut-out. The shear flows in the wing box without the cut-out are the same in each bay and are calculated using

the method described in Section 19.3 and illustrated in Example 19.4. This gives the shear flow distribution shown

in Fig. 22.22.

We now consider bay➁ and apply a shear flow of 75.9 N/mm in the wall 34 in the opposite sense to that shown

in Fig. 22.22. This reduces the shear flow in the wall 34 to zero and, in effect, restores the cut-out to bay ➁. The

shear flows in the remaining walls of the cut-out bay no longer are equivalent to the externally applied shear loads,

so that corrections are required. Consider the cut-out bay (Fig. 22.23) with the shear flow of 75.9 N/mm applied in

the opposite sense to that shown in Fig. 22.22. The correction shear flows q012, q032, and q014 may be found using

statics. Thus, resolving forces horizontally, we have

800q012 ¼ 800� 75:9 N

from which

q012 ¼ 75:9 N=mm

Resolving forces vertically,

200q032 ¼ 50q012 � 50� 75:9� 300q014 ¼ 0 (i)

and, taking moments about O in Fig. 22.21(b), we obtain

2� 52;000q012 � 2� 40;000q032 þ 2� 52;000� 75:9� 2� 60;000q014 ¼ 0 (ii)
FIGURE 22.23 Correction Shear Flows in the Cut-out Bay of the Wing Box of Example 22.7



FIGURE 22.24 Final Shear Flows (N/mm) in the Cut-out Bay of the Wing Box of Example 22.7
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Solving Eqs. (i) and (ii) gives
q032 ¼ 117:6 N=mm; q014 ¼ 53:1 N=mm

The final shear flows in bay➁ are found by superimposing q012, q032, and q014 on the shear flows in Fig. 22.22, giving
the distribution shown in Fig. 22.24. Alternatively, these shear flows could be found directly by considering the

equilibrium of the cut-out bay under the action of the applied shear loads.

The correction shear flows in bay➁ (Fig. 22.23) also modify the shear flow distributions in bays➀ and➂. The

correction shear flows to be applied to those shown in Fig. 22.22 for bay ➂ (those in bay ➀ are identical) may be

found by determining the flange loads corresponding to the correction shear flows in bay ➁.

It can be seen from the magnitudes and directions of these correction shear flows (Fig. 22.23) that, at any

section in bay ➁, the loads in the upper and lower flanges of the front spar are equal in magnitude but opposite

in direction; similarly for the rear spar. Thus, the correction shear flows in bay ➁ produce an identical system of

flange loads to that shown in Fig. 22.17 for the cut-out bays in the wing structure of Example 22.6.

It follows that these correction shear flows produce differential bending of the front and rear spars in bay➁ and

that the spar bendingmoments and hence the flange loads are zero at the mid-bay points. Therefore, at station 3000,

the flange loads are

P1 ¼ 75:9þ 53:1ð Þ � 500 ¼ 64;500 N compressionð Þ
P4 ¼ 64;500 N tensionð Þ
P2 ¼ 75:9þ 117:6ð Þ � 500 ¼ 96;750 N tensionð Þ
P3 ¼ 96;750 N compressionð Þ

These flange loads produce correction shear flows q0021, q0043, q0023, and q0041 in the skin panels and spar webs of bay➂,

as shown in Fig. 22.25. Thus, for equilibrium of flange 1,

1;000q0041 þ 1;000q0021 ¼ 64;500 N (iii)

and, for equilibrium of flange 2,

1;000q0021 þ 1;000q0023 ¼ 96;750 N (iv)

For equilibrium in the chordwise direction at any section in bay ➂,

800q0021 ¼ 800q0043

or

q0021 ¼ q0043 (v)



FIGURE 22.25 Correction Shear Flows in Bay ➂ of the Wing Box of Example 22.7
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Finally, for vertical equilibrium at any section in bay ➂,
300q0041 þ 50q0043 þ 50q0023 � 200q0023 ¼ 0 (vi)

Simultaneous solution of Eqs. (iii)–(vi) gives

q0021 ¼ q0043 ¼ 38:0 N=mm; q0023 ¼ 58:8 N=mm; q0041 ¼ 26:6 N=mm

Superimposing these correction shear flows on those shown in Fig. 22.22 gives the final shear flow distribution in

bay➂, as shown in Fig. 22.26. The rib loads at stations 2000 and 3000 are found as before by adding algebraically

the shear flows in the skin panels and spar webs on each side of the rib. Thus, at station 3000, we obtain the shear

flows acting around the periphery of the rib, as shown in Fig. 22.27. The shear flows applied to the rib at the inboard

end of the cut-out bay will be equal in magnitude but opposite in direction.

Note that, in this example, only the shear loads on the wing box between stations 1000 and 4000 are given. We

cannot therefore determine the final values of the loads in the spar flanges, since we do not know the values of the

bending moments at these positions caused by loads acting on other parts of the wing.
FIGURE 22.26 Final Shear Flows (N/mm) in Bay ➂ (and Bay ➀) of the Wing Box of Example 22.7
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FIGURE 22.27 Shear Flows (N/mm) Applied to the Wing Rib at Station 3000 in the Wing Box of Example 22.7
Reference
[1] Megson THG. Aircraft Structures for Engineering Students. Elsevier; 2016.

PROBLEMS

P.22.1 The central cell of a wing has the idealized section shown in Fig. P.22.1. If the lift and drag loads

on the wing produce bending moments of –120,000 Nm and –30,000 Nm, respectively, at the section

shown, calculate the direct stresses in the booms. Neglect axial constraint effects and assume that the

lift and drag vectors are in the vertical and horizontal planes.

Boom areas: B1 ¼ B4 ¼ B5 ¼ B8 ¼ 1000 mm2

B2 ¼ B3 ¼ B6 ¼ B7 ¼ 600 mm2
FIGURE
2 2 2

Answer: s1 ¼ �190:7 N=mm ; s2 ¼ �181:7 N=mm ; s3 ¼ �172:8 N=mm

s4 ¼ �163:8 N=mm
2; s5 ¼ 140 N=mm

2; s6 ¼ 164:8 N=mm
2

s7 ¼ 189:6 N=mm
2; s8 ¼ 214:4 N=mm

2:

P.22.1 MATLAB Assuming the left-hand side height of the section shown in Fig. P.22.1 is labeled h1,
use MATLAB to repeat Problem P.22.1 for values of h1 ranging from 180 to 270 mm in increments of

10 mm. All other dimensions are as shown in Fig. P.22.1.
P.22.1



An

FIGURE
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swer:
An
P.2
h1 (mm)
2.2
s1
 s2
 s3
 s4
 s5
 s6
 s7
 s8
(i)
 180
 –196.4
 –204.4
 –212.4
 –220.4
 196.4
 204.4
 212.4
 220.4
(ii)
 190
 –196.4
 –200.7
 –205
 –209.3
 185.5
 197.1
 208.7
 220.3
(iii)
 200
 –196
 –196.9
 –197.9
 –198.8
 175.2
 190
 204.8
 219.6
(iv)
 210
 –195.3
 –193.2
 –191.1
 –189
 165.8
 183.4
 201
 218.6
(v)
 220
 –193.8
 –189.3
 –184.7
 –180.2
 156.4
 176.8
 197.2
 217.6
(vi)
 230
 –192.2
 –185.4
 –178.6
 –171.8
 147.8
 170.6
 193.4
 216.2
(vii)
 240
 –190.7
 –181.7
 –172.8
 –163.8
 140
 164.8
 189.6
 214.4
(viii)
 250
 –189.3
 –178.2
 –167.1
 –156
 133
 159.4
 185.8
 212.2
(ix)
 260
 –187.4
 –174.6
 –161.8
 –149
 126.2
 154.2
 182.2
 210.2
(x)
 270
 –185.1
 –171
 –156.9
 –142.7
 119.5
 149.1
 178.7
 208.3
The units for these direct stresses are N/mm2.
P.22.2 Figure P.22.2 shows the cross-section of a two-cell torque box. If the shear stress in any wall

must not exceed 140 N/mm2, find the maximum torque which can be applied to the box. If this torque

were applied at one end and resisted at the other end of such a box of span 2,500 mm, find the twist

in degrees of one end relative to the other and the torsional rigidity of the box. The shear modulus

G ¼ 26,600 N/mm2 for all walls. Data:

Shaded areas: A34 ¼ 6; 450 mm2; A16 ¼ 7; 750 mm2

Wall lengths: s34 ¼ 250 mm; s16 ¼ 300 mm

Wall thickness: t12 ¼ 1:63 mm; t34 ¼ 0:56 mm

t23 ¼ t45 ¼ t56 ¼ 0:92 mm

t61 ¼ 2:3 mm

t25 ¼ 2:54 mm
swer: T ¼ 102; 417 Nm; y ¼ 1:46�; GJ ¼ 10� 1012 Nmm2=rad:
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P.22.3 Determine the torsional stiffness of the four-cell wing section shown in Fig. P.22.3. Data are in

Table 22.5.
An

FIGURE

Table

Wall

Periph

Thickn

Cell ar

FIGURE
swer: 522.5 � 106 G Nmm2/rad
P.22.4Determine the shear flow distribution for a torque of 56,500 Nm for the three-cell section shown

in Fig. P.22.4 with the data shown in Table 22.6. The section has a constant shear modulus throughout.
swer: qU12 ¼ 25:4 N=mm; qL21 ¼ 33:5 N=mm; q14 ¼ q32 ¼ 8:1 N=mm
An

qU43 ¼ 13:4 N=mm; qL34 ¼ 5:3 N=mm
P.22.3

22.5 Problem 22.3

12 23 34

78 67 56 45� 45i 36 27 18

eral length (mm) 762 812 812 1,525 356 406 356 254

ess (mm) 0.915 0.915 0.915 0.711 1.220 1.625 1.220 0.915

eas (mm2) AI ¼ 161,500 AII ¼ 291,000

AIII ¼ 291,000 AIV ¼ 226,000

P.22.4



Table 22.6 Problem 22.4

Wall Length (mm) Thickness (mm) Cell Area (mm2)

12U 1,084 1.220 I 108,400

12L 2,160 1.625 II 202,500

14, 23 127 0.915 III 528,000

34U 797 0.915

34L 797 0.915

668 CHAPTER 22 Wings
FIGURE

Table

Wall

16

25

34

12, 56

23, 45
P.22.5 The idealized cross-section of a two-cell thin-walled wing box is shown in Fig. P.22.5 with the

data in Table 22.7. If the wing box supports a load of 44,500 N acting along web 25, calculate the shear

flow distribution. The shear modulus G is the same for all walls of the wing box. The cell areas are

AI ¼ 232,000 mm2, AII ¼ 258,000 mm2.
Answer: q16 ¼ 33:9 N=mm; q65 ¼ q21 ¼ 1:1 N=mm

q45 ¼ q23 ¼ 7:2 N=mm; q34 ¼ 20:8 N=mm

q25 ¼ 73:4 N=mm
P.22.5

22.7 Problem 22.5

Length (mm) Thickness (mm) Boom Area (mm2)

254 1.625 1,6 1290

406 2.032 2,5 1936

202 1.220 3,4 645

647 0.915

775 0.559
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Table

Wall

34, 56

12, 23

36, 81

45

FIGURE
P.22.6 Figure P.22.6 shows a singly symmetric, two-cell wing section in which all direct stresses are

carried by the booms, shear stresses alone being carried by the walls. All walls are flat with the excep-

tion of the nose portion 45. Find the position of the shear center S and the shear flow distribution for a

load of Sy¼ 66,750 N through S. Tabulated in Table 22.8 are lengths, thicknesses, and shear moduli of

the shear carrying walls. Note that dotted line 45 is not a wall. Nose area N1 ¼ 51,500 mm2.
Answer: xS ¼ 161:1 mm; q12 ¼ q78 ¼ 17:8 N=mm; q32 ¼ q76 ¼ 18:5 N=mm

q63 ¼ 88:4 N=mm; q43 ¼ q65 ¼ 2:7 N=mm; q54 ¼ 39:0 N=mm

q81 ¼ 90:4 N=mm:
P.22.6MATLAB Assuming the length of cell wall 34 (and consequently wall 56) of the section shown

in Fig. P.22.6 is labeled LI, use MATLAB to repeat Problem P.22.6 for values of LI ranging from 350 to

410 mm in increments of 10 mm. The units for the shear flows (q) are N/mm; the units for LI and xS
are mm.
swer:
An
2

, 6

P

LI
2.8 P

7, 78

.22.6
xS
roblem 22

Lengt

380

356

306

610
q12
.6

h (mm)
q23
Thick

0.915

0.915

1.220

1.220
q34
ness (mm
q45
) G(

20

24

24

24
q56
N/mm2)

,700

,200

,800

,800
q67
Boom

1, 3,

2, 4,
q78
6, 8

5, 7
q81
Area

1,290

645
q36

(i)
 350
 166.4
 17.8
 �18.5
 �2.8
 �39.1
 �2.8
 �18.5
 17.8
 90.4
 �88.3
(ii)
 360
 164.4
 17.8
 �18.5
 �2.8
 v39.1
 �2.8
 �18.5
 17.8
 90.4
 �88.3
(iii)
 370
 163
 17.8
 �18.5
 �2.7
 �39
 �2.7
 �18.5
 17.8
 90.4
 �88.3
(iv)
 380
 161.1
 17.8
 �18.5
 �2.7
 �39
 �2.7
 �18.5
 17.8
 90.4
 �88.4
(v)
 390
 159.7
 17.8
 �18.5
 �2.6
 �38.9
 �2.6
 �18.5
 17.8
 90.4
 �88.4
(vi)
 400
 157.8
 17.8
 �18.5
 �2.6
 �38.9
 �2.6
 �18.5
 17.8
 90.4
 �88.5
(vii)
 410
 155.9
 17.8
 �18.5
 �2.6
 �38.9
 �2.6
 �18.5
 17.8
 90.4
 �88.5
(mm2)
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P.22.7 A singly symmetric wing section consists of two closed cells and one open cell (see Fig. P.22.7

and Table 22.9). Webs 25, 34 and walls 12, 56 are straight, while all other walls are curved. All walls of

the section are assumed to be effective in carrying shear stresses only, direct stresses being carried by

booms 1–6. Calculate the distance xS of the shear center S aft of web 34. The shear modulus G is the

same for all walls.
An

FIGURE

Table

Wall

12, 56

23, 45

34�

34i

25

FIGURE
swer: 241.4 mm
22.9 Problem 22.7

Length (mm) Thickness (mm) Boom Area (mm2) Cell Area (mm2)

510 0.559 1, 6 645 I 93,000

765 0.915 2, 5 1,290 II 258,000

1,015 0.559 3, 4 1,935

304 2.030

304 1.625
P.22.8 A portion of a tapered, three-cell wing has singly symmetrical idealized cross-sections 1,000 mm

apart, as shown in Fig. P.22.8. A bending momentMx¼ 1,800 Nm and a shear load Sy¼ 12,000 N in the

plane of web 52 are applied at the larger cross-section. Calculate the forces in the booms and the shear
P.22.8

P.22.7
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flow distribution at this cross-section. The modulus G is constant throughout. Section dimensions at the

larger cross-section are given in Table 22.10.
FIGURE

Table

Wall

12, 56

23, 45

34�

34i

25

16
Answer: P1 ¼ �P6 ¼ 1; 200 N; P2 ¼ �P5 ¼ 2; 424 N; P3 ¼ �P4 ¼ 2; 462 N

q12 ¼ q56 ¼ 3:74 N=mm; q23 ¼ q45 ¼ 3:11 N=mm; q34� ¼ 0:06 N=mm

q43
i ¼ 12:16 N=mm; q52 ¼ 14:58 N=mm; q61 ¼ 11:22 N=mm:
22.10 Problem 22.8

Length (mm) Thickness (mm) Boom Area (mm2) Cell Area (mm2)

600 1.0 1, 6 600 I 100,000

800 1.0 2, 5 800 II 260,000

1,200 0.6 3, 4 800 III 180,000

320 2.0

320 2.0

210 1.5
P.22.9A portion of a wing box is built-in at one end and carries a shear load of 2,000 N through its shear

center and a torque of 1,000 Nm, as shown in Fig. P.22.9. If the skin panel in the upper surface of the

inboard bay is removed, calculate the shear flows in the spar webs and remaining skin panels, the dis-

tribution of load in the spar flanges, and the loading on the central rib. Assume that the spar webs and

skin panels are effective in resisting shear stresses only.
P.22.9



672 CHAPTER 22 Wings
Answer: Bay ➀: q in spar webs ¼ 7:5 N=mm

Bay ➁: q in spar webs ¼ 1:9 N=mm; in skin panels ¼ 9:4 N=mm

Flange loads 2ð Þ: at built-in end ¼ 1;875 N compressionð Þ
at central rib ¼ 5;625 N compressionð Þ

Rib loads: q horizontal edgesð Þ ¼ 9:4 N=mm

q vertical edgesð Þ ¼ 9:4 N=mm:



CHAPTER
Fuselage frames and wing ribs
 23

Aircraft are constructed primarily from thin metal skins which are capable of resisting in-plane tension

and shear loads but buckle under comparatively low values of in-plane compressive loads. The skins

are therefore stiffened by longitudinal stringers which resist the in-plane compressive loads and, at the

same time, resist small distributed loads normal to the plane of the skin. The effective length in com-

pression of the stringers is reduced, in the case of fuselages, by transverse frames or bulkheads or, in the

case of wings, by ribs. In addition, the frames and ribs resist concentrated loads in transverse planes and

transmit them to the stringers and the plane of the skin. Therefore, cantilever wings may be bolted to

fuselage frames at the spar caps while undercarriage loads are transmitted to the wing through spar and

rib attachment points.
23.1 PRINCIPLES OF STIFFENER/WEB CONSTRUCTION
Generally, frames and ribs are themselves fabricated from thin sheets of metal and therefore require

stiffening members to distribute the concentrated loads to the thin webs. If the load is applied in the

plane of a web, the stiffeners must be aligned with the direction of the load. Alternatively, if this is not

possible, the load should be applied at the intersection of two stiffeners, so that each stiffener resists the

component of load in its direction. The basic principles of stiffener/web construction are illustrated in

Example 23.1.
Example 23.1
A cantilever beam (Fig. 23.1) carries concentrated loads as shown. Calculate the distribution of stiffener loads and

the shear flow distribution in the web panels, assuming that the latter are effective only in shear.

We note that stiffeners HKD and JK are required at the point of application of the 4,000 N load to resist its

vertical and horizontal components. A further transverse stiffener GJC is positioned at the unloaded end J of the

stiffener JK, since stress concentrations are produced if a stiffener ends in the center of a web panel. We note also

that the web panels are effective only in shear, so that the shear flow is constant throughout a particular web panel;

the assumed directions of the shear flows are shown in Fig. 23.1.

It is instructive at this stage to examine the physical role of the different structural components in supporting the

applied loads. Generally, stiffeners are assumed to withstand axial forces only, so that the horizontal component of

the load at K is equilibrated locally by the axial load in the stiffener JK and not by the bending of stiffener HKD. By

the same argument, the vertical component of the load at K is resisted by the axial load in the stiffener HKD. These

axial stiffener loads are equilibrated in turn by the resultants of the shear flows q1 and q2 in the web panels CDKJ

and JKHG. Thus, we see that the web panels resist the shear component of the externally applied load and at the
Introduction to Aircraft Structural Analysis, Third Edition. http://dx.doi.org/10.1016/B978-0-08-102076-0.00023-3

Copyright © 2018 T.H.G. Megson. Published by Elsevier Ltd. All rights reserved.
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FIGURE 23.1 Cantilever Beam of Example 23.1

674 CHAPTER 23 Fuselage frames and wing ribs
same time transmit the bending and axial load of the externally applied load to the beam flanges; subsequently, the

flange loads are reacted at the support points A and E.

Consider the free body diagrams of the stiffeners JK and HKD shown in Fig. 23.2.

From the equilibrium of stiffener JK, we have

q1 � q2ð Þ � 250 ¼ 4; 000 sin 60� ¼ 3; 464:1 N (i)

and, from the equilibrium of stiffener HKD,

200q1 þ 100q2 ¼ 4; 000 cos 60� ¼ 2; 000 N (ii)

Solving Eqs. (i) and (ii), we obtain

q1 ¼ 11:3 N=mm; q2 ¼ �2:6 N=mm
FIGURE 23.2 Free Body Diagrams of Stiffeners JK and HKD in the Beam of Example 23.1
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The vertical shear force in the panel BCGF is equilibrated by the vertical resultant of the shear flow q3. Thus,
300q3 ¼ 4; 000 cos 60� ¼ 2; 000 N

from which

q3 ¼ 6:7 N=mm

Alternatively, q3 may be found by considering the equilibrium of the stiffener CJG. From Fig. 23.3,

300q3 ¼ 200q1 þ 100q2

or

300q3 ¼ 200� 11:3� 100� 2:6

from which

q3 ¼ 6:7 N=mm

The shear flow q4 in the panel ABFE may be found using either of the above methods. Thus, considering the ver-

tical shear force in the panel,

300q4 ¼ 4; 000 cos 60� þ 5; 000 ¼ 7; 000 N

from which

q4 ¼ 23:3 N=mm

Alternatively, from the equilibrium of stiffener BF,

300q4 � 300q3 ¼ 5; 000 N

from which

q4 ¼ 23:3 N=mm

The flange and stiffener load distributions are calculated in the same way and are obtained from the algebraic sum-

mation of the shear flows along their lengths. For example, the axial load PA at A in the flange ABCD is given by

PA ¼ 250q1 þ 250q3 þ 250q4
FIGURE 23.3 Equilibrium of Stiffener CJG in the Beam of Example 23.1
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or

PA ¼ 250� 11:3þ 250� 6:7þ 250� 23:3 ¼ 10;325 N tensionð Þ
Similarly,

PE ¼ �250q2 � 250q3 � 250q4

that is,

PE ¼ 250� 2:6� 250� 6:7� 250� 23:3 ¼ �6; 850 N compressionð Þ

The complete load distribution in each flange is shown in Fig. 23.4. The stiffener load distributions are calculated

in the same way and are shown in Fig. 23.5.

The distribution of flange load in the bays ABFE and BCGF could be obtained by considering the bending and

axial loads on the beam at any section. For example, at the section AE, we can replace the actual loading system by

a bending moment

MAE ¼ 5;000� 250þ 2;000� 750� 3;464:1� 50 ¼ 2;576;800 N mm

and an axial load acting midway between the flanges (irrespective of whether or not the flange areas are symmet-

rical about this point) of

P ¼ 3; 464:1 N
FIGURE 23.4 Load Distributions in Flanges of the Beam of Example 23.1



FIGURE 23.5 Load Distributions in Stiffeners of the Beam of Example 23.1

67723.1 Principles of stiffener/web construction
Thus,
PA ¼ 2;576;800

300
þ 3;464:1

2
¼ 10;321 N ðtensionÞ

and

PE ¼ �2;576;800

300
þ 3;464:1

2
¼ �6;857 N ðcompressionÞ

This approach cannot be used in the bay CDHG except at the section CJG, since the axial load in the stiffener JK

introduces an additional unknown.

This analysis assumes that the web panels in beams of the type shown in Fig. 23.1 resist pure shear

along their boundaries. In Chapter 9, we saw that thin webs may buckle under the action of such shear

loads, producing tension field stresses which, in turn, induce additional loads in the stiffeners and

flanges of beams. The tension field stresses may be calculated separately by the methods described

in Chapter 9 and then superimposed on the stresses determined as just described.

So far, we have been concerned with web stiffener arrangements in which loads have been applied

in the plane of the web, so that two stiffeners are sufficient to resist the components of a concentrated

load. Frequently, loads have an out-of-plane component; in which case, the structure should be ar-

ranged so that two webs meet at the point of load application with stiffeners aligned with the three
FIGURE 23.6 Structural Arrangement for an Out-of-Plane Load



FIGURE 23.7 Support of Load Having a Component Normal to a Web
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component directions (Fig. 23.6). In some situations, it is not practicable to have two webs meeting at

the point of load application, so that a component normal to a web exists. If this component is small, it

may be resisted in bending by an in-plane stiffener; otherwise, an additional member must be provided,

spanning between adjacent frames or ribs, as shown in Fig. 23.7. In general, no normal loads should be

applied to an unsupported web no matter how small their magnitude.
23.2 FUSELAGE FRAMES
We noted that fuselage frames transfer loads to the fuselage shell and provide column support for the

longitudinal stringers. The frames generally take the form of open rings, so that the interior of the fu-

selage is not obstructed. They are connected continuously around their peripheries to the fuselage shell

and are not necessarily circular in form but usually are symmetrical about a vertical axis.

A fuselage frame is in equilibrium under the action of any external loads and the reaction shear

flows from the fuselage shell. Suppose that a fuselage frame has a vertical axis of symmetry and carries

a vertical external loadW, as shown in Fig. 23.8. The fuselage shell stringer section has been idealized
FIGURE 23.8 Loads on a Fuselage Frame
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such that the fuselage skin is effective only in shear. Suppose also that the shear force in the fuselage

immediately to the left of the frame is Sy,1 and that the shear force in the fuselage immediately to the

right of the frame is Sy,2; clearly, Sy,2¼ Sy,1 –W. Sy,1 and Sy,2 generate shear flow distributions q1 and q2,
respectively, in the fuselage skin, each given by (Eq. 21.1), in which Sx,1¼ Sx,2¼ 0 and Ixy¼ 0 (Cy is an
axis of symmetry). The shear flow qf transmitted to the periphery of the frame is equal to the algebraic

sum of q1 and q2; that is,

qf ¼ q1 � q2

Thus, substituting for q1 and q2 obtained from (Eq. 21.1) and noting that Sy,2 ¼ Sy,1 – W, we have

qf ¼ �W

Ixx

Xn
r¼1

Bryr þ qs;0

in which qs,0 is calculated using (Eq. 16.17), where the shear load is W and

qb ¼ �W

Ixx

Xn
r¼1

Bryr

The method of determining the shear flow distribution applied to the periphery of a fuselage frame is

identical to the method of solution (or the alternative method) of Example 21.2.

Having determined the shear flow distribution around the periphery of the frame, the frame itself

may be analyzed for distributions of bending moment, shear force, and normal force, as described in

Section 5.4.
23.3 WING RIBS
Wing ribs perform similar functions to those performed by fuselage frames. They maintain the shape

of the wing section, assist in transmitting external loads to the wing skin, and reduce the column

length of the stringers. Their geometry, however, is usually different, in that they are frequently of un-

symmetrical shape and possess webs which are continuous except for lightness holes and openings for

control runs.

Wing ribs are subjected to loading systems similar to those applied to fuselage frames. External

loads applied in the plane of the rib produce a change in shear force in the wing across the rib; this

induces reaction shear flows around its periphery. These are calculated using the methods described

in Chapters 16 and 22.

To illustrate the method of rib analysis, we use the example of a three-flange wing section in which,

as we noted in Section 22.1, the shear flow distribution is statically determinate.
Example 23.2
Calculate the shear flows in the web panels and the axial loads in the flanges of the wing rib shown in Fig. 23.9.

Assume that the web of the rib is effective only in shear while the resistance of the wing to bending moments is

provided entirely by the three flanges 1, 2, and 3.



FIGURE 23.9 Wing Rib of Example 23.2
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Since the wing bending moments are resisted entirely by the flanges 1, 2, and 3, the shear flows developed in

the wing skin are constant between the flanges. Using the method described in Section 22.1 for a three-flange wing

section, we have, resolving forces horizontally,

600q12 � 600q23 ¼ 12;000 N (i)

Resolving vertically,

300q31 � 300q23 ¼ 15;000 N (ii)

Taking moments about flange 3,

2 50; 000þ 95; 000ð Þq23 þ 2� 95; 000q12 ¼ �15; 000� 300 N mm (iii)

Solution of Eqs. (i)–(iii) gives

q12 ¼ 13:0 N=mm; q23 ¼ �7:0 N=mm; q31 ¼ 43:0 N=mm

Consider now the nose portion of the rib shown in Fig. 23.10 and suppose that the shear flow in the web imme-

diately to the left of the stiffener 24 is q1. The total vertical shear force Sy,1 at this section is given by

Sy ;1 ¼ 7:0� 300 ¼ 2;100 N

The horizontal components of the rib flange loads resist the bending moment at this section. Thus,

Px;4 ¼ Px;2 ¼ 2� 50;000� 7:0

300
¼ 2;333:3 N
FIGURE 23.10 Equilibrium of Nose Portion of the Rib
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The corresponding vertical components are then
Py;2 ¼ Py ;4 ¼ 2; 333:3 tan15� ¼ 625:2 N

Thus, the shear force carried by the web is 2,100 – 2 � 625.2 ¼ 849.6 N. Hence,

q1 ¼ 849:6

300
¼ 2:8 N=mm

The axial loads in the rib flanges at this section are given by

P2 ¼ P4 ¼ 2; 333:32 þ 625:22
� �1=2 ¼ 2; 415:6 N

The rib flange loads and web panel shear flows, at a vertical section immediately to the left of the intermediate web

stiffener 56, are found by considering the free body diagram shown in Fig. 23.11. At this section, the rib flanges

have zero slope, so that the flange loads P5 and P6 are obtained directly from the value of bending moment at this

section. Thus,

P5 ¼ P6 ¼ 2 50;000þ 46;000ð Þ � 7:0� 49;000� 13:0½ �=320 ¼ 218:8 N

The shear force at this section is resisted solely by the web. Hence,

320q2 ¼ 7:0� 300þ 7:0� 10� 13:0� 10 ¼ 2; 040 N

so that

q2 ¼ 6:4 N=mm

The shear flow in the rib immediately to the right of stiffener 56 is found most simply by considering the vertical

equilibrium of stiffener 56, as shown in Fig. 23.12. Thus,

320q3 ¼ 6:4� 320þ 15;000

which gives

q3 ¼ 53:3 N=mm

Finally, we consider the rib flange loads and the web shear flow at a section immediately forward of stiffener 31.

From Fig. 23.13, in which we take moments about the point 3,

M3 ¼ 2 50;000þ 95;000ð Þ � 7:0� 95;000� 13:0½ � þ 15;000� 300 ¼ 4:06� 106 N mm
FIGURE 23.11 Equilibrium of Rib Forward of Intermediate Stiffener 56



FIGURE 23.12 Equilibrium of Stiffener 56

FIGURE 23.13 Equilibrium of the Rib Forward of Stiffener 31
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The horizontal components of the flange loads at this section are then
Px;1 ¼ Px;3 ¼ 4:06� 106

300
¼ 13;533:3 N

and the vertical components are

Py ;1 ¼ Py;3 ¼ 3; 626:2 N

Hence,

P1 ¼ P3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
13; 533:32 þ 3;626:22

q
¼ 14;010:7 N

The total shear force at this section is 15,000 þ 300 � 7.0 ¼ 17,100 N. Therefore, the shear force resisted by the

web is 17,100 – 2 � 3,626.2 ¼ 9,847.6 N, so that the shear flow q3 in the web at this section is

q3 ¼ 9; 847:6

300
¼ 32:8 N=mm
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PROBLEMS

P.23.1 The beam shown in Fig. P.23.1 is simply supported at each end and carries a load of 6,000 N. If

all direct stresses are resisted by the flanges and stiffeners and the web panels are effective only in

shear, calculate the distribution of axial load in the flange ABC and the stiffener BE and the shear flows

in the panels.
An

FIGURE

FIGURE
swer: q ABEFð Þ ¼ 4 N=mm; q BCDEð Þ ¼ 2 N=mm

PBE increases linearly from zero at B to 6,000 N (tension) at E.

PAB and PCB increase linearly from zero at A and C to 4,000 N (compression) at B.
P.23.1
P.23.2 Calculate the shear flows in the web panels and direct load in the flanges and stiffeners of the

beam shown in Fig. P.23.2 if the web panels resist shear stresses only.
P.23.2



An

FIGURE
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Answer: q1 ¼ 21:6 N=mm; q2 ¼ �1:6 N=mm; q3 ¼ 10 N=mm

PC ¼ 0; PB ¼ 6; 480 N tensionð Þ; PA ¼ 9; 480 N tensionð Þ
PF ¼ 0; PG ¼ 480 N tensionð Þ; PH ¼ 2; 520 N compressionð Þ
PE in BEG ¼ 2; 320 N compressionð Þ; PD in ED ¼ 6; 928 N tensionð Þ
PD in CD ¼ 4; 320 N tensionð Þ; PD in DF ¼ 320 N tensionð Þ
P.23.2 MATLAB Assuming the angle (þ ¼ clockwise) from horizontal of the 8,000 N load shown in

Fig. P.23.2 is labeled a, use MATLAB to repeat the calculations of the web panel shear flows in Prob-

lem P.23.2 for values of a ranging from –50� to 50� in increments of 10�. All other dimensions and

loads are as shown in Fig. P.23.2.
swer: a q1 q2 q3
P.23.3
(i)
 –50�
 –6.8 N/mm
 –23.9 N/mm
 –15.3 N/mm
(ii)
 –40�
 –2.7 N/mm
 –23.1 N/mm
 –12.9 N/mm
(iii)
 –30�
 1.6 N/mm
 –21.6 N/mm
 –10 N/mm
(iv)
 –20�
 5.7 N/mm
 –19.4 N/mm
 –6.8 N/mm
(v)
 –10�
 9.7 N/mm
 –16.6 N/mm
 –3.5 N/mm
(vi)
 0�
 13.4 N/mm
 –13.4 N/mm
 0 N/mm
(vii)
 10�
 16.6 N/mm
 –9.7 N/mm
 3.5 N/mm
(viii)
 20�
 19.4 N/mm
 –5.7 N/mm
 6.8 N/mm
(ix)
 30�
 21.6 N/mm
 –1.6 N/mm
 10 N/mm
(x)
 40�
 23.1 N/mm
 2.7 N/mm
 12.9 N/mm
(xi)
 50�
 23.9 N/mm
 6.8 N/mm
 15.3 N/mm
P.23.3 A three-flange wing section is stiffened by the wing rib shown in Fig. P.23.3. If the rib flanges

and stiffeners carry all the direct loads while the rib panels are effective only in shear, calculate the

shear flows in the panels and the direct loads in the rib flanges and stiffeners.
Answer: q1 ¼ 4:0 N=mm; q2 ¼ 26:0 N=mm; q3 ¼ 6:0 N=mm

P2 in 12 ¼ �P3 in 43 ¼ 1; 200 N tensionð Þ; P5 in 154 ¼ 2; 000 N tensionð Þ
P3 in 263 ¼ 8; 000 N compressionð Þ; P5 in 56 ¼ 12; 000 N tensionð Þ
P6 in 263 ¼ 6; 000 N compressionð Þ
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An increasingly large proportion of the structures of many modern aircraft are fabricated from com-

posite materials. These, as we saw in Chapter 11, consist of laminas in which a stiff, high-strength

filament, for example, carbon fiber, is embedded in a matrix such as epoxy or polyester. The use of

composites can lead to considerable savings in weight over conventional metallic structures. They also

have the advantage that the direction of the filaments in a multilamina structure may be aligned with the

direction of the major loads at a particular point, resulting in a more efficient design.

There are two approaches to the analysis of composite materials. In the first, micromechanics, the

constituent materials, that is, the fibers and resin (the matrix) are considered separately. The properties

of the composite change from point to point in a particular direction, depending on whether the fiber

or the resin is being examined. In the second approach, macromechanics, the composite material is

regarded as a whole, so that the properties do not change from point to point in a particular direction.

Generally, the design and analysis of composite materials are based on the macro rather than the micro

approach.

Initially, but briefly, we consider the micro approach, in which the elastic constants of a lamina

are determined in terms of the known properties of the constituent materials; we then determine the

corresponding stresses.
24.1 ELASTIC CONSTANTS OF A SIMPLE LAMINA
A simple lamina of a composite structure can be considered as orthotropic with two principal material

directions in its own plane: one parallel, the other perpendicular to the direction of the filaments; we

designate the former the longitudinal direction (l), the latter the transverse direction (t).
In Fig. 24.1, a portion of a lamina containing a single filament is subjected to a stress, sl, in the

longitudinal direction, which produces an extensionDl. If it is assumed that plane sections remain plane

during deformation, then the strain el corresponding to sl is given by

el ¼ Dl
l

(24.1)

and

sl ¼ Elel (24.2)

where El is the modulus of elasticity of the lamina in the direction of the filament. Also, using the

suffixes f and m to designate filament and matrix parameters, we have

sf ¼ Ef el sm ¼ Emel (24.3)
Introduction to Aircraft Structural Analysis, Third Edition. http://dx.doi.org/10.1016/B978-0-08-102076-0.00024-5
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FIGURE 24.1 Determination of El
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Further, if A is the total area of cross-section of the lamina in Fig. 24.1, Af is the cross-sectional area of
the filament and Am the cross-sectional area of the matrix, then, for equilibrium in the direction of the

filament,

slA ¼ sf Af þ smAm

or, substituting for sl, sf, and sm from Eqs. (24.2) and (24.3),

ElelA ¼ Ef elAf þ EmelAm

so that

El ¼ Ef
Af

A
þ Em

Am

A
(24.4)

Writing Af /A¼vf and Am /A¼vm, Eq. (24.4) becomes

El ¼ vf Ef þ vmEm (24.5)

Equation (24.5) is generally referred to as the law of mixtures.
A similar approach may be used to determine the modulus of elasticity in the transverse direction

(Et). In Fig. 24.2, the total extension in the transverse direction is produced by st and is given by

etlt ¼ emlm þ ef lf

or

st

Et
lt ¼ st

Em
lm þ st

Ef
lf

which gives

1

Et
¼ vm

Em
þ vf

Ef

Rearranging this, we obtain

Et ¼ EmEf

vmEf þ vf Em
(24.6)



FIGURE 24.2 Determination of Et
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The major Poisson’s ratio nlt may be found by referring to the stress system of Fig. 24.1 and the
dimensions given in Fig. 24.2. The total displacement in the transverse direction produced by sl is

given by

Dt ¼ nltellt

that is,

Dt ¼ nltellt ¼ nmellm þ nf ellf

from which

nlt ¼ vmnm þ vf nf (24.7)

The minor Poisson’s ratio ntl is found by referring to Fig. 24.2. The strain in the longitudinal direction
produced by the transverse stress st is given by

ntl
st

Et
¼ nm

st

Em
¼ nf

st

Ef
(24.8)

From the last two of Eqs. (24.8),

nf ¼ Ef

Em
nm

Substituting in Eq. (24.7),

nlt ¼ nm vm þ Ef

Em
vf

� �
¼ nm

Em
ðvmEm þ vf Ef Þ

or, from Eq. (24.5),

nlt ¼ nm
El

Em



FIGURE 24.3 Determination of Glt
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Now, substituting for nm in the first two of Eqs. (24.8),
ntl
Et

¼ nlt
El

or, from Eq. (24.7),

ntl ¼ Et

El
nlt ¼ Et

El
ðvmnm þ vf nf Þ (24.9)

Finally, the shear modulus Glt(¼ Gtl) is determined by assuming that the constituent materials are

subjected to the same shear stress tlt as shown in Fig. 24.3. The displacement Ds produced by shear is

Ds ¼ tlt
Glt

lt ¼ tlt
Gm

lm þ tlt
Gf

lf

in which Gm and Gf are the shear moduli of the matrix and filament, respectively. Then,

lt
Glt

¼ lm
Gm

þ lf
Gf

from which

Glt ¼ GmGf

vmGf þ vf Gm
(24.10)
Example 24.1
A laminated bar, whose cross-section is shown in Fig. 24.4, is 500 mm long and is composed of an epoxy resin

matrix reinforced by a carbon filament having moduli equal to 5,000 N/mm2 and 200,000 N/mm2, respectively; the

corresponding values of Poisson’s ratio are 0.2 and 0.3. If the bar is subjected to an axial tensile load of 100 kN,

determine the lengthening of the bar and the reduction in its thickness. Calculate also the stresses in the epoxy resin

and the carbon filament.

From Eq. (24.5), the modulus of the bar is given by

El ¼ 200;000� 80� 10

80� 50
þ 5;000� 80� 40

80� 50



FIGURE 24.4 Cross-section of the Bar of Example 24.1
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that is,
El ¼ 44;000 N=mm2

The direct stress, sl, in the longitudinal direction is given by

sl ¼ 100� 103

80� 50
¼ 25:0 N=mm

2

Therefore, from Eq. (24.2), the longitudinal strain in the bar is

el ¼ 25:0

44;000
¼ 5:68� 10�4

The lengthening, Dl, of the bar is then

Dl ¼ 5:68� 10�4 � 500

that is,

Dl ¼ 0:284 mm

The major Poisson’s ratio for the bar is found from Eq. (24.7); that is,

nlt ¼ 80� 40

80� 50
� 0:2þ 80� 10

80� 50
� 0:3 ¼ 0:22

The strain in the bar across its thickness is then

et ¼ �0:22� 5:68� 10�4 ¼ �1:25� 10�4

The reduction in thickness, Dt, of the bar is then

Dt ¼ 1:25� 10�4 � 50

that is,

Dt ¼ 0:006 mm

The stresses in the epoxy and the carbon are found using Eq. (24.3). Thus,

sm epoxyð Þ ¼ 5;000� 5:68� 10�4 ¼ 2:84 N=mm2

sf carbonð Þ ¼ 200;000� 5:68� 10�4 ¼ 113:6 N=mm2
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Example 24.2
The wings of a replica biplane are connected by a system of composite cables, each of which is 1.5 m long and can

only carry tensile loads. The cross-section of a cable is shown in Fig. 24.5 where the polyester matrix has a modulus

of 2,800 N/mm2 while that of the Kevlar filament is 145,000 N/mm2 with corresponding Poisson’s ratios of 0.15

and 0.30 respectively.

If the maximum tensile load in a cable is 10 kN determine the corresponding extension and the stresses in the

polyester and Kevlar.

From Eq. (24.5) the modulus of the cable is

El ¼ 145;000� p� 52=4
� �

= p� 152=4
� �þ 2;800� p 152 � 52

� �
=4

� �
= p� 152=4
� �

which gives

El ¼ 18;600 N=mm2:

The direct stress is given by

sl ¼ 10� 103= p� 152=4
� � ¼ 56:6 N=mm2

Therefore, from Eq. (24.2), the longitudinal strain in the cable is

el ¼ 56:6=18;600 ¼ 3:0� 10�3

so that the lengthening, Dl, of the cable is given by

Dl ¼ 3:0� 10�3 � 1:5� 103 ¼ 4:5 mm

The stresses in the polyester and Kevlar are found using Eq. (24.3), i.e.,

sm polyesterð Þ ¼ 2;800� 3:0� 10�3 ¼ 8:4 N=mm2

sf Kevlarð Þ ¼ 145;000� 3:0� 10�3 ¼ 435:0 N=mm2
Kevlar
(Diam. = 5 mm)

Polyester
(Ext. diam. = 15 mm)

FIGURE 24.5 Cross-section of the Cable of Example 24.2
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24.2 STRESS–STRAIN RELATIONSHIPS FOR AN ORTHOTROPIC PLY
(MACRO APPROACH)
Asingle sheet of compositematerial inwhich the sheet has beenpreimpregnatedwith resin (a prepreg) and

with the fibers aligned in one particular direction is called a unidirectional ply or lamina (Fig. 24.6(a)). On
the other hand a woven ply has the fibers placed in two perpendicular directions (Fig. 24.6(b)); generally,

the fiber reinforcement is the same in both directions. In plies where this is not the case, so that thematerial

properties are different in the two mutually perpendicular directions, the ply is said to be orthotropic (see
Section 10.7). Two cases of orthotropic plies arise. In the first, the directions of the applied loads coincide

with directions of the plies; these are known as specially orthotropic plies. In the second, the applied loads
are applied in any direction; these are termed generally orthotropic plies.
(a) (b)

FIGURE 24.6 Types of Ply: (a) Unidirectional Ply; (b) Woven Ply
24.2.1 Specially orthotropic ply
Figure 24.7 shows an element of a specially orthotropic ply. The ply reference axes are the same as in

Section 24.1, that is, longitudinal (subscript l) and transverse (subscript t). Of course, these axes do not
have the same significance for a woven ply as they do for a unidirectional ply, but reference axes must
σy

τxy

τxy

τxy

τxy

σx

σx

σy

yt

l
x

FIGURE 24.7 Reference Axes for a Specially Orthotropic Ply
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be specified and these are as convenient as any. We also specify loading axes, x and y, which, for a
specially orthotropic ply, coincide with the ply reference axes.

Suppose that the ply is subjected to direct stresses sx and sy, shear and complementary shear

stresses txy and that the elastic constants for the ply are El, Et, Glt (¼ Gtl), nlt, and ntl (see

Eqs. (24.5)–(24.10)). Note that, unlike an isotropic material, the shear modulus Glt is not related

to the other elastic constants. From Section 1.15 (see Eqs. (1.52)), the strains in the longitudinal

and transverse directions are given by

el ¼ sx

El
� ntlsy

Et

et ¼ sy

Et
� nltsx

El

9>>>=
>>>;

(24.11)

Equations (24.11) may be written in matrix form; that is,

el
et

� 	
¼

1

El
� ntl
Et

� nlt
El

1

Et

2
6664

3
7775 sx

sy

� 	
(24.12)

or, in general terms,

½e� ¼ ½S�½s� (24.13)

in which [S] is frequently termed the compliance matrix. It may be shown, using an energy approach,

that the compliance matrix [S] must be symmetric about the leading diagonal. Therefore,

� ntl
Et

¼ � nlt
El

giving

nt1
Et

¼ nlt
E1

(24.14)

so that, of the four elastic constants El, Et, nlt, and ntl, only three are independent.

Equations (24.11) may be transposed (as in Section 1.15) to give stress–strain relationships. Then,

sx ¼ El

1� nltntl
el þ ntlEl

1� nltntl
et

sy ¼ Et

1� nltntl
et þ nltEt

1� nltntl
el

9>>>=
>>>;

(24.15)

From the last of Eqs. (1.52),

glt ¼
txy
Glt

or

txy ¼ gltGlt

(24.16)
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Equations (24.15) and (24.16) may be written in matrix form, that is,
sx

sy

txy

8<
:

9=
; ¼

El

1� nltnt1

ntlEl

1� nltntl
0

nltEt

1� nltntl

Et

1� nltntl
0

0 0 G1t

2
666664

3
777775

el
et
glt

8<
:

9=
; (24.17)
Example 24.3
A single sheet of woven ply is subjected to longitudinal and transverse direct stresses of 50 and 25 N/mm2,

respectively, together with a shear stress of 40 N/mm2. The elastic constants for the ply are El¼120,000

N/mm2, Et¼80,000 N/mm2, Glt¼5,000 N/mm2, and nlt¼0.3. Calculate the direct strains in the longitudinal

and transverse directions and the shear strain in the ply.

The value of the minor Poisson’s ratio, ntl, is not given and must be calculated first. From Eq. (24.14),

ntl ¼ nlt
Et

El
¼ 0:3� 80;000

120;000
¼ 0:2

Therefore, from Eqs. (24.11),

el ¼ 50

120;000
� 0:2� 25

80;000
¼ 3:54� 10�4

25 0:3� 50

et ¼

80;000
�

120;000
¼ 1:88� 10�4

and, from Eq. (24.16),

glt ¼
40

5;000
¼ 80:0� 10�4

24.2.2 Generally orthotropic ply
In Fig. 24.8, the direction of the fibers in the ply does not coincide with the loading axes x and y. We

specify that the longitudinal fibers of the ply are inclined at an angle y to the x axis; y is positive when
the fibers are rotated in a counterclockwise sense from the x axis.
x

yθ
y

x

FIGURE 24.8 Generally Orthotropic Ply
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τlt
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θ

FIGURE 24.9 Stresses in a Generally Orthotropic Ply
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Suppose that an element of the ply is subjected to stresses sx, sy, and txy, as shown in Fig. 24.9.

The stresses on an element of the ply in the directions of the fibers may be found in terms of

the applied stresses using the method described in Section 1.6. Therefore, by comparison with

Eq. (1.8),

sl ¼ sx cos
2 yþ sy sin

2 yþ 2txy cos y sin y (24.18)

Similarly,

st ¼ sx sin
2 yþ sy cos

2 y� 2txy cos y sin y (24.19)

and, by comparison with Eq. (1.9) but noting that tlt is in the opposite sense to t,

tlt ¼ �sx cosy sinyþ sy cosy sinyþ txyð cos2 y� sin2 yÞ (24.20)

If we write m¼cosy and n¼ siny, Eqs. (24.18) through (24.20) become

sl ¼ m2sx þ n2sy þ 2mntxy (24.21)

2 2
st ¼ n sx þ m sy � 2mntxy (24.22)

2 2
tlt ¼ �mnsx þ mnsy þ ðm � n Þtxy (24.23)

Writing Eqs. (24.21)–(24.23) in matrix form, we have

sl

st

tlt

8<
:
9=
; ¼

m2 n2 2mn
n2 m2 �2mn

�mn mn m2 � n2

2
4

3
5 sx

sy

txy

8<
:

9=
; (24.24)
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Similarly, from Eqs. (1.31) and (1.34),
el
et
glt

8<
:

9=
; ¼

m2 n2 mn
n2 m2 �mn

�2mn 2mn m2 � n2

2
4

3
5 ex

ey
gxy

8<
:

9=
; (24.25)

Equations (24.24) may be transposed so that the applied stresses are expressed in terms of the ply

stresses:

sx

sy

txy

8<
:

9=
; ¼

m2 n2 �2mn
n2 m2 2mn
mn �mn m2 � n2

2
4

3
5 sl

st

tlt

8<
:
9=
; (24.26)

In Eqs. (24.17), for a specially orthotropic ply, the ply stresses and loading stresses are identical,

so that we may use this equation to relate the ply stresses in a generally orthotropic ply to the ply

strains. Then,

sl

st

tlt

8<
:
9=
; ¼

El

1� nltntl

ntlEl

1� nltntl
0

nltEt

1� nltntl

Et

1� nltntl
0

0 0 Glt

2
666664

3
777775

el
et
glt

8<
:

9=
; (24.27)

Substituting for the ply stresses in Eqs. (24.26) from Eqs. (24.27), we express the applied stresses in

terms of the ply strains; that is,

sx

sy

txy

8<
:

9=
; ¼

m2 n2 �2mn
n2 m2 2mn
mn �mn m2 � n2

2
4

3
5

El

1� nltntl

ntlEl

1� nltntl
0

nltEt

1� nltntl

Et

1� nltntl
0

0 0 Glt

2
666664

3
777775

el
et
glt

8<
:

9=
; (24.28)

Finally, by substituting for the ply strains in Eqs. (24.28) from Eqs. (24.25), we obtain the applied stres-

ses in terms of the strains referred to the xy axes; that is,

sx

sy

txy

8<
:

9=
; ¼

m2 n2 �2mn
n2 m2 2mn
mn �mn m2 � n2

2
4

3
5

El

1� nltntl

ntlEl

1� nltntl
0

nltEt

1� nltntl

Et

1� nltntl
0

0 0 Glt

2
666664

3
777775

�
m2 n2 mn
n2 m2 �mn

�2mn 2mn m2 � n2

2
4

3
5 ex

ey
gxy

8<
:

9=
;

(24.29)
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Writing the individual terms of the central matrix as

k11 ¼ El

1� nltntl
; k12 ¼ ntlEl

1� nltntl
¼ k21 ðfrom Eq: ð24:17ÞÞ

Et

k22 ¼

1� nltntl
; k33 ¼ Glt

k11, k12, etc., are sometimes referred to as the reduced stiffnesses. Eqs. (24.29) become

sx

sy

txy

8<
:

9=
; ¼

m2 n2 �2mn
n2 m2 2mn
mn �mn m2 � n2

2
4

3
5 k11 k12 0

k12 k22 0

0 0 k33

2
4

3
5

�
m2 n2 mn
n2 m2 �mn

�2mn 2mn m2 � n2

2
4

3
5 ex

ey
gxy

8<
:

9=
;

(24.30)

Carrying out the matrix multiplication in Eqs. (24.30), we obtain

sx

sy

txy

8<
:

9=
; ¼

m4k11 þ m2n2ð2k12
þ4k33Þ þ n4k22

m2n2ðk11 þ k22 � 4k33Þ
þðm4 þ n4Þk12

m3nðk11 � k12 � 2k33Þ
þmn3ðk12 � k22 þ 2k33Þ

m2n2ðk11 þ k22 � 4k33Þ
þðm4 þ n4Þk12

n4k11 þ m2n2ð2k12
þ4k33Þ þ m4k22

mn3ðk11 � k12 � 2k33Þ
þm3nðk12 � k22 þ 2k33Þ

m3nðk11 � k12 � 2k33Þ
þmn3ðk12 þ k22 þ 2k33Þ

mn3ðk11 � k12 � 2k33Þ
þm3nðk12 � k22 þ 2k33Þ

m2n2ðk11 þ k22 � 2k12
�2k33Þ þ ðm4 þ n4Þk33

2
66666664

3
77777775

ex
ey
gxy

8<
:

9=
;

(24.31)

It can be seen that, for a specially orthotropic ply where y¼0, Eqs. (24.31) reduce to

sx

sy

txy

8<
:

9=
; ¼

k11 k12 0

k12 k22 0

0 0 k33

2
4

3
5 ex

ey
gxy

8<
:

9=
; (24.32)

which are identical to Eqs. (24.17). Eqs (24.31) and (24.32) may be written in general terms as

½s� ¼ ½K�½e�
in which [K] is the reduced stiffness matrix.

Having expressed the applied stresses in terms of the xy strains, Eqs. (24.31) may be transposed to

obtain the xy strains in terms of the applied stresses. This may be shown to be

ex
ey
gxy

8<
:

9=
; ¼

m4s11 þ n4s22
þ2m2n2s12 þ m2n2s33

m2n2s11 þ m2n2s22
þðm4 þ n4Þs12
�m2n2s33

2m3ns11 � 2mn3s22
þ2ðmn3 � m3nÞs12
þðmn3 � m3nÞs33

m2n2s11 þ m2n2s22
þðm4 þ n4Þs12
�m2n2s33

n4s11 þ m4s22
þ2m2n2s12 þ m2n2s33

2mn3s11 � 2m3ns22
þ2ðm3n� mn3Þs12
þðm3n� mn3Þs33

2m3ns11 � 2mn3s22
þ2ðmn3 � m3nÞs12
þðmn3 � m3nÞs33

2mn3s11 � 2m3ns22
þ2ðm3n� mn3Þs12
þðm3n� nm3Þs33

4m2n2s11 þ 4m2n2s22
�8m2n2s12

þðm2 � n2Þ2s33

2
66666666666664

3
77777777777775

sx

sy

txy

8<
:

9=
;

(24.33)
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in which
s11 ¼ 1=E1; s12 ¼ �ntl=Et; s22 ¼ 1=Et; s33 ¼ 1=Glt

For a specially orthotropic ply in which only direct stresses sx and sy are applied, Eqs. (24.33)

reduce to

ex
ey

� 	
¼ s11 s12

s12 s22


 �
sx

sy

� 	

that is,

ex
ey

� 	
¼

1

El
� ntl
Et

� nlt
El

1

Et

2
6664

3
7775 sx

sy

� 	

which are identical to Eqs. (24.12).
Example 24.4
A thin ply consists of an isotropic material having a Young’s modulus of 80,000 N/mm2 and a Poisson’s ratio of

0.3. Determine the terms in the reduced stiffness and compliance matrices.

The reduced stiffnesses are

k11 ¼ k22 ¼ E= 1� n2ð Þ ¼ 80;000= 1� 0:32
� � ¼ 87 912 N=mm2

k12 ¼ nE= 1� n2ð Þ ¼ 0:3� 80;000= 1� 0:32
� � ¼ 26 374 N=mm2

Also k33 = G but since the ply is isotropic the shear modulus may be expressed in terms of Young’s modulus and

Poisson’s ratio, i.e.,

G ¼ E=2 1þ nð Þ ðsee Eq: ð1:50ÞÞ
so that

k33 ¼ 80;000=2 1þ 0:3ð Þ ¼ 30 769 N=mm2

The reduced compliances are

s11 ¼ s22 ¼ 1=E ¼ 1=80;000 ¼ 12:5� 10�6

s12 ¼ s21 ¼ �n=E ¼ �0:3=80;000 ¼ �3:75� 10�6

s33 ¼ 1=G ¼ 1=30;769 ¼ 32:5� 10�6
Example 24.5
If the reduced stiffnesses in a unidirectional ply are k11 = 40,000 N/mm2, k12 = k21 = 2,000 N/mm2, k22 = 8,000 N/mm2

and k33 = 5,000 N/mm2, determine the elastic constants of the ply.

From Eqs (24.27) and (24.32)

k11 ¼ El= 1� nltntlð Þ (i)

k ¼ n E = 1� n nð Þ (ii)
12 tl l lt tl
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Dividing Eq. (ii) by Eq. (i)
ntl ¼ k12=k11 ¼ 2;000=40;000 ¼ 0:05

Also

k21 ¼ nltEt= 1� nltntlð Þ (iii)
k22 ¼ Et= 1� nltntlð Þ (iv)

Dividing Eq. (iii) by Eq. (iv)

nlt ¼ k21=k22 ¼ 2;000=8;000 ¼ 0:25

Substituting in Eq. (i) for ntl and nlt

40;000 ¼ El= 1� 0:25� 0:05ð Þ
which gives

El ¼ 39;500 N=mm2

From Eq. (iii)

Et ¼ 2;000 1� 0:25� 0:05ð Þ=0:25 ¼ 7;900 N=mm2

Also

G ¼ k33 ¼ 5;000 N=mm2:
Example 24.6
A generally orthotropic ply is subjected to direct stresses of 60 N/mm2 parallel to the x reference axis

and 40 N/mm2 perpendicular to the x reference axis. If the longitudinal plies are inclined at an angle of 45� to

the x axis and the elastic constants are El¼150,000 N/mm2, Et¼90,000 N/mm2, Glt¼5,000 N/mm2, and nlt¼0.3,

calculate the direct strains parallel to the x and y directions and the shear strain referred to the xy axes.

We note that there is no applied shear stress, so it is unnecessary to calculate the terms in the third column of the

matrix of Eqs. (24.33). Then,

s11 ¼ 1

El
¼ 1

150;000
¼ 6:7� 10�6

s22 ¼ 1

Et
¼ 1

90;000
¼ 11:1� 10�6

s12 ¼ � nlt
El

¼ � 0:3

150;000
¼ �2:0� 10�6

s33 ¼ 1

Glt
¼ 1

5;000
¼ 200� 10�6

Also,

cos y ¼ sin y ¼ cos 45� ¼ 1=
ffiffiffi
2

p
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so that
m2 ¼ 0:5 ¼ n2; m4 ¼ n4 ¼ 0:25; m2n2 ¼ 0:25; and so forth

Substituting these values in Eqs. (24.33), we have

ex
ey
gxy

8><
>:

9>=
>; ¼

53:45 �46:55 �
�46:55 53:45 �
�2:2 �2:2 �

2
64

3
75

60

40

0

8><
>:

9>=
>;

which gives

ex ¼ 1345� 10�6

ey ¼ �655� 10�6

gxy ¼ �220� 10�6
Example 24.6 MATLAB
Use MATLAB to repeat Example 24.6.

The direct and shear strains are obtained through the following MATLAB file:

% Declare any needed variables

sig_x¼60;

sig_y¼40;

tau_xy¼0;

theta¼45*pi/180;

E_l¼150e3;

E_t¼90e3;

G_lt¼5e3;

v_lt¼0.3;

% Calculate variables needed to obtain the desired strains

m¼cos(theta);

n¼sin(theta);

s_11¼round(1/E_l*10̂ 7)/(10̂ 7);

s_12¼round(-v_lt/E_l*10̂ 7)/(10̂ 7);

s_22¼round(1/E_t*10̂ 7)/(10̂ 7);

s_33¼round(1/G_lt*10̂ 7)/(10̂ 7);

a_11¼ m̂ 4*s_11þ n̂ 4*s_22þ2*m̂ 2*n̂ 2*s_12þ m̂ 2*n̂ 2*s_33;

a_12¼ m̂ 2*n̂ 2*(s_11þs_22-s_33)þ(m̂ 4þ n̂ 4)*s_12;

a_13¼2*m̂ 3*n*s_11-2*m*n̂ 3*s_22þ2*(m*n̂ 3-m̂ 3*n)*s_12þ(m*n̂ 3-m̂ 3*n)*s_33;

a_21¼a_12;

a_22¼ n̂ 4*s_11þ m̂ 4*s_22þ2*m̂ 2*n̂ 2*s_12þ m̂ 2*n̂ 2*s_33;

a_23¼2*m*n̂ 3*s_11-2*m̂ 3*n*s_22þ2*(m̂ 3*n-m*n̂ 3)*s_12þ(m̂ 3*n-m*n̂ 3)*s_33;

a_31¼a_13;
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a_32¼a_23;

a_33¼4*m̂ 2*n̂ 2*(s_11þs_22)-8*m̂ 2*n̂ 2*s_12þ(m̂ 2-n̂ 2)*s_33;

% Substitute these variables intoEq. (24.33)

A¼[a_11 a_12 a_13;

a_21 a_22 a_23;

a_31 a_32 a_33];

b¼[sig_x sig_y tau_xy]’;

strains¼A*b;

% Output the direct and shear strains to the Command Window

disp([‘e_x¼’ num2str(strains(1))])

disp([‘e_y¼’ num2str(strains(2))])

disp([‘gamma_xy¼’ num2str(strains(3))])

The Command Window outputs resulting from this MATLAB file are as follows:

e_x¼0.001345

e_y¼-0.000655

gamma_xy¼-0.00022
Example 24.7
A generally orthotropic ply is subjected to stresses of sx = 120 N/mm2, sy = 45 N/mm2 and txy = 70 N/mm2 re-

ferred to an xy system of loading axes. If the ply angle is 45o determine the equivalent stresses referred to the

material axes.

Since cos y = sin y = cos 45o = 1/
ffiffiffi
2

p

m2 ¼ n2 ¼ mn ¼ 0:5

Substituting in Eqs (24.24)

sl

st

tlt

8<
:

9=
; ¼

0:5 0:5 1

0:5 0:5 �1

�0:5 0:5 0

2
4

3
5 120

45

70

8<
:

9=
;

which gives sl = 152.5 N/mm2, st = 12.5 N/mm2, tlt = �37.5 N/mm2.

24.3 LAMINATES
In Sections 24.1 and 24.2 we have been concerned with the properties of a single ply (lamina) which

may be unidirectional (Fig. 24.6(a)), specially orthotropic (Fig. 24.7) or generally orthotropic (Fig.

24.8). Clearly these plies are limited in the magnitude and type of loading they are able to support

so that generally, in practice, two or more plies are bonded together, one on top of the other (i.e.,

are stacked) to form a single element which is then called a layered laminate.
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The individual plies in a laminate may be arranged at different angles relative to the laminate ref-

erence axes so that the required strength and stiffness of the laminate in specific directions are achieved.

These properties of a laminate depend on the individual ply properties and the order in which they are

stacked.
24.3.1 Assumptions and notation
In addition to the assumptions made for a single ply the following apply to laminates.

(i) The laminate obeys Hooke’s law.

(ii) Each ply may be isotropic or orthotropic.

(iii) The laminate is thin so that shear stresses and strains across the thickness are negligible.

(iv) The bond between the plies is perfect and infinitesimally thin so that there is no slippage between

plies and strains and displacements across the bond are continuous.

(v) Displacements and deformations are small.

The method of specifying the constituent plies in a laminate is illustrated by reference to Fig. 24.10

where the plies are listed in sequence from one face to the other. We shall adopt the same axes system

and designation of ply orientation as shown in Fig. 24.8 with the addition of the z axis perpendicular to
the plane of the laminate. Generally the xy plane will coincide with the mid-plane of the laminate.
z

mid-plane

fiber reinforcement

t/2

t/2

1
2
3
4

y

xθ
ply

FIGURE 24.10 Axes System for a Laminate
Suppose in Fig. 24.10 that for ply 1, y=�45�, for plies 2 and 3, y=0�, and for ply 4, y=þ45�.
The laminate plies would then be designated [�45/0/0/þ45]. In some cases of multi-ply laminates

this method of ply designation may be abbreviated to take advantage of symmetry or repetition.

For example if, in Fig. 24.10, y=þ45� for ply 1, y=0� for plies 2 and 3 and y=þ45� for ply 4

then the designation would be [þ45/0]S where the suffix s denotes symmetry. Further, if, in

Fig. 24.10, y=0�, 0�, þ45�, þ45� for plies 1–4 respectively the designation would be [02/

þ452]. For an eight ply laminate, say, [(0/452)/�602] stands for [0/45/0/45/þ60/þ60/�60/

�60]. Symmetry and repetition can be combined so that, for example, [(0/45)2]S or [0/45]2S stands

for [0/45/0/45/45/0/45/0].

Particular cases of laminates are given special names. If a laminate comprises plies for which y=0�

and 90� it is called a cross-ply laminate. A laminate consisting of onlyþy and�y plies is called an

angle-ply laminate; one in which there is a�y ply for everyþy ply is a balanced laminate.
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24.3.2 Laminate under in-plane loading
Laminates, particularly in aircraft construction, are thin and generally subjected to in-plane loading.

We shall therefore restrict the following to plane stress systems. The bending and torsion of laminates

is presented in Ref. (2).

Figure 24.11 shows a small element dx�dy at a point in a laminate subjected to in-plane direct and

shear force intensities, Nx, Ny and Nxy; these are forces per unit length of the laminate sides and are

positive in the directions shown. The thickness of the laminate is t and again we take the plane of

the xy axes to coincide with the mid-plane of the laminate.
y

x

t

Ny

δy

δx

Ny

Nx

Nx

Nxy

Nxy

z

FIGURE 24.11 In-Plane Forces Acting at a Point in a Laminate
The load intensities will produce direct and shear stresses, sx, sy and txy which, although we have

assumed perfectly bonded plies thereby ensuring continuity of strain across the laminate thickness, can

differ from ply to ply due to the possibly different properties of the plies. We shall now express the

laminate load intensities in terms of the ply stresses.

Figure 24.12 shows part of the cross-section of a multi-ply laminate in the xz plane. Suppose that
there are N plies in the laminate and that they are numbered from bottom to top. Since we are concerned

with force intensities, i.e., the force per unit width, the actual width of the laminate cross-section does
z

1

tp

zp–1
zp

t/2

t/2

N

p

5

x

4
3
2

N–1

FIGURE 24.12 Portion of a Layered Laminate
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not enter into our equations.

Consider the pth ply. The ordinate of its lower surface is zp–1 while that of its upper surface is zp. The
normal force per unit width in the x direction on this ply is given by

Nx;p ¼
ðzp

zp�1

sx;pdz (24.34)

The total normal force intensity on the laminate in the x direction is the sum of the normal force

intensities on the individual plies. That is

Nx ¼
XN
p¼1

Nx;p ¼
XN
p¼1

ðzp
zp�1

sx;pdz (24.35)

Similarly Ny ¼
XN
p¼1

ðzp
zp�1

sy;pdz (24.36)

and Nxy ¼
XN
p¼1

ðzp
zp�1

txy;pdz (24.37)

We have noted that although the stresses in the different plies in a laminate can differ from ply to ply the

strains are constant across the laminate thickness. We now, therefore, express Eqs. (24.35)–(24.37) in

terms of the laminate strains.

Equation (24.31) relating ply stresses to ply strains is rather cumbersome so that we rewrite it in

shorthand form as

sx

sy

txy

8><
>:

9>=
>; ¼

�k11 �k12 �k13
�k12 �k22 �k23
�k13 �k23 �k33

2
64

3
75

ex
ey
gxy

8><
>:

9>=
>; (24.38)

in which, for example �k11 ¼ m4k11 þ m2n2 2k12 þ 4k33ð Þ þ n4k22 and so on. Substituting for sx,p in

Eq. (24.35) from Eq. (24.38) we have

Nx ¼
XN
p¼1

ðzp
zp�1

�k11 �k12 �k13
� � ex

ey
gxy

8><
>:

9>=
>;dz (24.39)
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Since the strains are constant through the thickness of the laminate they may be taken outside the in-
tegration in Eq. (24.39). Then

Nx ¼
XN
p¼1

�k11 �k12 �k13½ �
ex
ey
gxy

8<
:

9=
;
ðzp

zp�1

dz

which gives

Nx ¼
XN
p¼1

�k11 �k12 �k13½ �
ex
ey
gxy

8<
:

9=
; zp � zp�1

� �
(24.40)

8 9

Similarly Ny ¼

XN
p¼1

�k12 �k22 �k23½ �
ex
ey
gxy

<
:

=
; zp � zp�1

� �
(24.41)

8 9

and Nxy ¼

XN
p¼1

�k13 �k23 �k33
� � ex

ey
gxy

<
:

=
; zp � zp�1

� �
(24.42)

Rewriting Eqs. (24.40)–(24.42) in single matrix format

Nx

Ny

Nxy

8<
:

9=
; ¼

XN
p¼1

zp � zp�1

� � �k11 �k12 �k13
�k12 �k22 �k23
�k13 �k23 �k33

2
4

3
5 ex

ey
gxy

8<
:

9=
; (24.43)

Again, Eq. (24.43) is rather lengthy to manipulate so that we rewrite it in shorthand form as

Nx

Ny

Nxy

8<
:

9=
; ¼

A11 A12 A13

A12 A22 A23

A13 A23 A33

2
4

3
5 ex

ey
gxy

8<
:

9=
; (24.44)

N

in which A11 ¼
X
p¼1

zp � zp�1

� �
�k11 (24.45)

N

A12 ¼
X
p¼1

zp � zp�1

� �
�k12 (24.46)

and so on. A11, A12,. . ., A33 are called the extensional stiffnesses of the laminate and relate the in-plane

load intensities to the strains in the laminate mid-plane; the strains, as we have already seen, are as-

sumed constant through the thickness.

The extensional stiffnesses A11 etc. are dependent on the reduced stiffness of a ply

(k11 ¼ El= 1� nlt=ntlð Þ etc. (see Eq. (24.30)) and the ordinate term (zp� zp� 1) which is, in fact, the

thickness of a ply, tp. Then

A11 ¼
XN
p¼1

tp �k11 etc:
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In general terms
Aij ¼
XN
p¼1

tp �kij
� �

p
i ¼ 1; 2; 3; . . . ; j ¼ 1; 2; 3; . . .ð Þ (24.47)

In Eq. (24.44) the extensional stiffnessA11 relates the load intensity,Nx, to the direct strain, ex, which
is, in effect, a Hooke’s law relationship. Further, the extensional stiffness A12 relates Nx, that is the

load intensity in the x-direction, to the lateral strain ey, in other words gives the Poisson effect.

Also it is possible in some laminates for Nx, say, to produce a shear strain gxy; these are linked by the

term, A13.
24.3.3 Equivalent elastic constants
In some instances, particularly in an initial design stage, it may be convenient to express the load in-

tensity–strain relationships (Eq. (24.44)) as strain–load intensity relationships. Rewriting Eq. (24.44) in

simplified form as

Nx

Ny

Nxy

8<
:

9=
; ¼ A½ �

ex
ey
gxy

8<
:

9=
; (24.48)

we can express the strains as functions of the applied load intensities by

ex
ey
gxy

8<
:

9=
; ¼ A�1

� � Nx

Ny

Nxy

8<
:

9=
; (24.49)

where [A�1] is the inverse of the matrix [A].
For a symmetric laminate it may be shown (Ref. 2) that the in-plane load intensities do not produce

out-of-plane curvature deformations. We can therefore define average direct stresses across the thick-

ness of the laminate (note that stresses can vary from ply to ply) as

�sx ¼ Nx

t
�sy ¼ Ny

t
�txy ¼ Nxy

t

Equation (24.49) then becomes

ex
ey
gxy

8<
:

9=
; ¼ t A�1

� � �sx

�sy

�txy

8<
:

9=
; (24.50)

The inversion of the [A] matrix may be carried out using standard matrix algebra; the result is quoted

here. Let the terms in [A�1] [be as follows.

A�1
� � ¼ a11 a12 a13

a12 a22 a23
a13 a23 a33

2
4

3
5 (24.51)
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in which

a11 ¼ A22A33 � A23
2

� �
=AA

a22 ¼ A11A33 � A13
2

� �
=AA

a33 ¼ A11A22 � A12
2

� �
=AA

a12 ¼ A13A23 � A12A33ð Þ=AA
a13 ¼ A12A23 � A22A13ð Þ=AA
a23 ¼ A12A13 � A11A23ð Þ=AA

(24.52)

where

AA ¼ A11A22A33 þ 2A12A23A13 � A22A13
2 � A33A12

2 � A11A23
2 (24.53)

In some cases, for example a specially orthotropic ply (see Eq. (24.32)), the terms A13 and A23 are

zero. Then

AA ¼ A11A22 � A12
2

� �
A33 (24.54)

and

a11 ¼ A22ð Þ= A11A22 � A12
2

� �
a22 ¼ A11ð Þ= A11A22 � A12

2
� �

a33 ¼ 1=A33

a12 ¼ � A12ð Þ= A11A22 � A12
2

� �
a13 ¼ 0

a23 ¼ 0

(24.55)

Suppose now that a symmetric laminate is subjected to a single load intensity, Nx. Then

�sx ¼ Nx

t
; �sy ¼ �txy ¼ 0

so that, from Eqs. (24.50) and (24.51)

ex ¼ ta11�sx

�s 1

or

x

ex
¼

ta11

From Hooke’s law �sx=ex ¼ Ex which is Young’s modulus for the laminate in the x direction.

Therefore

Ex ¼ 1

ta11
(24.56)

Further, ey ¼ ta12�sx ¼ ta12ex=ta11 ¼ a12=a11ð Þex which gives the strain in the y direction due to a load in
the x direction, that is the Poisson effect. Then, Poisson’s ratio in the xy plane of the laminate is given by

nxy ¼ �ey
ex

¼ �a12
a11

(24.57)

It is possible, as can be seen from Eq. (24.50) that the single load intensity, Nx, can produce a shear

strain, gxy. That is

gxy ¼ ta13�sx ¼ ta13ex=ta11 ¼ a13=a11ð Þex
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Then
gxy
ex

¼ a13
a11

¼ �mx (24.58)

in which mx is termed the shear coupling coefficient and is analogous to Poisson’s ratio.

The above arguments may be applied to a symmetric laminate subjected to a single load intensity,

Ny. Then

Ey ¼ 1

ta22
(24.59)

�a12
nyx ¼
a22

(24.60)

�a23

and my ¼

a22
(24.61)

We now consider the case of a symmetric laminate subjected to a shear force intensity, Nxy, only.

From Eqs. (24.50) and (24.51)

�txy
gxy

¼ 1

ta33
¼ Gxy (24.62)

the shear modulus of the laminate in the xy plane.
Eqs. (24.56)–(24.62) define the equivalent elastic constants of a laminate in the xy plane. Note that

these relationships are derived for a laminate subjected to in-plane load intensities only. Generally the

equivalent elastic constants, when the laminate is subjected to bending will be different to those derived

for in-plane loading. However, in some special cases, for example a symmetric singly orientated ply

laminate, the two sets of equivalent elastic constants are identical [Ref. 2].
Example 24.8
Figure 24.13 shows the cross-section in the xz plane of a symmetric laminate comprising four plies which are singly

orientated and isotropic; all the plies have the same thickness of 0.15 mm. If Young’s modulus for the plies is

70 000 N/mm2 and Poisson’s ratio is 0.3 calculate the equivalent elastic constants of the laminate for the case

of in-plane loading.
1
x

z

0.15 mm

2
3
4

FIGURE 24.13 Laminate of Example 24.8
Since the laminate is symmetric and isotropic the elastic constants for each ply are

El ¼ Et ¼ E ¼ 70000N=mm2

n ¼ n ¼ n ¼ 0:3
lt tl
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Also, for an isotropic laminate (see Eq. (1.50))
Glt ¼ E=2 1þ nð Þ ¼ 70000=2 1þ 0:3ð Þ ¼ 26923N=mm2

For an isotropic ply, which is a special case of an orthotropic ply, the reduced stiffness terms k13 and k23 in Eq.

(24.31) are zero. Also, from Eq. (24.17)

k11 ¼ E= 1� n2
� � ¼ 70000= 1� 0:32

� � ¼ 76923N=mm2

2
� �

2
� �

2
k12 ¼ nE= 1� n ¼ 0:3� 70000 1� 0:3 ¼ 23077N=mm

2
� �

2
k22 ¼ E= 1� n ¼ 76923N=mm

2
k33 ¼ G ¼ 26923N=mm

For an isotropic ply there is no ply angle so that in effect, y=0� and in Eq. (24.38)

�k11 ¼ k11; �k12 ¼ k12; �k22 ¼ k22

From Eq. (24.45) etc. and since there are four identical plies each 0.15 mm thick

A11 ¼ 4� 0:15� 76 923 ¼ 46154N=mm

A12 ¼ 4� 0:15� 23 077 ¼ 13846N=mm

A22 ¼ 4� 0:15� 76 923 ¼ 46154N=mm

A33 ¼ 4� 0:15� 26 923 ¼ 16154N=mm

Then, from Eqs. (24.55) the values of the terms in the inverse of the [A] matrix are

a11 ¼ 46154= 46154� 46154� 138462
� � ¼ 23:8� 10�6

�6
Similarly
a22 ¼ 23:8� 10

a33 ¼ 61:9� 10�6

a12 ¼ �7:1� 10�6

From Eq. (24.56) the equivalent Young’s modulus is given by

Ex ¼ 1

4� 0:15� 23:8� 10�6
¼ 70000N=mm2

and from Eq. (24.57) Poisson’s ratio is

nxy ¼
� � 7:1� 10�6
� �
23:8� 10�6

¼ 0:3

Lastly, from Eq. (24.62)

Gxy ¼ 1

4� 0:15� 61:9� 10�6
¼ 26923N=mm2

The shear coupling coefficient, mx is, from Eq. (24.58), zero.

Note that the equivalent elastic constants are identical in value to the given elastic constants for the ply. This

could have been deduced initially since, for an isotropic ply, the elastic constants are independent of laminate

thickness. However, the example serves to illustrate the method.
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Example 24.9
If the laminate in Example 24.8 comprises plies of the same thickness but which are orthotropic not isotropic de-

termine the equivalent elastic constants. The ply angle y=0� and the ply elastic constants are El=140 000 N/mm2,

Et=10 000 N/mm2. Glt=5000 N/mm2 and nlt=0.3.
Initially we calculate the minor Poisson’s ratio ntl. From Eq. (24.14)

ntl ¼ Et

El
nlt ¼ 10000

140000
� 0:3 ¼ 0:021

Again, for a symmetric orthotropic ply the reduced stiffness terms, k13 and k23, are zero [Ref. 2]. Then, from

Eq. (24.17)

k11 ¼ El= 1� nltntlð Þ ¼ 140000= 1� 0:3� 0:021ð Þ ¼ 140888N=mm2

Similarly k12=2958 N/mm2, k22=10 060 N/mm2 and k33=5000 N/mm2.

The ply angle y=0� so that in Eq. (24.31) m=cosy=1 and siny=0. Then

�k11 ¼ k11; �k12 ¼ k12; �k13 ¼ 0; �k22 ¼ k22; �k23 ¼ 0; �k33 ¼ k33

There are four identical plies in the laminate each 0.15 mm thick. Therefore from Eq. (24.45) etc.

A11 ¼ 4� 0:15� 140888 ¼ 84533N=mm

A12 ¼ 4� 0:15� 2958 ¼ 1775N=mm

A22 ¼ 4� 0:15� 10060 ¼ 6036N=mm

A33 ¼ 4� 0:15� 5000 ¼ 3000N=mm

The terms in the inverse of the [A] matrix are, then, from Eqs. (24.55)

a11 ¼ 6036= 84533� 6036� 17752
� � ¼ 1:19� 10�5

Similarly a22=16.65�10�5, a33=33.33�10�5, a12=�0.35�10�5

From Eq. (24.56)

Ez ¼ 1

4� 0:15� 1:19� 10�5
¼ 140000N=mm2

From Eq. (24.59)

Ey ¼ 1

4� 0:15� 16:65� 10�5
¼ 10000N=mm2

From Eq. (24.57)

nxy ¼
� �0:35� 10�5
� �
1:19� 10�5

¼ 0:3

From Eq. (24.60)

nyx ¼ 0:35� 10�5

16:65� 10�5
¼ 0:021
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Also, from Eqs. (24.58) and (24.61) mx=my=0.
Again, as in Example 24.8, the equivalent elastic constants for the laminate are the same as the elastic constants

of the plies. This is to be expected since the four plies are identical and orientated in the same way.
Example 24.10
If the ply angle in the laminate of Example 24.9 is 45� calculate the equivalent elastic constants.

The minor Poisson’s ratio has the same value, 0.021, as in Example 24.9. Also the reduced stiffness terms are

the same as in Example 24.9, i.e., k13=k23=0, k11=140 888 N/mm2, k12=2958 N/mm2, k22=10 060 N/mm2 and

k33=5000 N/mm2.

Now, however, y=45� so that m=cos45� =1/√2 and n=sin45� =1/√2. Then, in Eq. (24.31)

�k11 ¼ m4k11 þ m2n2 2k12 þ 4k33ð Þ þ n4k22 (i)

Substituting the above values of k11 etc. in Eq. (i) gives

�k11 ¼ 44216N=mm2

� 2
Similarly

k12 ¼ 34216N=mm
�k13 ¼ 32707N=mm2

�k22 ¼ 44216N=mm2

�k23 ¼ 32707N=mm2

�k33 ¼ 36258N=mm2

Then, from Eq. (24.45)

A11 ¼ 4� 0:15� 44216 ¼ 25296N=mm

A ¼ 20530N=mm
Similarly

12

A13 ¼ 19624N=mm

A22 ¼ 25296N=mm

A23 ¼ 19624N=mm

A33 ¼ 21755N=mm

From Eq. (24.53)

AA ¼ 25296� 25296� 21755þ 2� 20530� 19624� 19624� 25296� 196242 � 21755� 205302

� 25296� 196242

12
i:e:; AA ¼ 1:08� 10

Then, from Eqs. (24.52)

a11 ¼ 25296� 21755� 196242
� �

=1:08� 1012 ¼ 1:53� 10�4

�4
Similarly

a22 ¼ 1:53� 10

a33 ¼ 2:02� 10�4

a12 ¼ �0:57� 10�4

a13 ¼ �0:87� 10�4

a23 ¼ �0:87� 10�4
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From Eq. (24.56)
Ex ¼ 1

4� 0:15� 1:53� 10�4
¼ 10893N=mm2

From Eq. (24.59)

Ey ¼ 1

4� 0:15� 1:53� 10�4
¼ 10893N=mm2

From Eq. (24.62)

Gxy ¼ 1

4� 0:15� 2:02� 10�4
¼ 8251N=mm2

From Eq. (24.57)

nxy ¼
� �0:57� 10�4
� �
1:53� 10�4

¼ 0:37

From Eq. (24.60)

nyx ¼
� �0:57� 10�4
� �
1:53� 10�4

¼ 0:37

From Eq. (24.58)

mx ¼
� �0:87� 10�4
� �
1:53� 10�4

¼ 0:57

From Eq. (24.61)

my ¼
� �0:87� 10�4
� �
1:53� 10�4

¼ 0:57

Since the shear coupling coefficients have values it follows that, for this laminate, direct loads will produce

shear strains and shear loads will produce direct strains. However, in many laminate configurations the ply angles

are chosen such that the shear coupling effect is eliminated.

The method of determining the equivalent elastic constants of a laminate illustrated in Examples 24.8–

24.10 is applicable to all symmetric laminates. Clearly, however, considerable simplification occurs

when the plies are identical in terms of material and ply angles. This, obviously, is not always the case.
Example 24.11
The symmetric four-ply laminate whose cross-section is shown in Fig. 24.14 comprises plies of the same thickness

but of two different materials with ply angles of 30� and 45�. For plies 1 and 4, El=200 000 N/mm2, Et=15 000 N/

mm2, Glt=10 000 N/mm2 and nlt=0.3. For plies 2 and 3, El=140 000 N/mm2, Et=10 000 N/mm2, Glt=5000 N/

mm2 and nlt=0.3. Calculate the equivalent elastic constants for the laminate.
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FIGURE 24.14 Laminate of Example 24.11
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Consider plies 1 and 4. The minor Poisson’s ratio is found using Eq. (24.14), i.e.,

ntl ¼ 15000

200000
� 0:3 ¼ 0:023

As in Example 24.9 the reduced stiffness terms k13 and k23 are zero. Then, from Eq. (24.17)

k11 ¼ 200000= 1� 0:3� 0:023ð Þ ¼ 201410N=mm2

2

Similarly
k12 ¼ 4632N=mm

k22 ¼ 15106N=mm2

k33 ¼ 10000N=mm2

For plies 1 and 4, y=30� so that m=cos30� =0.866 and n=sin30� =0.5. Then from Eq. (24.31) (see Eq. (i) of

Example 24.10)
�k11 ¼ 123583N=mm2

�k12 ¼ 35908N=mm2

�k13 ¼ 58436N=mm2

�k22 ¼ 30431N=mm2

�k23 ¼ 22232N=mm2

�k33 ¼ 41266N=mm2

The above procedure is repeated for plies 2 and 3 (y=45�) and gives the following results.

ntl ¼ 0:021
k11 ¼ 140888N=mm2

k12 ¼ 2958N=mm2

k22 ¼ 10060N=mm2

k33 ¼ 5000N=mm2

� 2
Then

k11 ¼ 44216N=mm
�k12 ¼ 34216N=mm2

�k13 ¼ 32707N=mm2

�k22 ¼ 44216N=mm2

�k23 ¼ 32707N=mm2

�k33 ¼ 36258N=mm2

The above results are now combined to produce the A terms in the [A] matrix for the complete laminate.

From Eq. (24.45)
A11 ¼ 2� 0:13 123583þ 44216ð Þ ¼ 43628N=mm

A12 ¼ 2� 0:13 35908þ 34216ð Þ ¼ 18232N=mm

A13 ¼ 2� 0:13 58436þ 32707ð Þ ¼ 23697N=mm

A22 ¼ 2� 0:13 30431þ 44216ð Þ ¼ 19408N=mm

A23 ¼ 2� 0:13 22232þ 32707ð Þ ¼ 14284N=mm

A33 ¼ 2� 0:13 41266þ 36258ð Þ ¼ 20156N=mm
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Then, from Eq. (24.53)

AA ¼ 43628� 19408� 20156þ 2� 18232� 14284� 23697� 19408� 236972 � 20156� 182322

� 43628� 142842

12
i:e:; AA ¼ 2:91� 10

Substituting the above in Eqs. (24.52) gives

a11 ¼ 6:43� 10�5

a22 ¼ 10:92� 10�5

a33 ¼ 17:67� 10�5

a12 ¼ �0:10� 10�5

a13 ¼ �6:85� 10�5

a23 ¼ �6:57� 10�5

Now, from Eq. (24.56)

Ex ¼ 1

4� 0:13� 6:43� 10�5
¼ 29908N=mm2

From Eq. (24.59)

Ey ¼ 1

4� 0:13� 10:92� 10�5
¼ 17611N=mm2

From Eq. (24.62)

Gxy ¼ 1

4� 0:13� 17:67� 10�5
¼ 10883N=mm2

From Eq. (24.57)

nxy ¼
� �0:10� 10�5
� �
6:43� 10�5

¼ 0:016

From Eq. (24.60)

nyx ¼
� �0:10� 10�5
� �
10:92� 10�5

¼ 0:009

From Eq. (24.58)

mx ¼
� �6:85� 10�5
� �
6:43� 10�5

¼ 1:07

From Eq. (28.61)

my ¼
� 6:85� 10�5
� �
10:92� 10�5

¼ 0:64
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24.3.4 Laminate strengths
Before the strength of a laminate can be evaluated the individual ply stresses must be calculated. We

have noted that although all plies in a laminate suffer the same values of strain the stresses can vary

from ply to ply depending on their orientation and material properties. Having calculated the stresses

for each ply the strength of the laminate can be investigated using any of the six commonly used failure

criteria. Of these the simplest to apply is the maximum stress theory which states:

Ply failure will occur if any stress value in the material axes direction exceeds their respective

ultimate strengths:

for tensile stresses sl=XT � 1

st=YT � 1
for compressive stresses │sl=XC│ � 1

│st=YC│ � 1
for shear stresses │tlt=S│ � 1

where

XT is the ultimate tensile strength in the longitudinal direction

XC is the ultimate compressive strength in the longitudinal direction

YT is the ultimate tensile strength in the transverse direction

YC is the ultimate compressive strength in the transverse direction

S is the ultimate in-plane shear strength.

The procedure is best illustrated by an example.
Example 24.12
If the laminate in Example 24.11 is subjected to a single load intensityNx=100 N/mm calculate the ply stresses and

investigate the strength of the laminate given that XT=1500 N/mm2, XC=1200 N/mm2, YT=50 N/mm2,

YC=250 N/mm2 and S=70 N/mm2.

The ply stresses are linked to the laminate strains through Eq. (24.38), i.e.,

sx

sy

txy

8<
:

9=
; ¼

�k11 �k12 �k13
�k12 �k22 �k23
�k13 �k23 �k33

2
4

3
5 ex

ey
gxy

8<
:

9=
; (i)

Note that the ply and laminate strains are identical. From Eq. (24.49) we obtain the ply strains in terms of the

applied loading.

ex
ey
gxy

8<
:

9=
; ¼ A�1

� � Nx

Ny

Nxy

8<
:

9=
; (ii)

Then, from Eqs. (i) and (ii)

sx

sy

txy

8<
:

9=
; ¼

�k11 �k12 �k13
�k12 �k22 �k23
�k13 �k23 �k33

2
4

3
5 A�1
� � Nx

Ny

Nxy

8<
:

9=
; (iii)



71524.3 Laminates
or, from Eq. (24.51)

sx

sy

txy

8<
:

9=
; ¼

�k11 �k12 �k13
�k12 �k22 �k23
�k13 �k23 �k33

2
4

3
5 a11 a12 a13

a12 a22 a23
a13 a23 a33

2
4

3
5 Nx

Ny

Nxy

8<
:

9=
; (iv)

In Eq. (iv) the �kij
� �

matrix relates to a particular ply while the [aij] matrix relates to the laminate. The terms in the

former matrix have been calculated for the different plies in Example 24.11 as have the aij terms for the laminate.

Also Nx=100 N/mm, Ny=Nxy =0. Substituting the relevant values in Eq. (iv) we have, for plies 1 and 4

sx

sy

txy

8<
:

9=
; ¼

123583 35908 58436

35908 30431 22232

58436 22232 41266

2
4

3
5 6:43 �0:10 �6:85

�0:10 10:92 �6:5
�6:85 �6:5 17:67

2
4

3
5 100

0

0

8<
:

9=
;� 10�5 (v)

which gives

sx

sy

txy

8<
:

9=
; ¼

123583 35908 58436

35908 30431 22232

58436 22232 41266

2
4

3
5 643

�10

�685

2
4

3
5� 10�5 (vi)

2

Then;

sx;1;4 ¼ 390:8N=mm

sy;1;4 ¼ 75:6N=mm2

txy;1;4 ¼ 90:8N=mm2

The ply stresses can now be obtained using Eq. (24.24) in which m=cos30� =0.866 and n=sin30� =0.5. Then

sl

st

tlt

8<
:

9=
; ¼

0:75 0:25 0:866
0:25 0:75 �0:866

�0:433 0:433 0:5

2
4

3
5 390:8

75:6
90:8

8<
:

9=
;

which gives

sl;1;4 ¼ 390:6N=mm2

st;1;4 ¼ 75:8N=mm2

tlt;1;4 ¼ �91:1N=mm2

For plies 2 and 3 the aij terms are identical to those in Eq. (v). Then

sl

st

tlt

8<
:

9=
; ¼

44216 34216 32707

34216 44216 32707

32707 32707 36258

2
4

3
5 643

�10

�685

8<
:

9=
;� 10�5

which gives

sx;2;3 ¼ 56:8N=mm2

sy;2;3 ¼ �8:5N=mm2

txy ;2;3 ¼ �41:3N=mm2

Again, from Eq. (24.24) in which m=cos45� =1/√2 and n=sin45� =1/√2

sl

st

tlt

8<
:

9=
; ¼

0:5 0:5 1

0:5 0:5 �1

�0:5 0:5 0

2
4

3
5 56:8

�8:5
�41:3

8<
:

9=
;
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which gives
sl;2;3 ¼ �17:2N=mm2

st;2;3 ¼ 65:4N=mm2

tlt ;2;3 ¼ �32:7N=mm2

The distribution of ply stresses is shown in Fig. 24.15.
4

z

x 17.2

390.6 75.8 91.1

32.765.4
3

2

1

45°

45°

30°

30°

σl σt τxy

FIGURE 24.15 Distribution of Ply Stresses (N/mm2) in Laminate of Example 24.12
Having obtained the individual ply stresses we can now investigate the strength of the laminate.

For plies 1 and 4

sl=1500 ¼ 390:6=1500 ¼ 0:26
st=50 ¼ 75:8=50 ¼ 1:52
tlt=70 ¼ 91:1=70 ¼ 1:30

For plies 2 and 3

sl=1500 ¼ 17:2=1500 ¼ 0:01
st=50 ¼ 65:4=50 ¼ 1:37
tlt=70 ¼ 32:7=70 ¼ 0:45

Clearly there are direct stress failures in the transverse direction in all four plies while there is a shear stress

failure in plies 1 and 4.

24.4 THIN-WALLED COMPOSITE BEAMS
We noted, in Chapter 10, that some structural components in many modern aircraft are fabricated from

composite materials. These components are generally in the form of laminates, which are stacks of plies

bonded together. The orientation of each ply may be different to that of its immediate neighbors so that

the required strength and stiffness in a particular direction is obtained. In Section 24.3 we determined

the equivalent elastic constants of a laminate, these will now be used in the analysis of composite struc-

tural members.

In Chapters 15 through 17, we determined stresses and displacements in open and closed section thin-

walled beams subjected to bending, shear, and torsional loads; the effect of axial load was considered in

Chapter 1. We now re-examine these cases to determine the effect of composite construction.



Y

y

T

Z

P

X

x

SY

SX

MY

MX

t3

b3

t2

b2t1

b1

1

2

3

FIGURE 24.16 Composite Thin-Walled Section
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Figure 24.16 shows a thin-walled beam that may be of either open or closed section and that is

fabricated from laminates ➀, ➁, ➂, . . . The dimensions of each laminate are different, as are their

elastic properties.

The beam is subjected to axial, bending, shear, and torsional loads that are positive in the directions

shown (see also Fig 15.9). The beam axes XYZ are now in upper case letters to avoid confusion with the

laminate axes xy.

24.4.1 Axial load
Suppose that the portion of the axial load P taken by the ith laminate is Pi. The longitudinal strain ex,i in
the laminate is equal to the longitudinal strain ez in the beam, since one of the basic assumptions of our

analysis, except in the case of torsion, is that plane sections remain plane after the load is applied. Then, from

Eq. (1.40),

Pi

biti
¼ ex;iEx;i

Therefore,

Pi ¼ bitiex;iEx;i

that is,

Pi ¼ eZbitiEx;i (24.63)
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The total axial load on the beam is then given by
P ¼ eZ
Xn
i¼1

bitiEx;i (24.64)

Note that, in Eq. (24.64), eZ is the longitudinal strain in the beam section and is therefore the same for

every laminate; it may therefore be taken outside the summation. Further, the value of Young’s mod-

ulus for a particular laminate is the same whether referred to the laminate x axis or the beam Z axis; we

therefore refer it to the beam Z axis. Equation (24.64) may therefore be written

P ¼ eZ
Xn
i¼1

bitiEZ;i (24.65)

from which

eZ ¼ PPn
i¼1

bitiEZ;i

(24.66)
Example 24.13
A beam has the singly symmetrical composite section shown in Fig. 24.17. The flange laminates are

identical and have a Young’s modulus, EZ, of 60,000 N/mm2 while the vertical web has a Young’s

modulus, EZ, of 20,000 N/mm2. If the beam is subjected to an axial load of 40 kN, determine the axial load in

each laminate.

For each flange,

bitiEZ;i ¼ 100� 2:0� 60;000 ¼ 12� 106

and, for the web,

bitiEZ;i ¼ 150� 1:0� 20;000 ¼ 3� 106

Therefore, Xn
i¼1

bitiEZ;i ¼ 2� 12� 106 þ 3� 106 ¼ 27� 106

Then, from Eq. (24.66),

eZ ¼ 40� 103

27� 106
¼ 1:48� 10�3

Therefore, from Eq. (24.63),

P flangesð Þ ¼ 1:48� 10�3 � 12� 106 ¼ 17;760 N ¼ 17:76 kN

P webð Þ ¼ 1:48� 10�3 � 3� 106 ¼ 4;440 N ¼ 4:44 kN

Note that 2�17.76þ4.44¼39.96 kN, the discrepancy, 0.04 kN, is due to rounding off errors.
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FIGURE 24.17 Beam Section of Example 24.13
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Example 24.14
In the box section beam shown in Fig. 24.18 the covers 1 and 3 are identical laminates each comprising four ortho-

tropic plies, 0.15 mm thick, and for which the ply angle is 45�. The ply elastic constants are El=140 000 N/mm2,

Et=10 000 N/mm2, Glt=5000 N/mm2 and nlt=0.3. The webs 2 and 4 are also identical laminates each comprising

four plies 0.13 mm thick but in which the outer ply angle is 30� while the angle of the two inner plies is 45�. For the
outer plies El=200 000 N/mm2, Et=15 000 N/mm2, Glt=10 000 N/mm2 and nlt=0.3 and for the two inner plies

El=140 000 N/mm2, Et=10 000 N/mm2,Glt=5000 N/mm2 and nlt=0.3. If the beam is subjected to an axial tensile

load of 50 kN determine the share of the load carried by the covers and the webs.
50 mm

150 mm
50 kN

50 kN

2
x y

Y

X

Z

1

3 4

FIGURE 24.18 Beam of Example 24.14
The equivalent elastic constants for the covers have been calculated in Ex. 24.10 and are

EZ ¼ Ex ¼ 10 893 N=mm2
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For the webs, from Example 24.11

EZ ¼ Ex ¼ 29 908 N=mm2

Then, for each cover

bitiEZ;i ¼ 150� 4� 0:15� 10 893 ¼ 9:8� 105 N

For each web

bitiEZ;i ¼ 50� 4� 0:13� 29 908 ¼ 7:8� 105 N

Then

Xn
i¼1

bitiEZ;i ¼ 2� 9:8� 105 þ 2� 7:8� 105 ¼ 35:2� 105 N

From Eq. (24.66)

eZ ¼ 50� 103

35:2� 105
¼ 1:42� 10�2

Therefore, from Eq. (24.65)

P coversð Þ ¼ 1:42� 10�2 � 9:8� 105 ¼ 13 916 N

�2 5
P websð Þ ¼ 1:42� 10 � 7:8� 10 ¼ 11 076 N

Check: Total load=2(13 916þ11 076)=49 984 N which is approximately 50 kN the discrepancy being due to

rounding off errors.

Having obtained the axial force in each cover and web the axial force intensities can be calculated. The strength

of the box beam can then be investigated as illustrated in Example 24.12.

24.4.2 Bending
In Section 15.2, we derived an expression for the direct stress distribution in a beam of unsymmetrical

cross-section (Eq. (15.17) or (15.18)). In this derivation, the direct stress on an element of the beam

cross-section was expressed in terms of Young’s modulus, the radius of curvature of the beam, the

coordinates of the element, and the inclination of the neutral axis to the section x axis (see

Eq. (15.15)). The beamwas assumed to be composed of homogenous material so that Young’s modulus

is a constant. This, as we have seen, is not necessarily the case for a composite beam where E can vary

from laminate to laminate. We therefore rewrite Eqs. (15.16) in the form

Mx ¼
ð
A

EZ;i

r
ðx sin aþ y cos aÞy dA; My ¼

ð
A

EZ;i

r
ðx sin aþ y cos aÞx dA;

or

Mx ¼ sin a
r

ð
A

EZ;ixy dAþ cos a
r

ð
A

EZ;iy
2 dA;

sin a
ð

cos a
ð

My ¼ r A

EZ;ix
2 dAþ

r A

EZ;ixy dA:
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We therefore define modified second moments of area that include the laminate value of Young’s

modulus, EZ,i, and that are referred to the XYZ axes of Fig. 24.16. Then,

I0XX ¼
ð
A

EZ;iY
2 dA; I0YY ¼

ð
A

EZ;iX
2 dA; I0XY ¼

ð
A

EZ;iXY dA (24.67)

so that

MX ¼ sin a
r

I0XY þ
cos a
r

I0XX

MY ¼ sin a
r

I0YY þ
cos a
r

I0XY

Solving, we obtain

sin a
r

¼ MYI
0
XX �MXI

0
XY

I0XXI
0
YY � I0XY2

cos a
r

¼ MXI
0
YY �MYI

0
XY

I0XXI
0
YY � I0XY2

Then, from Eq. (15.15),

sZ ¼ EZ;i
MYI

0
XX �MXI

0
XY

I0XXI
0
YY � I0

2
XY

 !
X þ MXI

0
YY �MYI

0
XY

I0XXI
0
YY � I0

2
XY

 !
Y

" #
(24.68)

Note that the preceding applies equally to open or closed section thin-walled beams.
Example 24.15
A thin-walled beam has the composite cross-section shown in Fig. 24.19 and is subjected to a bending moment of

1 kNm applied in a vertical plane. If the values of Young’s modulus for the flange laminates are each 50,000 N/mm2

and that of the web is 15,000 N/mm2, determine the maximum value of direct stress in the cross-section of the beam.

From Section 15.4.5 and Eqs. (24.67),

I0XX ¼ 2� 50;000� 50� 2:0� 502 þ 15;000� 1:0� 1003

12
¼ 2:63� 1010 Nmm2

I0YY ¼ 50;000� 2:0� 1003

12
¼ 0:83� 1010 Nmm2

I0XY ¼ 50;000� 50� 2:0ðþ50Þðþ50Þ þ 50;000� 50� 2:0ð�50Þð�50Þ
¼ 2:50� 1010 Nmm2

Also, since MX¼1 kNm and MY¼0, Eq. (24.68) becomes

sZ ¼ EZ;i
�1� 106 � 2:5� 1010

1020ð2:63� 0:83� 2:52ÞX þ 1� 106 � 0:83� 1010

1020ð2:63� 0:83� 2:52ÞY

 �
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FIGURE 24.19 Beam Section of Example 24.15
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that is,
sZ ¼ EZ;ið6:15� 10�5X � 2:04� 10�5YÞ (i)

On the top flange 12, EZ,i¼50,000 N/mm2 and Y¼50 mm, so that Eq. (i) becomes

sZ ¼ 3:08X � 51:0

Then,

sZ ;1 ¼ 3:08� 50� 51:0 ¼ 103:0 N=mm2

and

sZ ;2 ¼ �51 .0 N=mm2

In web 23, EZ,i¼15,000 N/mm2 and X¼0. Equation (i) then becomes

sZ ¼ �0:31Y

and

sZ ;2 ¼ �15:5 N=mm2

The remaining distribution follows from antisymmetry, so that the maximum direct stress in the beam cross-section

is �103 N/mm2.
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Example 24.16
If, in the box section beam of Example 24.14, the axial load is replaced by a bending moment MX=0.5 kNm cal-

culate the distribution of direct stress in the covers and in the webs.

Again, as in Example 24.14, EZ (covers)=10 893 N/mm2 and EZ (webs)=29 908 N/mm2. Then, since the

cross-section is doubly symmetrical, IXY
/ = 0 and since MY=0, Eq. (24.68) reduces to

sZ ¼ EZ;i
MX

IXX
=
Y (i)

where

IXX
= ¼ 2� 10 893� 150� 0:6� 252 þ 2� 29 908� 0:52� 503

12
¼ 1:55� 109 mm2

Eq. (i) then becomes

sZ ¼ EZ:i
0:5� 106

1:55� 109
Y ¼ EZ;I � 0:32� 10�3Y (ii)

For the covers EZ,i = 10 893 N/mm2 and Y=�25 mm. Therefore, from Eq. (ii)

sZ coversð Þ ¼ 10 893� 0:32� 10�3 � �25ð Þ ¼ �87:4 N=mm2

At the extremities of the webs Y = �25 mm and for each web EZ,I=29 908 N/mm2.

Then, from Eq. (ii)

sZ web; topð Þ ¼ 29 908� 0:32� 10�3 � þ25ð Þ ¼ 239:3 N=mm2

sZ web; bottomð Þ ¼ 29 908� 0:32� 10�3 � �25ð Þ ¼ �239:3 N=mm2

24.4.3 Shear
Open section beams
In Section 16.2, we derived an expression for the shear flow distribution in an open section thin-walled

beam subjected to shear loads (Eq. (16.14)). This is related to the direct stress distribution in the section

(Eq. (16.2)), so that the arguments applied to composite section beams subjected to bending apply to the

case of composite beams subjected to shear. Equation (16.14) then becomes

qs ¼ �EZ;i
SXI

0
XX � SYI

0
XY

I0XXI
0
YY � I02XY

 !ðs
0

tiX dsþ SYI
0
YY � SXI

0
XY

I0XXI
0
YY � I02XY

 !ðs
0

tiY ds

" #
(24.69)

Note that, in Eq. (24.69), s is measured from an open edge in the beam section and the second moments

of area are those defined in Eq. (24.67).
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Example 24.17
Determine the position of the shear center of the channel section beam of Example 24.13.

As in Example 16.2 the shear center lies on the horizontal axis of symmetry so that we only need to apply an

arbitrary shear load, SY, through the shear center and calculate the shear flow distribution in, say, the bottom

flange.

In this case, SX = 0, I0XX = 0 and Eq. (24.40) reduces to

qs ¼ �EZ;i SY=I
0
XX

� � ðs
0

tiY ds (i)

Referring to Fig. 24.17 and Example 24.13

I0XX ¼ 2� 60;000� 100� 2� 752 þ 20;000 1:0� 1503=12
� � ¼ 14:1� 1010 N=mm2

On the bottom flange Y = -75 mm and ti = 2.0 mm so that Eq.(i) becomes

qs ¼ 60;000 SY=14:1� 1010
� � ðs

0

2� 75 ds

where s is measured from the free edge of the flange. Then

qs ¼ 64� 10�5SYs (ii)

Suppose that the shear center is a distance xS to the left of the vertical web. Then, taking moments about the mid-

point of the web

SYxS ¼ 2SY

ð100
0

6:4� 10�5 � 75s ds

which gives

xS ¼ 48:0 mm

Closed section beams
Again, the same arguments apply to the composite case as before and Eq. (16.15) becomes

qs ¼ �EZ;i
SXI

0
XX � SYI

0
XY

I0XXI
0
YY � I0

2
XY

 !ðs
0

tiX dsþ SYI
0
YY � SXI

0
XY

I0XXI
0
YY � I0

2
XY

 !ðs
0

tiY ds

" #
þ qs;0 (24.70)

In Eq. (24.70), the value of the shear flow, qs,0, at the origin for s is found using either Eq. (16.17)

or (16.18).
Example 24.18
The composite triangular section thin-walled beam shown in Fig. 24.20 carries a vertical shear load of 2 kN applied

at the apex. If the walls 12 and 13 have a laminate Young’s modulus of 45,000 N/mm2while that of the vertical web

23 is 20,000 N/mm2, determine the shear flow distribution in the section.



2 kN

X

1.5 mm

2.0 mm

300 mm

250 m
m

2

1

s1s2

3

α

α

FIGURE 24.20 Beam Section of Example 24.18
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The X axis is an axis of symmetry, so that I0XY¼0 and, since SX¼0, Eq. (24.70) reduces to

qs ¼ �EZ;i
SY
I0XX

ðs
0

tY dsþ qs;0 (i)

From Section 15.4.5 and Eq. (24.67),

I0XX ¼ 2� 45;000� 2:0� 2503 150=250ð Þ2
12

þ 20;000� 1:5� 3003

12

¼ 15:2� 1010 N mm2

“Cut” the section at 1. Then, from the first term on the right-hand side of Eq. (i),

qb;12 ¼ � 45;000� 2� 103

15:2� 1010

ðs1
0

2:0ð�s1 sin aÞ ds1

in which sin a¼150/250¼0.6. Therefore,

qb;12 ¼ 3:6� 10�4s21 (ii)

so that

qb;2 ¼ 22:2 N=mm

Also,

qb;23 ¼ � 20;000� 2� 103

15:2� 1010

ðs2
0

1:5ð�150þ s2Þds2 þ 22:2
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from which
qb;23 ¼ 0:06s2 � 1:95� 10�4s22 þ 22:2 (iii)

Taking moments about the mid-point of the wall 23 (or about point 1), we have

2� 103 � 250 cos a ¼ �2

ð250
0

qb;12150 cos a ds2 þ 2� 300

2
� ð250 cos aÞqs;0

which gives

qs;0 ¼ 14:2 N=mm in a counterclockwise senseð Þ
The shear flow distribution is then

q12 ¼ 3:6� 10�4s21 � 14:2
q23 ¼ �1:95� 10�4s22 þ 0:06s2 þ 8:0

24.4.4 Torsion
Closed section beams
We consider composite closed section beams first, since, as we saw in Chapters 16 and 17, the strain–

displacement relationships derived for open and closed section beams subjected to shear loads apply to

the torsion of closed section beams, so that the analysis follows logically on.

The shear flow distribution in a closed section thin-walled beam subjected to a torque in which the

warping is unrestrained is given by Eq. (17.1); that is,

T ¼ 2Aq

or

q ¼ T

2A
(24.71)

The derivation of Eq. (24.71) is based purely on equilibrium considerations and does not, therefore, rely

on the elastic properties of the beam section. Equation (24.71) therefore applies equally to composite

and isotropic beam sections.

The rate of twist of a closed section beam subjected to a torque is given by Eq. (17.4); that is,

dy
dZ

¼ T

4A2

þ
ds

Gt

This expression also applies to a composite closed section beam, provided that the shear modulus G
remains within the integration and that the laminate shear modulus GXY,i is used as appropriate.

Equation (17.4) then becomes

dy
dZ

¼ T

4A2

þ
ds

GXY;i ti
(24.72)

Rearranging,

T ¼ 4A2Þ
ds

GXY;i ti

dy
dZ

(24.73)
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We saw, in Chapter 3, Eq. (3.12), that the torque and rate of twist in a beam are related by the torsional

stiffness GJ. Therefore, from Eq. (24.73), we see that the torsional stiffness of a composite closed

section beam is given by

GJ ¼ 4A2Þ
ds

GXY;i ti

(24.74)

These arguments apply to the determination of the warping distribution in a closed section composite

beam. This is then given by (see the derivation of Eq. (17.5))

Ws �W0 ¼ q

ðs
0

ds

GXY;i ti
� A0s

A
q

þ
ds

GXY;i ti
(24.75)

or, from Eq. (24.71) in terms of the applied torque,

Ws �W0 ¼ T

2A

ðs
0

ds

GXY;i ti
� A0s

A

þ
ds

GXY;i ti

� �
(24.76)
Example 24.19
The rectangular section, thin-walled, composite beam shown in Fig. 24.21 is subjected to a torque of 10 kN m. If

the laminate shear modulus of the covers is 20,000 N/mm2 and that of the webs is 35,000 N/mm2, determine the

shear flow distribution in the section and the distribution of warping.

The shear flow distribution is obtained from Eq. (24.71) and is

q ¼ 10� 106

2� 200� 100
¼ 250 N=mm

The warping distribution is given by Eq. (24.76), in whichþ
ds

GXY;iti
¼ 2� 200

20;000� 2:0
þ 2� 100

35;000� 1:0
¼ 0:0157
2.0 mm
Y

X

12

3 4

100 mm

200 mm

1.0 mm

FIGURE 24.21 Beam Section of Example 24.19
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Equation (24.76) then becomes
Ws �W0 ¼ 250

ðs
0

ds

GXY;i ti
� A0s

200� 100
� 0:0157

� �

or

W2 �W0 ¼ 250

ðs
0

ds

GXY;iti
� 0:785� 10�6A0s

� �
(i)

We saw, in Example 17.2, that the warping distribution in a rectangular section thin-walled beam is linear with zero

values at the mid-points of the webs and covers. The same situation applies in this example, so that it is necessary to

calculate the value of warping only at, say, corner 1. Then, from Eq. (i),

W1 ¼ 250
50

35;000� 1:0
� 0:785� 10�6 � 100� 50

2

� �

which gives

W1 ¼ �0:13 mm

The remaining distribution follows from symmetry.

Open section beams
The torsional stiffness of an open section thin-walled beam is, as for a closed section beam, GJ, but in
which the torsion constant, J, is given by either of Eqs. (17.11). However, for a composite beam section,

the shear modulus must be taken inside the summation or integral and is the laminate shear modulus

GXY,i. Then,

GJ ¼
Xn
i¼1

GXY;i
sti

3

3
or GJ ¼ 1

3

ð
sect

GXY;i t
3
i ds (24.77)

The rate of twist of a beam is related to the applied torque by Eq. (3.12). For a composite

open section beam, the relationship holds but the torsional stiffness is given by either of Eqs. (24.77);

that is,

T ¼
Xn
i¼1

GXY;i
sti

3

3

 !
dy
dZ

or T ¼ 1

3

ð
sect

GXY;it
3
i ds

� �
dy
dZ

(24.78)

Having obtained the rate of twist, Eq. (17.9) gives the shear stress distribution across the thickness at

any point round the beam section; that is,

t ¼ 2GXY;in
dy
dZ

(24.79)

Again, the maximum shear stress occurs at the surface of the beam section, where n¼� t/2.
The primary warping distribution follows from Eq. (17.19), in which the rate of twist is found from

either of Eqs. (24.78).
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Example 24.20
A composite channel section has the dimensions shown in Fig. 17.12 and is subjected to a torque of 10 Nm. If the

flanges have a laminate shear modulus of 20,000 N/mm2 and that of the web is 15,000 N/mm2 determine the max-

imum shear stress in the beam section and the distribution of warping, assuming that the beam is constrained to

twist about an axis through the mid-point of the web.

The torsional stiffness of the section is obtained from the first of Eqs. (24.77) and is

GJ ¼ 2� 20;000� 25� 1:53

3
þ 15;000� 50� 2:53

3
¼ 5:03� 106 Nmm2

Then, from Eq. (24.78),

dy
dZ

¼ 10� 103

5:03� 106
¼ 1:99� 10�3

and, from Eq. (24.79),

tmax 12ð Þ ¼ 2� 20;000� 1:5=2ð Þ � 1:99� 10�3 ¼ 59:7 N=mm2

tmax 23ð Þ ¼ 2� 15;000� 2:5=2ð Þ � 1:99� 10�3 ¼ 74:6 N=mm2

The maximum therefore occurs in the web and is 74.6 N/mm2.

The section is constrained to twist about an axis through the mid-point of the web, so thatW is zero everywhere

in the web. Then, from Eq. (17.19),

W1 ¼ �2� 1

2
� 25� 25� 1:99� 10�3 ¼ �1:24 mm

The warping is linear along the flange 12, the warping along the flange 34 follows from symmetry.

Note that, if the axis of twist is not specified, the position of the shear center of the section has to be found using

the method previously described.
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PROBLEMS

P.24.1. A bar, whose cross-section is shown in Fig. P.24.1, is composed of a polyester matrix and

Kevlar filaments; the respective moduli are 3,000 and 140,000 N/mm2 with corresponding Poisson’s

ratios of 0.16 and 0.28. If the bar is 1 m long and is subjected to a compressive axial load of 500 kN,

determine the shortening of the bar, the increase in its thickness, and the stresses in the polyester and

Kevlar.
An
swer: 3.26 mm, 0.032 mm, 9.78 N/mm2, 456.4 N/mm2
P.24.1. MATLAB Use MATLAB to repeat Problem P.24.1 for compressive axial loads (P) ranging
from 300 to 700 kN in increments of 50 kN.
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Polyester 15 mm

100 mm

15 mm

15 mm

5 mm

5 mm

Kevlar

Kevlar

Polyester

Polyester

FIGURE P.24.1
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swer: P Dl Dt sm (polyester) sf (Kevlar)

(i)
 300 kN
 1.95 mm
 0.019 mm
 5.85 N/mm2
 273 N/mm2
(ii)
 350 kN
 2.28 mm
 0.023 mm
 6.84 N/mm2
 319.2 N/mm2
(iii)
 400 kN
 2.61 mm
 0.026 mm
 7.83 N/mm2
 365.4 N/mm2
(iv)
 450 kN
 2.93 mm
 0.029 mm
 8.79 N/mm2
 410.2 N/mm2
(v)
 500 kN
 3.26 mm
 0.032 mm
 9.78 N/mm2
 456.4 N/mm2
(vi)
 550 kN
 3.58 mm
 0.035 mm
 10.74 N/mm2
 501.2 N/mm2
(vii)
 600 kN
 3.91 mm
 0.039 mm
 11.73 N/mm2
 547.4 N/mm2
(viii)
 650 kN
 4.23 mm
 0.042 mm
 12.69 N/mm2
 592.2 N/mm2
(ix)
 700 kN
 4.56 mm
 0.045 mm
 13.68 N/mm2
 638.4 N/mm2
P.24.2. If a thin isotropic ply has a Young’s modulus of 60,000 N/mm2 and a Poisson’s ratio of 0.25,
determine the terms in the reduced stiffness and compliance matrices.
swer: k11 = k22 =64,000 N/mm2, k12=16,000 N/mm2, k33=24,000 N/mm2, s11 = s22=1.67� 10�5,
An

s12 = s21 = �0.42 � 10�5, s33 = 4.17 � 10�5.

P.24.3. The reduced stiffnesses in a unidirectional ply are k11 = 50,000 N/mm2, k12 = k21 =

4,000 N/mm2, k22 = 15,000 N/mm2 and k33 = 6,000 N/mm2. Calculate the elastic constants of the

ply and also the reduced compliances.
swer: ntl=0.08,nlt=0.27,El=48,920 N/mm2,Et=14,495 N/mm2,G=6,000 N/mm2. s11=2.04�
An

10�5, s12 = �0.55� 10�5 = s21, s22 = 6.90 � 10�5, s33 = 1.67� 10�4.

P.24.4.A generally orthotropic ply is subjected to direct stresses of 120 N/mm2 and 60 N/mm2 parallel

to the x and y reference axes respectively together with a shear stress of 80 N/mm2. If the ply angle is

45o determine the direct and shear stresses referred to the material axes.
swer: sl = 170 N/mm2, st = 10 N/mm2, tlt = �30 N/mm2.
P.24.5. The strains at a point in a generally orthotropic ply are ex = 0.005, ey = 0.002 andgxy = 0.0002

referred to the xy reference axis system. If the ply angle is 45o, calculate the strains in the directions of

the material axes.
swer: el = 3.6 � 10�3, et = 3.4 � 10�3, glt = �3.0 � 10�3.
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P.24.6.A generally orthotropic ply is subjected to direct stresses of 100 N/mm2 and 50 N/mm2 parallel

to the x and y reference axis system respectively. If the ply also carries a shear stress of 75 N/mm2

referred to the xy axis system and the ply angle is 45o calculate the direct and shear stresses referred

to the material axes and the corresponding strains. The elastic constants are El = 150,000 N/mm2,

Et = 90,000 N/mm2 , Glt = 5000 N/mm2, nlt = 0.3 and ntl = 0.1.
An

An
swer: sl = 150 N/mm2, st = 0, tlt = �25 N/mm2. el = 10.0 � 10�4, et = �3.03 � 10�4,
An

glt = �50.0 � 10�4.

P.24.7. Write down in full the ply orientation for laminates designated as
(a) [þ302/602]

(b) [(0/45)3/�602]

(c) [60/-30/45]S
(d) [45/(0/60)2]S

swer: See Solutions Manual.
P.24.8. A symmetric laminate comprises four isotropic plies each 0.125 mm thick and for which

Young’s modulus is 140 000 N/mm2. If Poisson’s ratio, n=0.3 calculate the reduced stiffnesses for

the laminate and hence verify that the equivalent elastic constants are identical to the given elastic con-

stants for the plies.
swer: k13=k23=0, k11=k22=153 846 N/mm2, k12=46 154 N/mm2
An

k33=53 846 N/mm2

P.24.9.A symmetric laminate consists of four generally orthotropic plies in which the ply angle for the

two inner plies is 45� while that for the two outer plies is 30�. If the thickness of each ply is 0.15 mm and

the ply elastic constants are El=140 000 N/mm2, Et=10 000 N/mm2, Glt=5000 N/mm2 and n=0.3 de-
termine the equivalent elastic constants for the laminate.
swer: Ex=22222 N/mm2, Ey=14245 N/mm2, Gxy=8771 N/mm2
An

nxy=0.2, nyx=0.13, mx=1.0, my=0.58.

P.24.10. A symmetric single-ply laminate comprises four isotropic plies of which the two outer plies

are each 0.15 mm thick and are of aluminium alloy material while the two inner plies are each 0.15 mm

thick but are of mild steel material. The ply angle for the outer plies is þ45� while that for the inner
plies is�45�. If, for the aluminium alloy Eal=70 000 N/mm2 and nal =0.3 while for mild steel Est=200

000 N/mm2 and nst=0.3, calculate the equivalent elastic constants for the laminate.
swer: Ex=135 501 N/mm2, Ey=135 501 N/mm2, Gxy=51 921 N/mm2
An

nxy=0.3, nyx=0.3, mx=my=0.

P.24.11. If the laminate of P.24.10 is subjected to a membrane load intensityNx=100 N/mm investigate

the strength of the laminate given that XT=1200 N/mm2, XC=1000 N/mm2, YT=75 N/mm2,

YC=200 N/mm2 and S=70 N/mm2.
swer: sl=90.4 N/mm2, st=93.4 N/mm2, tlt=�105 N/mm2.
Therefore a direct stress failure of the plies occurs in the transverse direction together with a failure in

shear.
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P.24.12. Investigate the strength of the laminate of P.24.11 if it is subjected to a compressive load in-

tensity of �100 N/mm. The strength criteria are the same as those of P.24.11.
An

An

An

An

FIGURE

FIGURE
swer: A failure in shear only.
P.24.13. A box beam has the thin-walled composite cross-section shown in Fig. P.24.13. The cover

laminates are identical and have a Young’s modulus of 20,000 N/mm2 while that of the vertical webs

is 60,000 N/mm2. If the beam is subjected to an axial load of 40 kN, determine the axial force in each

laminate.
swer: Covers, 4 kN; webs, 16 kN
P.24.14. Determine the axial force in the flanges and web of the channel section shown in Fig. P.24.14

when it is subjected to a total axial force of 40 kN. The ply properties are El=140 000 N/mm2,

Et=10 000 N/mm2, Glt=5000 N/mm2 and nlt=0.3.
swer: Flange; 17.2 kN, Web; 5.6 kN.
P.24.15. If the thin-walled box beam of Fig. P.24.13 carries a bending moment of 1 kNm applied in a

vertical plane, determine the maximum direct stress in the cross-section of the beam.
swer: 85.8 N/mm2
2.0 mm

1.0 mm

100 mm

150 mm

P.24.13

1.0 mm

1.0 mm

100 mm

200 mm
0.5 mm

Flange layup
[0/45/-45/90]5

Web layup
[45/-45]5

P.24.14
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P.24.16. If the thin-walled composite beam of Example 24.15 is subjected to a bending moment of

0.5 kNm applied in a horizontal plane, calculate the maximum value of direct stress in the beam section.
An

An

An

FIGURE

FIGURE
swer: 76.8 N/mm2
P.24.17. The I-section beam shown in Fig. P.24.17 carries bending moments MX=0.2 kNm and

MY=0.2 kNm. If, for the flanges Ex=54 100 N/mm2 and for the web Ex=17 700 N/mm2, determine

the distribution of axial force intensity.
swer: N1 ¼ �N6 ¼ �40.5 N/mm, N2 ¼ �N5 ¼ 19.5 N/mm, N3 ¼ �N4 ¼ 79.5 N/mm
P.24.18. The Z-section beam shown in Fig. P.24.18 carries a bending moment of 0.2 kNm about its X
axis. If, for the flanges Ex=54 100 N/mm2 and for the web Ex=17 700 N/mm2, calculate the maximum

load intensity in the section.
swer: �136 N/mm at 2 and 3 in the flanges respectively.
1.0 mm

0.5 mm

100 mm

100 mm

1.0 mm
1 2 3

654

Flange layup
[0/45/-45/90]5

Web layup
[45/-45]5

P.24.17

50 mm

1.0 mm

Flange layup
   [0/45/-45/90]s

Web layup
    [45/-45]s

3 4

0.5 mm

1.0 mm

50 mm

100 mm

1 2

P.24.18
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P.24.19. The thin-walled composite beam section of Example 24.15 carries a vertical shear load of 2kN

applied in the plane of the web. Determine the shear flow distribution.
An

An

An

FIGURE
2
Answer: q12 ¼ 0:00575s1 � 0:385s1
q23 ¼ 0:0287s2 � 2:865� 10�4s2

2 � 4:875:

P.24.20. The closed, composite section, thin-walled beam shown in Fig. P.24.20 is subjected to a ver-
tical shear load of 20 kN applied through its center of symmetry. If the laminate elastic properties are,

for the covers, EZ,i¼54,100 N/mm2; for the webs, EZ,i¼17,700 N/mm2, determine the distribution of

shear flow around the cross-section.
swer: q01 ¼ �1:98s1; q12 ¼ 6:5� 10�3s2
2 � 0:325s2 � 198:
P.24.21. The beam section shown in Fig. P.24.20 is subjected to a counterclockwise torque of 1 kNm.

If the laminate shear modulus of the covers is 20,700 N/mm2 and that of the webs is 36,400 N/mm2,

determine the maximum shear stress in the section, its rate of twist, and the distribution of warping.
swer: 100 N/mm2, 6.25�10�5 rad/mm, �0.086 mm (at 4, zero at 0)
P.24.21. MATLAB Assuming the dimension for the web height shown in Fig. P.24.20 is labeled h,
use MATLAB to repeat Problem P.24.21 for values of h ranging from 20 to 80 mm in increments

of 10 mm.
swer: h tmax dy/dz W
50

P.24.20
 mm
 s2
s1
1

2

0
Y

C

20 kN

200 mm

1.0 mm
(x)
 20 mm
 250 N/mm2
 33.33�10-5 rad/mm
 0.268 mm (at 4, zero at 0)
(xi)
 30 mm
 166.7 N/mm2
 16.67�10-5 rad/mm
 0.167 mm (at 4, zero at 0)
(xii)
 40 mm
 125 N/mm2
 9.09�10-5 rad/mm
 0.117 mm (at 4, zero at 0)
(xiii)
 50 mm
 100 N/mm2
 6.25�10-5 rad/mm
 0.086 mm (at 4, zero at 0)
(xiv)
 60 mm
 83.3 N/mm2
 4.55�10-5 rad/mm
 0.066 mm (at 4, zero at 0)
(xv)
 70 mm
 71.4 N/mm2
 3.45�10-5 rad/mm
 0.052 mm (at 4, zero at 0)
(xvi)
 80 mm
 62.5 N/mm2
 2.78�10-5 rad/mm
 0.041 mm (at 4, zero at 0)
X

3

4

0.5 mm
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P.24.22. The thin-walled, composite beam section shown in Fig. P.24.22 has laminate shear moduli of
2 2
An

FIGURE
16,300 N/mm for the flanges and 20,900 N/mm for the web. If the beam is subjected to a torque of 0.5

kNmm determine the rate of twist in the section, the maximum shear stress, and the value of warping at

the point 1.
1 2

1.0 mm
0.5 mm

50 mm

100 mm

3 4

P.24.22
swer: 0.8�10–3 rad/mm, �13 N/mm2 (in flanges), 2.0 mm
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gust alleviation factor, 422

gust envelope, 423–431
power spectral analysis, 420

sharp-edged gust, 420–422
normal accelerations associated with various types of

maneuver, 414–418
correctly banked turn, 416–418
steady pull-out, 415–416

symmetric maneuver loads, 409–414
general case, 411–414
level flight, 410–411

Airworthiness, 395–402
factors of safety, flight envelope, 397–398
fatigue (see Fatigue)

flight envelope, 397, 398f

limit load, 397, 399

load factor determination, 399–402
proof factor, 397

proof load, 397

ultimate factor, 397

ultimate load, 397

uncertainties in design/structural deterioration, 399

variation is structural strength, 399–400

Airy stress function, 49

Anticlastic bending, 467–468
Anticlastic surface, 236
B
Basic elasticity, 1–46
Beam columns, 283–286
Bending of an end-loaded cantilever, 58–67
effect of shear strains, 62

Bending of open and closed section thin-walled beams, 457–512
anticlastic bending, 467–468
applicability of bending theory, 499

calculation of section properties, 490–498

approximations for thin-walled sections, 495–498
parallel axes theorem, 490

product second moment of area, 493–494
second moments of area of standard sections, 491–493
theorem of perpendicular axes, 490

deflections due to bending, 475–490
singularity functions (Macauley’s method), 482–490

load intensity, shear force and bending moment relationships,

474–475
symmetrical bending, 460–468
assumptions, 461

center, radius of curvature, 462

direct stress distribution, 461–467
examples of symmetrical sections, 460

neutral axis, 460

neutral plane, 459

temperature effects, 499–511
unsymmetrical bending, 468–475
direct stress distribution, 470–473
position of neutral axis, 473–474
resolution of bending moments, 470

sign conventions and notation, 468–469
Bending of thin plates. See Plates

Bending rigidity of a beam, 130

Bifurcation point, 272–275
Biharmonic equation, 50

Body forces, 9

boundary conditions, 11–12
compatibility equations, 25–26
equations of equilibrium, 9–10

Bredt-Batho theory. See Torsion of closed section

beams

Buckling

columns (see Columns)

plates (see Plates)

Bulk modulus, 33
C
Columns, 267–310
bifurcation point, 272–275
buckling load for a pin ended column, 270f
modes of buckling, 271

critical stress, 271–272
definition of buckling load for a perfect column, 270f

effective length, 272

effective lengths of columns having varying end

conditions, 272

effect of initial imperfections, 280–282
Southwell plot, 281

eigenfunctions, eigenvalues, 272
737
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Columns (Continued)

energy (Rayleigh-Ritz) method for the calculation of buckling

loads, 286–290
Euler buckling, 269–275
flexural-torsional buckling of thin-walled columns,

290–310
inelastic buckling, 275–280

reduced elastic modulus, 276f

reduced modulus theory, 276–278, 276f
tangent modulus, 276

tangent modulus theory, 278

primary instability, 269

secondary instability, 269

slenderness ratio, 271–272
stability of beams under transverse and axial loads

(beam-columns), 283–286
Combined open and closed section beams, 569–580
bending, 569–571
shear, 571–573
torsion, 574–580

Compatibility equation, 25–26
Complementary energy. See Energy methods

Complementary shear stress, 10

Components of stress, 8f

Composite materials, 353–355
carbon fibre reinforced plastics (CFRP), 353–354
glass reinforced plastics (GRP), 353

Composite structures. See Laminated composite

structures

Connections. See Structural components of aircraft

Crack propagation. See Fatigue

D
Deflection of thin plates. See Plates

Deflections of beams due to bending, 475–490
Deflection of thin-walled beams due to bending, shear and

torsion, 596–603
Determination of strains on inclined planes, 27–29
Determination of stresses on inclined planes, 12–15
Diagonal tension. See Plates

E
Effective length of a column. See Columns

Elasticity, 1–88
basic elasticity, 1–46
torsion of solid sections, 69–88
two-dimensional problems, 47–68

Energy methods, 123–182, 286–290
bending of thin plates, 254–255
energy method for the calculation of buckling loads
in columns, 286–290
in plates, 311–314
flexibility method, 155–160
influence or flexibility coefficient, 164–165

principle of superposition, 164

principle of the stationary value of the total complementary

energy, 125–126
application to deflection problems, 126–135
application to the solution of statically indeterminate

systems, 135–152
fictitious or dummy load method, 127–128
principle of the stationary value of the total potential

energy, 161–164
the reciprocal theorem, 164–168
self-straining trusses, 159–160
strain energy and complementary energy, 123–125
temperature effects, 168–182
total potential energy, 160–161
unit load method, 152–155

Euler buckling, 269–275. See also Columns

Experimental determination of critical load for a thin plate, 316

Experimental measurement of surface strains, 37–46
strain gauge rosette, 37–38, 38f

F
Fabrication of structural components. See Structural

components of aircraft

Factors of safety, flight envelope. See Airworthiness

Fail-safe structures. See Fatigue

Failure stress in plates and stiffened panels. See Plates

Fatigue, 367–371, 433–456
corrosion fatigue, 433

crack propagation, 447–456

crack propagation rates, 451–456
crack tip plasticity, 450–451
fracture toughness, 449–450
modes of crack growth, 447f

stress concentration factor, 447–450
stress field in vicinity of a crack, 448f

stress intensity factor, 447

cycle fatigue, 433

designing against fatigue, 434–435
fatigue load spectrum, 434

gust exceedance, 435

gust frequency curves, 435

endurance limit, 368–369
Miner’s cumulative damage theory, 369, 438–439
S-n curves, 368–369, 400, 435–436

fatigue strength, 368–369
fatigue strength of components, 435–441
confidence limits, 435–436
Goodman diagram, 436–437
scatter factor, 441

fretting fatigue, 433
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prediction of aircraft fatigue life, 441–446
ground-air-ground cycle, 442

gust damage, 441–446
safe life and fail-safe structures, 433–434
stress concentrations, 368, 434

thermal fatigue, 433

Fictitious or dummy load method, 127–128
Finite element method. See Matrix methods

Flexibility method, 155–160
flexibility (influence) coefficient, 164–165

Flexural rigidity of a beam, 130

Flexural-torsional buckling of thin-walled columns, 290–310
Force, 7–9
body forces, 9

notation, 7–9
surface forces, 9

Function of structural components. See Structural components

of aircraft

Fuselage frames and wing ribs, analysis of, 673–684
Fuselages, analysis of, 625–638

G
General stress, strain and displacement relationships. See Shear

of beams

Glass. See Materials

Glass reinforced plastics (GRP). See Materials

Goodman diagram, 436–437
Gust loads. See Airframe loads, Fatigue

H
Hooke’s law, 30–31

I
Inelastic buckling, 275–280
columns, 275–280
reduced elastic modulus, 276f

reduced modulus theory, 276–278, 276f
tangent modulus, 276, 278

tangent modulus theory, 278

thin plates, 314–315
Instability of stiffened panels, 317–319
failure stress, 317, 319–323
interrivet buckling, 319

wrinkling, 319

Inverse and semi-inverse methods for elasticity problems, 50–56

L
Laminated composite structures, 685–736
elastic constants for a simple lamina, 685–691
law of mixtures, 686

laminates
angle-ply laminate, 701

assumptions and notation, 701

balanced laminate, 701

cross-ply laminate, 701

equivalent elastic constants, 705–713
extensional stiffnesses, 704

in-plane loading, 702–705
layered laminate, 700

maximum stress theory, 714

shear coupling coefficient, 706–707
strengths, 714–716

stress-strain relationships for an orthotropic ply, 691–700
thin-walled composite beams, 716–735
axial load, 717–720
bending, 720–723
shear, 723–726
torsion, 726–735

types of ply, 691–692, 691f
generally orthotropic ply, 693–700
specially orthotropic ply, 691–693

Laplacian operator, 70–71
Load intensity, shear force and bending moment relationships

for a beam, 474–475
Loads on structural components. See Structural components of

aircraft

Local instability in plates, 316–317

M
Macauley’s method (singularity functions), 482–490
Materials of aircraft construction, 345–372
aluminium alloys, 349–351
composite materials (see Composite materials)

creep and relaxation, 367

fatigue (see Fatigue)

glass, 353

maraging steels, 351

plastics, 353

properties of materials (see Properties of materials)

steel, 351–352
strain hardening, 366–367
stress-strain curves, 362–366
testing of engineering materials (see Testing of engineering

materials)

titanium, 352–353
Matrix methods, 183–230
application to statically indeterminate frameworks, 196

finite element method, 205–230

stiffness matrix for a beam element, 207–210
stiffness matrix for a quadrilateral element, 217–230
stiffness matrix for a triangular element, 211–217

flexibility (force) method, 183

matrix analysis of pin-jointed frameworks, 189–196
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Matrix methods (Continued)

notation, 184–185
stiffness (displacement) method, 183

stiffness matrix, 185–186

for an elastic spring, 185–186
for two elastic springs in line, 185–189

stiffness matrix for a uniform beam, 198–205
idealization into beam elements, 202f

Membrane analogy, 82–84
Modulus of elasticity (Young’s modulus), 30–31
Modulus of rigidity (shear modulus), 32

Mohr’s circle of strain, 30

Mohr’s circle of stress, 17–22

N
Neuber beam, 554

Neutral axis, 460

Neutral plane

of a beam, 459–460
of a plate, 233

P
Parallel axes theorem, 490

Perpendicular axes theorem, 490

Plane strain, 26–27
Plane stress, 17

Plates, thin, 231–266
bending and twisting of, 236–240

principal curvatures, 237–238
principal moments, 237–238

bending of plates having a small initial curvature,

254–255
buckling of plates, 311–314
buckling coefficient, 312–313

combined bending and in-plane loading of a rectangular plate,

250–254
governing differential equation, 253–254

energy method, 255–266
potential energy of a transverse load, 257

potential energy of in-plane loads, 257–266
Rayleigh-Ritz method, 255, 261

strain energy due to bending and twisting, 255–257
experimental determination of critical load (Southwell plot),

316

failure stress in plates and stiffened panels, 317,

319–323
inelastic buckling of plates, 314–315
buckling coefficients, 315f

instability of stiffened panels

interrivet buckling, 319

wrinkling, 319
local instability, 316–317
pure bending, 233–236
anticlastic surface, 236

flexural rigidity, 235

neutral plane, 233

synclastic surface, 236

subjected to a distributed transverse load, 240–250
built-in edge, 244

differential equation for deflection, 245

Fourier series for deflections and loads, 245–246
free edge, 244–250
Laplace operator, 242

simply supported edge, 243

tension field beams, 323–344
complete diagonal tension, 324–331
diagonal tension factor, 331–334
incomplete diagonal tension, 331–334
loading or buckling stress ratio, 332

post buckling behaviour, 334–344
Point of zero warping in an open section beam, 559–560
Poisson’s ratio, 30–31
Potential energy. See Energy methods

Prandtl stress function solution, 69–80
Laplacian operator, 70–71
lines of shear stress, 75

polar second moment of area, 76

torsional rigidity, 74

torsion constant, 74

torsion of a circular section bar, 76–77b
torsion of an elliptical section bar, 77–79b
warping displacement, 74

Primary instability, 269

Primary warping in an open section beam, 557

Principal strains, 29

Principal stresses, planes, 15–17
Principle of superposition, 164

Principle of the stationary value of the total complementary

energy, 125–126
application to deflection problems, 126–135
application to the solution of statically indeterminate systems,

135–152
Principle of the stationary value of the total potential energy,

161–164
Principle of virtual work, 92–106
Principles of stressed skin construction, 345–394

materials (see Materials)

Product second moment of area, 493–494
Properties of materials, 355–371

anisotropic materials, 356

brittleness, 355

creep and relaxation, 367

ductility, 355
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elastic materials, 355

fatigue (see Fatigue)

isotropic materials, 356

orthotropic materials, 356

plasticity, 355

strain hardening, 366–367

R
Rayleigh-Ritz method, 255, 261, 288–289
Reciprocal theorem, 164–168
Reduced modulus theory, 276–278, 276f
reduced elastic modulus, 276f

S
Safe life structures. See Fatigue

Secondary instability, 269

Secondary warping in an open section beam, 557

Second moments of area, 491–493
Self straining trusses, 159–160
Shear center. See Shear of beams

Shear flow. See Shear of beams, Torsion of beams

Shear of beams, 513–544
center of twist, 516–517
general stress, strain and displacement relationships, 513–517
shear flow, 513–514, 517–521
shear of closed section beams, 526–544
shear center, 532–544
shear flow, 526–544
twist and warping, 530–532

shear of open section beams, 517–526
shear center, 517, 521–526

Singularity functions (Macauley’s method), 482–490
Slenderness ratio for a column. See Columns

Southwell plot, 281, 316

Stability of beams under transverse and axial

loads (beam-columns), 283–286
Strain, 22–25
determination of strains on inclined planes, 27–29
longitudinal (direct) strain, 22–23
Mohr’s circle of strain, 30

plane strain, 26–27
principal strains, 29

shear strain, 22

Strain energy, 124f

in simple tension, 123–125
Strain gauge rosette, 37–38, 38f
Stress

complementary shear stress, 10

components at a point, 8f

definition, 5–6
determination of stresses on inclined planes, 27–29
direct (normal) stress, 5–6
maximum shear stress at a point, 16

Mohr’s circle of stress, 17–22
notation for stresses, 7–9
plane stress, 11

principal stresses, planes, 16

resultant stress, 6

shear stress, definition, 5–6
Stress analysis of aircraft components, 605–736
fuselage frames and wing ribs, 673–684

fuselage frames, 678–679
principles of stiffener/web construction, 673–678
wing ribs, 679–684

fuselages, 625–638
in bending, 625–627
effect of cut-outs, 631–638
in shear, 627–629
in torsion, 629–631

laminated composite structures (see Laminated composite

structures)

wings, 639–672
bending of, 640–641
cut-outs in wings, 657–672
deflections, 656–657
shear, 646–652
shear center, 653

tapered wings, 653–656
three-boom shell, 639

torsion, 641–645
wing spars and tapered box beams, 605–624
beams having variable stringer areas, 616–623
open and closed section beams, 611–616
tapered wing spar, 607–611

Stress functions, 49–50
Stress-strain relationships, 30–37
Structural components of aircraft, 373–394
connections, 385–393

eccentrically loaded riveted joints, 388–391
group riveted joints, 388

joint efficiency, 388

simple lap joint, 385–387
use of adhesives, 391–393

fabrication of structural components, 380–385
integral construction, 382

sandwich panels, 384f

sub-assemblies, 380

function of structural components, 375–380
fuselages, 380

monocoque structures, 375–376
semi-monocoque structures, 375–376
tailplanes, 380

wings, 375–376
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Structural components of aircraft (Continued)

loads on components, 373–375

aerodynamic center, 374

body forces, 373

center of pressure, 374

drag, 374

ground loads, 373–375
pitching moment, 374f

surface forces, 373

wing lift, 373

yawing moment, 374f
Structural idealization, 581–604
effect of idealization on the analysis of open and closed

section beams, 584–596

alternative method for shear flow distribution,

594–596
bending of open and closed section beams, 585–586
deflections of open and closed section beams, 596–603
shear of closed section beams, 592–594
shear of open section beams, 586–592
torsion of open and closed section beams, 596

idealization of a panel, 582–584
principle, 581

Structural instability, 267–344
columns (see Columns)

thin plates, (see Plates)

St.Venant’s principle, 56–57
St Venant warping function solution, 81–82
torsion constant, 82

warping function, 81

Surface forces, 9

Symmetrical bending. See Bending of open and closed section

thin-walled beams

Symmetric maneuver loads. See Airframe loads

Synclastic surface, 236
T
Tangent modulus theory, 278

tangent modulus, 276

Temperature effects, 35–37
in beams, 499–511
mechanical strain, 35

thermal strain, 35

total strain, 35

Tension field beams. See Plates

Testing of engineering materials, 356–361
bending tests, 357–358

modulus of rupture, 358

compression tests, 357

hardness tests, 360–361
impact tests, 361
shear tests, 359–360
stress-strain curves, 362–366
aluminium, 364–365
brittle materials, 365–366
composites, 366

mild steel, 362–364
tensile tests, 356–357
actual stress, 357

nominal stress, 357

Torsion of beams, 545–568
torsion of closed section beams, 545–555

condition for zero warping (Neuber beam),

554–555
displacements, 547–554
mechanics of warping, 552–553
rate of twist, 547

shear flow (Bredt-Batho theory), 545–547
warping, 548–555, 550f, 552f
warping in a rectangular section beam, 549–554b

torsion of open section beams, 555–568
point of zero warping, 559–560
primary warping, 557

rate of twist, 556

secondary warping, 557

shear lines, 555

shear stress distribution, 556

torsion constant, 556

warping of cross-section, 556–568
Torsion of solid sections, 69–88

membrane analogy, 82–84

torsion of a narrow rectangular strip, 84–88
warping of a thin rectangular strip, 86f
Total potential energy, 160–161
Twist and warping in closed section beams, 530–532
Twist and warping in open section beams, 555–568
Two-dimensional problems in elasticity, 47–68

bending of an end-loaded cantilever, 58–67
biharmonic equation, 50

displacements, 57–58
inverse and semi-inverse methods, 50–56
stress functions, 49–50
St Venant’s principle, 56–57

U
Unit load method, 152–155
Unsymmetrical bending. See Bending of open and closed

section thin-walled beams

V
Virtual work, 89–122

applications of principle, 106–121
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principle of virtual work, 92–106
for a particle, 93–94
for a rigid body, 94–99

use of virtual force systems, 106

virtual work in a deformable body, 99–100
work, definition, 91–92
work done by external force systems, 105–106
work done by internal force systems, 100–104

axial force, 100–102
bending moment, 103–104
hinges, 104

shear force, 102–103
sign of, 104

torsion, 104
W
Warping

in an open section beam, 556–568
in a closed section beam, 530–532
in a solid section beam, 74

St Venant’s warping function, 81–82
of a thin rectangular strip, 86f

Wings, analysis of, 639–672
Wing spars and box beams, analysis of, 605–624
Work, definition, 91–92

Y
Young’s modulus, 30–31
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